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EDITOR'S PREFACE 

VOLUME i 

This was the  twen t ie th  Geophysical F l u i d  Dynamics program a t  

Woods Hole. Stephen Chi ldress o f  the  Courant I n s t i t u t e  was our p r i n c i p a l  

l e c t u r e r ,  Dynamo theory, w i t h  a l l  i t s  i n t e r d i s c i p l i n a r y  face ts  was our  

c e n t r a l  theme. Geomagnetism and the  s o l a r  magnetic c y c l e  were brought 

c lose r  t o  comprehension, y e t  none claimed a d e t a i l e d  p r e d i c t i v e  theory  

was near a t  hand. Perhaps J. K e l l e r ' s  l ec tu re ,  e n t i t l e d  "Smooth equat ions 

f o r  rough problems", best  charac ter ized the  nature o f  these s tud ies .  Even 

then, the  smooth equat ions are q u i t e  non l inear ,  w i t h  F in i t e- amp l i t ude  

magnetic s o l u t i o n s  y e t  t o  be explored. Lectures i n te r tw ined  w i t h  those 

o f  Chi ldress exposed us t o  t o p i c s  beside and ou ts ide  h i s  emphasis on a 

convect ive geodynamo. 

The f e l  lows o f  the summer program were responsib le f o r  the notes 

o f  t he  p r i n c i p a l  l ec tu res  and checking t h e i r  content  w i t h  Chi ldress.  

Extended abs t rac ts  o f  addresses by program s t a f f  members and the  ten  

p a r t i c i p a n t s  i n -t h e  J u l y  mini-symposium on magnetohydrodynamics were 

prepared by the  speakers. The eleven l ec tu res  o f  the  Fel lows a r e  recorded 

i n  the  second o f  t h i s  two-volume repo r t .  

Mary C. Thayer has gathered and typed a l l  the  abs t rac ts ,  l e c t u r e  

repo r t s  and f e l l o w s h i p  papers -- f o r  a twen t i e th  year !  Fel lows and s t a f f  

s a l u t e  her s k i l l  and pat ience w i t h  an o f t e n  r e c a l c i t r a n t  crew. 

We thank p a r t i c u l a r l y  D r .  Ralph Cooper, and through him the  O f f i c e  

o f  Naval Research and the  Nat ional  Aeronautics and Space Admin i s t ra t i on  f o r  

con t i nu ing  support and encouragement. 

Wi l lem V. R. Malkus 
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COURSE LECTURES 

by 

Stephen Ch i ld ress  
New York U n i v e r s i t y  

Courant I n s t i t u t e  o f  Mathematical Sciences 

Lecture # 1 .  INTRODUCTI ON TO GEOMAGNETIC DYNAMO THEORY 

1 . 1  H i s t o r i c a l  I n t roduc t i on  

The problem o f  exp la in ing  the  o r i g i n  o f  the  magnetic f i e l d s  o f  t he  e a r t h  

and sun i s  a d i f f i c u l t  one, and on l y  i n  recent  years has subs tan t i a l  progress 

been made towards i t s  s o l u t i o n .  The f o l l o w i n g  i s  a l i s t  of some o f  t he  d e c i s i v e  
I 

c o n t r i b u t i o n s  made by s c i e n t i s t s  and mathematicians who have tack led  the  problem. 

1919 Larmor asked how a r o t a t i n g  body, such as the  sun, cou ld  become a - 
magnet. One o f  the  suggestions he put  forward was t h a t  the magnetic f i e l d  was 

maintained by the  motion o f  t he  e l e c t r i c a l l y  conduct ing f l u i d  o f  which the  sun - i s  composed. 

1934 Cowling found t h a t  a steady axi-symmetric magnetic f i e l d  could n o t  

be maintained by f l u i d  w i t h  an axi-symmetric v e l o c i t y  f i e l d  ( w i t h  the  same a x i s  

o f  symmetry). Th is  was a ' g rea t  s tep  backward' f o r  dynamo theory, s ince  i t  i s  

very na tu ra l  t o  look f o r  axi-symmetric f i e l d s  when dea l ing  w i t h  a r o t a t i n g  body. 

1946 Elsasser s tud ied  non-axi-symmetric magnetic and v e l o c i t y  f i e l d s .  

1954 B u l l a r d  and Gellman pointed ou t  the  importance o f  d i f f e r e n t i a l  r o t a -  - 
t i o n  f o r  generat ing a " t o r o i d a l "  f i e l d  from a l ipoloidal l l  one, and the  importance 

m of non-axi-symmetric mot ion's f o r  d i s t o r t i n g  the  t o r o i d a l  f i e l d  t o  produce " pol-  

I o i d a l "  f i e l d .  (We s h a l l  d e f i n e  these terms present ly . )  However, the f l u i d  mo- 

t i o n s  they considered were no t  capable o f  i n d e f i n i t e l y  sus ta in ing  a magnetic 

a f i e l d .  - - 1955 Parker provided a physical  argument t o  e x p l a i n  how i r r e g u l a r  upwel l -  

ings of f l u i d  could produce a mean magnetic f i e l d  when t h e i r  i n d u c t i v e  e f f e c t  

was averaged over space and time. Th is  was a major break- through i n  dynamo 

theory. 

1964 Braginsk i  i considered nea r l y  axi-symmetric systems w i t h  very  h i g h  

f l u i d  conduct iv i ty ;  us ing  a formal asymptot ic  procedure. 

1966 Steenbeck, Krause and Radler considered tu rbu len t  dynamos, t he  - 
length  scale f o r  the  tu rbu len t  component being much shor te r  than t h a t  f o r  t he  

mean component. Since t h i s  paper. much work has been done on t u r h u l e n t  dynamos. 



1.2 The Ear th ' s  Magnetic F i e l d  

6 The e a r t h  can be regarded as a  sphere o f  rad ius  6.4 x  10 m, o f  which a  
6 s h e l l  o f  inner  radius 1.4 x  10 m and outer  rad ius  3 . 5  x 106m i s  composed o f  

e l e c t r i c a l l y  conducting f l u i d ,  main ly  molten i ron .  Ins ide  the  s h e l l  i s  a s o l i d  

core, and outs ide  the she1 l i s  the mantle, which can o f t e n  be regarded as a  

s o l i d  i nsu la to r ,  a l though sometimes i t s  v i s c o- e l a s t i c  deformations o r  small con- 

d u c t i v i t y  need t o  be taken i n t o  account. The basic  f a c t s  o f  t he  e a r t h ' s  magnetic 

f i e l d  which any theory must e x p l a i n  a re :  

(A) The f i e l d  i s  permanent; t h a t  i s ,  i t  has been i n  ex is tence f o r  the  whole 

o f  the  e a r t h ' s  h i s t o r y ,  thought t o  be about 109 years. 
- 

( 0 )  There a r e  large- scale changes o f  s t ruc tu re ,  namely reve rsa l s  o f  p o l a r -  

i t y ,  on a t ime scale o f  o rder  105 years. 

(C) There a re  smal l- scale v a r i a t i o n s  on a  t ime scale o f  t h e  order  o f  a  hun- 

dred years. 
I 

Table 1 shows est imates o f  the  main phys ica l  parameters o f  the  e a r t h  r e l e -  

vant  t o  the  subject-matter o f  these lec tures .  Since the  decay t ime, 105 years, 

f o r  the  e a r t h ' s  f i e l d  i n  the  absence o f  any f l u i d  motions i n  t he  core, i s  much 

less  than the  age o f  the  ear th,  109 years, i t  i s  c l e a r  t h a t  we must l ook  t o  f l u i d  

motions f o r  the exp lanat ion  o f  t he  pers is tence o f  the  f i e l d .  

The reversa ls  o f  po la r :  t y  have been s t a t i s t i c a l  l y  analysed by Cox (1968) 

who claimed t h a t  the p r o b a b i l i t y  t h a t  the  t ime between successive reve rsa l s  l i e s  

between t and t + d t  i s  
I 

5 where to = 2 x  10 years. However, i t  i s  quest ionable t o  f i t  a  p a r t i c u l a r  type 

o f  p r o b a b i l i t y  d i s t r i b u t i o n  i n  the  absence o f  a  theory o f  the  under l y ing  mech- 

anism. Fur ther ,  as more data becomes a v a i l a b l e  o f  the  h i s t o r y  o f  the  e a r t h ' s  

f i e l d ,  i t  may become necessary t o  p u t  i n  more reversals ,  so t h a t  what i s  now be- 

l i eved  t o  be a  per iod of one p a r t i c u l a r  p o l a r i t y  may subsequently need t o  be 

s p l i t  i n t o  smal ler  per iods  o f  d i f f e r e n t  p o l a r i t y .  Thus s t a t i s t i c a l  formulae may 

need t o  be revised. 

The most i n t e r e s t i n g  fea tu re  o f  the smal l- scale v a r i a t i o n s  i s  the  west- 

ward d r i f t  o f  t he  non-dipole f i e l d .  A f t e r  per forming a harmonic ana lys i s  o f  

the  e a r t h ' s  f i e l d  i t  i s  easy t o  remove the  d i p o l e  component, and a contour  map 

can then be drawn showing, f o r  example, l i n e s  o f  constant  v e r t i c a l  component 



b Table 1. Physical Parameters o f  t he  Geodynamo 

Symbol Mean i ng 

core radius 

e l e c t r i c a l  c o n d u c t i v i t y  

magnetic d i f f u s i v i t y  

d i f f u s i o n  t ime 

f l u  i d  dens i t y  

k inemat ic  v i s c o s i t y  

r o t a t i o n  v i s c i s i t y  

core temperature 

s p e c i f i c  heat 

thermal c o n d u c t i v i t y  

coef .of  volume expansion 

thermal d i f f u s i v i t y  

accel.  o f  g r a v i t y  

mean temp. g rad ien t  

magnetic f i e l d  

A 1 fv6n speed 

speed 

core heat ing  r a t e  

Un i t s  

3.5 x 106 

3 x 105 

3 

4 x 1 0 ' ~  = 105 y r  

1 04 
10-6 ( ? )  

7.4 x 10'5 

4000 

67 0 

60 

5 x 10-6 

10-5 

5 
2 10-3(?) 

10-2 = 100 gauss 

10-1 

10-4 

101~-1013 

1 gauss = kq-l s - I  - 1 j o u l e  = 1 m2ks-2 = .239 c a l o r i e  

1 v o l t  = 1 m2ks'2q11 

1 ohm = 1 r n 2 ~  s'1q-2 = 1 mho'l 

II ,U = 4 n x 10-7 rnkq-2 

- 
o f  the  non-dipole f i e l d .  The main fea tures  o f  such a map d r i f t  westward a t  a 

t y p i c a l  r a t e  o f  0.2' o f  l ong i tude  per year, a1 though some fea tu res  move f a s t e r  

than o thers .  I t  i s  n o t  known whether t h i s  i s  caused by wave motion i n  t he  core, 

o r  bu l k  motion, o r  both; and i t  i s  d i f f i c u l t  t o  do an experiment t o  f i n d  o u t !  

I t  should be noted t h a t  the  s l i g h t  c o n d u c t i v i t y  o f  t he  mantle places a lower 

l i m i t  on the  t ime sca le  o f  magnetic e f f e c t s  observable a t  t he  e a r t h ' s  sur face.  

For i f  7, i s  t he  magnetic d i f f u s i v i t y  of  the mantle, and L i t s  th ickness,  



then any magnetic f i e l d  a t  t he  bottom o f  the mantle va ry ing  on a t ime sca le  

1.55 than ~'/n* w i l l  be g r e a t l y  reduced i n  magnitude by d i f f u s i o n .  Using an 

es t imate  o f  qm , t h i s  t ime sca le  i s  about 10 y rs .  

1.3 The Basic Equations 

The physical  q u a n t i t i e s  needed i n  the  ana lys i s  are:  

B ( x , t )  = magnetic f i e l d ,  -- , 

j (x,t)  = c u r r e n t  densi ty ,  - 
E (x , t )  = e l e c t r i c  f i e l d ,  - 
u (x, t )  = f l u i d  v e l o c i t y  
d 

= e l e c t r i c a l  conduc t i v i t y ,  

,4 = magnetic permeab i l i t y ,  
- J ?= (CP) = magnetic d i f f u s i v i t y .  

The equat ions s a t i s f i e d  by these q u a n t i t i e s  a re  the 'pre-Maxwell' equat ions - 

and Ohm's Law: 

c u r l  B = f i , j  - 

The pre-Maxwell equat ions (which neg lec t  the displacement c u r r e n t  term i n  

(1.2) ho ld  on the  assumption t h a t  t he  t ime taken by l i g h t  t o  t rave rse  the  

reg ion  o f  i n t e r e s t  i s  smal l  compared w i t h  the t ime scale o f  t he  events being 

described. On tak ing  the  c u r l  o f  (1.4) and e l i m i n a t i n g  j and - E us ing  (1 .2) 

and (1.3) we o b t a i n  

d D 2 - - = c u r l  ( y , B ) + ' 2 v  B.  a t  - (1.5) 

Th is  i s  the  fundamental equat ion f o r  - B.  Equation (1.5), and the  Navier-Stokes 

equat ion ( w i t h  a f o r c i n g  term o f  - j, - B per u n i t  volume), form the  foundat ion  o f  

theo r ies  o f  t h e  e v o l u t i o n  of magnetic f i e l d s  i n  f l u i d s .  

To s i m p l i f y  the  problem, we o f t e n  regard u - as being given, and use 

( 1 . 5 )  t o  determine the e v o l u t i o n  o f  A 8; t he  equat ion i s  then 1 inear .  Th is  i s  

c a l l e d  the k inemat ic  approach. The r e s u l t i n g  problem i s  s t i l l  d i f f i c u l t ,  how- 

ever,  and f u r t h e r  s i m p l i f y i n g  assumptions need t o  be made. The most obvious 



way t o  proceed i s  t o  see when one o r  other o f  the terms on the right-hand s ide 

o f  (1.5) i s  neg l i g i b l e  compared w i t h  the other. To t h i s  end, l e t  

k = typ ica l  f l u i d  ve loc i t y ,  

L = typ ica l  length scale f o r  va r i a t i on  o f  - u and - B 

Then Icurf (5, - $ ) I  W Z  
r y -  

I 'lva!Z Z 
The quant i ty  U ~ / r t i s  ca l l ed  the magnetic Reynolds number, and i s  denoted by R,. 
( I n  the ea r t h ' s  core, R, i s  t y p i c a l l y  about 100). So from (1.5) we ob ta in  

Equation (1.6) i s  exact whenl(2=0 (perfect  conduct iv i ty ,  i . e . 6 =  a ) ,  and 

(1.7) i s  exact when - u = 0. Equation (1.7) i s  j u s t  the d i f f u s i o n  equation, and 

when R,<< of ten  gives a good approximation everywhere t o  the t rue  so lu t ion.  

When R,>)I , however, (1.6) f a i l s  t o  be a good approximation i n  boundary layers, 

where d i f f u s i o n  i s  important, and i n  these regions a c loser  approximation t o  the 

f u l l  Eq. (1.5) must be used. 

1.4 Exact Solut ion f o r  a Perfect  Conductor 

The equation f o r  B i n  a per fec t  conductor i s  

- -  
3t 

Taking - u as given, t h i s  can be solved exact ly using Lagrangian coordinates. Let 

the pos i t i on  a t  time t o f  a f l u i d  p a r t i c l e  i n i t i a l l y  a t  a - be - x(a , t ) ,  - so t ha t  

x(a,o) = 5, and l e t  - - 
P =  

~ ( z ,  t) = f l u i d  densi ty.  

For any funct ion - f ( x , t )  - l e t  the func t ion  ?(,,t) be defined by the equation - 
=f ( r _ ( a A ,  t), - - 

denote d i f f e r e n t i a t i o n  w i t h  respect t o  time, keeping a f i xed ,  so and l e t  ~t - 
A 

t ha t  

Then conservation o f  mass implies tha t  



and 

Hence 

 h his can a l s o  be es tab l  ished d i r e c t l y  from the  expression for  the  determinant  

D.) Equation (1.9) enables us t o  show t h a t  the  s o l u t i o n  o f  (1.8) i s  

For (1.9) and (1.10) imply t h a t  

and 

Hence 
P B. , atLC' C = - -  
~t D 3% Bj (%a 0)- (diu_u) D; 

au4 -1- - 
aaj ax, 8,- [db, )  &[by, ( 1 .  'O)]  

which i s  the same equat ion as (1 .8 ) .  This  proves t h a t  (1 . l o )  so lves (1 - 8 ) .  The 

meaning o f  11.10) can be shown by w ~ i t i n g  i t  i n  the  form 

and comparing It w i t h  are  dr; = daj 
3 aj 

It fo l l ows  t h a t  a /p i s  transformed 1 i k e  a ma te r i a l  element, and t h a t  t he  f i e l d  - 
ac ts  as if i t  i s  ' f r ozen t  i n  t he  f luTd. 

1.5 Dynamos 

The fundamental ques t ion  o f  k inemat ic  dynamo theory i s  t h i s :  g iven a volume 

V o f  e l e c t r i c a l l y  conduct ing f l u i d ,  which v e l o c i t y  f i e l d s  - u a r e  such t h a t  when - B 

evolves according t o  (1.5) i t  does n o t  u l t i m a t e l y  decay t o  zero? Th is  ques t i on  

w i l l  be considered i n  some d e t a i l  i n  Lec ture  2. For t he  t ime being, d e f i n e  a 



I dynamo as a system eomprising V ,  - B, 5, 72 such t h a t  the magnetic energy 
I 

i s  bounded away from zero f o r  a l l  t ime. (Of course o ther  measures o f  magnetic - 
f i e l d  s t reng th  might be used.) I f  V i s  not  the whole o f  space then the cond i-  

t i o n s  ou ts ide  V must be spec i f i ed .  I t  i s  common t o  take V as a sphere and the  

volume outs ide  V as an i n s u l a t o r ;  t h i s  i s  a good model f o r  the  e a r t h ' s  dynamo. 

Roughly speaking, fo r  a system to  a c t  as a dynamo, the  convect ion term c u r l  

(u - ,, - B) i n  (1.5) must be such as t o  compensate f o r  the  d i s s i p a t i o n  term '2 V'_B- 

Consider the  f o l l o w i n g  means o f  t r y i n g  t o  make a dynamo. A t  t = 0, a 

magnetic f i e l d  i s  present i n  a s t a t i o n a r y  conductor. We w a i t  a t ime at, d u r i n g  

which t ime - u = 0 and d i f f u s i o n  operates accoeding t o  (1.6). A t  t ime t = A t we 

instantaneously s t r e t c h  the  conductor and f o l d  i t  over so t h a t  i t  occupies t h e  

same reg ion  o f  space as before.  Dur ing the  fo ld ing ,  d i f f u s i o n  has no t ime t o  a c t  

and so the  f i e l d  s a t i s f i e d  (1.8) (note t h a t  ) u  - 00 dur ing  t h e  s t r e t c h i n g  and 

f o l d i n g ,  so t h a t  Rm = m ) .  Assume t h a t  the conductor i s  imcompressible; then 

the f i e l d  can be i n t e n s i f i e d  by s t r e t c h i n g  i n  a d i r e c t i o n  p a r a l l e l  t o  - B, because 

o f  the  term axi/doj i n  the s o l u t i o n  (1 . l o )  o f  (1.8). We now repeat  t he  process 

by w a i t i n g  from t = A t  t o  2 A t  and then f o l d i n g  again; t h i s  i s  cont inued i nde f-  

i n i t e l y .  Thus we a l t e r n a t e  between f i e l d  i n t e n s i f i c a t i o n  and decay. By choosing 

s u i t a b l e  deformation, the n e t  r e s u l t  might be thought t o  be a r e l e n t l e s s  increase 

i n  - B ( i  .e. B - ? o ~  as t+  ) ,  thus g i v i n g  a dynamo. However, we do n o t  always 1- 1 
7 o b t a i n  a dynamo, and an example o f  t h i s  i s  now given. 

I 

Le t  the  whole o f  space be f i  1 led by an incompressible substance o f  mag- 

n e t i c  d i f f u s i v i t y  % , and a t  t ime t = 0 l e t  the  magnetic f i e l d  - ~ ( x , t )  - be 
I 

as shown i n  F igure 1. A t  t ime O t  each band o f  w i d t h  L i s  s t re t ched  t o  th ree  times 

i t s  o r i g i n a l  length  i n  t he  x- d i r e c t i o n  and fo lded over on i t s e l f  t o  produce the  

c o n f i g u r a t i o n  shown i n  the  second p a r t  o f  Fig.1. To achieve t h i s ,  we can conceive 

o f  each band being chopped i n t o  sec t  ions o f  length  L1>> L and then fo lded i n t o  W- 

shapes. The end regions o f  these sect ions,  where t h e  f i e l d  i s  n o t  as shown i n  the  

diagram, w i l l  have a n e g l i g i b l e  e f f e c t .  A t  t ime t = 2 b t ,  a s i m i l a r  procedure i s  



T i m e  t = O  

1 - 

f 

< 

Time t= zbtt 

e 0.3 

\ .d X-axis 

Ba 
y:o 

< 
P. 

I -L 
3 

'./ 
-- 

The stretching and folding procedure. (See Section 1 . 6 . )  

A y-ax15 Time t = att - 

7 

2 f icld d;rectian 
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4 used t o  g i v e  the  con f i gu ra t i on  shown i n  the  t h i r d  p a r t  o f  Fig.1. 

The s t r e t c h i n g  i n t e n s i f i e s  the  f i e l d  by a f a c t o r  o f  3  ( t h i s  i s  a  conse- 

quence o f  (1 . l o )  , and so we have 

~ ( ~ , ~ j , z , ~ d t ' )  s 3 9 ( ~ , 3 y > ~ , r ~ b t - )  a - 
where t-t = 1 ,  2, 3 ,  . . . It i s  c l e a r  t h a t  - B i s  always i n  the x - d i r e c t i o n  and 

depends on l y  on y  and t; so w r i t e  

_ B ( ~ , t l =  B ( y , t I ,  0.0) 
We wish t o  f i n d  ~ ( y , t )  e x p l i c i t l y .  Hence the  f o l l o w i n g  problem must be solved: 

2B - -  3'8 (t>0 a t  - 'la - a!++ t # d t , Z A t ,  = ) 

The s implest  way t o  so lve  t h i s  i s  t o  change the space v a r i a b l e  by a  fac to r  o f  3 
a t  t imes t = bt, lbt, . - . So d e f i n e  a f unc t i on  f ( y , t )  s a t i s f y i n g :  

J ( ~ , , ) = [ I  ( 2 m ~ L 3  4 ( + ~ + I ) L  

- I  ( [z~ ,+ I )Ls  Y <  2 m ~ )  m 
J  he f a c t  t h a t  a'$ /ay' does n o t  e x i s t  a t  t = 0 does n o t  mat te r ;  i t  w i l l  e x i s t  

f o r  a l l  t > 0.) The func t i on  ~ ( t )  i s  de f ined by 

I P(t) = ()1. (0Lt 4 A t )  

( 2 ~ t  L t 5 3At) 

Then ~ ( ~ , t )  i s  g iven by 
~ ( t )  

where NltI i s  def ined as the  i n tege r  h s a t i s f y i n g  

n ~ t  5 t c ( n t l ) ~  t. 
I t  o n l y  remains t o  f i n d  f ( y , t ) .  By p u t t i n g  



I t  i s  e a s i l y  seen t h a t  t 

'2 (f)dr)r;n (at l)i -i3 

where 
'2 (t) ' gC(f)q; 

We can now show t h a t  B(y,t)  -+ 0 as t - a ~  , un i fo rm ly  i n  y .  For 

Now when t > 2 b t ,  we have 

and so 

Hence 

and so the  magnetic energy dens i t y  tends t o  0 as t-m . Thus the  s t r e t c h -  

ing  procedure described above i s  no t  capable o f  sus ta in ing  a  magnetic f i e l d .  

The phys ica l  exp lanat ion  o f  t h i s  i s  t h a t  the  s t r e t c h i n g  increases the  f i e l d  by 

a  f a c t o r  3N(t), but  the  d i f f u s i o n  decreases i t  a t  l e a s t  by a  f a c t o r  o f  

c l e a r l y  t he  l a t t e r  term i s  dominant except poss ib l y  du r ing  an i n i t i a l  pe r i od ,  

Th is  i s  i n  f a c t  a  f e a t u r e  o f  a l l  two-dimensional systems where the re  a r e  no 

z-components o f  any o f  the  f i e l d s ,  and every th ing  i s  independent of 

An a l t e r n a t i v e  procedure i s  t o  a d j u s t  t he  t imes between f o l d i n g s  so t h a t  

t he  energy does n o t  decay. But i t  then tu rns  ou t  t h a t  the t ime i n t e r v a l s  re-  

qu i red  become sho r te r  and sho r te r  so r a p i d l y  t h a t  t he  sum tends t o  a  l i m i t  as 

the  number o f  them tends t o  i n f i n i t y .  So t h i s  method does n o t  work e i t h e r .  

I t  i s  o f  i n t e r e s t  t o  c o n t r a s t  t h i s  s i t u a t i o n  w i t h  what might  be achieved 

by three-dimentional deformations. A l f ven  has suggested the  process shown i n  



1 Fig.2, which, a t  each step, doubles the  f i e l d  i n t e n s i t y  a t  t he  expense o f  a 

smal l " x- point"  where d i f f u s i o n  can be expected t o  be important .  Nevertheless, 

d i f f u s i o n  pena l ty  here would appear t o  be q u i t e  smal l .  Unfor tunate ly  t he re  i s  

no simple way t o  compute the process and e s t a b l i s h  t h a t  a dynamo e f f e c t  occurs 

when 7 # o. 

Notes submitted by 
John Chapman and 

Frank Cond i . 
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Lecture #2. SOME NECESSARY CONDITIONS FOR DYNAMO ACTION -- 
(2.1) The Rate o f  Change o f  Magnetic Energy 

I n  t h i s  l e c t u r e  we s h a l l  consider  a f i n i t e  volume V o f  e l e c t r i c a l l y  con- 

duc t i ng  f l u i d ,  o f  constant,  un i fo rm magnetic d i f f u s i v i t y  Q , surrounded by a 
6 

mot ionless i n s u l a t o r  occupying the r e s t  of space, V .  Then as shown i n  Lecture # I ,  

the  equat ions f o r  the  magnetic f i e l d  a re  

z- = C L L ~ I ( U ,  Q , O ~ B , V * B  = o (in V )  a t  - - (2.1) 

c u r l  - B = O , V * B = O  - (in 91, (2.2) 

.- 

where u i s  the v e l o c i t y  o f  t he  f l u i d .  The boundary cond i t i ons  on S, the  sur face - 
o f  V, a r e  

where [ 1 denotes the jump across S .  The f i r s t  equat ion (2.3) f o l l ows  from 

d i v  B = 0, and the  second f o l l o w s  from c u r l  B =p,i ,  s ince the re  a re  no sur face - - 
cur ren ts  and hence i i s  everywhere f i n i t e .  Equation (2.4) f o l l o w s  from (1.3) 

and boundedness o f  6.  Equations (2.3) and (2.4) say merely t h a t  €4 and tangen- - - 
t i a l  E a r e  cont inuous across S. We a l s o  assume t h a t  t he re  a r e  no 'sources a t  - 
i n f i n i t y ' ,  so t h a t  

1-s I = o h v 3 )  h 5  P--+-oJ (2.5) 

where P = [& I  . I n  the  k inemat ic  theory, we take u as being given, and so - 
(2.1) = (2.5), together  w i t h  the  i n i t i a l  va lue  o f  B everywhere, p rov ide  a com- - 
p l e t e  s p e c i f i c a t i o n  o f  the problem o f  determin ing the  e v o l u t i o n  o f  B. - 

The magnetic energy i s  r 

and we now de r i ve  two expressions f o r  dE,/dt, us ing  the  equat ions above p l u s  

the  equat ion (1  .)), 

c u d  g =  - U / a t .  

l je a l s o  use the f a c t  t h a t  If?I - O ( P - ' )  0 5  ).- 00) 

(s ince the  charge i s  conf ined t o  the f i n i t e  reg ion  V), and we use Ohm's Law 

(1.4) i n  the  form 

7 c u r l  8 ;  E+u..g. - (2.7) 



1 Thus 

The f i r s t  term vanishes (using the  divergence theorem and (2.5) ,  (2.6) and the  

second term i s  zero i n  V .  So by (2.7) we ob ta in  

This i s  our f i r s t  expression f o r  dEm/dt. Using the  f a c t  t h a t  

we can o b t a i n  a second expression provided t h a t  we assume more, namely t h a t  

d i v  - u = 0 ( incompressible f low) and - u on S .  Then the  f i r s t  term above i s  

by the  divergence theorem, and the second term i s  

a U- - ( u . d  (B B . ) ~ v =  - {&k(uj'h*;) -4 B , B ; } ~ v  dr, I( J V h 
v 

The f i r s t  term here i s  zero (by the divergence theorem aga in) ,  and we a r e  

- f i n a l l y  l e f t  w i t h  I&. ( p  ,, c u l l  )) d V =  $ B; Bj  e; j dV* 
\I v 

where 

- - 
Hence from (2.8) we o b t a i n  a second express ion,  

The bas ic  diffe;ence between (2.8) and (2.9) i s  t h a t  - u enters  (2.9) on l y  through 

i t s  s p a t i a l  de r i va t i ves ,  w h i l e  i t  enters  (2.8) o n l y  through i t s  u n d i f f e r e n t i a t e d  

values. 

I n  both (2.81 and (2.9) the f i r s t  term on the r ight- hand s i d e  represents 

r a t e  of c r e a t i o n  o f  magnetic energy by the  agency p rov id ing  t h e  f l u i d  motion, and 

the  second term represents r a t e  of d e s t r u c t i o n  o f  magnetic energy by ohmic decay. 



(2.2) Two Necessary Condit ions f o r  Dynamo Act ion  

We say t h a t  a v e l o c i t y  f i e l d  u i n  the volume V de f ined above capable o f  - 
dynamo a c t i o n  i f  f o r  some i n i t i a l  magnetic f i e l d  there  e x i s t s  a constant  E:, 

s t r i c t l y  g rea te r  than zero, such t h a t  

E,(t)>z; for  aII t 2  0. 

Hence i f  i t  i s  poss ib le  t o  f i n d  a f u n c t i o n  f such t h a t  

then a necessary c o n d i t i o n  f o r  dynamo a c t i o n  i s  t h a t  f i s  n o t  always negat ive  

(when - B i s  n o t  everywhere zero).  I t  i s  shown below t h a t  Eqs. (2.8) and (2.9) 

p rov ide  us w i t h  two such f ' s .  We need t o  use the  length  de f ined by 

where i s  t he  c lass  o f  admiss ib le func t ions  over which the  minimum i s  found, 

taken t o  be the  se t  o f  a l l  so leno ida l  f i e i d s  cont inuously  d i f f e r e n t i a b l e  i n  V, 
A 

i r r o t a t i o n a l  i n  V ,  cont inuous across S,  and o ( Y - ~ )  a t  i n f i n i t y .  ( I t  can be 

shown t h a t  i f  V i s  sphere o f  radius L, then g=*.) Let um be the  maximum 

va lue  o f l u l  - , and l e t  h ,  be the maximum eigenvalue o f  t he  tenso r (eL j ) .  I n  

each case the  maximum i s  taken over a l l  t ime and a l l  X i n  V .  I t  can e a s i l y  be - 
shown t h a t  i f  - u i s  not everywhere and always zero, then A,~o. Using the  

Cauchy-Schwarz inequaT i t y  and the d e f i n i t i o n  o f  de we o b t a i n  

Hence (2.8) and (2.9) g i v e  the  i n e q u a l i t i e s  
d E m  h - 

3 p(- 1 + '-l 
5 I curl  !i! 1'dV 



Therefore two very simple necessary f o n d i t i o n s  f o r  dynamo a c t i o n  a r e  
h tf'L - >  I 

vl 
Note t h a t  ~ , r f / ~  Reynolds number based on the  l eng th  sca le  k. 
If V i s  convex the  maximum d is tance apa r t  of  any two p o i n t s  i n  V i s  denoted by 

D, then by the  vec tor  mean-value theorem 

U, a a h m e  
I f  we regard &! , D , and )Z as given, then (2.11) and (2.12) imply t h a t  any 

v e l o c i t y  f i e l d  p e r m i t t i n g  dynamo a c t i o n  must be such t h a t  U, and a, 1 i e  w i t h  

i n  the  shaded reg ion  shown i n  Fig. I (a).  We can express t h i s  r e s u l t  i n  terms o f  

the  dimensionless va r iab les  de f ined by 

A necessary c o n d i t i o n  f o r  dynamo a c t i o n  i s  t h a t  the parameters shown l i e  i n  t he  
shaded areas. (see sec t i on  2.2 f o r  the  d e f i n i t i o n s  o f  these ~a ramete rs . )  

Then (2.1 1 ) and (2.12) become 

ah;. -4 A Z I ,  R,>-, 
and so regarding d. as given, we see t h a t  A and R, must l i e  i n  t he  shaded reg ion  

shown i n  F i g . l ( b ) .  I t  should be emphasized t h a t  these cond i t i ons  a r e  n o t  s u f f i -  

c i e n t  f o r  dynamo ac t i on .  



I t  i s  very p l a u s i b l e  t h a t  an i n e q u a l i t y  such as the  second p a r t  o f  (2.1 1) 

should be a  necessary cond i t i on ,  s ince i t  was shown i n  Lecture #1 t h a t  shear can 

g r e a t l y  i n t e n s i f y  B by s t r e t c h i n g  the f i e l d  l i n e s .  The f i r s t  p a r t  o f  (2.11) i s  

no t  so obvious, however, because t h i s  i n e q u a l i t y  depends o n l y  on the  magnitude 

o f  u,  not  i t s  de r i va t i ves .  Note however t h a t  we have n o t  had t o  s e l e c t  a  spec ia l  
7 

coord ina te  system, so um could have been chosen r e l a t i v e  t o  any convenient c o o r d i -  

nate frame. I n  p a r t i c u l a r ,  i n  a spher ica l  domain we deduce t h a t  co re  motions must 

d i f f e r  from sol id-body r o t a t i o n  by an amount urn cons i s ten t  w i t h  these i n e q u a l i t i e s .  

It i s  very probable t h a t  these est imates have counterpar ts  i n  e l e c t r i c a l  

c i r c u i t  theory. The i n e q u a l i t y  i n v o l v i n g  A m w a s  f i r s t  der ived by Backus (1958) 

w h i l e  t h a t  i nvo l v ing  u  was noted by Chi ldress (1969). There i s  cons iderab le  room 

f o r  improved est imates o f  dynamo a c t  ion. Recemt ;u Proc tor  (1 978) has observed t h a t  
2 Backus' es t imate  can be improved by 20% i f  the  i n t e g r a l  o f  [B-I over V i s  re ta ined  

A 
i n  t he  es t imate  o f  k instead o f  extending the  i n t e g r a l  t o  V + V ) .  Such r e f i n e -  

ments compl icate the  v a r i a t i o n a l  problem which must be solved t o  complete the  e s t i -  . 
mate, b u t  presumably move us c l o s e r  t o  r e a l i s t i c ' e s t i m a t e s  f o r  t he  dynamo process. 

I t  i s  a l s o  poss ib le  t o  sharpen necessary cond i t i ons  by e l a b o r a t i n g  t h e  

s t r u c t u r e  o f  admiss ib le magnetic f i e l d s .  We consider  nex t  a c o n d i t i o n  o f  t h i s  k ind .  

(2.3) A T h i r d  Necessary Cond i t ion  f o r  Dynamo Ac t i on  

Busse (1975) has obtained another necessary c o n d i t i o n  f o r  dynamo a c t i o n  by 

s p l i t t i n g  - B up i n t o  i t s  t o r o i d a l  and p o l o i d a l  p a r t s :  

B = c u v l  (TX) + c u r l  curl ( p X )  - - - 
This  decomposit ion i s  always poss ib le  f o r  a  solenoidal  f i e l d ;  P and 7 are  sca- 

l a r  func t ions  o f  p o s i t i o n ,  t o  which an a r b i t r a r y  f u n c t i o n  o f  r can be added w i t h -  

ou t  a l t e r i n g  - 8. Busse showed t h a t  

where Em i s  again the t o t a l  magnetic energy, Ep i s  magnetic energy i n  the  p o l o i d a l  

p a r t  o f  - 8, and V i s  a  sphere. I t  i s  assumed t h a t  d i v  - u = 0 and - u = 0  on S,  t h e  sur -  

face o f  the sphere. Thus we o b t a i n  a  t h i r d  necessary c o n d i t i o n  f o r  dynamo a c t i o n :  

Th is  c o n d i t i o n  i s  o f  r a t h e r  a  d i f f e r e n t  type from those der ived i n  (2.2),  s i n c e  

Ep/Ern depends on - B. As an example o f  i t s  use, we can deduce, from the  f a c t  t h a t  

t he  magnetic f i e l d  i n  t he  e a r t h  has a  p o l o i d a l  component, t h a t  t he re  a r e  r a d i a l  



I f l u i d  motions there.  This i s  re levan t  when consider ing convect ion. 

1 (2.4) A One-d imensional Analog 

I t  would be o f  i n t e r e s t  t o  so lve ~ q . ( 2 . 1 )  f o r  B, given some p a r t i c u l a r  
7 

c l a s s  o f  v e l o c i t y  f i e l d s  - u, and then r e l a t e  the  necessary cond i t i ons  der ived t o  

the  occasions when dynamo a c t i o n  a c t u a l l y  occurs. Unfor tunate ly  t h i s  i s  d i f f i -  

c u l t  t o  do, because the  equat ion i s  so hard t o  solve; indeed, t h i s  i s  why i t  i s  

wor thwhi le  t o  de r i ve  the  necessary cond i t i ons  i n  the f i r s t  p lace.  So we look  

f o r  a s impler  equation, which we hope r e t a i n s  the  important f ea tu res  o f  (2.1) 

and which we can so lve  exac t l y .  The corresponding necessary c o n d i t i o n s  f o r  dy- 

namo a c t i o n  can be der ived,  and then compared w i t h  the exact s o l u t i o n s  o f  t h e  

- simple equat ion. 

- As such an equat ion take u and El t o  be complex-valued f u n c t i o n s  o f  x and 

t s a t i s f y i n g  a a  1 a a -, - -+i-(UB*)(- 0 0 ~ x 4  -,tau) 
a t  R a x 2  2% 

( i t  i s  something o f  an a c t  o f  f a i t h  t h a t  t he  so lu t i ons  o f  t h i s  equat ion  behave, 

i n  some sense, 1 i k e  the  so lu t i ons  o f  Eq. (2.1) I ) .  Note t h a t  (2.14) has been made 

nondimensional; assume t h a t  t h i s  has been done by measuring x i n  u n i t s  o f  L, and 

u i n  u n i t s  o f  the  maximum v e l o c i t y ,  um ; then t i s  measured i n  u n i t s  o f  L/um. 

The q u a n t i t y  R i n  (2.14) i s  then the  magnetic Reynolds number umL/%.  

The f i r s t  s tep i s  t o  d e r i v e  an i n e q u a l i t y  corresponding t o  the  f i r s t  p a r t  

o f  (2.10). To do t h i s  m u l t i p l y  (2.14) by B" and i n t e g r a t e  w i t h  respect  t o  x 

from a t o  b, say, t o  o b t a i n  I 

Assume t h a t  a and b can be chosen so t h a t  t he  in tegra ted  p a r t s  vanish;  t h i s  w i l l  

be poss ib le  i f ,  f o r  example, u and B a r e  space-per iodic .  Taking t h e  complex con- 

jugate  o f  (2.15) and adding t o  {2.15) g i ves  

Define 2 by the equat ion 



where i s  some s u i t a b l e  c lass  o f  func t ions .  Now u  L. 1 ,  because u  i s  meas- 

ured i n  u n i t s  o f  urn, the maximum value o f  l u  1 , a t ~ d  so us ing  the  Cauchy-Schwarz 

i n e q u a l i t y  and the d e f i n i t i o n  o f  %. , (2.16) g i v e s ,  

This i s  t he  analog o f  the  f i r s t  p a r t  o f  (2.10). I t  imp l i es  t h a t  a  necessary 

c o n d i t i o n  for dynamo a c t i o n  i s  > i;/b , t h a t  i s  

- 
We now so lve  (2.14) e x a c t l y  f o r  t he  p a r t i c u l a r  v e l o c i t y  f i e l d  

;r.+ i ~ t  
u (r , t )  = e 3 ~ z .  20) 

where Lt) i s  a c o n s t a n t .  T ry ing  the  s o l u t i o n  

where n , 6 , , and A a r e  complex constants, as y e t  unknown, we o b t a i n  

i(n*-l)r+ ( tP+ ;w) t  ' ( d l =  (fi*-t)em 
Cdx 

-; [ ~ ~ - l l ~ ~ ( ~ * + ~ ' u ) t  
+A*(G"-I) e 

and 

a t  R 3 x a  

;ti x +Ft 
t A(?+ $ ) e  

Therefore (2.21) solves ( 2 , l b )  if 

I f  i t  i s  assumed t h a t  B i s  bounded when t = 0, then must be rea l ;  so assume 

t h i s .  Hence a  s o l u t i o n  o f  (2.14) i s  



T where 

We can regard (2.22) as a f am i l y  o f  s o l u t i o n s  l abe l l ed  by the  s i n g l e  parameter 

h , since f o r  g iven Y) Eq.(2.23) determines j u s t  two a v a i l a b l e  values of 0- 

We a r e  i n te res ted  i n  whether the s o l u t i o n  (2.22) decreases t o  zero o r  

grows w i thou t  1 i m i t  as t-> - . This  i s  determined s o l e l y  by the  s i g n  o f  

the  r e a l  p a r t  o f  cr ; f o r  a  g iven %,the system a c t s  as a dynamo i f  and o n l y  i f  

the  l a r g e r  r e a l  p a r t  o f  the two poss ib le  values o f  r i s  p o s i t i v e .  
I 

We now deal w i t h  the  case = 0 i n  more d e t a i l .  Equat ion (2.23) when 

a gives 

- where N i 2 , ( ~ -  n). 

From (2.22) i t  can be seen t h a t  the  app rop r ia te  l eng th  scale $ f o r  t he  s o l u t i o n  

B i s  t he  l a rge r  o f  I/Q and ~/h-I) ( t imes the  u n i t  ) .  For simp1 i c i t y ,  consider  

o _ L ~ ( < $ ;  then we have L =L/x. Figure  2 shows a  graph o f  0- as f u n c t i o n  

o f  Q f o r  05 oh$ , f o r  d i f f e r e n t  values o f  R. 

(See sec t  i 
Graoh o f 6  aga ins t  f o r  o L h g $  when = 

ion 2.4 f o r  the exp lanat ion  o f  these q~ 

P u t t i n g  C =  0 i n  (2.24) g ives  R Z / ~ \ '  = / - 1 ; so the  necessary and s u f f  i- 
c i e n t  cond i t i on  f o r  dynamo a c t i o n  i s  



., 
Th is  can be w r i t t e n  as  

f r o m  the  d e f i n i t i o n s  o f  R and de . 
Equation (2.27) i s  what we a re  look ing  f o r .  Our aim i s  t o  compare i t  w i t h  

the c rude ly  der ived necessary c o n d i t i o n  g iven i n  (2.19). Since we a r e  o n l y  con- 

s i d e r i n g  Cf k-~ < '/L , we see t h a t  they a re  cons i s ten t .  Fur ther ,  (2.19) i s  t he  

best  poss ib le  c o n d i t i o n  o f  i t s  type, because a  c o n d i t i o n  o f  t he  f o r m u , % / h > l - + ~  

where 6 > 0 ,  i s  v i o l a t e d  by tak ing  c lose  enough t o  1/2. I n  t h i s  sense, (2.19) 

i s  a  'good' r e s u l t  about t he  so lu t i ons  o f  the  simple Equation (2.1) 

Notes submitted by 
John Chapman and 
Franc is  J. Condi. 
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iC- 

Lecture #3 CONSTRUCTIONS BASED ON SMOOTHING 

1 I n t r o d u c t i o n  

I n  t h i s  l e c t u r e  we s h a l l  d iscuss an asymptot ic method f o r  t r e a t i n g  the  

k inemat ic  dynamo problem. I n  general t he re  a r e  a t  l e a s t  t h ree  methods which have 

been used. 

( i )  F i l t e r i n g  method 

(a) Temporal f i l t e r i n g  i s  based on the f a c t  t h a t  t he  f l u c t u a t i n g  magnetic 

f i e l d  decays much f a s t e r  than the mean one. We a re  i n te res ted  p r i m a r i l l y  i n  the  

mean f i e l d .  The v e l o c i t y  f i e l d  i s  turned on and o f f  p e r i o d i c a l l y .  While t he  

v e l o c i t y  i s  on, the  magnetic f i e l d  i s  created. While i t  i s  o f f ,  t he  magnetic 

f i e l d  decays. Hence the  t u r n - o f f  t ime should be long enough to  a l l o w  the un- 

wanted f l u c t u a t i n g  f i e l d  t o  decay. For example, Tverskoy (1965) appl ied t h i s  



method t o  prove dynamo a c t i o n  by a t o r o i d a l  eddy i n  a s o l i d  conductor.  

(b) Geometric f i l t e r i n g  i s  based on the  s i m i l a r  idea t h a t  c e r t a i n  har-  

monic decay s p a t i a l l y  fas ter  than the  o thers .  Hence the  harmonics w i l l  a f f e c t  

each o ther  s e l e c t i v e l y  according t o  the  d is tance between sources (see f o r  example 

Herzenberg's two-sphere dynamo, 1957) . 
( i i )  Symmetry breaking 

Cowling's theorem (1933) does n o t  a l l o w  steady dynamos when both f i e l d s  

a re  a x i a l l y  symmetric. Th is  has been s tud ied  by Braginsky (1964, 1965). I n  t h i s  

method the  v a r i a b l e s  a re  d i v ided  i n t o  a x i a l l y  summetric and smal l  asymmetric 

pa r t s .  

(i i i )  Smoothing 

This method i s  the main t o p i c  o f  t h i s  l e c t u r e .  Here t h e  va r iab les  a r e  

assumed t o  c o n s i s t  o f  a s p a t i a l l y  r a p i d l y  va ry ing  p a r t  (small l eng th  scales = I )  
and o f  a s p a t i a l l y  s lowly  va ry ing  p a r t  ( l a rge  l eng th  scales = x ) .  An averaging 

process (e.g. over an in termediate scale)  i s  essen t i a l  t o  separate the  mean f i e l d  

from the  f l u c t u a t i n g  f i e l d .  Th is  idea has been i n i t i a t e d  by Parker (1955) and 

been explored s ince  then by Steenbeck & Krause (1966), Ch i ld ress  (1967), G.  0. 

Roberts (1970), M o f f a t t  (1970), and many o thers .  

3.2 F i  r s t - o r d e r  smoothing 

We s t a r t  w i t h  the i nduc t i on  equat ion:  

- Q O ~ - O X ( L L X  B ) =  0 
d t  - - 

where = LL,+ 5, and B -= B.4 , go and B,, a r e  r e s p e c t i v e l y  the smooth - - 
( l a r g e  scale)  p a r t s  o f  & and g, w h i l e  $,and a r e  t h e i r  f l u c t u a t i n g  (smal l  

scale) p a r t s .  We de f ine  an averaging opera tor  < .> .  As we have noted, t h i s  

might be a s p a t i a l  o r  temporal average, bu t  i t  might  a l s o  have o t h e r  meanings, 

e.g. ensemble averaging. 

Then by d e f i n i t i o n  

= 0 ; &,> = 0 

Also t o  s i m p l i f y  the  n o t a t i o n  l e t  us in t roduce the  f o l l o w i n g  operators 



With these above def ined operators the i nduc t i on  e.g. (3.1) can be 

w r i t t e n  as: 
~ a = o  - 

By app ly ing  the  averaging procedure t o  (3.2) we ge t :  

LoEd+ <O@,> = 0 

where the  terms < L I  _8.) and (L. 5;) a r e  assumed t o  vanish due t o  the  

llsrnoothnessll o f  L, and Be - 
Subt rac t ing  (3.3) from (3.2) we get :  

L , & +  L o @ ,  = <L,U,)- .., 1 1 - 4  13 
I n  t he  f i  r s t - o r d e r  smoothing the  r ight- hand s ide  o f  (3.4) i s  neglected.  

Hence i n  t h i s  case we have (formal ly) 

Then (3.3) g ives 

which i s  the equat ion determin ing . Given the  s o l u t i o n  4, o f  (3.6) t he  - 
approximate ( l s t  o rder )  s o l u t i o n  f o r  t he  complete magnetic f i e l d  i s  then A 

- \ 
z o o -  L o  8. 

CV .%. (3.7) 

i f  (3.6) i s  s impler  than (3.2) we have gained something, and t h i s  seems l i k e l y  
4 

s ince now the c o e f f i c i e n t s  a r e  smooth func t ions .  Compared w i t h  L,, gm = 0, 
(3.6) has a  new term on the r ight- hand s ide ,  which i s  c r u c i a l  f o r  the  dynamo a c t i o n  

i n  those cases where # , fa i l s  by i t s e l f  t o  g i v e  dynamo a c t i o n .  

To have a  rough idea o f  the phys ica l  cond i t i ons  under which t h i s  f i r s t  

o rder  smoothing i s  v a l  i d  we assume 2, ' - 0 . Then (3.4) g ives  

where U) , ( ,a- 'are the  c h a r a c t e r i s t i c  scales o f  5, . For the  r ight- hand s ide  

t o  be n e g l i g i b l e  compared t o  a t  l e a s t  one o f  the f i r s t  two terms on the  l e f t -  



hand s ide e i t he r  d w o r u f i  has t o  be small compared t o  1 .  The f i r s t  condi-  

t i o n  does not involve the r e s i s t i v i t y  )Z and tha t  means that  one must be care-  

f u l  when using i t . The second condi t ion turns out t o  be s u f f i c i e n t   when^/')^ i s  

a r b i t r a r y  and o ( I ) .  I n  what fo l lows we use the magnetic Reynolds numbers R and 

d?. based on A! and de respect ively.  

Also, the mean equation (3.3) gives: 

where , 7 are the cha rac te r i s t i c  scales o f  @ . I n  (3 .8 )  the f a c t  t h a t  the 

l a s t  two terms on the l e f t  a re  comparable gives: 

uk' B,* - 4 R Bo 
Z 

so tha t  the right-hand s ide o f  (3.9) i s  o f  order 
u2 8, 
xz- which i s  comparable t o  

ut the terms on the l e f t  i f  I since R =y < < I .  Thus the two scales 'I 
1 must be widely separated. This i s  equivalent t o  saying that  -= o(R=) . The d 

d i f f e r e n t  scales can be p ic tu red  i n  Fig.1. Also from (3.9) we have 

wave 1 engt h rv 2 

When 5, f 0 the s i t u a t i o n  remains the same provided i t s  magnetic Reynolds i s  

not  too large, although the determination o f  L,' i s  not easy then. 

3.3 The cd - e f fec t  

By the ec - ef fec t  (terminology o f  Steenbeck & Krause, 1966) we mean the 

case i n  which the term <LkI X B b ,  i n  the mean f i e l d  equat ion can be w r i t t e n  

i n  the form: 
<sc-,x ~ , > = o L .  , B ~  

where oC i s  a constant. I n  the general case we have (5,~ B)iz Be where 
rrr 

i s  a pseudo-tensor. 
U - 



We consider  the  p e r i o d i c  v e l o c i t y  f i e l d  i n  Cartes ian coordinates 

5, = U (0, c 0 5  k x  , sin kx) (3%!?1 

To the  f i r s t - o r d e r  smoothing Eq. (3.4) g ives 

-- a!& ,v2I3, = T7x ( u , , x  gel 
a t  
a - - v D " =  g0.'v5, - g , 4 ~ ~ o  

Or a t  (3.12) 
In  (3.12) we can neglect  the  term g, - v fi compared t o  B, - 2, since 

x<<g .  Hence from (3.11) 
- -- a@# to%,, ,a, = & x u k ( ~ , - s ; n  k x , c o s k % ) .  (3.13) 

a* 
A f t e r  a t ime t such t h a t  

2% --. 
L<(t < < T =  - 
Z Z 

the e f f e c t  o f  i n i t i a l  t r a n s i e n t s  disappears and ( 3 . 1 3 )  g ives  

B B., (0, -sin AX, € 0 5  *x) 
u l 

we then have 
0' o , O ) Z ~ L * B , ,  tr ,~ , = ( 7 + .., 

where ( I  0 o\ 

I f  i s  a un i fo rm f i e l d  i n  t he  X - d i r e c t i o n ,  then the  - e f f e c t  here 
P 

produces a mean induced c u r r e n t  <g , x _8,} = j i n  the  same d i r e c t  i on  as g o  
- 0  

0 0'- 

But i n  t h i s  case there  i s  no feedback upon so t h a t  BOX would de- 

cay away and no dynamo a c t i o n  i s  poss ib le .  Note here the  important e f f e c t  o f  -... 
phase s h i f t .  The f l o w  deforms the  f i e l d  i n  j u s t  the r i g h t  way t o  g i v e  a max- 

imum i n t e r a c t i o n  between the  per turbed f i e l d  and the f l o w  (see Fig.2) .  

The h e l i c i t y  o f  I&, (terminology in t roduced by M o f f a t t ,  1970) i s  de f ined 

as  14 = <  .-&, tc, . '17 X 3 , )  and i s  a measure o f  t he  knottedness o f  vo r tex  1 ines; 

i n  t h i s  case we o b t a i n  H z - U '  



u = U(qcoccr~ lc ,~ in  Kr) U 
+,. I 

3,- BOq (0, - sin kx, ror fit) 

The motion t h a t  i s  next  s implest  i s  

u,= U ( s r n K g , c o s ~ x , s i n  kx + c b s  K 
N Y )  

Using (3.12) t h i s  g ives 

and 

Th is  model can cause dynamo a c t i o n  by the  f o l l o w i n g  i n t e r a c t i o n :  

The cross arrows i'n the above diagram a r e  ude to  Ampere's law. T h i s  k i n d  o f  
'L 

i n t e r a c t i o n  i s  c a l l e d  the oC - e f f e c t .  

To o b t a i n  
1 0 0  

OG 

we can take 

u z (sin k + c o s  KP, 51n k S +  c ~ s  K x ,  s i n  h g  + cost 
M I  Y a) 



where H i s  the  h e l i c i t y .  

I n  a l l  o f  these examples we have 

VX 5 ,  = -k*, 

This  k ind  o f  f i e l d  i s  c a l l e d  Bel t rami  ( v e l o c i t y  i s  p a r a l l e l  t o  v o r t i c i t y ) .  I n  

general o r b i t s  o f  such a f l o w  a r e  known t o  be t o p o l o g i c a l l y  compl icated.  

Fig.3. Stream 1 ines f o r  X 

and 2 components o f  5, 
g iven by (3.14). 

+: upwel l  i ng  

- : downwell i ng . 

Fig.4. Numerical computation 

(G.O.Roberts, 1972) o f  t h e  

growth r a t e  Pv as func t i on  
1 o f  a d  f o r  9, given 

by 13.14). 

F igure 3 represents the  stream 1 i ne  f o r  K and 3 components o f  the ve lo -  

c i t y  f i e l d  f&., g iven by ( 3 . 1 4 ) .  The i n s t a b i l i t i e s  take  the form o f  l a rge  sca le  

c i r c u l a r l y  po la r i zed  s t a t i o n a r y  waves w i t h  magnetic f i e l d  components perpend icu la r  

t o  the  a x i s  o f  the  "eddies". F igure  4 shows G.O.Roberts (1972) computation o f  



the  growth r a t e  Cr as a  func t ion  of k -and f? f o r  the same v e l o c i t y  f i e l d .  

The growth r a t e  increases t o  a  maximum and then decreases as R-' decreases. 

F igure 5  shows the l a t t i c e  of s t r a i g h t  p a r t i c l e  paths ( co r rec t i ng  s tagnat ion  

po in t s )  f o r  t he  three-dimensional motion (3.15). 

B 

D 
Fig.5. An element o f  the o r b i t  s t r u c t u r e  o f  the  motion (3.15). A1 1 

labeled p o i n t s  a r e  s tagnat ion  p o i n t s ,  equ iva len t  under a  r o t a -  
t i o n  and t r a n s l a t i o n .  A l l  l i n e s  a re  p a r t i c l e  t r a j e c t o r i e s  i n  
the i nd i ca ted  d i r e c t i o n .  Lines such as OP invo l ve  a  divergence 
( i n  the p lane ABC) and a  convergence (toward the  plane DEF) . 
Note the h e l i c i t y  ev ident  i n  the  s t r u c t u r e .  

Note t h a t  F ig .4  bears a  resemblance t o  Fog.2 o f  Lecture 2. I t  can 

e a s i l y  be seen t h a t  1s t  order  smoothing i s  ac tua l  l y  exact f o r  the one-dimen- 

s iona l  analog. 

3.4 Pe r iod i c  dynamos 

I n  a l l  three examples i n  Sec. 3.3 the  v e l o c i t y  f i e l d s  + are  steady and 

p e r i o d i c  i n  space. I n  general when u, i s  p e r i o d i c  i n  space and t ime we expect  

the  magnetic f i e l d  t o  incorpora te  the same p e r i o d i c i t y  i n  a d d i t i o n  t o  l a rge-  

scale components (G .o. ~ o b e r t s  1970, 1972; Chi ld ress  1967, 1970). 

We now consider ,  f o r  such p e r i o d i c  f i e l d s ,  some i n t e r e s t i n g  p o i n t s  r e l a t e d  

t o  " i n f i n i t e - o r d e r 1'  smoothing o f  the  i nduc t i on  equat ions.  Consider the modal 

form ih * E +  br B a = 5 a -  
N 

(3.16) 

Wi th 3, g iven t o  be p e r i o d i c  we can w r i t e  t he  mean f i e l d  Eq.(3.3) as: 



where = . (we show how A - i s  der ived i n  the next  l ec tu re . )  The m a t r i x  
d 

4 can be w r i t t e n  i n  the form o f  a cumulant expansion 

i n  terms o f  cumulants o f  the  v e l o c i t y  f i e l d  y, . The A .  have some n i c e  sym- x J 
metry p rope r t i es  and i n  p a r t i c u l a r  $j (0, 0, R  is rea l  and symmetric o r  a n t i -  

-, 
J - 1  

symmetric depending on whether j i s  even o r  odd. Also no te  t h a t  

I t  i s  i n t e r e s t i n q  t o  note t h a t  i n  order  t o  have dynamo a c t i o n  i t  i s  su f -  - 
f i c i e n t  t h a t  R,$+,))  be d i f f e r e n t  from zero, s ince  i n  t h i s  c a z w o  - 

6 

eigenvalues o f  t h i s  m a t r i x  a re  o f  the  same s i g n  ( oL - e f f e c t ) .  Th is  i s  t r u e  f o r  

almost a l l  p e r i o d i c  motions ( i n  a prec ise  sense based on the  rep resen ta t i on  o f  - 
2 

the admiss ib le U , as a H i l b e r t  space, and the non-dynamos as conf ined t o  a " lower 

dimensional" hypersurface i n  t h a t  space). Also, A.(o,o, R, &,) i s  a n a l y t i c  i n  
C 

R and thus i f  dL(O, 0 1  R . 5 , )  i s  such t h a t  de t  (g,(0,0, 0.g)) # O then det  -- 
( A  ' ( O , O J ~  . u v # O f o r  -I almost - a1 1 R. 

= Y L  
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Notes submi t t e d  by 
Chr is topher L. Frenzen 

and Pham G iem Cuong 

Lecture # 4  MEAN-FIELD ELECTRODYNAMICS 

4.1 Smoothing t o  a l l  orders 

Appl ied t o  the  equat ions o f  magnetohydrodynamics, t he  smoothing method 

has come t o  be known as mean- f ie ld electrodynamics. As a theory  i t  encompasses 

n o t  on l y  t he  d e r i v a t i o n  o f  the mean- f ield equat ion but  a l s o  the  s o l v i n g  o f  t he  

mean- f ield equat ion under cond i t i ons  p e r t i n e n t  t o  the  dynamo problem. We ex-  

amine these two aspects o f  the theory i n  t h i s  l ec tu re ,  beginning w i t h  the  gen- 

e r a l  form o f  the  mean-f i e l d  equat ion. 

As i n  the  l a s t  l e c t u r e  we l e t  

a t  

L, = - V X ( ~ X  ( * I  
Using these, the  dynamo problem can be w r i t t e n  

( L , - 1 -  L,)  B 4 = 0 
We now d e f i n e  P as an averaging or smoothing opera tor .  

P(*) a < ( * I >  
We requ i re  o n l y  t h a t  P be a p r o j e c t i o n ,  i .e .  t h a t  i t  s a t i s f y  

P'= P 
I t  i s  important t o  note t h a t  when u i s  small sca le  ~ ~ - 1  L1 may n o t  be a "smal?" - 
operator  on - B even though L,-' (L1 - PLl) i s  "smal l" .   his has a l ready  been - 
used a t  the  l eve l  o f  f i r s t - o r d e r  smoothing.). 

S i nce 

(L, -1- L ~ ) B =  o 

we have ((Lo + L1 - P(Lo + L 1 ) ) s  = 0 

o r  (L, - PL,)B = - (L1 - PLI)B 

We assume t h a t  P and Lo (o r  Lom1) commute, t h a t  i s  

PLo = LOP, P L ~ - ~  = L,-~P, 



and t h a t  L produces on l y  "rough" f i e l d  when app l ied  t o  smooth: 

PL, P = 0. 

Commutation impl ies 

'(L, - PL,)F = L,(! - PB) - . 
L e t t i n g  PB - = - f equal the  mean f i e l d ,  then 

Lo (B - - f )  = (Lo - PLo)B - = - (L1 - PL,)!. 

By i n v e r t i n g  Lo, t h i s  can be r e w r i t t e n  as 

where the  operator  S i s  

Hence 

I f  S i s  a small opera tor  as claimed ( the  formal smallness o f  S i s  imp l ied  by 

the smallness o f  &= ? o r  &- from the  l a s t  l e c t u r e ) ,  we should be a b l e  t o  

w r i t e  - B = ( I - s ) - ' ~ .  - 

The mean f i e l d  equat ion now becomes 

?LOB + PLlB - = LoL + PLIB 

which imp l ies  

Lof + PLl ( I  - s ) - l f  - = 0.  

This  i s  an exact equat ion f o r  the  mean f i e l d .  

We can e a s i l y  reder ive  f i r s t  order  smoothing f r o m  t h i s  equat ion as 

f o l  lows: 

We have approximately:  ( I  - s ) - I  I + S 

S u b s t i t u t i n g  i n t o  the mean f i e l d  equat ion, w e  get  

tof + PLI(I + S ) f  - = 0 

o r  

0 = Lof. + PLl (L1  - PL,) )f. 

= L o L -  PLI Lo-1 LI f. (s ince P L ~ L , - ~ P L ~  = PL~PL,- 'L~ = 0. 

O f  course, one may a l s o  use the  prev ious method i n  which 

We then aga i n  have 



This s impler  sequence o f  steps i s  a l l  t h a t  need be considered i f  one stops a t  

f i r s t  order .  

The f u l l  mean- f ield equat ion has, however, a much r i c h e r  s t r u c t u r e .  I t  

can be thought o f ,  a t  l e a s t  when R = U J ? / ~  qPw i s  smal l ,  as con ta in ing  a 

double expansion, both i n  R and i n  the r a t i o  -!/A o f  s p a t i a l  scales.  (A "slow" 
% 

t ime d e r i v a t i v e  i n  the  mean f i e l d  equat ion i s  regarded as order  q / g  and counts 

i n  the  o rde r ing  as equ iva len t  t o  a double space d e r i v a t i v e . )  A symbol ic repre-  

- sen ta t i on  o f  the expansion goes as f o l l o w s :  F i r s t  we w r i t e  (upon expanding 

- : The operators t have dimensions o f  a speed U and an order  o f  magnitude ( a f t e r  
j 

d i v i s i o n  by U) o f  O R  Moreover, i t  can be shown t h a t  L j  invo lves  o n l y  

- the jth order  cumulant o f  -. u,. 

Second, each L j  is ,  when expressed as a sum o f  a se r i es  o f  d i f f e r e n t i a l  

operators,  f o r m a l l y  o f  i n f i n i t e  order.  We can then w r i t e  

where 

I n  customary terminology L20 represents the  - e f f e c t  and L2]  t he  " / - e f f e c t 1'  

(when - uo vanishes).  The l a s t  e f f e c t  thus accounts f o r  la rge- sca le  grad ien ts  o f  

the  mean f i e l d  i nso fa r  as these a f f e c t  mean induc t ion .  Because o f  the  c u r l  i n  

(4.2) we see t h a t  the  /3 - e f f e c t  invo lves  second d e r i v a t i v e s  o f  t he  mean f i e l d ,  

and hence the capac i ty  t o  modify the e f f e c t i v e  d i f f u s i o n .  

1) As we saw i n  the  prev ious l e c t u r e  i t  i s  easy t o  compute f o r  c e r t a i n  s imple 

motions. For a progressive wave o f  the  form 

u f s in (5  - f = kX + w t ,  

we have, as the  on l y  non-zero e n t r y  i n  the pseudo-tensor 

- - u * ~  k 3  $in 
=%I - w " +  '2'k" 

Note t h a t  i f  W #  0 the  e f f e c t  vanishes i n  the  1 i m i t  q-0 .  (we consider  the  

mat ter  o f  small and zero r e s i s t i v i t y  below i n  an appendix). 



2) L e t %  = U, be p e r i o d i c ,  so leno ida l ,  and representable i n  t he  form 
i ( @ + ~ - t w t l  

U = UZ:& ( k , w > e  
~ E I < , w ~  - 

where a n d f l  a re  s u i t a b l e  se ts .  As we noted prev ious ly ,  t he  mean f i e l d  

equat ion, if 

has the form 

The m a t r i x  6 has the  cumulant expansion 4 .s A j , and i f  we w r i t e  - J Z 2  = 

- @;f =dij-F, +Pljrtfj n k  + ~ ( n ' )  
we ob ta in  the  o( and /3 e f f e c t s  w i t h  

3 )  For s tochas t i c  w i t h  energy spectrum tensor  gii ( 3 , ~ )  , expressions 

f o r  and f l  can be obta ined from those j u s t  grven by the  replacement 

b S ( 1  -7 f ( ~ F L ~  ( * I  d k  - d o  
f o r  f? i s  equ iva len t  t o  t h a t  obta ined by app ly ing  f i r s t - o r d e r  

smoothing t o  a  mean f i e l d  w i t h  constant  g rad ien t ,  up t o  a  d i s t a n t  sur face i n -  
/ 

teg ra l  i n  wave number vec tor  space; t he  l a t t e r  w i l l  vanish f o r  most p h y s i c a l l y  

r e a l i z a b l e  f lows. 

4) An important general i z a t i o n  o f  the  method a1 lows $, to have, i n  a d d i t i o n  

t o  i t s  bas ic  smal l- scale features,  a  slow v a r i a t i o n  o f  s t r u c t u r e .  The computa- 

t i o n  o f  d i n  t he  f i r s t - o r d e r  theory t r e a t s  such motions as i f  the  slow v a r i a -  

t i o n  o f  parameters were no t  there, s o  there  i s  no specia l  d i f f i c u l t y  a t  t h a t  

l e v e l .  A formal s tudy o f  t h i s  and o the r  genera l i za t i ons  has been c a r r i e d  ou t  by 

Roberts and Soward (1975). 

To take  one example t h a t  w i l l  be important l a t e r  l e t  



If a/h < ( I  t h i s  can a l s o  be w r i t t e n  

Thus i s  approximately t he  sum o f  two nearby modes i n  3 -space, each hav ing  

components i n  phase. The f u l l  s p a t i a l  average o f  h e l i c i t y  i s ,  moreover, zero. 

However, the two modes i n  combination produce a n o n - t r i v i a l  - e f f e c t ,  g i ven  by 

d, , :+  + & l i t *  ?a*+ O C ~ / ~ I .  

4.3 Boundary-value problems 

We now examine several examples o f  boundary va lue  problems a r i s i n g  i n  

mean f i e l d  electrodynamics. 

Consider the boundary value problem f o r  the  k ineamt ic  wz-dynamo i n  a 

slab. This model r e l i e s  s o l e l y  on the & - e f f e c t ;  we take so= 0 so t h a t  t h e r e  

i s  no c o n t r i b u t i o n  from the  7 X ( & x  a,)term. - 
The model i s  as fo l l ows :  

8 5 ( 8, ( 55 ,  t) 9 0) 9 a two-dimensional f i e l d ,  - 
and the  c% m a t r i x  i s  taken t o  be 

/ I  0 01 

The dynamo equa t ions become 

S e t t i n g  B = 8, 4 i 13, , we have a complex equat ion 

(which compares c l o s e l y  w i t h  the  model problem o f  l e c t u r e  2) .  We assume mot ion 

t o  occur i n  a s lab  0s 2 S L , suppose both  magnetic components t o  vanish e l s e -  

where, and the re fo re  se t  R = 0 a t  t = 0 1  L. With B = e ~t+ iAz  and bLo 
an 

eigenparameter, we have the  e isenfunc t ions  



-&*  d 1. 
and ~ * 6  - Rl-g n, R = A  : 2 n f T ,  an in tege r ,  provided t h a t  - - 

7 'I. Y 
n 

For n x 1 , R > 2'71 g ives  dynamo ac t i on .  There are no o s c i  1 l a t o r y  modes. 

Induc t ion  regenerates the f i e l d  by the  " d l "  i n t e r a c t i o n :  

Consider now the  same problem i n  a spher ica l  core. A number o f  these cases 

have been studied by Steenbeck and Krause, and re-examined by Roberts (1972). The 

.case o f  constant  d L can be solved expl  i c i t l y  and the  minimum c r i t i c a l  va lue 

o f  @, (based on sphere rad ius)  f o r  steady dynamo a c t i o n  was found t o  be 4.49 

corresponding t o  a vacuum d i p o l e  f i e l d .  For the cases where i s  odd w i t h  re-  

spect t o  the equa to r i a l  p lane the  c r i t i c a l  g f o r  d i p o l e  and quadrupole f i e l d  x, 

w h i l e  n o t  i d e n t i c a l ,  a r e  so c lose  as t o  make them f o r  a l l  p r a c t i c a l  purposes i n -  

d i s t i n g u i s h a b l e .  For example, w i t h  

4;  artfiY3r C L  - r)'u ms 8 s in2@ 
L' 

the  d i p o l e  eigenvalue i s  10.09 and the  quadrupole e igenvalue 10.45. An explana- 

t i o n  o f  t h i s  coincidence has been g iven by Proc tor  (1977), us ing  a comparison 

problem which e x a c t l y  admits these degeneracies and appears t o  be c l o s e  t o  the  

rea l  iz'ed s t ruc tures .  

We now consider  t he  m ig ra to ry  dynamo model o f  Parker (1955). Consider an 

i n f i n i t e  domain w i t h  mean f i e l d  o f  form 

where A and a a r e  independent o f  y.  A i s  a stream f u n c t i o n  f o r  t he  po lo ida l  

f i e l d  w h i l e  ,!3 i s  the  t o r r o i d a l  f i e l d ,  we take 
2 dm 
5, = (0, w (a) , 0 )  w i t h  - d ?  = constant  . 

The eauat ions a r e  



Looking f o r  modes p ropo r t i ona l  t o  12 ikx+4t we f ind 

d ~ ,  
(6+ q = ; r l d ~ c ~ a ~ C  where 8 = - = constant .  

d 2 
-3. 

I f  = rr+iJi, f o r  neu t ra l  s t a b i l i t y  ( 6 p  = D ) a n d a d d l  ,26jllk= ka * 
' OC* sowavespropagate  i n  t h e d i r e c t i o n o f  negat ive)( w h e n d 8 4 0 .  o r  6~:- 

2v1* 
Appl ied t o  the  surface of a  f l u i d  sphere, these waves suggest how the  p o l o i d a l  

f i e l d  components migra te  across l a t i t u d e  l i n e s  under the  combined i n f l uence  o f  

microscale motions and la rge- sca le  subsurface shear. Th is  i s  p a r t i c u l a r l y  i n -  

t e r e s t i n g  because o f  the m ig ra t i on  o f  sunspots t o  the s o l a r  equator.  

These migra tory  waves i l l u s t r a t e  what i s  known as the  I '  d-6J1' e f f e c t .  
* 

W h e n d G 1  a n d o ( 8 z  o ( I )  t h e e  term i n  the  d i spe rs ion  r e l a t i o n  may be ne- 

g lec ted ,  as may the  4 term i n  the  equat ion f o r  - a' simul taneously .A c.< 8, 
, a~ 

and t h i s  i s  the  most reasonable parameter range f o r  t he  geodynamo. I n  t h i s  

l i m i t ,  the  "D(-CL]" e f f e c t  looks l i k e  

A number of -4,  dynamos have been t r i e d  i n  a  spher ica l  core. For a  

recent  assessment see Roberts (1972) ; see a l so ,  Deinzer -- e t  .a1 .. (1974) , and 

Roberts and S t i x  (1971). I f  one a l lows f o r  some mer id iona l  f l o w  i n  a d d i t i o n  

t o  the  d i f f e r e n t i a l  r o t a t i o n  responsib le f o r  the - e f f e c t ,  t he  f i e l d s  have 

the forms 



- B = vx T(r,el_r + vxo x P(r,B) _r 
Since we a re  dea l i ng  w i t h  ax ia l l y- symmetr ic  f i e l d s  there  a r e  two p r i n c i p l e  par-  

i t i  es (components para1 l e l  o r  perpend i cu 1 a r  t o  the  equator i a 1 ane) 

d i p o l e  symmetry: B l l  odd, BJ even 

quadrupole symmetry:Bll even, BL odd. 

Roberts (1972) examines a model o f  Steenbeck and Krause, 

.As i n  the  cases the d i p o l e  and quanrupole c r i t i c a l  d?, are  q u i t e  c lose,  

t he re  being a s l  i g h t  preference f o r  the  quadrupole mode when d o  yo > >O and f o r  

the  d i p o l e  when o(, d/o d 0. I n  both cases the  modes a r e  o s c i l l a t o r y .  S i m i l a r  

r e s u l t s  a re  obta ined w i t h  o ther  choices o f &  and u) o f  the same bas ic  p a r i t y ,  

a l though f o r  some conf igura t ions  the preference f o r  one o f  the symmetries becomes 

more pronounced. 

I t  i s  found t h a t  the o s c i l l a t o r y  so lu t i ons  e x h i b i t  a  l a t e r a l  m ig ra t i on  o f  

p o l o i d a l  f i e l d  s t ruc tu res ,  toward the  equator i f  d o  br, 4 0 , thus suggest ing 

t h a t  the  phys ica l  mechanism i so la ted  by Parker plans an important r o l e  i n  the  

o s c i l l a t i o n .  

For a model o f  Braginsky i nco rpo ra t i ng  both components o f  g, we have - 
a t = - r  ( 1 -  rxj2 (COS 0) 

l o  n-, r' ( L- r )' PZ. ( ~ 6  @ )  P = 

I -  [e, ( C U S Q I -  ~ ( E O ~ ~ I )  d =  

Roberts f i n d s  t h a t ,  i n  the range .52 5 m 4 -.012 the  most e a s i l y  exc i t ed  mode 

i s  a steady d i p o l e  when oC, b/, 0 , the smal lest  c r i t i c a l  occu r r i ng  when 

m = - . 3 .  I f  t he  s i g n  o f  D(odo i s  reversed, the  quadrupole mode replaces d i p o l e ,  

c r i t i c a l  f lk  and lml 's  a re  again c lose,  but  the s i g n  o f  m i s  changed. Th is  sur-  

p r i s i n g  symmetry p roper ty  has r e c e n t l y  been discussed by Proc tor ,  (1978) and ex- 

p la ined  i n  terms o f  the p r o x i m i t y  o f  s o l u t i o n s  t o  those o f  a comparison problem 

where the proper ty  holds exac t l y .  I f  we were t o  seek the  model most re levan t  t o  

the  ea r th ,  we would have t o  p i c k  t h i s  one, ~ i t h o C , ~ ~  p o s i t i v e  i n  the  nor thern  



hemisphere ( t o  s e l e c t  the d i p o l e  mode). I n  the  range o f  parameters s tud ied  the  

most e a s i l y  e x c i t e d  f iel.ds were steady. I n  t h i s  reapect reversa l  phenomena a r e  

no t  p red ic ted  and indeed the  osc i  l l a t o r y  kinematic dynamos a re  probably mis lead-  

ing  as models f o r  reversals .  
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Append i x 

The GC - e f f e c t  i n  t he  l i m i  t 

Stephen Chi ldress 

We record here some observat ions regarding the  d i f f i c u l t  and cont rover-  

s i a l  mat ter  o f  app ly ing  smoothing t o  p e r f e c t  o r  near- per fect  conductors. (A 

discussion o f  the problem may be found i n  M o f f a t t ' s  book.) 

Formal ly,  asymptot ic smoothing was seen t o  be va l  i d  i f  uhw Ce / and 

t h i s  c o n d i t i o n  i s  independent o f  9 . Th is  leads t o  the  hope t h a t  rap id  move- 

ments, o r  a s tochas t i c  f i e l d  w i t h  sho r t  c o r r e l a t i o n  t ime, can be made t o  achieve 

dynamo a c t i o n  i n  f i r s t - o r d e r  smoothing even f o r  van ish ing  r e s i s t i v i t y .  

One immediate p o i n t ,  i f  one r e a l l y  wants ac tua l  convergence o f  t he  mean- 

f i e l d  equat ion, i s  whether such convergence can ever be achieved f o r  van ish ing  

1/1 . One's suspic ions i n  t h i s  regard a r e  confirmed by est imates on an app rop r ia te  

norm o f  the  operator  S considered above. I t  i s  not  s u f f i c i e n t  t h a t  ~/Q,be 

smal l ,  bu t  - i s  s u f f i c i e n t  t h a t  U ~ U ~  be smal l ,  the  c o n d i t i o n  again i n v o l v i n g  2 -  
1 

In  f a c t  the  c o n d i t i o n  V/Cw'-=\ i s  " only"  asymptot ic,  w i t h  C 1 - 5)- having a 

d ivergent  majorant se r i es  o f  the  form 



when k t =  0 . O f  course most f requen t l y  t h i s  i s  a minor p o i n t ,  bu t  i n  a t  l e a s t  

one c lass  of dynamos, r a p i d l y  p e r i o d i c  i n  t ime and p e r i o d i c  i n  space, f i r s t - o r d e r  

smoothing induces a secondary f l o w  and a mean- f ield equat ion w i t h  an e f f e c t i v e  

magnetic Reynolds number ~ 7 ~ ~ .  As t h i s  l a s t  parameter tends t o  i n f i n i t y  the 

o( -e f fec ' t  i s  found t o  vanish (as i n  the steady f lows considered below). 

On the  o the r  hand, ~ l f v & n ' s  t w i s t i n g  o f  a to rus  t o  a m p l i f y  the  f i e l d  ( l ec-  

t u r e  # 1 )  i s  a tempting mechanism and may work f o r  s u f f i c i e n t l y  small r e s i s t i v i t y .  

By i t s  very nature,  however, t h i s  process cannot be access ib le  t o  modeling by 

asymptot ic f i r s t - o r d e r  smoothing, s ince mean and pe r tu rba t i ona l  f i e l d s  a re  compara- 

b l e  du r ing  the t w i s t i n g  process. One p o s s i b i l i t y  then, i s  t h a t  there  a re  d i f f i -  

c u l t i e s  t o  smoothing a p e r f e c t l y  conduct ing dynamo. I n  a d d i t i o n ,  i t  i s  n o t  imme- 

d i a t e l y  c l e a r  what unnatura l  zero r e s i s t i v i t y  phenomena might be introduced by 

ensemble averaging over admiss ib le motions, i f  the  l a t t e r  con ta in  s i n g u l a r i t i e s  

capable o f  sever ing and reconnect ing l i n e s  o f  force.  

A c t u a l l y  l i t t l e  i s  known about the l i m i t  o f  small q, even i n  the case o f  

induc t ion  by steady s p a t i a l l y - p e r i o d i c  f lows.  G.O.Robertsl numerical r e s u l t s  

(see l e c t u r e  # 3 )  included some values o f  oC out  t o  R = 64 and these can be com- 

pared w i t h  c a l c u l a t i o n s  based on boundary- layer theory. The l a t t e r  makes s t rong 

use o f  symmetry and evaluates OL once f l u x  i s  concentrated near the boundaries - I/= 
o f  c e l l s .  I t  i s  found t h a t  d = c c n s f % R  as K * where the constant  ob- 

ta ined produces rough agreement w i t h  Roberts '  values. I t  may be conjectures t h a t  

t h i s  o rde r ing  p e r s i s t s  f o r  any steady motion independent o f  one coordinate.  

For three-dimensional steady s p a t i a l l y - p e r i o d i c  motions one expects concen- 

t r a t i o n  o f  f l u x  i n t o  tubes and poss ib l y  a l s o  sheets. The former can be shown 

(using the  asymptot ics described elsewhere by p roc to r )  t o  produce an A - e f f e c t  

nominal 1 y 0 ( i ,431, but  a t  t he  present t ime there  a re  no worked-out examples t o  

support t h i s  est imate.  



Lecture  #5 ALMOST SYMMETRIC DYNAMOS 

5.1  Graginsk i  i l s  (1964) s o l u t i o n  t o  t he  k inemat ic  dynamo problem 

Consider t he  dimensionless equat ion 

w i t h  Q * [ 3 = O  a - and R = -  " i n  the  l i m i t  R-9 00 . The t ime sca le  o f  t h e  f i e l d  
'2 

has been taken as the d i f f u s i v e  t ime sca le  t = t ime 

It i s .  known f rom Cowl ing 's  theorem t h a t  axisymmetr ic f i e l d s  cannot main- 

t a i n  a  dynamo. B r a g i n s k i i ' s  idea was t h a t  f i e l d s  which were c l o s e  t o  axisym- 

m e t r i c  might be a b l e  t o  ma in ta in  a  dynamo f o r  s u f f i c i e n t l y  l a r g e  R .  He assumed 

1 
H i s  a n a l y s i s  then i nves t i ga tes  whether t he  small a d d t t i o n a l ,  o(1) components of  

u  can a c t  w i t h  W t o  c rea te  a  k inemat ic  dynamo such t h a t  B can be mainta ined or  - 
amp1 i f i e d .  Brag insk i  i sought a  symmetric ltmean-fieldl" equation,. An averag ing  

opera tor  P i s  de f ined  t o  be averaging over , so i f  

V = V , ; ,  + V i + - Q e_ 
then 2 TI 

? ' Y  
PV - = (& 1 

0 0 

A v e l o c i t y , f i e l d  i s  pos tu la ted  o f  t he  form exemp l i f i ed  by 

w i t h  pLL()) , O .  - 
The r e s u l t s  f o l l o w i n g  from t h i s  cho ice  can then be viewed as a  spec ia l  asymp- 

t o t i c  vers ion  o f  1s t  o rder  smoothing. 

I t  i s  found t h a t  a s e l f - c o n s i s t e n t  expansion o f  - B takes t h e  fo rm 



The mean f i e l d  equat ions obtained from these f i e l d s  can be w r i t t e n  i n  a form 

almost i d e n t i c a l  t o  those obtained f o r  an axisymmetric dynamo from 1s t  

order smoothing. Given A, - u " e f f e c t i v e"  va r iab les  a re  de f ined 

where 

and 

Then, i n  the l i m i t  e 3 u c 7 ,  the  equat ions a re  

.-- (I) Kt{& 
where d (z, i s  quadra t ic  i n  & 

These equat ions a re  p r e c i s e l y  the  same as those o f  an axisymmetr ic dynamo, w i t h  

the except ion t h a t  the  equat ion f o r  B would a l s o  con ta in  the  term 

- 
on the  r ight-hand s ide.  The absence o f  t h i s  term i n  B r a g i n s k i i ' s  formal ism means 

7- 
t h a t  he can on l y  o b t a i n  o< 0 dynamos (and t h a t  d dynamos a re  not  ob ta inab le ,  

except poss ib l y  through h igher-order  c a l c u l a t i o n s ) .  

Since i t  can be shown t h a t  t he  same boundary cond i t i ons  apply t o  the  e f -  

f e c t i v e  va r iab les  i n  the  boundary value problem, we have two independent asymp- 

t o t i c  theor ies  which produce the  same "smooth" mathematical problem. However, 

B r a g i n s k i i ' s  method has the  advantage t h a t  there  i s  no assumption about length  

scales associated w i t h  - u ( I ) .  Instead - u(') i s  chosen t o  be s l i g h t l y  asymmetric 

and the s ingu la r  1 i m i t  R ->oa i s  used t o  make poss ib le  the  expansion of the non- 

axisymmetric component o f  - B. 

The emergence o f  the  e f f e c t i v e  va r iab les  i s  s t a r t l i n g  and led Soward t o  

r e i n t e r p r e t  Braginsk i  i ' s  work by cons ider ing  i t  t o  be an instance o f  " d i f f u s i v e  

mod i f i ca t i on"  o f  the k inemat ics o f  an e s s e n t i a l l y  p e r f e c t  conductor.  Th is  p o i n t  

o f  view i s  usefu l  here because the  p e r f e c t  f l u i d  k inemat ics a r e  c l o s e  t o  a sim- 

p l e  form, because the  f i e l d s  a r e  almost a x i a l l y  symmetric. 



5.2 Soward's pu l l - back  method 

The idea o f  t h i s  method i s  t o  e x p l a i n  the form o f  B r a g i n s k i i ' s  equat ions 

by us ing  a t rans format ion  proper ty  o f  t he  p e r f e c t  conductor.  

We a r e  i n te res ted  i n  motions c l o s e  t o  simple ones, e.g. 

The 

f-' 

& Y  
1) almost 2-0 motions - 

pul 1-back 

pu l l - back  maps R t o  R and s t ra igh tens  ou t  t he  "w i  

2) almost 3-D motions 

15 F 

I n  o rder  t o  erase the "wiggles" a t  a g iven i n s t a n t  we can imagine a smooth v o l -  

ume-preserving map of space i n t o  i t s e l f ,  which we w r i t e  as 

9: 5 .(C,C) 
We want t o  see the  e f f e c t  o f  such a t rans format ion  on the  equat ions f o r  - - 

a moving p e r f e c t  conductor. Le t  f i e l d s  B (z , t ), E (g , t ) ,  3 (<,t) be 
g iven as s o l u t i o n s  o f  

Ec_G,B"  = o  - 

The Lagrangian form o f  t h i s  equat ion i s  



This  equat ion can e a s i l y  be transformed using the  t rans format ion  3 and we f i n d  

where - 

Hence 

where 

We can now f i n d  c ( ~ , t )  s ince E - G., @ . Using the f a c t  t h a t  3 i s  volume 

preserv i ng , so a ax. 3% 
J - =  

j as, az, E P ~ ~  

Then 
4 

4 .? & 

So we see the equat ions a re  i n v a r i a n t  under the t ransformat  i on  o f  z, - [3, , 5 
i n t o  ;c,@,?- 

However, i f  we have chosen 3 as a p u l l  --back t o  symmr:l.ric f l ow ,  w e  can 

average along the  d i r e c t i o n  o f  symmetry (z  f o r  2-D, $ f o r  3-D) . So 

s ince  the equat ion i s  l i n e a r  i n  - B and s ince  Pu - = 0 as - u i s  symmetric. 

We now c l a i m  we may i d e n t i f y  - u w i t h  Gff and PB - w i t h  sff o f  B r a g i n s k i i ' s  

dynamo. This i s  p a r t i c u l a r l y  easy t o  argue i f  I; - i s  a steady motion and a l l  stream- 

l i n e s  are un l inked closed curves, s ince  i~ i s  p l a u s i b l e  t h a t  i n  t h i s  case t h a t  

the necessary mapping, 3 , can be found. I n  general the  method hinges on the  

ex is tence o f  a smooth 3 , and i t  i s  n o t  obvious when i t  e x i s t s .  A1 1 - ;' f o r  which 

the method works can, o f  course, be obta ined by smooth t ransformat ions,  3;' o f  

symmetric f lows - u. Since B r a g i n s k i i ' s  equat ions a re  asymptot ic f o r  1 '3400 , 
the pu l l - back  need on l y  have c e r t a i n  asymptot ic  p rope r t i es  (e.g. near c losu re  o f  

o r b i t s )  . 
Having examined how the  p e r f e c t  conductor equat ions transform, we now 

wish t o  see how the exact equat ions transform. One f i n d s ,  



1 where 
2 

It can be shown fo r  choices o f  '3r appropriate t o  B rag insk i i ' s  special  

choice o f  ve l oc i t y  f i e l d  (O(R- ' I 2 )  axisymmetric pa r t  e tc . )  t ha t  the P L j k  term 

i s  negl i g i b l e  and that  the equations obtained a1 ready, by Braginski i 's method, 

3 can be rederived. 

Notes submitted by 
Jud i th  Y. Holyer 
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Lecture #6 CONVECTIVE DYNAMOS: General P r inc ip les  

We tu rn  now t o  the f u l l  magnetohydrodynamic dynamo problem, and i n  par-  

J t i c u l a r  the convection dr iven model, which may be diagrammed as fo l lows: + rota t ion?  

heat f l u x  I 

kinsmatic induct ion 

( magneto convection 

heat f l u x  T 
Fig.1 

The most re levant problem - the convective MHD dynamo i n  a r o t a t i n g  spher- 

i c a l  annulus - i s  qu i t e  formidable, and has not been i n  any sense "solved", On 

the other hand, one might argue f o r  the existence o f  so lu t ions as fo l lows:  



+ 
(1.) Show t h a t  nonmagnetic ( B  = 0) s o l u t i o n s  a r e  uns tab le  t o  the  a d d i t i o n  

o f  f i e l d ,  i .e .  i n f i n i t e s i m a l  magnetic f i e l d s  a r e  amp l i f i ed .  ( I n  t h i s  case, i n  

the weak- f ie ld theory, the kinematic i nduc t i on  uncouples from the  dynamics.) 

(2.)  Show t h a t  the magnetic f i e l d  energy i s  necessar i l y  bounded. 

Given t h a t  the  dynamo i s  being d r i v e n  by app ly ing  energy a t  a f i x e d  r a t e ,  

the  l a t t e r  p o i n t  i s  very p l a u s i b l e .  Today we s h a l l  see how i t  goes f o r  a con- 

vect  i ve dynamo, d r i v e n  by heat sources. 

We use the  term " convect ive"  t o  mean the re  i s  some s c a l a r  f i e l d  (e.g. 

temperature), a f f e c t i n g  the  f l u i d  dens i ty ,  which can i t s e l f  be advected and d i f -  

fused (one nonthermal process, suggested by B r a g i n s k i i ,  invo lves  the  f l o a t i n g  up 

o f  l i g h t  elements released du r ing  the  growth by acc re t i on  o f  the  inner  core) .  

There i s  no rea l  concensus concerning the  energy source f o r  the  geodynamo, bu t  

we fee l  t h a t  convect ion, (thermal o r  nonthermal),  i s  as p l a u s i b l e  as any o f  t he  

o the r  proposed mechanisms (eag .  core  turbulence d r i v e n  by precess ion, o r  baro- 

c l  i n i c  i n s t a b i  1 i t y  analogous t o  t h a t  i n  t he  atmosphere). Moreover i t  r e s t s  on a 

wel l-understood process, so t h a t  var ious  models can be formulated ra the r  e a s i l y .  

A profound (and c o n t r o v e r s i a l )  c r i t i c i s m  o f  the  thermal convect ion model 

has been put  forward by Higgins and Kennedy (1971, 1973). They propose t h a t  t he  

core i s ,  f o r  t he  most pa r t ,  s t a b l y  s t r a t i f i e d  ( t h e i r  second paper says t h a t  a 

convect ing reg ion  may e x i s t  w i t h i n  500 km o f  the  inner  ( s o l i d )  core) .  The i r  

argument i s  t h a t  the a d i a b a t i c  g rad ien t  i s  shal lower than the  me l t i ng  p o i n t  

g rad ien t .  Assuming t h a t  the mantle/core and core / inner  core boundaries a r e  me l t -  

ing- po in t  t r a n s i t i o n s ,  they argue t h a t  t he  temperature p r o f i l e  must f o l l o w  the  

me1 t i n g  p o i n t  curve:  g rea ter  temperatures would lead t o  me1 t i n g  o f  some o f  t he  

s o l i d  core, lower temperature would tend t o  s o l i d i f y  some o f  the  l i q u i d  core.  

To compute the  a d i a b a t i c  g rad ien t  we have vp =-Pg $ f o r  L s rad ius  o f  core;  

The m e l t i n g r p o i n t  g rad ien t  was obta ined by e x t r a p o l a t i o n  o f  shock-tube data f o r  

me l t i ng  temperature vs pressure. 

For convect ion, t he  temperature p r o f  i l e  must increase ( w i t h  depth) f a s t e r  

than the a d i a b a t i c  increase. 



3. 
W i t h d  , T, C as i n  Table 1 (Lecture I ) ,  $ f S m / ~ e c  , we get  

P 
G 2 x  ,*-YeI.c/,. 

Assuming a l l  heat sources a r e  i n  the  core ( q u i t e  u n l i k e l y ) ,  and t h a t  t he  r a d i a l  

g rad ien t  a t  the core/mantle boundary i s  g i ven  by the  l a s t  f i g u r e ,  we ge t  a surface 

heat f l u x  o f  approximately 6 x cal/m2s. I f  we assume the  Kennedy-Higgins 
2 mel t i ng- po in t  curve, we o b t a i n  4 x cal/m s. Both values a r e  cons iderab ly  

below the  observed f l u x  o f  1.5 x cal/m2s. - 

Another basic  c r i t i c i s m  o f  a thermal model o f  convect ion has been g i ven  

by B r a g i n s k i i  (1964), which lead him t o  h i s  proposal o f  a geochemical mechanism. 
ATL $30 I Treat ing  the thermal dynamo as a heat engine w i t h  op t ima l  e f f i c i e n c y  _ r - I ~ b = ~ >  

actua l  e f f i c i e n c y  perhaps , the work done i n  sus ta in ing  the  f i e l d  (most o f  

which appears as Jou le  heat ing)  i s  about - o f  the  net  core hea t i ng  (presumably 
l o o  

by r a d i o a c t i v e  decay). Assuming 1/5 of t he  10'5 jou le/sec heat f l u x  a t  t h e  s u r -  

face i s  created i n  the  core, Joule heat ing  should amount t o  2 x 10 l0  j ou les /sec .  

9 Suggested values f o r  Joule heat ing  have ranged from 4 x 10 t o  4 x 1012 joules/sec;  

B r a g i n s k i i  favored the  l a t t e r ,  h igher  f i gu re ,  based on a k inemat ic  dynamo model 

o f  h i s .  

Both o f  the  above ob jec t i ons  (popu lar ly  known as "core ~aradoxes" )  a r e  

themselves sub jec t  t o  c r i t i c i s m ;  i n  what f o l l ows ,  we t r e a t  convect ion e x p l i c i t l y  

as thermal .  

Our equat ions now become ( i n  a r o t a t i n g  frame) 
d i i  --. s .A 2 -I .A 

3 -  ., -r~n,i.tpn.r+pd,(~,r~+~p+6,f+~-il = P B ,  
I 



A 
where F includes a1 1 g rav i ta t iona l  forces and Ti;j i s  the viscous stress tensor; 

the thermal d i f f u s i v i t y .  

We assume = 0 on S, the boundary o f  the sphere which i s  our domain, 
3 2 -I 

and tha t  T = TS i s  constant on 5 .  Set t ing F = - v q a m d v + +  I f i n  r I t ,  
tak ing the dot product w i t h  the momentum equation gives 

In tegrat ing over the core, 
a 
;iF (&+ $1 2 WC + WP - $,,,, F .- (6.4) 

where Ek, Ep are k i n e t i c  and po ten t ia l  energy given by $ 
a 

a 
respect ively,  the compressional work we = J  p v - u d v b l a n d  the  precessional 

(and t i d a l )  work 

wP = J p ( ~ - ~ m ( ~ l + ) ) d r . i .  

Recall, from the kinematic dynamo problem, 

where Em i s  the magnetic energy. Pu t t ing  t h i s  together w i t h  the previous 

equation gives 
a 

- ( E ~ + E ~ +  a t  E,)= We+ w,-P,,,; 2 ,,,. ( 6 . 6 )  

Introduce entropy, s and in te rna l  energy dens i ty  e, we rewr i t e  the tem- 

perature equation as 

Again we integrate,  and get  



Denote t ime average by an overbar,  and assume the  system i s  near e q u i l i b r i u m .  

1 
Then 

\IYC + '4 = 2 Y4SC +. %,.uh 

We can consequently ske tch  the  system as a heat engine d r i v i n g  a k inemat ic  

dynamo. 

O f  course, t he re  i s  bu t  a s i n g l e  ear th ,  and so the  two must be superim- 

posed, as they c o n s i s t  o f  the same f l u i d  p a r t i c l e s .  

We want t o  show t h a t  & ,&,* + , i s  bounded i n  terms o f  % seuvce. 

The idea i s  t h a t  parce ls  o f  f l u i d  deep i n  the  core absorb heat a; a t  tem- 

pera ture  T i ,  and g i v e  i t  up a t  the  sur face a t  temperature TS; entropy increases, 

n: , % s , However, 2 9 = ( ~ i ) :  (k5+rrv+z3)i , 
so r :F-7  7 T; 7m,, 

ThL - 2 s  and %v,sc + &ou,+. - 7s 
5 - Th is  

s t i l l  involves the  unknown T,,, however, For f u r t h e r  d iscuss ion ,  see Malkus 

- 
(1973), Hewi t t  e t  a1 (1975), and Backus (1975). -- 

- THE BOUSSINESQ APPROXIMATION 
J 

We assume a t  t he  s t a r t  t h a t  3. = constant .  

We then t r e a t  t h e  dens i t y  p as a constant  4 , EXCEPT i n  the  body fo rce  

I aF' 
t e r n p F  = -P v y  ' @ - ~ T ) E  , where L = rad ius  o f  e a r t h  and d =-x (=); 

L 
he e f f e c t  o f  d e n s i t y  f l u c t u a t i o n s  on the  g r a v i t a t i o n a l  p o t e n t i a l  i s  a l s o  ignored. 

We a l s o  neg lec t ,  i n  t he  temperature equat ion, t he  terms 2,,1, and 

HT . The equations (6.1 ) - (6.2) then become 



and hcPg - ~ v ~ T :  a, (6 .2 ' )  

These assumptions requ i re  t h a t  the  th ickness o f  t he  convect ing region,  L, 

GP 
be much less  than the  " temperature sca le  height 1' ,  LT ,g ; f o r  t he  e a r t h ,  one 

6 7 obta ins  L = 2 x  10 ,, LT = 2 x  10 ,, so t h i s  i s  not  too  bad. Th is  c o n d i t i o n  

a r i s e s  from the  suppos i t ion  t h a t  buoyancy and magnetic ( ~ o r e n t z )  terms a r e  com- 

parable, the QJsrJc much smal l e r .  

A remark: i n  the Boussinesq approximation, i f  a l l  time-averaged q u a n t i t i e s  

a re  independent o f  i n i t i a l  cond i t i ons ,  then the  mean t o t a l  h e l i c i t y  must vanish. 
--L -. 

One se ts  the  i n i t i a l  cond i t i ons  a l t e r n a t e l y  t o  B , ) =  ( ~ o { ~ ) ~ p o { ~ ) ~  
A 

2 
3 

( , f o r  s o  i n  f unc t i ons  u,,. Po , and B, , and t o  (u,, p,, T, , 
.A 2 A 

= ( r & ( - r ~ , p ~  ( r ) ,  Tee- r), O0 (-?). 
i 

ThenH,=Jb , - (~ , i i , ) dvo t  ~ - ~ ~ ~ . ( v , , ~ ~ ) d ~ ~ ~ =  -Hz; 

s ince we assumed HI = Hg, we conclude t h a t  they must be zero. 

We now consider  a  bound on magnetic energy i n  t he  Boussinesq l i m i t .  One - 
can show (see the  appendix) t h a t  9- ,,,, t 3 ,,,,, 

L - 
w h e r e 1  =-- << 1 and (r)= <Q,), , <(-I>, denot ing the mean over  a  spher i ca l  she1 I 

LT 
o f  radius r, and Qs = Qsource. The f i r s t  term vanishes i f  QS i s  cons tant ,  so 

- 

We now use (c f . Lecture 2) 2r.ule + f i  ' j a a d v o t  and s e t ~ ~ ~ d ' d v a l = ~ ' - ~ ~ , ,  

0,s $ L4 B: L~ 
d e f i n e  the Rayleigh number 15 R ,=poCpYi -c -  , the  Hartman number as M a H w  

i n  which case one obta ins  '2 2 Sn-2  50, 
M' 

(Our standard va lues .  ( ~ e c t u r e  #1) g i v e  RZi/& & 190 f o r  f i e l d s  o f  100 G.)  

Thus i n  the Boussinesq case, the  f i e l d  must be bounded (''most o f  the  smal l- scale 



s t u f f  i s  wiped out ,  so on l y  about 1/10 o f  the  oC - e f f e c t  remains"). Th is  bound 

was obta ined (us ing a somewhat d i f f e r e n t  argument) by Hewi t t  e t  a1 . (1975). -- 
Notes submitted by 

David C.W.Hart 
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Appendix (Stephen Chi ldress)  

To o b t a i n  (6.11), f i r s t  m u l t i p l y  (6 .2 ' )  by T-TS, i n t e g r a t e  over V and 

average over t ime. A f t e r  use o f  Gauss' theorem and the constancy o f  Ts we 

ob ta in  
A ( ( ~ T ) ' ~ v o I  = 1 Q, (T- 1 , ) d v o l  

L' v 

and the re fo re  8 
T, %...... 5 J r d v o l .  

'# 

We w i l l  use t h i s  r e l a t i o n  p resen t l y .  Now de f i ne  

where 

i s  the spher ica l  mean a t  radius ro. The spher ica l  mean of ( 6 . 2 ' )  g ives,  a f t e r  

i n t e g r a t i n g  once w i t h  respect  t o  v, - r 

-- 
0 

But i n  the present case . L 



and so, now us ing  
(") 

9 

where the maximum i s  over space and t ime.  

Combining these resu l  t s ,  we have ( reca l  l /3 = L/, , r. 

which i s  (6.11). 

Lecture #7 ROTATING MAGNETO CONVECTION 

Now we consider the  e f f e c t  o f  p u t t i n g  i n  heat t o  support a magnetic 

f i e l d  and a convect ive v e l o c i t y  f i e l d .  There a re  two aspects o f  the complete 

dynamical problem t h a t  we wi 1 1  consider .  1) The k inemat ic  problem o f  genera- 

t i n g  a magnetic f i e l d  from the  f r e e  convect ive motion o f  the  f l u i d  and 2) t he  

e f f e c t  o f  an imposed un i fo rm magnetic f i e l d  on the f l u i d  motion. 

F i r s t  we examine the  ~ g n a r d  convect ion problem, i .e. a r o t a t i n g  l a y e r  o f  

f l u i d  heated from below, i n  a un i fo rm g r a v i t a t i o n a l  f i e l d ,  (c . f .  S.Chandrasekhar 

"Hydrodynamic and Hydromagnet i c  Stabi l i t y "  ~ h a p . 3 ) .  Our i n t e r e s t  from the p o i n t  

o f  v iew o f  dynamo theory i s  the  s t r u c t u r e  o f  the  rea l i zed  modes o f  convect ion.  

We make the  Boussinesq assumption t h a t  dens i t y  changes a r e  important  o n l y  i n  the  

buoyancy term and i n e r t i a l  e f f e c t s  a re  n e g l i g i b l e .  Also we l i n e a r i z e  the  equa- 

t i o n s  o f  motion which e l im ina tes  the advect ive  n o n l i n e a r i t y  o f  the  s u b s t a n t i a l  

d e r i v a t i v e .  06 

I n  the  temperature we sub t rac t  o u t  the  i n i t i a l l y  imposed l i n e a r  g rad ien t :  

T : T , + ~ T - + A T + ~  



The m2mentum equat ion i s :  
3 u  A fi 

- + 2 n i  & v p - q v 2 j - -  q m  e a  ; v.i; z~ a t  J 

and temperature equat ion: 
a 9 -- 

I d t  
We apply " s l  ippery" boundary cond i t i o n r :  6 = LV . h; 2 1 ~ 0  a t  1 r a, L f o r  

32  a t  
isothermal bounding surfaces. 

K e l l e r :  I n  e l a s t i c i t y  theory these boundary cond i t i ons  a re  termed a 

"greased surface". 

Malkus: This  i s  achieved exper imenta l ly  a t  Ra- 640 w i t h  s i l i c o n e  o i l  

bounded by mercury below and hel ium above both o f  which a r e  good 

conductors. 

We w i l l  ob ta in  asymptot ic r e s u l t s  which i n  any case are r e l a t i v e l y  i n s e n s i t i v e  
i 

t o  choice o f  boundary cond i t ions .  

A n 
- To put  the equat ions i n  more t r .ac tab le  form app ly  Z * V X  and E- V X ( V X  t o  

the  momentum equat ion and l e t  J ~ ( ~ 1 5 ) ~  , the v e r t i c a l  component o f  v o r t i c i t y ,  

obta i n  i ng (extemporaneousl y )  

Spiegel : "That deserves a round o f  applause . . . even the  s igns a r e  r i g h t " .  

Ch i ld ress :  " I s  t h a t  r i g h t ?"  

- Spiegel : "How should I know?" 

I 5 may be e l im ina ted between the two equat ions, m u l t i p l y i n g  the  f i r s t  by 
a a 2.Q , the second by (= - V' ) and adding. Th is  r e s u l t  and temperature equa- 

1 t i o n  a r e  nondimensionalized w i t h  the  f o l l o w i n a  scales:  

length  - L 

< 

2n-T DL -4 Rayle igh number Ra- 9 I< 
L* t ime - ( t y p i c a l  v e r t i c a l  d i f f u s i o n  t ime) 
Y 

Taylor  number Ta = Y _ ~ ? - L ~  

9% 
(measures e f f e c t s  o f  r o t a t  i on  r e l a t i v e  t o  
v i s c o s i t y )  

f 
Also note TCL 5 a' ( U *  K,)= ~s (E = Ekman number), and - 

d ' 
f i n a l l y  o'- - a- j ,  s . Note the  Tay lor  number f o r  the  Ear th  u s i n g  



i n  f i n a l  form: 

f o r  which there  i s  a  c l a s s  o f  s o l u t i o n s  w i t h  
Z 2 A 2 f i  

w z s ; n ( n n % ) c O s ( ~ . ~ ) e * t r , = ~ . r , . . - ( ~ . %  i n   plane^^) 

where the  wave vec tor  (k,, k,, n) s a t i s f i e s  the r e l a t i o n  

&'t3'nS)3 + flsn'T, R ,  = 
J< * f o r  n e u t r a l  s t a b i  l i t y  

Proc tor :  This  i s  f o r  Pr = 1 
Chi ld ress :  Assume r 2 6 , .  This insures exchange o f  s t a b i  1 i t y  a t  

l a rge  Ta. 

We a r e  concerned w i t h  the  onset o f  i n s t a b i  1 i t y  f o r  cr c ross ing  through zero, i n  

the  1 i m i t  Ta j B. Qua1 i t a t i v e l y  the r e l a t i o n  above may be sketched as 

C lea r l y  (Ra),in i s  achieved f o r  n  = 1,  b u t  f o r  what va lue o f  k ?  (as Ta 6o ) .  

I f  we assume t h a t  k h C I ,  then Ra -Ta.  But i f  k 7 7 1 ,  then R a z  k4 + ~ " 7 ,  
k = 

Taking d * = ~  f o r  a  minimum y i e l d s  
i L  TGT '/L kc n) 3) h = 3 ( q a ~ m ) Y 3  

(which i s  smal ler  than the  est imate from the  k  - 1 ana lys i s .  From the  p o i n t  o f  

v iew o f  dynamo theory t h i s  i s  n ice ,  f o r  a  f a s t  enough s p i n  t h e  convect ion modes 

have bery l a rge  h o r i z o n t a l  wave number, i .e. small s p a t i a l  e x t e n t  4 . Thus 

e 
L 4~ f es -T,- oo- 

The appearance o f  t h i s  new sca le  i n  the problem may be thought o f  as a r i s -  

ing  from s t rong C o r i o l i s  fo rces  which cause a  l a rge  or thogonal  d e f l e c t i o n  i n  the 

t r a j e c t o r y  o f  a  p a r t i c l e  i n i t i a l l y  moving h o r i z o n t a l l y ,  lead ing  t o  t h i n  v e r t i c a l  

convect ion c e l l s .  

Malkus: Veronis found as Ta - + w a n d  kc gets l a r g e r  t h e  ac tua l  p a r t i c l e  

t r a j e c t o r y  i n  a  r o l l  i s  t he  same as f o r  Ta-1, j u s t  t i l t e d .  The balance i s  feo-  

s t roph ic .  

Stern: Think of a  top, the r o t a t i o n  s t a b i l i z e s  the  mot ion even though i t  



1 i s  top-heavy. The o n l y  t h i n g  t h a t  m k e s  i t  f a l l  i s  f r i c t i o n  as i n  t h i s  case, 

small c e l l s  a r e  formed i n  which f r i c t i o n a l  forces o f f s e t  c e n t r i f u g a l  forces.  
1 

Malkus: Yes, but  the v i s c o s i t y  d e s t a b i l i z e s  the  f low.  

Spiegel:  The p o i n t  i s ,  why i s  kc la rge? V i s c o s i t y  k i l l s  l a r g e  wave 
numbers. 

Malkus: Suppose you increase the  heat f l u x ,  what happens t o  A Tc? How 

does i t  depend on 3 ? A T c  goes t o  i n f i n i t y  as v i s c o s i t y  goes 

4 t o  zero ! The k i s  a viscous term. 

Spiegel:  The i n v i s c i d  problem has a c r i t i c a l  wave number such t h a t  a l l  

smal ler  wave numbers a r e  s t a b l e  and which tends t o  i n f i n i t y  f o r  

i n f i n i t e  r o t a t i o n  ra te .  

Chi ldress:  Perhaps the  term t o  focus on i s  7% 
K " , where we see a ba l- 

ance o f  buoyancy i n  the  numerator w i t h  v e r t i c a l  f o r c i n g  i n  t h e  

denominator, i . e .  no t  a geostrophic balance t o  lowest o rder .  

Now we consider the v e l o c i t y  f i e l d  o f  a r o l l .  

Note t h a t  the  f i r s t  two components, v e r t i c a l  and perpendicular  t o  t he  plane. o f  

the page, a re  O(1) q u a n t i t i e s  w h i l e  the  l a s t  component which makes uk divergence 

1 f r e e  i s  O ( T ~  We expect from examples a l ready s tud ied  t h a t  t h e  -?& phase 

l a g  between the  f i r s t  two components should lead t o  regenerat ion.  The pressure 

o f  a small scale 4 j u s t i f i e d  f i r s t  o rder  smooihing and we f i n d  t h e  dyad 
t 

5 = - $1" (2"') 

Proctor :  Th is  i s  f o r  f i x e d  . 
We can add any number o f  r o l l s  w i t h  the  same kc bu t  a t  d i f f e r e n t  angles, 

e.g. a hexagonal o r  square arrangement lead ing  t o  a m a t r i x  o f  t he  form: 



w i t h  a p o s i t i v e  d e f i n i t e  upper block. A mean cu r ren t  i n  t he  plane suggests an 

w2 dynamo i s  poss ib le  i n  p r i n c i p l e ,  having a p e r i o d i c  repeated c e l l  s t r u c t u r e .  

Although the  ne t  he1 i c i t y  ( ( & v ~ d ) d  (vol )  i s  zero, there  i s  a " p o l a r i z a t i o n  o f  

h e l i c i t y  by r o t a t i o n"  w i t h  respect t o  the  midplane: 

z 1 
O( + 9 H- 

We can produce a dynamo w i t h  l a rge  sca le  magnetic f i e l d  by slow ( h o r i z o n t a l )  

modulat ion o f  e- 
Stern: Are there  modes which a r e n ' t  dynamos? 

Ch i ld ress :  The on l y  case which would not  be a dynamo would be a degen- - 
e r a t e  ma t r i x ,  e.g. one r o l l  alone ( z  diagonal w i t h  - one nonvanishing element).  

2 
Pedlosky: Why i s n ' t t h i s  r e a l i s t i c ,  t h a t  i s ,  does B have t o  develop? 

Ch i ld ress :  t h i s  i s  a h i g h l y  degenerate plane problem, i n  a sphere one 

c a n ' t  a r b i t r a r i l y  combine r o l l s ,  f o r  example you might have an .cd - e f f e c t ,  b u t  

no M ~ .  

Proc tor :  According t o  Soward w i t h  two o r  t h ree  r o l l s  you can have a f i e l d  

w i t h  R, smal ler  than the  c r i t i c a l  va lue,  here. 

Chi ldress:  A c t u a l l y  the problem i s  even worse as the re  i s  go lba l  s u b c r i t i -  

c a l  i n s t a b i l i t y  as opposed t o  j u s t  l o c a l .  

Proc tor :  A smal ler  va lue o f  Rac f o r  two r o l l s  w i t h  a f i e l d  suggests the  

on l y  poss ib le  mode i s  a dynamo. 

Malkus: Roberts f o l l o w i n g  Chandrasekhar suggests t h a t  " gyroscopic con- 

s t r a i n t s  a r e  s t a b i l i z i n g"  which i s  w ide l y  accepted. I t  i s  i n t e r e s t i n g  here t h a t  

the  two c o n s t r a i n t s  oppose each o the r ,  r e l a x i n g  the  c o n d i t i o n s  f o r  i n s t a b i l i r y .  - 
Now we add a un i fo rm imposed magnetic f i e l d  f o l l o w i n g  E l tayeb and Roberts, 

and examine the  asymptot ic dependence o f  Rac and kc on Ta. 

4 % 
4- @ cT;') mi art man number) 
Hor izonta l  f i e l d  V e r t i c a l  f i e l d  



The minimum Ra i n  both cases i s  f o r  M' .-. T,'" i n  the in te rmed ia te  mag- 
A C 

n e t i c  f i e l d  reg ion  where magnetic and r o t a t i o n a l  cons t ra in t s  come c loses t  t o  can- 

' c e l l i n g .  I n  t he  weak f i e l d  regime, not  s u r p r i s i n g l y ,  r o t a t i o n  dominates and the  

exponents a r e  those found e a r l i e r ,  w h i l e  f o r  s t rong  f i e l d s ,  h o r i z o n t a l  and v e r t i -  

c a l  (c f .  J.Pedlosky on " I n v i s c i d  ~ t a b i l  i za t i on " ) ,  r e s u l t s  d i f f e r  markedly. 

Spiegel:  There i s  a d i p  f o r  the v e r t i c a l  f i e l d ?  

Chi ldress:  Remember, the  v e r t i c a l  f i e l d  responds t o  both h o r i z o n t a l  mo- 

t ions. 
M" 

Note t h a t  the  r a t i o  - i s  independent o f  v i s c o s i t y  and p u t t i n g  i n  the  
7,"= 

numbers f o r  t he  ear th ,  the  r a t i o  i s  -̂ 16. 

Proc tor :  R ~ - O ( T % )  puts one out  i n  the  h igh  f i e l d  regime where t h e  i n -  

s t a b i l i t y  i s  a  d i f f u s i v e  one. 

Knobloch: For no f i e l d ,  R, - T,' /~,  and w i t h  a  s t rong ( h o r i z o n t a l )  f i e l d  

Ch i ld ress :  Yes, and n o t i c e  t h a t  the change i n  exponent o f  T, now means 

- 1-A f o r  the  e a r t h  which would i nva l  i d a t e  the  mean f i e l d  equat ion and 

& - e f f e c t .  

Malkus: I n  a  spher ica l  geometry, though, the  cons t ra in t s  might  lead t o  an 
I 

opt imal  k  such t h a t  <-- 3 Radius. 

For a  sphere the  problem i s  complicated considerably.  Busse and Roberts used 

l i n e a r  s t a b i l i t y  theory t o  o b t a i n  asymptot ic r e s u l t s  f o r  T a 4 a  . The convec- 

t i v e  mode f o r  a  s p h e r i c a l l y  symmetric g r a v i t a t i o n a l  f i e l d  cons i s t s  o f  s lender 

r o l l s  o r i en ted  along the  r o t a t i o n  a x i s  which propagate eastward, t h i s  being one 

o f  the consequences o f  a  loss  o f  a  geostrophic balance. 

There i s  an expanded r a d i a l  s t r u c t u r e  and a  rap id  azimuthal v a r i a t i o n ;  

thus one neg lec ts  r d e r i v a t i v e s  r e l a t i v e  t o  'f derivat i 'ves obtaini 'ng an equa- 

t i o n  i n  and z which reduces t o  an eigenvalue problem i n  z w i t h  t h e  assumption 



o f  a mode eim8. The loss  o f  r a d i a l  dependence leads t o  an i n f i n i t e l y  degener- 

a t e  c lass  o f  modes. Soward d i d  a m u l t i p l e  scale ana lys i s  supposing R a s  Rat and 

found a r a d i a l  dependence o f  F and thus o f  the wave apeed. I f  one does an i n -  

i t i a l  va lue problem, even tua l l y  v i s c o s i t y  k i l l s  the  mode. 

Spiegel:  Perhaps the  t ime involved i s  t oo  g rea t  i n  the  contex t  o f  o the r  

approximations. 

Soward employed non l inear  s t a b i l i t y  theory and was a b l e  t o  reso l ve  the  

s t r u c t u r e  on a long t ime scale f o r  

- 

There i s  a complicated r a d i a l  s t r u c t u r e  on slow space (Ta I.'~) and long t ime sca le  

r e s u l t i n g  i n  a Stewart-Robertson type e v o l u t i o n  equat ion, Heat i s  t rans fe r red  

r a d i a l l y  by a s o l i t o n- 1  i k e  s t r u c t u r e  ( ra the r  than the  laminar Plow of a conven-. 

t i o n a l  c e l l )  o f  dimension T, . I n  Bussels experimental  apparatus onewou ld  ex? 
- Va 

pect  T, - I, thus h i s  observa t ion  o f  convect ion c e l l s  propagat ing eastward i s  

not  i n  conf 1 i c t  w i t h  Sowardls asymptot ic r e s u l t s .  (A1 so, t he  g r a v i t a t i o n a l  

f i e l d  i s  c y l i n d r i c a l  n o t  r a d i a l  .) 

El tayeb and Kumar considered the  e f f e c t  o f  a magnetic f i e l d  

i n  a sphere, o b t a i n i n g  the  f o l l o w i n g  r e s u l t s :  

For M ~ T a l " -  T,"~ t he  d r i f t  d i r e c t i o n  switches so t h a t  very s t rong f i e l d s  

(M* 7 >  T,'/') ( w i t h  e s s e n t i a l l y  no d i ~ s i ~ a t i c n )  a r e  associated w i t h  westward 

d r i f t .  From numerical r e s u l t s  the  v e l o c i t y  i s  found t o  be 



which w i t h  16 f o r  the e a r t h  i s  comparable t o  the  observed westward 

d r i f t .   his i s  the phase v e l o c i t y ,  t he  group v e l o c i t y  i s  always westward even 

f o r  small 6. Also  these r e s u l t s  a re  f o r  q - X - 3 ) .  

For a dynamo one would l i k e  t o  f i n d  a simple problem which conta ins  the 

essen t i a l  phys ics  w i thout  having t o  consider a sphere. Soward explored the weak 

f i e l d  l i m i t  o f  a Benard dynamo, and found a l o c a l  regime o f  s t a b l e  dynamo opera-  

t i o n .  His r e s u l t s  coupled w i t h  those o f  Etayeb & Roberts and Ei tayeb & Kumar sug- 

gest  the f o l l o w i n g  sketch f o r  general r o t a t i n g  bodies w i t h  convect ive dynamos. 

Strong subcr i  t i c a l  b i f u r c a t i o n  

E -mag 

s i l p e r c r i t i c a l  b i f l i r c a t i o n  
Weak 

'/a =/3 

A ~6nzt -d  dynamo i n  the s t rong  f i e l d  regime i s  rendered e x t r a o r d i n a r i l y  compl i - 
cated by these aspects o f  mg~ ie toconvec t i on .  Thus one might consider ,  r a t h e r  

than the  f u l l  spher ica l  modei, e i t h e r  a p lanar  l i m i t  o r ,  as Eusse has done, an 

annular  model w i t h  top and bottclm surfaces i n c l i n e d  a t  a snlall angle trr a l l u w  

Rossby--1 i ke waves. 

Mjlkus: Also one might examine a c y i l n d e r  w i t h  spher ica l  caps. 

Z 
Any made1 o f  an a dynamo i s  subject t o  t h ~  c r i t i c i s m  thn: cne would expec: 

an dynamo due t o  l a r g e  scale motion i n  the  s t rong f i e l d  regime s ince con- 

vec t i on  w i l l  d i s t o r t  the i n i t i a l  r a d i a l  symmetry o f  the  temperature f i e l d  lead-  

ing t o  a " thermal wind" t o  prov ide l a r g e  sca le  aximuthal mot ion.  i n  any case 

e i t h e r  approximate models o r  approximate ana lys i s  through a t runcated modal ex-  

pansion seems c r u c i a l  t o  ob ta in ing  a t r a c t a b l e  problem. I n  the  next  l e c t u r e  

we s h a l l  examine the  case o f  a weak f i e l d  p lanar  Benard dynamo, where some o f  

these ideas can be examined i n  what i s  probably t h e i r  s imp les t  s e t t i n g .  

Notes submitted by 
Glenn R. l e r l e y  

and H isash i  Haukuda 
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/ 
Lecture #8 THE BENARD DYNAMO 

I n  t h i s  l e c t u r e  we consider a successful  hydrodynamical dynamo, s tud ied  

by Soward (1974) i n  the  weak f i e l d  regime. Phys i ca l l y  we have i n  mind a r o t a -  

t i n g  ~ 6 n a r d  dynamo i n  the?&---+- l i m i t .  Th is  impl ies,  as we have seen, a 

smal l  scale convect ive motion ( f rom l i n e a r  s t a b i l i t y  cons ide ra t i ons ) .  We w i l l  

pu t  i n  a smal l  f i e l d  and see i f  i t  i s  amp l i f i ed .  As the  s t r u c t u r e  has l o c a l  

h e l i c i t y  we a n t i c i p a t e  i t  w i l l  e x c i t e  magnetic f i e l d s .  F i n a l l y  we use a modi- 

f i e d  f i n i t e  ampl i tude theory which incorporates f i r s t  o rder  magnetoconvective 

back reac t i on  on the  v e l o c i t y  f i e l d ,  and enables us t o  i n v e s t i g a t e  dynamical 

e q u i l i b r a t i o n .  - O o L  o(1). By weak f i e l d  we mean M ' " 
P'Jf rL 

Malkus: How i s  i t  t h a t  e q u i p a r t i t i o n  doesn ' t  en te r  i n t o  the problem? 

Chi ldress:  This  requ i res  M -  O(Ta i n  which range there  may be more 
than one s t a b l e  s t a t e .  

Pedlosky: M-O(1) means a l l  the  terms i n  the dynamic equat ion a re  com- 
parable and i n  p a r t i c u l a r  the  buoyancy rough ly  balances the  
magnetic energy. 

R,- Rae 
We f i x  -- = O ( T Q 4 % )  i n  which case the  convect ion process r a p i d l y  achieves 

R, 
an e q u i l i b r i u m  convect ive heat f l u x  ( e s s e n t i a l l y  t o t a l  k i n e t i c  energy) equal t o  

t h a t  r e a l i z e d  w i thou t  a f i e l d ,  w h i l e  the  dynamo process changes on a very much 

longer t ime scale. E f f e c t i v e l y  t h i s  decouples the  energy o f  t he  convect ive  f l o w  

from the magnetic energy ( c f .  d iscuss ion  on t h i s  p o i n t  r e :  v a l i d i t y  o f  f i r s t  



order  smoothing). The magnetic f i e l d  i n  the weak f i e l d  l i m i t  merely r e d i s t r i b -  

utes the energy among the  a v a i l a b l e  modes; thus the quest ion o f  mode degeneracy 

i s  important.  I n  t he  ~ & r d  problem a l l  r o l l s  o f  f i x e s  a re  equ iva len t  and 

d i r e c t i o n  i s  then a cont inuous parameter a t  our d isposa l .  

Malkus: These a re  asser t ions  not  duduct ions, one wishes t o  e s t a b l i s h  t h a t  
t h i s  i s  what emerges. 

For our  choice o f  Ra there  i s  a band o f  a1 lowed I f i  1 o f  w i d t h  - Ta -'/I2 but  f o r  

convenience we s h a l l  r e s t r i c t  ourselves t o  a band o f  O(Ta ' )  about k c ,  t o  
I 

avoid m u l t i p l e  sca le  ana lys is  i n  the  h o r i z o n t a l .  

Malkus: I s  t h i s  e s s e n t i a l ?  Why a r e  you being so r e s t r i c t i v e  cons ider ing  
s u p e r c r i t i c a l  e q u i l i b r a t i o n  when i n  f a c t  a s u b c r i t i c a l  d i s t u r -  
bance may be important? I t seems a k inemat ic  approach, essen- 
t i a l l y  you a r e  saying a square l a t t i c e  o f  r o l l s  works. 

Ch i ld ress :  No, you do n o t  know t h a t  - one mode i s n ' t  se lec ted  dynamical ly .  

Malkus: There i s  even a convect ion experiment w i t h  t r i a n g l e s !  With an 
appropr ia te  bottom sur face you could probably even get  a convec- 
t ion p a t t e r n  i n  t he  form o f  the GFD dragon ! 

Pedlosky: You impose no planform r e s t r i c t i o n s  o ther  than no v a r i a t i o n  on 
smal l  scales. 

Spiegel:  You can always p u t  w a l l s  i n  t he  problem and s e l e c t  a s i n g l e  k .  

Scales : 

Le t  uo = v e l o c i t y  scale, - ' /b  
expansion parameter = = T a  

Reca l l ,  d =  1, - 0 
so then, balancing l a rge  s c a l e  d i f f u s i o n  

-. -*- o(";El 
aga ins t  the  o ~ ( d @ ) t e r m  i n  the  mean f i e l d  equat ion, we have 

For the  u n i t  o f  t ime we choose the  magnetic d i f f u s i o n  t ime:  

F ina l  1 y w r i t e  the temperature as 

T = T ~ + ( I - ~ / L ) ~  T - + & A T ~  

K e l l e r :  I t  i s  i n t e r e s t i n g  t h a t  uo i s  determined independently o f  the  mag- 
n e t i c  f i e l d  even though i t  i s  the  back reac t i on  o f  the  f i e l d  t h a t  
should l i m i t  the  v e l o c i t y .  

Chi ldress:  T h a t ' s  b a s i c a l l y  due t o  the  l i n e a r i t y  o f  the  k inemat ic  dynamo 
problem. 



8, - R, 
Pedlosky: It seems t h a t  your cho ice  o f  imposes a develop- 

13,. 
ment t ime f o r  an uns tab le  mode. ~ * d i s s i ~ a t i v e  t ime f o r  scales 

o f  Ta - I 6  leads to  a Landau-type e v o l u t i o n  equat ion.  The o the r  

t ime u n i t ,  L ~ / ~  , i s  much longer so t h a t  t he re  i s  a r a p i d  hydro- 
dynamic e q u i l i b r a t i o n  which f i x e s  i n  q u a s i - s t a t i c  e q u i l i b r a t i o n  
and then one can imagine tu rn ing  down the  magnetic d i f f u s i v i t y  
t o  produce a slow d r i f t .  

Stern:  This  approach presumes t h a t  one can so lve  the  s t a b i l i t y  problem 
f o r  a f i n i t e  ampTitude v e l o c i t y  f i e l d  w i thou t  a magnetic f i e l d .  

Malkus: We have f o r  example Bussels b(ca) expansion around the  band or 
Pedlosky's technique. 

- Y  - N 

We se t  R,= & 71, so t h a t  %Y 0 (0 (s ince  R~wT~ ' ' '  ) and we pre-  

sume a l t  d i f f u s i v i t i e s  a r e  about equal i .e .  ))-k - 7 (al though for  the  Ear th  

- UJO-' f o r  which s ingu la r  p e r t u r b a t i o n  there  i s  a "sharp" temperature f i e l d  
'2 

which does not  d i f f u s e  w h i l e  momentum and magnetic f i e l d s  do) .  

Pedlosky: Strong d i f f e rences  i n  d i f f u s i v i t y  hence a l a g  between f i e l d s  i n -  
troduces f l u c t u a t i o n s  i n  f i n i t e  ampl i tude s ta tes  which a r e  o the r-  
wise s tab le .  

+ 
x - Y M  l ntroduce ho r i zon ta l  scal  ing:  - = X , = Y (and by extens i on  vh ) and E 

we have 
Ir 

23 a w  
-: nui* &a- + & -* 0 az 

A rr ua 
''% Y =(, T e m p e r a t ~ r e : & ~ g + ( u ~ D ~ ) @ +  G W = -  az  6 'Z h 6 

E'd$*-. 'a% Magnetic F i e l d :  Yj, B- c z* =p%Y (ZY 6 ) + ~  "a (zX 6)) 
9% .A aS J P  - 

~Omentum:+[E$+~ (U,vh);+&T/ty m ] + ~ . m + C k y + f  2 

-3 -r A $  a*d - ,.-' , ~;n%& (9% 6) . E M * ( O X ( Z L ~  ))- fCi;-& = X R. E e t 

where i n  the l a s t  equat ion we f u r t h e r  d e f i n e  0 = @ ( z > t ) * ~ V L e t \ ~ , ~ ~  ',t. ') 
'mean temperature 

Not ice  i n  the  momentum equat ion t h a t  t he  C o r i o l i s  fo rce  i s  a dominant term. 

F i n a l l y  we int roduce expansions i n  the  o t h e r  f i e l d s :  

2 a A 
U S  u h  + \n/Z where 



and 
1 

I/% where f l u c t u a t i o n s  f i r s t  en te r  a t  order & (eventual l y  but  produce o t h e r  e f-  

fec ts ,  e.g. a mean f l o w  i n  the v e l o c i t y  f i e l d ,  through non l inear  coup l i ng ) .  

Pedlosky: What about a boundary l aye r  on the  ho r i zon ta l  sur face? 

Ch i ld ress :  The boundary cond i t i ons  a re  s t ress  f ree ,  isothermal ,  so the re  
i s  no boundary layer .  But even i f  you i nse r ted  one w i t h  no 
s l i p  cond i t i ons  i t  doesn ' t  a f f e c t  r e s u l t s ,  to  t he  order  we 
s h a l l  work, i n  the  h i g h  Ta l i m i t .  

-L (0 )  

Zeroth order  6 v ~ h  5 0  Cont inu i t y  

J (07  6h',p'D'+ Z X  U h  ; 0 Momentum 

(0)  A - A (0' 
which i s  r e a d i l y  solved w i t h  Uh s 2 x V h  ~ ( ' % - O X ( E  P ) (d iv (cur1)  = 0 i n  

c o n t i n u i t y  equat ion)  a- 
Note t h a t  a % O(1) so the  v e l o c i t y  f i e l d  i s  a barocl  i n i c  geostrophic b a l -  

ance o f  pressure f i e l d  and Cor io l  i s  fo rces .  

'[a# -. Cl) 
I n  o(b ) we f i n d  the  same se t  o f  equat ions f o r  dh and P"' so t h a t  

1 ( 4 )  
( 3  

a s u i t a b l e  choice o f  normal iza t ion  a l lows us t o  se t  Uh c P ; O  

01 i v e r ;  Where i s  the f l u c t u a t i n g  temperature f i e l d ?  

Chi ldress:  That en te rs  o n l y  i n  the  v e r t i c a l  component o f  the equat ions. 

- (1) 
The f i r s t  equat ion i s  solved by LLk E veaYCC'+thX G P L 2 '  then the  

a w ( ~ 1  - 4  C n )  s , - second equat ion y i e l d s  'J P aa . The Z component a t  order  & y i e l d s  

Pedlosky: Taking the  c u r l  o f  t he  2;') equat ion we see t h a t  the  d i f f u s i o n  
o f  the v e r t i c a l  component o f  v o r t i c i t y  i s  balanced by f o r t e x  
tube s t re t ch ing ,  the  pressure g rad ien t  i s  i n  geostrophic e q u i l i -  
brium, i t  i s  no t  j u s t  hyd ros ta t i c ;  as i n  stew art son"^ work, 



i n v o l v i n g  an E 'I3 expans i on  w i t h  buoyancy, i n t e r n a l  s t r e t c h i n g  i s  much g r e a t e r  

than Ekman boundary layer  s t re t ch ing .  

a LO) 

The O ( c O )  temperature equat ion i s  3 F2 +W : 0. Applying v S t 0  
4 2 

t h i s ,  v . t o  the  ~(E)Bcomponent  o f  the momentum equation, and e l i m i n a t i n g  
-9  L C ,  V p y i e l d s  

3 5 
A I k m x k  - ( 01  

~ e t  w"'= z w ( e  sI'YI(Tz) then K ,  = - k h *  
h" 

which recovers 
ri+ k, 

the  asymptot ic r e s u l t  from the  l a s t  l ec tu re .  Closure a t  any order ,  YI , requ i res  

the  M + t  order  equat ion.  

* Y. 
Also  the heat f l u x  i s  known from E [ w j  by the  ad jo in tness  (o r  s o l u b i l i t y )  - ~ r 7  

c o n d i t i o n  app l i ed  t o  R . I n  t h i s  weak f i e l d  model (4 -- 0~1)) the  B f i e l d  en- 
3 

t e r s  o n l y  i n  the o(6 )momentum equations and thus does not  a f f e c t  the  heat f l u x .  

A d i f f e r e n t  s c a l i n g  appropr ia te  t o  the in termediate f i e l d  regime would b r i n g  i n  

B a t  second order  ( a l b e i t  f o r  t h i s  model i t  seems t o  be no s t a b l e  s o l u t i o n s  i n  

such a  range) w h i l e  i n  the  s t rong f i e l d  regime magnetoconvection would g r e a t l y  

modify the heat f l u x  and B would be present i n  lowest order  and i t  would be i n -  

appropr ia te  t o  expand about t he  zero f i e l d  ~e)nard problem. 

2 
Stern:  When does the l inear  s t a b i  1 i t y  problem f o r  €3 e n t e r ?  

Chi ldress:  The G ( & ~ )  equations g i v e  the  modal amp1 i tudes. 

2 Pedlosky: Note the f i e l d  co r rec t i ons  a re  o f  o rder  (ampli tude) . 
3/% 

I f  we consider  terms o f  b(& ) i n  the  temperature equat ion and average over 

the  h o r i z o n t a l  we o b t a i n  

where the  second term represents the convect ive  heat f l u x ,  t h a t  i s ,  t he re  i s  a  

balance o f  k i n e t i c  energy and the mean f i e l d .  Th is  i s  how v i a  the oC - e f fec t  

l a rge  sca le  motions a r e  d r i v e n  i n  a  sphere. Convective motion leads t o  a  new 

temperature p r o f i l e  which s t a b i l i z e s  qu i ck l y .  

, mean temperature w i t h  convect ive heat f l u x  

zL I- 



We w i l l  w r i t e  the  mean f i e l d  equat ion w i t h  t h i s  convect ive mode f o r  small s c a l e  

motion i n  the  ho r i zon ta l  (compared w i t h  a length  sca le  o f  8 ( I )  i n  the  v e r t i c a l ) .  

Smoothing i s  done by ho r i zon ta l  averaging i n  both the  mean f i e l d  and i n d u c t i o n  

equat ions. Recal l  our  expansion f o r  the  magnetic f i e l d  

o'. d"+ r dci'+. . . 
A 

where we w r i t e  the  mean f i e l d  5'" as <B) ;  ( ~ , ( ~ , t ) , ~ , ( % t ) ~ c  i .e.  no hor izon-  

t a l  mean on the f l u c t u a t i n g  p a r t  o f  the  f i e l d .  From o / & ~ )  terms i n  the  mag- 

n e t i c  f i e l d  equat ion we have A a - -\ (0 )  -ef B t l ) =  (*'. v u 
which expresses the i n t e r a c t i o n  o f  the  small sca le  v e l o c i t y  f i e l d  w i t h  the  mean 

magnetic f i e l d .  Then, t ak ing  terms o f   one obta ins  

- -- --  
at s l W  

which becomes 
,@J> a%(" A ( C )  '4 - -  
23- 33. + at d [: x(a X 1~~1‘ '  ($co:F)i(~))] = o 

Averaging i n  the ho r i zon ta l  ( i nd i ca ted  above by brackets)  y i e l d s ,  u l t i m a t e l y ,  

where 

, d ; j  = 2 9 e  (fi,t) 
i% 

2 

and E! i s  essen t i a l  l y  the  energy i n  the  mode -k . We can normal i z e  by r e -  

q u i r i n g  d,, + = 2 .  (For the  i s o t r o p i c  case d,,= d,% = I . ) Note t h e  f a c t o r  

o f  s i -n (2 i l i )wh ich ,  corresponds t o  the  p o l a r i z a t i o n  of h e l i c i t y  by r o t a t i o n .  

Spec i fy ing  some i n i t i a l  d i s t r i b u t i o n  o f  ampl i tudes one f i n d s  there  i s  a c e r t a i n  

minimum value o f  h requ i red  fo r  a s o l u t i o n ,  which corresponds t o  a c r i t i c a l  

k inemat ic  energy f o r  the  convect ive f i e l d .  

The se l f- cons is tency  f o r  the  problem enters  i n  t h i r d  o rder  by an e v o l u t i o n  

equat ion f o r  the amplitudes, g iven the  magnetic f i e l d .  Thus one can imagine i t e r -  
Z A 

a t i n g  the  problem numer ica l l y  be g i v i n g  e ( k , c )  , f i n d i n g  ~'"(z,,dt) which de- 
A 

termines e t k f A t ) *  - . The e v o l u t i o n  equat ion i s  o f  the  form 

w i t h  the  requirement t h a t  s ince  the  k i n e t i c  energy (heat f l u x )  i s  f i xed ,  ( ) on 

bo th  s ides i s  i d e n t i c a l l y  zero. To s i m p l i f y  the  problem one can imagine a system 

w i t h  d i s c r e t e  wave vec tors  and c e r t a i n  s e l e c t i o n  ru les .  

K e l l e r :  I f  the  i n i t i a l  va lue (ampli tude) o f  a mode i s  zero, i t  s tays  zero.  



Stern: But o n l y  a t  f i r s t  order ,  there  a r e  c e r t a i n l y  mode-mode i n t e r -  - .  
ac t i ons  i n  h igher  o rder .  

Pedlosky: The t o t a l  energy i s  determined h y ~ r o d y n a m i c a l l y ,  so the r o l l s  
could arrange themselves t o  make B = 0 c o u l d n ' t  they? 

Chi ldress:  It doesn' t  happen, apparent ly ,  i f  two o r  more r o l l s  a r e  
exc i ted .  

Pedlosky: Shouldn ' t  t he  system t r y  t o  break c o n s t r a i n t s ?  

Ch i ld ress :  Yes, but  i t  never q u i t e  makes i t .  

K e l l e r :  I t ' s  l i k e  the o s c i l l a t o r y  case w i t h  no d i s s i p a t i o n .  

Motivated by the  s p i r i t  o f  the k inemat ic  problem we w i l l  s e t  

Pedlosky: I n  cons ider ing  a l l  r o l l s  w i t h  a l l  poss ib le  d i s t r i b u t i o n s ,  how 
do you choose ? 

4 1 ,  
Chi ldress:  There i s  on l y  one scalar,- t o  w i t h i n  a r o t a t i o n  o f  coo rd i -  

nates. We now look f o r  steady so lu t i ons .  

The f i e l d  equat ions a re  

a"B z ~ A  3 s  2 (sin (13%) 13)) - Fz = O 

- Z= 0 ,  , i .em per fec t1  y  conduct ing wal l s ,  w i t h  boundary cond i t i ons  ---1- - a t  
c a r r y i n g  no tangen t ia l  c u r r e n t .  To e l i m i n a t e  un i fo rm f i e l d s  we r e q u i r e  

. I  

I f  we d e f i n e  B,+i8,=Y t he  equat ions become 
/ I 

2 ~ ~ i  ($I s in  (27%)) - 0 = 0 

i n t e g r a t i n g  once 9 (2zhisrn ( Z T ~ S ) - # ' ~ O  thus 

- ; h c o ~  (1%'~) $ =  e 
and 

I' e 
- j 3 e o s  (%-iisJ d~ = (A,  2 0 i s  the associated e igenvalue problem 

0 
w i t h  a  minimum o f  

A, 5 2.404. 

Soward considered nonsta t ionary  f i e l d s  and found a  smal le r  A,. . 



I For a  more genera4 mode d i s t r i b u t i o n  the  steady r e s u l t  i s  

1 d;\,- Z . Y U Y  *here d a ( d r t 6 ) '  

Proc tor :  Don' t  bounding techniques f o r  the unsteady case g i v e  a  (an 

abso lu te  lower l i m i t )  va lue o f  'ii/2 ? 

Ch i ld ress :  The smal lest exh ib i t ed  i s  2 X 1. 

K e l l e r :  I t  doesn ' t  seem you should beat the  steady r e z u l t  w i t h  bounding 
techniques which a r e  i n s e n s i t i v e  t o  unsteady u. 

I f  one considers a  wave-1 ike  f i e l d  o f  the form 
(4) 

y B;=e  i u t ~ b i  E O S ( I ~ + ~ ) ~ Z  

u, w i t h  o( imposed the  r e s u l t  i s  q d  = 1.597 and - = 
S T Z  

-1.394. 
- 

A l t e r n a t i v e l y  we can compute the a~ m a t r i x  f o r  a  s ing le ,  s l ow ly  r o t a -  
I 

t i n g ,  r o l l  ( r o t a t i o n a l  frequency W ) w i t h  the r e s u l t  t h a t  h, bs 1.08 and 
, W = -  

71% 
.92.  

Spiegel:  A r o t a t i n g  r o l l  i s  no t  an exact  s o l u t i o n  o f  t he  convect ion 
problem. 

Pedlosky: But t he  r o t a t i o n a l  r a t e  i s  on a  very long t ime sca le  (com- 
pared t o  hydrodynamic equi 1 i b r a t  ion t ime) . 

K e l l e r :  This  approach g ives  r i s e  t o  an o rd ina ry  d i f f e r e n t i a l  equat ion 
w i t h  p e r i o d i c  c o e f f i c i e n t s  so lub le  w i t h  Floquet theory.  

Now we t u r n  on feedback and look a t  the  r e s u l t s  o f  some numerical experiments. 

1 1) For two orthogonal modes there  i s  a  1 i m i t  c y c l e  behavior fo r  energy d i s t r i -  

1 bu t ion  i n  the  f i e l d  and r o l l s  Em 

k i n e t i c  energy k i n e t i c  energy 
a l l  i n  r o l l  #2 a l l  i n  r o l l  # 1  

2) With th ree  r o l l s  o r i en ted  a t  120° i n t e r v a l s  the  d i s t r i b u t i o n  o f  k i n e t i c  



which can be thought o f  as the system mimicking - one r o l l  r o t a t i n g .  

3) Fol lowing Soward one considers a  cont inuous angular d i s t r i b u t i o n  o f  energy. 

e(e)oe a 2 f l  (corresponding t o  N + m )  f o r  a c lass  o f  mot i on  w i t h  e (@)cor- 

responding t o  a  f i xed  s t r u c t u r e  r i g i d l y  r o t a t i n g  a t  f i x e d  angular  v e l o c i t y ,  i . e .  

the d i s t r i b u t i o n  has the  form ~(e-ut). The f o l l o w i n g  r e s u l t s  a r e  ob ta ined:  

cont inuous branch o f  
I r o t a t i n g  s o l u t i o n s  

L energy concent ra t ing  i n  one r o l l  i .e. 
e +  a(e,-wt)  

r e s u l t s  from 2 and 3 r o l l  c a l c u l a t i o n s  above 

1 Emag.k 
s u b c r i t i c a l  
d is turbance 1 ' 

The dynamical p i c t u r e  f o r  the  weak f i e l d  l i m i t  i s  as sketched below: 

Side view 7, 1 - 7 ,  ,form 
- 

7, * aT 

Top view 

Malkus: This  o r i e n t a t i o n  o f  r o l l  axes i s  the same as i n  t he  case o f  a  
weak shear f i e l d ,  f o r  a  s t rong  f i e l d  the  r o l l  axes l i n e  up w i t h  
the  f i e l d .  

Th is  suggests a phys ica l  mechanism t o  e x p l a i n  the  r o t a t i n g  s o l u t i o n s .  

Roughly, r o l l  axes s tay  orthogonal t o  some representa t ive  v e r t i c a l  average o f  

the magnetic f i e l d .  By the  - -e f fec t ,  mean cu r ren t  i s  generated perpend icu la r  

t o  r o l l  axes, which a c t s  t o  feed the  or thogonal  component o f  t he  f i e l d .  Th is  

changes the  a c t u a l l y  d i r e c t i o n  o f  the  f i e l d ,  and so r o t a t i o n  occurs. When one 

considers the p o l a r i z a t i o n  o f  he1 i c i  t y ,  t h e  boundary cond i t i ons  on the  f i e l d ,  and - 
the s igns o f  the  e - ef fec t ,  one gets  the  f o l l o w i n g  sketch ( *13; i s  taken a  pro-  

p o r t i o n a l  t o  c " ~ J 2 )  : 



-> r o t a t i o n  

cu r ren t  

of r o l l s  

' induced f i e l d  

The r o t a t i o n  o f  r o l l s  t o  the  "westf1 i s  observed i n  the  numerical s o l u t i o n s .  

K e l l e r :  How about a d i f f e r e n t  means f o r  1 i m i t i n g  B besides back 
reac t ion? I t  seems 13 has t o  be too  l a rge  to  l i m i t  the 
mot ion. 

Proc tor :  No, i t  i s  otherwise a k inemat ica l  problem. 

Malkus: Yes, there  a r e  c e r t a i n l y  o the r  mechanisms though. 

Spiegel:  Yes, s a t u r a t i o n  f o r  example where 7 =)7(~2). 

Notes submitted by 
Glenn R. l e r l e y  

and Hisashi Hukauda 
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Lecture #9 COMMENTS ON THE SMOOTHING METHOD 

Yesterday a f te rnoon Joe K e l l e r  presented a general method o f  app ly ing  

smoothing methods t o  "rough1' problems. , I t  might be u s e f u l  t o  consider  what 

the smoothing method app l i ed  t o  the  dynamo problem i s  g i v i n g  i n  i t s  e n t i r e t y .  

I n  K e l l e r ' s  formalism the  opera tor  which g ives the  t o t a l  f i e l d  from the  

mean f i e l d  i s  [I+ ( ~ " ' ( 1 -  p )  v)]-', and i n  Lecture #3 we c a l l e d   it[^-^]-: 
Each opera tor  i s  a d i f f e r e n t i a l  opera tor .  I f  we i n v e r t  and s u b s t i t u t e  i n t o  

the  Mean F i e l d  Equation the  r e s u l t  i s  

where f i s  the smoothed f i e l d .  The magnitude o f  t he  s term i s  



IJ "1 ] where the f i r s t  term represents the  o( - e f f e c t  
(4'w +qj 

Z 
and the  second term i s  / . I f  we assume t h a t  1 (.LJ i s  smal ler  than o r  comparable 

R ~ L L J ~ ,  
t o  7 and balance the  d i f f u s i o n  w i t h  the  - e f f e c t  we f i n d  t h a t  7 

then, L R 1 - l  > R w n b  or ,  i f  I?= -- 
1 R 

The @ - e f f e c t  i s  then always smal ler  than the 4 - e f f e c t  by a f a c t o r  o f  

. (This need n o t  be t r u e  i f  ~ c ,  i s  ordered d i f f e r e n t l y ,  however), even i f  

the  d term were van ish ing l y  small and we attempted t o  balance d i f f u s i o n  w i t h  

the  13 term we d iscover  t h a t  t he  r a t i o  o f  the  two terms i s  

so the  13 - ef fec t  i s  o ( I ~ * )  compared t o  d i f f u s i o n .  

I f  we suppose t h a t  the  second order  s t a t i s t i c s  disappear (o r  a t  l e a s t  t h a t  
3 the  - e f f e c t  vanishes),  then the d i f f u s i o n  term must balance w i t h  the 5 term. 

"3 
- 

The r a t i o  o f  the  l a r g e s t  terms i s  R'$YI SO R w  E and i n  general ,  i f  ( j  - 1) 

o rder  s t a t i s t i c s  vanish then 'R- € 3  

The ~ k n a r d  Dynamo 

I n  l e c t u r e  18 we learned t h a t  the k i n e t i c  energy o f  the  f l o w  i n  the  r o t a -  

t ing  f3Lnard Dynamo tends t o  concentrate i n  a very narrow spectrum i n  wave number 

space and t h a t  the r o l l  axes t h a t  a r e  most e a s i l y  e x c i t e d  tend t o  be a l igned per-  

pend icu la r l y  t o  the main f i e l d .  I n  o rder  t o  mainta in t h i s  al ignment the  r o l l s  ro-  

t a t e  s lowly  w i t h  the  main f i e l d .  Compared t o  the  spher ica l  dynamo t h i s  model i s  

e r y  easy t o  analyze b u t  we should a l s o  consider  the poss ib le  de fec ts  o f  the  ro -  
/ 

t a t  i ng Benard dynamo. 

One problem may a r i s e  from the  degeneracy which a l l ows  m u l t i p l e - r o l l  so lu-  

t i ons .  I f  w a l l s  cou ld  be imposed which would not  a l l o w  r o t a t i o n  o f  the  r o l l s  w h i l e  

s t i l l  a l l ow ing  the  ex is tance o f  several  nearby wave numbers then an oC - e f f e c t  

would s t i l l  be present.  I n  t h i s  case however the  m a t r i x  would be very an iso-  

t r o p i c  and as a r e s u l t  t he  components o f  t he  magnetic f i e l d  w i l l  be o f  very d i f -  

f e r e n t  magnitudes. 

It i s  a l s o  very l i k e l y  t h a t  t he  ~ L n a r d  Dynamo i s  uns tab le  f o r  l a rge r  f i e l d s  

than we considered. I n  the  weak f i e l d  ana lys i s  the  t o t a l  heat f l u x  was f i x e d .  
-. 

Phys i ca l l y  we would imagine t h a t  t he  a d d i t i o n  o f  f i e l d  would f u r t h e r  decrease 

the  eigenvalues and the  dynamo would take o f f .  



- 69 - 

1 I f  the  Hartmann number i s  i n  the in termediate f i e l d  range, -- I 
& '  

then the  magnetic f i e l d  terms enter  i n t o  the  pe r tu rba t i on  equat ions a t  the  same 
1 

l e v e l  t h a t  the  heat f l u x  i s  determined. The steady s t a t e  s o l u t i o n  w i t h  two 

orthogonal r o l l s  was found t o  be unstable t o  the  in termediate f i e l d ,  and numer- 
3 

i c a l  c a l c u l a t i o n s  by Yves F a u t r e l l  i n d i c a t e  t h a t  f o r  c e r t a i n  cond i t i ons ,  ~ 6 n a r d  

dynamos i n  the  s t rong f i e l d  regime a re  a l s o  unstable. 

Convective Dynamo Act ion  i n  a  Sphere 

This t o p i c  w i l l  be d i f f i c u l t  t o  s tudy d i r e c t l y  s ince  no working models o f  

a  spher ica l  convect ive dynamo have been f u l l y  explores.  We w i l l  t he re fo re  l i m i t  

ourselves t o  a  few general p rope r t i es  imposed by the s p h e r i c i t y .  

We s t a r t  w i t h  the  s implest  system and work up i n  complexi ty  by incorpo-  

r a t i n g  more o f  the  physics. The s implest  model i s  simply geostrophic motion. 

Ge0strophi.c Motion: Here we have o n l y  t he  balance o f  the  pressure gra-  

d i e n t  w i t h  the  C o r i o l i s  acce lera t ion .  
2 

VP-t  2 j Z x  u v.u so 

and we requ i re  the  normal component o f  t he  v e l o c i t y  t o  vanish on the  sphere, S. 

Taking the  c u r l  we have 

The on l y  constant  vec tor  which can be tangent t o  both i n t e r c e p t s  of S 
2 

w i t h  a  v e r t i c a l  l i n e  i s  p a r a l l e l  t o  1 9 .  Hence, by i n c o m p r e s s i b i l i t y ,  t he  

v e l o c i t y  i s  on l y  a func t i on  o f  p and we w r i t e  i t  as 
3 A 

u * p ~  ip) I~ 9 ,Q' ( x % +  ya)''% 

Geostrophic balance alone i s  no t  enough s ince  i t  neg lec ts  convect ion and 

the  coup l ing  o f  the  f l o w  t o  the  magnetic f i e l d ,  but  we a re  i n te res ted  i n  how mo- 

t i o n  s i m i l a r  t o  t h i s  might be se t  up by non l inear  processes i n  a  convect ive  sys- 

tem. Note t h a t  no geostrophic motion i s  poss ib le  i f  < =  0 on S .  

- T a y l o r ' s  Const ra in t :  We expect t he  magnetic f i e l d  t o  p l a y  some r o l e  i n  

the dynamic balance i n  t he  core. Therefore we add a  magnetic f i e l d  and "every- 

t h i n g  else". 4 

= S P A  v p + z f i x ;  r p% B x(v*  D) 

I n  c y l i n d r i c a l  component form t h i s  can be w r i t t e n  



Consider the 4, -component. I f  we i n t e g r a t e  t h i s  equat ion over the  

c y l i n d r i c a l  sur face inbedded i n  the sphere, the  r e s u l t  w i l l  be the  torque on 

the c y l i n d e r .  We a re  assuming t h a t  a l l  o f  the physics i s  inc luded so we may 

set  u  = 0 on S, and so there  i s  no f l u x  through the  spher ica l  caps. Only two 

o f  t he  terms c o n t r i b u t e  t o  the  i n t e g r a l  o f  the 9 =equation. 

ce 

P d P  
Cp 

This i s  T a y l o r ' s  Const ra in t .  Th is  c o n d i t i o n  must be s a t i s f i e d  by Ti a t  

every i ns tan t .  We can w r i t e  T a y l o r ' s  Const ra in t  i n  a  s l i g h t l y  d i f f e r e n t  form 
> 

if B i s  axisymmetric and 
3 > 2 

B: B \ , t V x , 4 i p  r 0 an 5 .  
3 

We s u b s t i t u t e  the axisymmetr ic form f o r  B i n t o  the  equat ion 

Thus, i f  the y-component o f  f o rce  i s  n e g l i g i b l e ,  the i n teg ra l  must vanish 



Note t h a t  the  p a r i t y  o f  A and B f o r  d i p o l e  symmetry ( i . e .  A even, B odd) 

should make t h i s  a n o n - t r i v i a l  c o n s t r a i n t .  What a re  the  imp l i ca t i ons  on the  

dynamo problem? 

A Non-existance Theorem. Consider a dynamo w i t h  the f o l l o w i n g  four  p rope r t i es :  

( i) the dynamo i s  e s s e n t i a l l y  axisymmetr ic,  

ee 
( i  i )  3 = 0 o r  a t  l e a s t  n e g l i g i b l e ,  

1 
(i i i )  B >> A (e.g. Braginsk i  i I s  Dynamo where A '  0 (3 ~1 
( i v )  there  i s  no & - e f f e c t  i n  the  mean f i e l d  equat ion f o r  B .  

Then the  dynamo runs down i n  t h a t  B decays t o  0. 

Proof :  I n teg ra te  theE-component equat ion f o r  B, keeping o n l y  the  dominant 

terms. 

i m i l a r l y ,  from the  /J -component equat ion we get  

Combine these two equat ions 

1 If we de f i ne  a y = p a  then w =  
2npp. 

Now 8 s a t i s f i e s  Brag i n s k i  i I s  Equation based on smoothing, 

Subs t i t u te  f o r  w f rom the  above expression, m u l t i p l y  'by D / ~ Z  and i n t e -  

s r a t e  over the spher ica l  core  

The second term vanishes because V i s  divergence Free and fl vanishes 

on S .  The t h i r d  term can be r e w r i t t e n  as 

The l a s t  term can be separated i n t o  two pa r t s .  

B u t / $ ( v ~ g  c ) ~ A ) ~ J ~ = O  by Taylors c o n s t r a i n t  and the  f i n a l  term can be 



f u r t h e r  expanded. 

s ince 3 0 on S. 

Thus, the  energy equat ion f o r  D reduces t o  

@ must decay exponent ia l l y ,  i f  the  f o u r  assumptions we made i n i t i a l l y  a r e  t o  

hold. I t  i s  o f  i n t e r e s t  t o  note t h a t  the  a d d i t i o n  o f  T a y l o r ' s  Const ra in t  was 

s u f f i c i e n t  t o  destroy the - e f f e c t  i n  Braginsk i  i ' s  k inemat ic  model. 

Breaking the  theorem. I n  order  t o  have dynamo a c t i o n  i n  a sphere one20r more o f  
a e 

t he  cond i t i ons  must be re laxed.  Braginsk i  i (1975) hypothesized t h a t  9 , 
though smal l ,  i s  no t  n e g l i g i b l e .  He proposes t h a t  AZ<<Apso t h a t  the  p o l o i d a l  

f i e l d  i s  almost v e r t i c a l .  The core-mantle coup l ing  i s  important due t o  eddy 

cu r ren ts  induced i n  the mantle. d i s  p rescr ibed and the re  i s  buoyancy i n  t he  

B rag insk i i  model. The o b j e c t  i s  t o  d iscover  the  f u n c t i o n  (P,t) g iven a l l  of 

the  assumptions. 

Another ~ o s s i b l e  wav t o  break the  theorem i s  t o  inc lude two &.-effects 
e e  

o r  pu t  i n  a r a d i a l  dependence o f  3 . Mal kus and Proc tor  proposed a model where 

the  o~' - e f f e c t  i s  important.  I f  we take a p l a u s i b l e  (one t h a t  i s  odd i n  2 ) ,  

the 8 f i e l d  can be prevented from dy ing  a$ay. I f  we w r i t e  t he  f o r c e  equat ion  as 

we can regard t h i s  as a p r e d i c t i v e  equat ion. By evo l v ing  the  f i e l d s  numer ica l l y ,  

the r o l e  Tay lor  c o n d i t i o n  can be inves t i ga ted .  The r e s u l t  seems t o  be numerical  

e q u i l i b r a t i o n  t o  the Tay lor  cond i t i on .  

The Convective Dynamo. Nondimensional iz ing the  equat ions whould g i v e  a good i n d i -  

c a t i o n  o f  the  problems we face i n  a t tempt ing  t o  so lve  the  problem o f  a complete 

convect ive dynamo. 

The v a r i a b l e s  i n  t he  problem can be scaled as f o l l o w s :  



Temp - 0, L% 
8 c, '2 

I / L  
Magnetic F i e l d  4 (2npf021 

3- Un i t o f  speed - ,- 
The r e s u l t i n g  nondimensional equat ions a re  

- K ~ ~ + - , . V T - - - V ~ T . I  
a t  'L 

tun i f o rm h.eat i.ng) 

The values o f  the  c o e f f i c i e n t s  f o r  the  e a r t h  core can be est imated as, 

Ca lcu la t ions  by Proc tor  i n d i c a t e  t h a t  we can probably neg lec t  terms mul- 
*v 

t i p l i e d  by S and E. The e f fec t  of l a r g e  R, s t i l l  remains t o  be solved. I f  

t he re  were some region i n  a sphere where convect ion were al lowed t o  occur,  i t  

might be poss ib le  t o  make the  convect ive system t h i n  w h i l e  increas ing  the  R, . 
Th is  would f o r c e  the ex is tance o f  one small length  scale t o  be important  i n  t he  

problem so a smoothing method could be used. Then, i n  a t h i n  geometry we could 

see i f  we recovered r e s u l t s  obtained prev ious ly .  

Notes submitted by 
Dean S. O l i v e r  

and Shigeki Mitsumoto 
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Lecture #10 APPROXIMATE DESCRIPTIONS: MODAL, D I S C ,  CONCEPTUAL 

I n  order  t o  approximately s tudy the  convect ive dynamo the re  a r e  several 

use fu l  approaches q u i t e  d i f f e r e n t  from formal asymptot ics but  s t i l l  very use fu l  

f o r  understanding the  dynamics o f  the  system a t  an almost s t r u c t u r a l  l e v e l .  

There a r e  many examples o f  simple models t h a t  e x h i b i t  behavior  very s i m i l a r  t o  

the record o f  magnetic reversa ls  o f  the e a r t h ' s  f i e l d .  We w i l l  examine several 

o f  these models. 

The simple d i s c  dynamo cons i s t s  o f  a d i s c  I? 
d r i v e n  by a constant  torque and sp inn ing  i n  a mag- 

n e t i c  f i e l d .  This  model has the  equ iva len t  o f  an 

~3 - e f f e c t  w i thou t  an d - e f f e c t  (al though a t  t h i s  

l e v e l  we cannot a t t a c h  much o f  a d i s t i n c t i o n  be- 

tween them). I f  the  r o t a t i o n  r a t e  i s  l a rge  enough 
U u 

the  f i e l d  w i l l  increase. T 

The idea i n  l ook ing  a t  t h i s  simple labora tory  model o f  a dynamo i s  t o  

formulate o rd ina ry  d i f f e r e n t i a l  equat ions which capture the  essen t i a l  elements 

o f  the  system. The two equat ions desc r ib ing  the cu r ren ts  and the  torque a re  

~i + R I  = M w  I- 

and C &  = f - , M y -  

where C i s  the  i n e r t i a  and M i s  t he  mutual inductance o f  t he  d i sc .  I f  these 

a r e  then nondimensionalized the r e s u l t  i s  

These can be solved i n  t he  form 

I f  we look then a t  the  phase plane we see t h a t  o s c i l l i t o r y  s o l u t i o n s  ex- 

i s t  bu t  the dynamo cannot reverse. 

The coupled-disc dynamo o f  R i k i t a k e  i s  s l i g h t l y  more complex than the  

simple d i s c  model. 



d We can t h i n k  o f  the  c u r r e n t  through one loop as represent ing  the p o l o i d a l  

f i e l d  w h i l e  the  o ther  represents the  t o r o i d a l  f i e l d .  Inso far  as the  k inemat ic  
1 

dynamo i s  concerned we would c a l l  t h i s  a model o f  ano(tdynamo (o r  w4-dynamo ) .  

Un l i ke  simple d i sc ,  t h i s  coupled system e x h i b i t s  ape r iod i c  reve rsa l s  (see e.g. 

Cook and Roberts, 1970). 

Approximate models can be considered f r o m  several p o i n t s  o f  view. The 

simple d i s c  dynamo i s  an example o f  an analog f o r  dynamo. They a r e  s i m i l a r  i n  

some aspects o f  t h e i r  behavior bu t  t h a t  i s  a l l .  The coupled d i s c s  dynamo i s  an 

example o f  a h e u r i s t i c  model. An attempt has been made t o  put  some physics i n t o  

the model: i n  t h i s  case the  coup1 ing  o f  t he  po lo ida l  and t o r o i d a l  f i e l d s .  - 
The simple d i s c  w i t h  a shunt c a r r i e d  the  h e u r i s t i c  process one step f u r -  - ---- 

t h e r .  Malkus and Howard proposed t h a t  we should reason not  o n l y  from how the  

7 l abora tory  dynamo works bu t  a l s o  on the  bas i s  o f  how the  t h e o r e t i c a l  models we 

have been l ook ing  a t  would work. Consider a mode1 w i t h  a p o l o i d a l  f i e l d ,  A ,  

L and a t o r o i d a l  f i e l d ,  0 .  I n  an &(&-kinematic dynamo we could w r i t e  the  fo l low-  

ing  equat ions t o  descr ibe  the  t ime dependence o f  A and B. 

+and V) a r e  the  e f f e c t i v e  d i f f u s i v i t i e s  f o r  the  two f i e l d s .  I f  we s e t d  = w ,  
and u = W L ,  we would be back t o  the two-disc dynamo model. Instead o f  t h i s ,  we 

take oL t o  be a constant  as before, but  a1 low LU t o  vary  according t o  the  equa- 

t i o n ,  

- 
J 

T i s  the  ex terna l  torque on the  system,vw describes the  v iscous torque and AB i s  
A 

the r e a c t i o n  o f  the  f i e l d  back on the system. I t  i s  reminiscent  of the  Cj) -com- 

ponent o f  the momentum equat ion i n  c y l i n d r i c a l  coord inates,  

I n  order  t o  r e a l i z e  t h i s  system mechanical ly,  i t  i s  o n l y  necessary t o  add a 

shunt- t o  the. simple d i s c  dynamo. 

- The equat ions f o r  t h i s  dynamo model a re :  

M U I , :  ~ ~ i , +  R J I , +  R~ ( I ~ I , )  



s h u d  

I I 
(3- r  

The Shunted Dynamo 

C i r c u i t  Diagram 

Kay Robbins transformed the  va r iab les  i n  the f o l  lowing manner: 

where 

Then the equat ions become 

d x = R - y a - V X  

- d2 - x y - .  
d t. 

= u(X-y,  

where z (R,+R~)T 
L , 

Three steady- state s o l u t i o n s  t o  these equations e x i s t .  The eas ies t  t o  con- 

s i d e r  i s  the case of convect ion w i thou t  f i e l d s  so t h a t  )r = 0 and X =  R/, - 
To examine the  s t a b i l i t y  o f  t h i s  case we l i n e a r i z e  the  equat ions around the  p o i n t  

2.t 
( R / ! , O , O )  by p u t t i n g  g e f l / d ; y , z d c  . Theequat ions  reduce t o  

SO 2 s - i ( a + ~ ) + +  J((T+I) '+ ' f r ( f l / ~ - b )  f o r  the uns tab le  r o o t .  ~f R / v ~  1 a 1 1  - 

solu t i ons  approacli t he  zero f i e l d  s o l u t i o n .  I f  R / ! >  I the  e igenvalue i s  p o s i t i v e  

and the f i e l d  i s  unstable t o  the  a d d i t i o n  o f  magnetic f i e l d  i n  t he  weak l i m i t .  The 



J 
othe r  c r i t i c a l  p o i n t s  have nonzero magnetic f i e l d .  I f  we repeat t he  above pro-  

cedure and l i n e a r i z e  around the  p o i n t s  ( I , + , m , * J R - ~ ) t h e  e igenvalue problem 

1 reduces t o  a s o l u t i o n  o f  the  equat ion 

A ~ + ( ~ + ~ + F ) A ~ + ( z J ~ +  R ) h +  ~ L R - V ) P = ~  

As t he  constant  term, 2 g ( R - V )  i s  p o s i t i v e ,  the necessary and s u f f i c i e n t  

c o n d i t i o n  f o r  /t t o  have a p o s i t i v e  r e a l  p a r t  i s  t h a t  t he  cub ic  equat ion  can be 

w r i t t e n  i n  the  f o l l o w i n g  form: 

+ i h i ) )  [ A - ( A , . - ~ A ~ ) )  I f ~ - ( A ,  I h + h , ) = O  h : > ~  
For the  c r i t i c a l  p o i n t  h,? 0 then 

A'+ A: A'+ ;I: A. + A; i r  ;O 

I f  we compare terms w i t h  the  eigenvalue equat ion we f i n d  t h a t  a t  t he  c r i t i c a l  

p o i n t  d 6 ( R - v ) =  ( r + v + l ) ( r J t S ) .  
G - I ) ( o - + v + ~ ?  

Theref o r e  Re = r-9-1 

As R increases, t he  f i r s t  p o s i t i v e  rea l  va lue o f  R o c c u r s  f o r  complex 

The dynamo i s  uns tab le  to  growing osc i  1 l a t i o n s  f o r  R > Rc 

The quest ion o f  behavior below Rc i s  no t  answered by the 1 inear  theory,  
1 
4 

but  so lu t i ons  o f  the  dynamo equations can be unstable w e l l  below t h e  p o i n t  o f  

l i n e a r  s t a b i l i t y .  I t  tu rns  ou t  t h a t  there  i s  a c r i t i c a l  va lue o f  R such t h a t  

t he  f i e l d s  charac ter ized by R c  qS, a r e  complete ly  s tab le .  &,, has been de te r -  
J 

mined numerical l y  f o r  the  system o f  equat ions we have considered but  i t  has not  
-i 

proved poss ib le  t o  c a l c u l a t e  RJC a n a l y t i c a l l y .  

Convect i ve model s 

We keep the same two ba:ic equat ions f o r  t he  p o l o i d a l  and t o r o i d a l  f i e l d s ,  
A + p A  = c~ B 

cq. B - w A  
but  now we a t tach  a s l i g h t l y  d i f f e r e n t  meaning t o  the  f o r c i n g  equat ion. I n  a con- 

v e c t i v e  model should represent the response t o  thermal d r i v i n g  i n  t he  presence 



o f  a magnetic f i e l d ,  i .e .  a modi f ied thermal wind. I f  we l e t  @ denote the  

mean temperature p e r t u r b a t i o n  then f o r  W we w r i t e  (neg lec t i ng  " i n e r t i a " )  

W .  k ,  @ - ~ . q , ( A , 0 ) .  

I n  o ther  words, the  d i s t o r t i o n  o f  the  mean temperature f i e l d  g ives  r i s e  ins tan-  

taneousl y t o  03 . 
We s t i l l  need equat ions f o r  d and @ so we should consider  the  e f f e c t s  

o f  small sca le  q u a n t i t i e s .  Let 6 be the small sca le  temperature and l e t  Cc 

be the  smal l  sca le  v e l o c i t y .  I d e a l l y  0 should be c o r r e l a t e d  t o  U by an equa- 

t i o n  of the  form: 

The term on the  r i g h t  represents the  e f f e c t  o f  t he  advect ion  on the  smal l  

sca le  of the  d i s t o r t i o n  o f  the mean temperature p r o f i l e .  We assume, instead, 

t h a t  8 i s  r e l a t e d  by the s impler  equat ion, 

0 :  h3u(1-h@), 

5 0  t h a t  i f  (u@? i s  the convect ive heat f l u x  then 

( ~ 0 )  = k 3 < u 2 > ( ~  -ko) 
It i s  the  convect ive heat f l u x  which d i s t o r t s  the  mean temperature p r o f i l e ,  so 

O + x  o = k 3  <LC%> ( I -  k (9). 

Only dZ remains t o  be determined. I n  f i r s t - o r d e r  f i e l d  models d. can be 

w r i t t e n  4 %  < a = > h ( A , l 3 ) .  

L e t t i n g  be a f u n c t i o n  o f  A and B a l lows f o r  e f f e c t s  absent i n  two sca le  

smoothing. But take h t o  be a constant  here. We s t i l l  need an equat ion f o r  

< o r < L l a ) .  M u l t i p l y  the  momentum equat ion by U. and average, then, i f  

the  i n e r t i a  i s  small ( E d <  1) the equat ion i s  

where Q(A,B) i s  the back- react ion o f  t he  mean f i e l d  and R ( A , o )  o f  t he  smal l  

sca le  magnetic f i e l d .  A f t e r  rap id  e q u i l i b r a t i o n ,  w i t h  R(A,B) taken as 1. 

o( - R, C r  - I t @ )  - Q ( A , B )  

The equations a r e  then A . + p ~  = [R, ( l - k  0)- B 

! lo t i ce  t h a t  i f  c3 i s  i d e n t i f i e d  w i t h  the mean temperature p e r t u r b a t i o n  



- 7 9  - 

i and some non l inear  e f f e c t s  a re  ignored, one recovers the  model o f  Malkus and 

Howard. E q u i l i b r i a  and s t a b i l i t y  a r e  h i g h l y  dependent on the  values o f  t he  
1 

parameters. I n  some models AB i s  pu t  i n  f o r  Q. We would a t  l e a s t  l i k e  t o  know 

i f  Q i s  p o s i t i v e  d e f i n i t e  and perhaps we can get  i t  from the  Physics. 

Kennet 's "ABCDE" Model looks a t  the  f u l l  equat ions but considers on l y  c e r t a i n  

modes. It includes both  convect ion and the  Lorenz fo rce .  The model assumes 

on l y  one temperature, v e l o c i t y  and mean temperature pe r tu rba t i on  modes. 
3 JF L( = ( c ~  ( * r ~ ' c a ,  ma., ~ g c m m r a , f s i n  m n z l  u( t>  

Then, i f  we d is regard  p o s i t i v e  constant  m u l t i p l i e r s  the equat ions have the  form: 

& =  8 - U - A B  
& - g + u ( ~ - k O )  
~ , - O + L L @  

A : c A + ' L R  
s - B + u A  

The equations a r e  very s i m i l a r  t o  Soward's model. The magnetic f i e l d  has 

two components. The convect ive system w i thou t  the  magnetic back r e a c t i o n  can be 

- compared w i t h  the  shunted d i s c  model. 

J. We end w i t h  one poss ib le  idea f o r  f u r t h e r  research. I t  may be p o s s i b l e  

t o  apply v a r i a t i o n a l  p r i n c i p l e s  t o  o b t a i n  dynamos. We would l ook  a t  t he  system 

which maximizes the growth o f  magnetic energy g iven a p a r t i c u l a r  s t a t e .  I f  we 

assume t h a t  a l l  the energy f lows i n t o  the  mode which causes the grea tes t  maximum 

growth, an - - e f f e c t  would be generated. 

Notes submitted by 
Shigeki Mitsumato 
and Dean S .  O l i v e r  
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SEM l  NARS 

and 

ABSTRACTS OF SEMINARS 

ON FLUID MOTION AT THE SURFACE OF THE CORE 

Edward R .  Benton 

Two d i f f e r e n t  methods o f  o b t a i n i n g  unique ho r i zon ta l  f l u i d  motions 

adjacent t o  t he  core-mantle boundary us ing  geomagnetic measurements a t  e a r t h ' s  

s ~ ~ r f a c e  a re  considered. The mantle i s  taken as a spher ica l  annulus o f  inner  

(outer)  rad ius  r = b = 3485 KM, ( r  = a = 6371.2 KM). The co re  f l u i d  i s  assumed 

t o  be s u f f i c i e n t l y  h i g h l y  conduct ing t h a t  the  f rozen f l u x  assumption holds t o  

lead ing  order ,  and t o  the  same order  t h e  mantle i s  an i n s u l a t o r .  However, co re  

c o n d u c t i v i t y  i s  no t  supposed s u f f i c i e n t l y  l a rge  t h a t  a c u r r e n t  sheet e x i s t s  a t  

r = b and the  magnetohydrodynamic boundary l aye r  there i s  l a r g e l y  ignored (on 

the  basis  t h a t ,  because the  core magnetic Prandt l  number i s  smal l ,  then so 
-3 

a l s o  should be the  jump i n  ? x B across the  l aye r ,  a t  l e a s t  i f  i t  i s  o f  Ekman- 

Hartmann type) .  

For t he  f i r s t  method, c o n t i n u i t y  o f  2 across r = b, together  w i t h  the  

i n s u l a t i n g  nature o f  the mantle assures t h a t  one can f i n d  3 a t  the  top  o f  t he  

core. Backus (1968) considered what v e l o c i t y  in fo rmat ion  cou ld  be obta ined 

p r i m a r i l y  from the r a d i a l  f rozen f l u x  i nduc t i on  equat ion. H is  r e s u l t ,  t h a t  

n u l l - f l u x  curves (on which 6, = 0) move w i t h  the f l u i d ,  o n l y  determines the  

core motion orthogonal t o  those contours, as he emphasized. Here we add f u r -  

+'&% = v x  (? . 8 ) .  The f o l -  ther  ingred ien ts  from o the r  components o f  2 B /  
lowing r e s u l t s  a re  obtained: 

(1) A t  18 p o i n t s  on r = b as the  f i e l d  p resent ly  stands B;. and B 4  simul-  

taneously vanish and these po in t s  a r e  f l u i d  t r a c e r s  i f  the  angular speed o f  

westward d r i f t  about e a r t h ' s  ax i s  i s  l o c a l l y  un i fo rm i n  l a t i t u d e ,  i .e.  i f  
.A a(w/Sln 6 ' ) l d i  0 ,  where w ;  v.@,and e i s  c o l a t i t u d e .  This can subsequently 

be checked . 
(2) A t  s i x  p o i n t s  on r = b, B, and Be s imul taneously vanish and these 

2. A 

po in ts  a r e  f l u i d  t race rs  i f J ~ / d ~  5 0 ,  where V r \/me. This  can subsequently 

be checked. 

(3 )  A t  17 p o i n t s  on r = b, Be and B $  simul taneously vanish and these 

po in t s  a r e  f l u i d  t race rs  i f  the  h o r i z o n t a l  motion, a t  t he  edge o f  the  boundary 



l aye r  i s ,  a t  mos t ,  a l i n e a r  f unc t i on  o f  depth, i .e.  i f d ( v / r ) / d r i ~ ,  a ( ~ / r / d r f  0. 
There i s  no d i r e c t  way to  v e r i f y  o r  r e f u t e  t h i s  assumption. 

I n  the  second method, we at tempt t o  cons t ruc t  a systemat ic  p e r t u r b a t i o n  

procedure for  the  magnetohydrodynamics a t  the  core-mantle boundary which can lead 

to  unique v e l o c i t i e s ,  n o t  j u s t  a t  i s o l a t e d  p o i n t s  o r  curves on r = b ,  b u t  ra the r  

nea r l y  everywhere on r = b. Add i t i ona l  physical  assumptions are,  o f  course, needed 

and what i s  put forward ( s t i l l  very much i n  the  fo rmat ive  stages) i s  n o t  what one 

would c l a i m  t o  be a p i c t u r e  o f  what i s  a c t u a l l y  occur r ing ,  b u t  r a t h e r  on l y  t h a t  i t  

i s  one o f  many models t h a t  could be achieved. I t s  v i r t u e  i s  i t s  s o l v a b i l i t y .  

Scaled equat ions o f  i n t e r e s t  a r e  
A A 

V . B = O  7 a . ~ = q ,  

J - 2 . 2 4  

where the sca le  f a c t o r s  f o r  (B; V; j ;  E; q; and 6 ) a re ,  r e s p e c t i v e l y ,  

( o , ; ~ ; p ; ' ~ D ~ ' ;  WB.; E . u B . ~ ' ; ~ . ~ .  Here, we t h i n k  o f  go- 10-3 t e s l a  (10 gauss), 

U = 4.10-~m/sec (westward d r i f t  speed), L = 300 KM (a b i t  l ess  than t h e  smal les t  

scales resolved a t  r = b by spher ica l  harmonic f i e l d  models t runcated a t  N = 12).  

Time i s  scaled w i t h  advect ion, LU" ( 5 24 years w i t h  the above values) .  The two 

smal l  dimensionless parameters o f  the  problem a re  then ( i n  terms o f  dimensionsal 

~ n ~ ~ o ~ ( b ) ~ ~ ,  v c = ( p o q  U L ~  

where ~ ~ ( b ) - a ,  i s  the  c o n d u c t i v i t y  a t  the  base o f  the  mantle, say 200 mho/m 

and the uni form core  c o n d u c t i v i t y  o f  3-105 mho/m. For these values, 

q m  0,030, q,; 0.022. 

The idea i s  t o  so lve  the system ( 1 )  throughout  he mantle and sown to the  

edge o f  the boundary l aye r  sub jec t  t o  IBI = 0trc3 1,  IE I = 0 (r-') as r + oa, 
a 3 -2-r 

w i t h  B known a t  r = a a t  two epochs separated by a few decades (or  5 and B known 

a t  a s i n g l e  epoch) and w i t h  the f o l l o w i n g  c o n t i n u i t y  cond i t i ons  across the  core-  

mantle boundary: 

$0. 

The v e l o c i t y  i n  the mantle i s  zero and the  ob jec t  i s  t o  f i n d  the s l i p  v e l o c i t y  

j u s t  i ns ide  the  core-mantle boundary l aye r .  

A & - . - .  

The q u a n t i t i e s  8, V, j, E .are assumed t o  have expansions of t h e  form 



I ( 'o'?m ( ) I ~ ? = ' !  o + .  * However, (and t h i s  i s  a  cen t ra l  assumption t h a t  

-. needs v e r i f i c a t i o n  o r  r e f u t a t i o n )  volume charge i n  the  mantle i s  assumed absent 

a t  zero th  order .  The argument i s  t h a t  i f  Tm were t r u l y  zero, no charge from 

the core could teak i n t o  i t  and we assume no one put  charge i n  the mantle t o  be- 

g i n  w i t h ;  so 
7IM 

ought t o  be propor t iona l  t o  IT, as 6, --+ 0 . We now have 
2 

8 ' ' l r n $ M I +  O ! ~ ~ ~ * l m p e r  S c i  ? c e t ? ~ q , c , + 7 . ~ % ~ , +  , * 

The f i r s t  th ree  pe r tu rba t i on  problems a r e  then : 

MANTLE CORE 

The zero th  order  magnetic problem i n  the  mantle i s  solved by t he  usual 

geomagnetic f i e l d  model i n  terms o f  a ( t runcated)  sphe r i ca l  harmonic expansion 

f o r  the sca lar  p o t e n t i a l .  For t he  ze ro th  order  e l e c t r i c  problem i n  the  mantle, 



-;" 2 

note_that from the next order  problem, s ince J, =a , i n  order  t h a t  
A -5 

1 

O *j,;o i t  i s  necessary t h a t  0 , assuming s p h e r i c a l l y  symmetric man- 
--. 

t l e  c o n d u c t i v i t y .  Then, Em, i s  obta ined from the  magnetic vec to r  p o t e n t i a l :  
3 

B M 0 =  = ~ o x [ ~ x ( S ,  @ F) j  and 

e. ax, " 
=-A, 

a t  
..-c 

No p o t e n t i a l  p a r t  o f  i s  needed because i t  would have t o  be a  s o l u t i o n  o f  

Laplace 's  equat ion w i thou t  r a d i a l  v a r i a t i o n .  The form o f  SH\ i s  
N n  

sMa z a z t  nrc vn-o L(+)"[$ n t o ~ r n ) t h r s i n m ~ ]  P:(;,) 
and t h i s  se r i es  converges r a p i d l y .  

a -. 
With Omor known and the  c o n t i n u i t y  boundary cond i t i ons ,  we t u r n  t o  

the  zero th  order  problem i n  the  core, but  evaluated a t  t he  core sur face where 
A 

\l+ r r o f o r  a l l  , # . Ohm's law g ives  ( w i t h  subsc r ip t s  0  tempora r i l y  sup- 
2 

pressed and the c  on V dropped s ince  the  core i s  the on1 y  p lace  where there  i s  

mot ion)  : 

Equation ( 3 )  g ives the des i red  h o r i z o n t a l  f l u i d  motion a t  r = b  i n  terms o f  t h e  

ho r i zon ta l  e l e c t r i c  f i e l d  and the  v e r t i c a l  magnetic f i e l d  there ;  b u t  these l a t t e r  

q u a n t i t i e s  a re  a l l  cont inuous across r = b , so we can use the  values a t  the base 

o f  the  mantle. Only a t  n u l l  f l u x  cu.rves where Br = 0  i s  t he  motion undetermined 

(even there,  f i e l d  models should be adjusted o r  cons t ra ined t o  make n u l l  curves 

of f e  ,E # co inc ide  w i t h  those o f  B r ) .  

Once V, W have been found, (2)  g ives  Ec which measures the  sur face charge r 
needed t o  b r i n g  the ground s t a t e  core r a d i a l  e l e c t r i c  f i e l d  t o  the  va lue  zero  i n  

A 

the mantle. From EN\,, prev ious l y  found, we a l s o  immediately o b t a i n  the  lead ing  

(ho r i zon ta l )  system o f  cu r ren ts  i n  the mantle from the l a s t  equat ion i n  the mantle 

problem a t  o rder  9, (prov ided a  model o f  mantle c o n d u c t i v i t y  i s  suppl ied)  . 
I t  i s  i n t e r e s t i n g  tha t ,  f rom ( 3 ) ,  t he  d i r e c t i o n  o f  core  f l u i d  motion, de- 

pending as i t  does on the  r a t i o  o f  V t o  W, i s  independent o f  the  r e l a t i v e l y  p o o r l y  

convergent se r i es  f o r  6,. Thus, the s t reaml ine  p a t t e r n  i s  ob ta inab le ,  on t h i s  

theory, pu re l y  from the  secu lar  v a r i a t i o n  o f  the magnetic vec to r  p o t e n t i a l .  



TRANSITION OF DECAYING TURBULENCE TO DECAYING INTERNAL GRAVITY WAVES 

Thomas Dickey 

Turbulence p rope r t i es  o f  neu t ra l  and s t r a t i f i e d  f l u i d s  have been s tud ied  

experimental  1 y. Temporal decaying turbulence was created by towing a g r i d  through 

an i n i t i a l l y  quiescent f l u i d .  Streak photographs o f  n e u t r a l l y  buoyant p a r t i c l e s  

and a p h o t o d i g i t i z i n g  system were used f o r  v e l o c i t y  measurements. Conduc t i v i t y  

measurements were employed i n  the  s t r a t i f i e d  experiments i n  order  t o  a s c e r t a i n  

both s t a t i o n a r y  and dynamic values o f  dens i ty .  

Results o f  the  decaying turbulence experiment (neu t ra l )  i nd i ca ted  t h a t  

the i n i t i a l  per iod  decay law, rq2 6 t - l ,  app l i es  through Wgt/M 5 800 f o r  a 

r e l a t i v e l y  h igh  mesh Reynolds number, 48,260. Previous measurements a t  compar- 

ab le  Reynolds numbers have been 1 i m i  ted t o  the  range W g t / M  fi- 400. An i s t ropy  
7- 

was smal l ,  w2 /u2 
--/ 1 .l, throughout the  experiment. The d i s s i p a t i o n  r a t e  was 

found t o  decay i nve rse l y  w i t h  the square o f  t ime. The Tay lor  mic rosca le  was e v a l -  

uated and the  turbulence Reynolds number was found t o  be Re h + 90.7 f o r  the  ex-  

periment. Two p o i n t  turbulence v e l o c i t y  c o r r e l a t i o n  measurements were u t i l i z e d  

i n  eva lua t i ng  the  macro o r  i n t e g r a l  length  scale.  A method o f  de termin ing  d i s -  

s i p a t i o n  from these c o r r e l a t i o n s  was presented. 

The e f f e c t  o f  s t r a t i f i c a t i o n  upon a t u r b u l e n t  f l o w  created by a v e r t i c a l l y  

towed g r i d  was determined f o r  t he  f i r s t  t ime. Conduct iv i ty  probe measurements 

o f  d e n s i t y  v a r i a t i o n s  ind ica ted  a turbulence-dominated regime through approximate-  

l y  W g t / M  = 275, a f t e r  which i n t e r n a l  g r a v i t y  waves were predominant. The t r a n s i -  

t i o n  per iod  fea tures  p rope r t i es  o f  both i n t e r n a l  g r a v i t y  waves and turbulence.The 

decay r a t e  o f  turbulence was v i r t u a l l y  i d e n t i c a l  t o  t h a t  o f  the  n e u t r a l  case 

through W g t / M  - 275. However, a f t e r  t h i s  t ime the  decay r a t e  was much lower. In-  

t e g r a l  length scales were computed as be fore  w i t h  g reater  values (by /v 20%) being 

determined f o r  the  s t r a t i f i e d  case. A model f o r  t h i s  experiment was developed so 

t h a t  a general s e t  o f  parameters could be used i n  p r e d i c t i n g  the  i n i t i a t i o n  t ime 

o f  the  i n t e r n a l  g r a v i t y  waves. The r e s u l t s  o f  the decaying tu rbu lence experiments 

a r e  re levant  t o  modeling d i s s i p a t i o n  i n  geophysical systems. 



THE APPLICATION TO THE EARTH OF A NEW METHOD FOR DETERMINING THE RADIUS 

OF THE ELECTRICALLY-CONDUCTING FLUID CORE OF A PLANET 

FROM EXTERNAL MAGNETIC OBSERVATIONS 

Raymond Hide 

The proposed new method ( ~ i d e ,  R . ,  1978, Nature - 271 : 640) when appl i ed  

t o  the  Ear th  g ives a core rad ius  d i f f e r i n g  by less  than 2% f rom the  "seismo- 

l o g i c a l "  value. Th is  f i n d i n g  s t r o n g l y  imp l ies  t h a t  e f f e c t s  due t o  ohmic decay, 

though c r u c i a l  i n  the  dynamo process by which the  magnetic f i e l d  i s  produced, 

can be t rea ted  as small pe r tu rba t i ons  i n  theor ies  o f  t he  geomagnetic secu lar  

v a r i a t i o n .  I t  a l s o  sets l i m i t s  on the  e l e c t r i c a l  c o n d u c t i v i t y  o f  t he  lower man- 

t l e  and the  v i s c o s i t y  of the  core. The new method could be e x p l o i t e d  i n  t he  i n -  

v e s t i g a t i o n  o f  t he  i n t e r n a l  s t r u c t u r e  o f  o ther  magnetic planets' :  i t  w i l l  be pa r -  

t i c u l a r l y  important t o  use the  method t o  determine the  s i z e  o f  the e l e c t r i c a l l y -  

conduct ing f l u i d  core  o f  J u p i t e r .  

NONLINEAR OSCILLATIONS 

Louis N. Howard 

Three l ec tu res  about non l inear  o s c i l l a t i o n s  and techniques f o r  s tudy ing  

them beginning w i t h  a d e s c r i p t i o n  o f  var ious  examples such as pendulums and 

c locks,  e l e c t r o n i c  o s c i l l a t o r s  and the  van der Pol equat ion,  and models o f  os- 

c i l l a t i o n s  i n  chemical o r  eco log i ca l  systems. This  was fo l lowed by a d iscus-  

s ion  of small ampl i tude weakly non l inear  o s c i l l a t i o n s  which can be regarded as 

a r i s i n g  from a change i n  s t a b i l i t y  o f  a s t a t i o n a r y  s o l u t i o n  ( c r i t i c a l  p o i n t )  

as some parameter i s  var ied .  When t h i s  change i n  s t a b i l i t y  occurs because a 

s i n g l e  conjugate p a i r  o f  complex eigenvalues crosses the  imaginary a x i s  ("over- 

s t a b i l  i t y l ' ) ,  and crosses a t  a nonzero r a t e  w i t h  respect  t o  the  parameter v a r i a-  

t i o n ,  the  'Hopf b i f u r c a t i o n  theorem' asser ts  the  ex is tence - somewhere i n  t he  

neighborhood o f  the c r i t i c a l  p o i n t  i n  the  phase space and the  c ross ing  p o i n t  

i n  parameter space ( ' b i f u r c a t i o n  p o i n t t )  - o f  a one-parameter f a m i l y  o f  p e r i -  

od i c  s o l u t i o n s  might  n o t  occur  a l l  f o r  the  same value o f  t h e  parameter ( t he  

b i f u r c a t i o n  va lue) ;  t he  l a t t e r  indeed happens f o r  an e x a c t l y  l i n e a r  system, 

as w e l l  as some non l inear  ones. Wi th some a d d i t i o n a l  hypotheses about t he  

non l inear  terms, amounting t o  the  statement t h a t  i n  an app rop r ia te  sense some 

quadra t ic  and/or cub ic  terms a r e  genuinely  present, one can be sure t h a t  a 



p e r i o d i c  s o l u t i o n  w i l l  occur f o r  each value o f  the  parameter s u f f i c i e n t l y  c lose ,  

on one s ide  o r  the other  (but no t  bo th ) ,  t o  t he  b i f u r c a t i o n  value. Furthermore, 

i f  the  b i f u r c a t i o n  p o i n t  i s  one a t  which a  s t a b l e  c r i t i c a l  p o i n t  loses i t s  s t a-  

b i l i t y ,  and i f  the f a m i l y  o f  p e r i o d i c  so lu t i ons  occurs on the  uns tab le  s i d e  

( ' s u p e r c r i t i c a l  b i f u r c a t i o n 1) ,  then a t  l e a s t  c lose  enough t o  the  b i f u r c a t i o n  

p o i n t  the  p e r i o d i c  s o l u t i o n s  w i l l  be s tab le .  

Th is  theorem i s  t he  fo rma l i za t i on  o f  techniques which have been used v e r y  

ex tens i ve l y  t o  c a l c u l a t e  small ampl i tude o s c i l l a t i o n s  i n  many k inds o f  systems, 

some o f  them i n f i n i t e  dimensional l i k e  convect ion i n  r o t a t i n g  systems o r  hydro-  

magnetic dynamos. 

The second l e c t u r e  began w i t h  the  p resen ta t i on  o f  a  convenient way t o  

organize the  c a l c u l a t i o n s  requi red t o  study a  Hopf b i f u r c a t i o n ,  and i l l u s t r a t e d  

t h i s  w i t h  an example. A f t e r  t h i s ,  a t t e n t i o n  was d i r e c t e d  t o  s ingu la r  pe r tu rba-  

t i o n  techniques which can be used t o  s tudy c e r t a i n  s t r o n g l y  non l inear  o s c i l l a t o r s .  

Two major types were d is t ingu ished,  r e l a x a t i o n  o s c i l l a t o r s  and F la t to- Lev inson 

systems. Both r e f e r  t o  s ingu la r  p e r t u r b a t i o n  systems o f  t h e  f o r m  

L = $ ( x . y * E )  

a 9  = g l x l y , h )  
where x  and y  are vectors o f  dimensions n  and m say. i n  both cases the  x ,  y  

phase space conta ins  an i n v a r i a n t  n-dimensional submanifold, t he  ' s low m a n i f o l d ' ,  

g iven asympto t i ca l l y  f o r  f + O b y  the  equat ions g(x,y,O) = 0. O f f  the  slow mani- 

f o l d  y  must vary  r a p i d l y .  I n  a  t y p i c a l  r e l a x a t i o n  o s c i l l a t o r  the slow man i fo ld  

i s  fo lded over so t h a t  i f  g(x,y,O) = 0  i s  solved f o r  y, y  = h ( x ) ,  then f o r  a t  

l e a s t  some range o f  x  t he  s o l u t i o n  i s  m u l t i p l e  valued - o f t e n  t r i p l e  valued:  

y  = h+(x), ho(x ) ,  h - ( x ) .  T y p i c a l l y ,  though n o t  i n v a r i a b l y ,  t he  p o r t i o n s  o f  t h e  

slow mani fo ld  g iven by h+(x) a r e  a t t r a c t i n g ,  w h i l e  the  middle sheet y  = ho(x) i s  

no t .  Relaxat ion o s c i l l a  ions may occur when the  motion on a  s t a b l e  p a r t  o f  t he  

slow mani fo ld ,  described approximately by x  = f (x,h+(x),O), say, always leads 

even tua l l y  t o  an edge where t h i s  p o r t i o n  connects t o  y  = ho(x) .  When t h i s  p o i n t  

i s  reached the  t r a j e c t o r y  jumps r a p i d l y  over t o  the  o ther  s t a b l e  branch y  = h  (x) 

and then moves a long t h i s  p o r t i o n  t o  another edge, where i t  jumps back t o  the  o r i -  

g i n a l  sheet y  = h+(x). O f  course t h i s  process need not  always tend toward a 

c losed o r b i t ,  but  when i t  does we get  a  l i m i t  c y c l e  o f  r e l a x a t i o n  o s c i l l a t o r  type.  

I n  many i n t e r e s t i n g  examples the  motions on the slow mani fo ld  can be approximate ly  

determined f a i r l y  e a s i l y ,  and from t h i s  a reasonably s a t i s f a c t o r y  d e s c r i p t i o n  of 



the  o s c i l l a t o r  can be constructed.  Such o s c i l l a t i o n s  a r e  charac ter ized by the  

a l t e r n a t i o n  o f  shor t  per iods o f  r a p i d  t r a n s i t i o n  ( ' f a s t  phases') w i t h  longer 

p,eriods o f  slow e v o l u t i o n  ( ' r e l a x a t i o n  phases ' ) .  The d e t a i l s  o f  t he  r a p i d  t ran-  

s i t i o n  a re  u s u a l l y  none too  simple, however, and a  f u l l  asymptot ic  d e s c r i p t i o n  

i s  o f t e n  remarkably complicated, even i n  the s implest  examples. 

The Flat to- Levinson theorem i s  no t  p a r t i c u l a r l y  concerned w i t h  a  fo lded 

slow mani fo ld,  but  w i t h  s i t u a t i o n s  where on the  slow mani fo ld  f o r  one branch o f  

i t )  y  = h(x )  there  i s  a  l i m i t  c y c l e  s o l u t i o n  o f  x =  f ( x ,  h (x ) ,  0 ) .  I t  i s  a l s o  

assumed t h a t  a t  l e a s t  near t h i s  1 i m i  t cyc le  the  slow mani fo ld  has a  'hyperbol i c  

s t r u c t u r e ' ,  meaning t h a t  gy (x,h(x),  0) i s  non-singular.  Thus we a re  here con- 

cerned w i t h  a s ingu la r  pe r tu rba t i on  o f  a  l i m i t  cyc le.  The theorem asse r t s  t h a t  

f o r  small & there  i s  a l s o  a  p e r i o d i c  s o l u t i o n  o f  the f u l l  system, whose o r b i t  

i s  c lose  t o  t h a t  o f  the l i m i t  c y c l e  o f  x =  f ( x ,  h (x ) ,  0) .  

The t h i r d  l e c t u r e  began w i t h  t he  presenta t ion  o f  t he  a p p l i c a t i o n  o f  t he  

Flat to- Levinson theorem t o  f i n d i n g  the  l i m i t  c y c l e  s o l u t i o n  o f  a  model chemical 

osc i  1 l a t o r  ( t he  'Oregonator l ) .  Th is  was fol lowed by a  d i scuss ion  o f  some topo- 
- 

l o g i c a l  methods f o r  showing the ex is tence o f  p e r i o d i c  so lu t i ons ,  ma in ly  the Poin- 

car;-~endixson theorem i n  the  plane, and the sequent ia l  box method o f  showing the  

ex is tence o f  f i x e d  p o i n t s  o f  the ~ o i n c a r g  map, which has been successfu l  1 y  used 

i n  c e r t a i n  h igher  dimensional cases. As an example the  Hastings-Murray t r e a t -  

ment o f  the  Oregonator was sketched. F i n a l l y  c e r t a i n  methods f o r  t he  numerical 

c a l c u l a t i o n  o f  p e r i o d i c  so lu t i ons ,  and some quest ions o f  numerical  ana lys i s  espe- 

c i a l l y  re levant  t o  f i n d i n g  unstable p e r i o d i c  s o l u t i o n s  and dea l i ng  w i t h  s t i f f  

systems l i k e  r e l a x a t i o n  o s c i l l a t o r s  were touched upon. 

MELT l NG ICEBERGS 

Herber t  E. Huppert 

Each year 1017 cub ic  metres o f  i c e  mel ts  i n t o  the  Weddell Sea. I t  can be 

argued t h a t  t he  m e l t i n g  takes p lace p r i m a r i l y  a long the  s ides  o f  t he  icebergs. 

Previous s tud ies  have l e d  t o  two i ncons i s ten t  suggestions: 1 )  t h a t  t he  r e l a t i v e l y  

f resh  meltwater r i s e s  i n  a  t h i n  boundary l aye r  up the  s i d e  o f  t he  iceberg w i thou t  

any s i g n i f i c a n t  mix ing w i t h  the  ocean; and 2) t h a t  the  Grashof number based on 

the  t o t a l  depth o f  the  iceberg i s  so la rge ,  o f  order  1017, t h a t  t he  boundary 
P 

l aye r  e n t r a i n s  a  l a rge  amount o f  s a l t y  ocean water  and the  r e s u l t i n g  m ix tu re  



r i s e s  t o  the  surface. A study by Huppert and Turner i nd i ca tes  t h a t  there  i s  a 

t h i r d  and, i n  t h e i r  opin ion,  more probable process. They argue t h a t  both o f  t h e  

above suggestions neglected t o  inc lude the e f f e c t s  o f  the  e x i s t i n g  s a l i n i t y  g ra-  

d i e n t  i n  the  Weddell Sea. Model l ing the  me l t i ng  i n  a se r ies  o f  l abo ra to ry  exper-  

iments, Huppert and Turner found t h a t  the  meltwater moves through the  boundary 

l aye r  and propagates.mainly h o r i z o n t a l l y .  The ambient f l u i d  supp l ies  the heat  

f o r  the  mel t ing ,  s inks  i n  the surrounding dens i t y  g rad ien t  u n t i l  i t s  buoyancy 

fo rce  becomes zero and then tu rns  i n t o  the i n t e r i o r .  The m e l t i n g  thus generates 

a se r ies  o f  layers,  o f  th ickness h say, con ta in ing  regions o f  inward ly  f l o w i n g  

ambient f l u i d  and outwardly  f l o w i n g  meltwater mixed w i t h  ambient f l u i d .  A movie 

and some s l i d e s  were shown, some o f  the l a t t e r  being copies of f i g u r e s  presented 

i n  "Mel t ing Icebergs" by H. E. Huppert and J. S .  Turner, Nature, 271, 5640: 46- - 
48, January 5, 1978, Experiments w i t h  d i f f e r e n t  s a l i n i t y  g rad ien ts  i n d i c a t e  t h a t  

8 when the  Grashof number l i e s  between 105 and 10 the l aye r  th ickness  i s  g iven by 

where h p  i s  the dens i t y  d i f f e rence  between the  meltwater and the  ambient f l u i d  

evaluated a t  the  mean s a l i n i t y  i n  the water column and $I i s  the  v e r t i c a l  d e n s i t y  

g rad ien t  due t o  s a l t .  It i s  planned t o  perform experiments extending the Grashof 

number range i n  t h e  near f u tu re .  

F ina l  l y ,  i t  was observed t h a t  the  heat generated by the audience d u r i n g  

the two-hour l e c t u r e  would have g r e a t l y  accelerated the  me l t i ng  o f  any iceberg.  

SMOOTH EQUATIONS FOR ROUGH PROBLEMS 

Joseph B. K e l l e r  

By a rough problem we mean a problem i n v o l v i n g  i r r e g u l a r l y  f l u c t u a t i n g  

o r  r a p i d l y  va ry ing  func t ions .  Such problems a r i s e  i n  the  ana lys i s  o f  wave prop-  

agat ion  i n  random media, i n  t he  generat ion o f  magnetic f i e l d s  by conduct ing 

f l u i d s  i n  t u r b u l e n t  motion, e t c .  Because o f  the  d i f f i c u l t y  o f  ana lys ing  such 

problems, i t  i s  d e s i r a b l e  t o  replace them by problems i n v o l v i n g  o n l y  smooth 

func t ions .  The r e s u l t i n g  smooth equat ions can then be t rea ted  much more com- 

p l e t e l y  than can those o f  the o r i g i n a l  problem. Th is  goal has a r i s e n  i n  many 

d i f f e r e n t  contexts and has been a t t a i n e d  by var ious methods. Many o f  them i n -  

vo lve  some k i n d  o f  averaging, such as s p a t i a l ,  temporal, o r  ensemble averaging, 

o r  a combination o f  them. Other methods i nvo l ve  the  i n t r o d u c t i o n  o f  m u l t i p l e  

s p a t i a l  and/or temporal scales. 



I n  t h i s  l e c t u r e  two d i f f e r e n t  systematic methods are presented f o r  ob- 

t a i n i n g  smooth equations. One i s  the  so- cal led smoothing method, which has 

been used w ide l y  f o r  about 15 years. It i s  u s u a l l y  based upon s tochas t i c  o r  

ensemble averaging, but i t  can be used a l s o  w i t h  o the r  k inds o f  averaging. The 

basic  assumption under ly ing  i t  i s  t h a t  t he  f l u c t u a t i o n s  i n  the g iven func t i ons  

and i n  the so lu t i ons  a r e  smal l .  

The second method i s  t h a t  o f  us ing  m u l t i p l e  space and t ime va r iab les ,  

each corresponding t o  one o f  the  scales o f  v a r i a t i o n  o f  the s o l u t i o n .  The 

assumption upon which t h i s  method i s  based i s  t h a t  t he re  i s  a g rea t  d i s p a r i t y  

between these d i f f e r e n t  scales. For example the g iven c o e f f i c i e n t s  may vary  

r a p i d l y ,  bu t  the main p a r t  o f  the s o l u t i o n  may vary s lowly.  Then equat ions f o r  

t h i s  s low ly  va ry ing  p a r t  a r e  obta ined.  The r e s u l t s  can a l s o  be descr ibed i n  

terms o f  a s u i t a b l e  s p a t i a l  o r  temporal averaging procedure. 

F i n a l l y  i t  i s  shown how the  two methods, t h a t  o f  smoothing and t h a t  o f  

m u l t i p l e  scales, can be combined. Th is  combination s i m p l i f i e s  some o f  t he  c a l -  

c u l a t i o n  i n  the mul t i- space method, and i s  app l i cab le  when t h a t  method i s  

app l i cab le .  

As an example the  two methods a re  app l ied  t o  the  equat ion governing a 

magnetic f i e l d  i n  a conduct ing f l u i d  undergoing t u r b u l e n t  motion. Each method 

leads t o  a dynamo equat ion f o r  the  l a r g e  sca le  magnetic f i e l d .  

References 

1 .  J.B.Ke1 l e r ,  1962 Wave propagation i n  random media, Proc.Symp.App1 .Math., - 1 3 :  -- 
227-246, Amer.Math.Soc., Providence. 

2 .  J.B.Kel ler  1964 Stochast ic  equat ions and wave propagation i n  random media, 
Proc.Symp.Appl.Math., - 16: 145-170, Amer.Math.Soc., Providence. 

3 -  U, Fr isch ,  1968 Wave propagation i n  random media, i n  " P r o b a b i l i s t i c  Methods 
i n  Appl ied Mathematics I", A.T.Bharucha-Reid, ed., (Academic Press, N.Y., 
76- 198. 

4. A. Bensoussan, J.-L.Lions and G .  Papanicolau, Sur quelques phenomenes asympto- 
t iques s t a t  ionna i res I I , ( t o  be pub1 i shed). 

5. E.W.Larsen, 1975 Neutron t ranspor t  and d i f f u s i o n  i n  inhomogeneous media, I ,  
J.Math.Phys., - 16: 1421-1427, 1 1 ,  Nuclear Science and Engineering, 1976, - 60: 
357-368. - 

6. E .  Sanchez-Palencia, 1974 Comportements l o c a l  a t  macroscopique d 'un  type de 
m i I l e u x  physiques heterogenes, Int.J.Eng.Sci., - 12: 331-351. 

7. J.B.Kel ler,  1977 E f f e c t i v e  behavior o f  heterogeneous media, pp.631-644 i n  IR 
S t a t i s t i c a l  Mechanics and S t a t i s t i c a l  Methods i n  Theory and A p p l i c a t i o n ,  
Uzi Landman, e d i t o r ,  Plenum, N.Y. 



STATISTICAL DYNAMICS OF THE LOREN2 MODEL 

Edgar Knobloch 

1 .  I n t r o d u c t i o n  

There a re  two basic  approaches t o  the  problem o f  turbulence.  I n  the f i r s t ,  

one seeks t o  o b t a i n  s t a t i s t i c a l  so lu t i ons  t o  the  equat ions o f  motion by tak ing  

repeated moments o f  the. equat ions and us ing  some k ind  o f  a c l o s u r e  scheme t o  c lose  

the  h ie rarchy  o f  moment equat ions. tn t he  second, one solves non l i nea r  d i f f e r -  

e n t i a l  equat ions ob ta inab le  from the  equat ions o f  motion, t h a t  have no e x p l i c i t  

s tochas t i c  element i n  them, bu t  t h a t  can, f o r  c e r t a i n  ranges o f  va lues o f  the  

parameters, e x h i b i t  apparent ly  random s o l u t i o n s  owing t o  the  appearance o f  a 

s t range a t t r a c t o r .  Both methods a r e  assumed t o  be re levan t  t o  t he  problem o f  

" turbulence" , al though the  connect ion between the two i s  no t  immediately c l e a r .  

I n  t he  f i r s t  p a r t  of t h i s  paper we s h a l l  consider the most famous example 

o f  a system o f  equations w i t h  a strange a t t r a c t o r .  These are the  Lorenz (1963) 

equations, d e r i v a b l e  from the  f i r s t  n o n t r i v i a l  t r u n c a t i o n  o f  a modal expansion 

o f  the  equat ions f o r  Benard convect ion i n  the  Boussinesq approximation. The 

equat ions may be w r i t t e n  i n  the  standard dimensionless form 

Here the v a r i a b l e  x measures the  v e r t i c a l  convect ive v e l o c i t y !  y t he  ternpera- 

t u r e  f l u c t u a t i o n .  and z the  mean convect ive temperature g rad ien t :  0- i s  the  

Prandt l  number o f  the f l u i d ,  r i s  a reduced Rayleigh number (r = 1 f o r  the  on- 

se t  o f  convect ion),  and v i s  r e l a t e d  t o  the  wavenumber o f  the  convect ion r o l l s .  

I f  O- and Y are  f i x e d  a t  10 and 8/3 respec t i ve l y  ( t h e  values o r i g i n a l l y  used 

by Saltzman (1962)), and r i s  g radua l l y  increased, i t  i s  found t h a t  a t  r 2 2 4 -7 4  

the  so lu t i ons  t o  the equat ions become unstable according t o  the  l i n e a r  theory,  

a l though the re  e x i s t  f i n i t e  ampl i tude i n s t a b i l i t i e s  a l ready f o r  r 7 21. The sys- 

tem i s  then i n  the  " turbu len t 1'  s t a t e .  

In  the  f o l l o w i n g  sec t i on  we s h a l l  app ly  t o  equat ions (1) t he  techniques 

u s e d i n  the f i r s t  o f  the  above approaches and s h a l l  compare the  r e s u l t s  o f  such a 

c a l c u l a t i o n  w i t h  the  numerical eva lua t i on  o f  c e r t a i n  s t a t i s t i c a l  averages o f  t he  

s o l u t i o n  c a r r i e d  ou t  by ~ i c k e  (1976). We s h a l l  f i n d  good agreement between t h e  



theory and the  numerical r e s u l t s .  We hope i n  t h i s  way t o  show t h a t  these two, 

apparent ly  q u i t e  unre la ted ,  approaches t o  turbulence theory  a r e  i n  f a c t  c l o s e l y  

re la ted ,  and t o  suggest t h a t  both methods a r e  use fu l  i n  c o n t r i b u t i n g  t o  our un- 

derstanding o f  the  physics o f  turbulence. 

f n  the  second p a r t  o f  t h i s  work we examine the  v a r i a t i o n a l  problem f o r  

the  Lorenz model, and suggest a new and p o t e n t i a l l y  very  use fu l  method f o r  c a r r y -  

ing  ou t  an approximate s t a t i s t i c a l  mechanics o f  the  Lorenz model and o ther  sys- 

tems w i t h  s t range a t t r a c t o r s .  

I I .  S t a t i s t i c a l  dynamics o f  the Lorenz model 

I n  t h i s  sec t i on  we s h a l l  be concerned w i t h  c a l c u l a t i n g  var ious  t ime aver-  

ages o f  the s o l u t i o n  t o  equat ions (1) i n  the  t u r b u l e n t  regime. 

From the  equat ions i t  i s  easy t o  show t h a t  

= 3 )  = z = Cyt) = Q  (2 )  

where the angular  brackets denote t ime averages. Throughout what f o l l ows ,  we 

s h a l l  assume t h a t  the  s o l u t i o n s  o f  (I) i n  the t u r b u l e n t  regime a r e  ergodic.  Thus 

we s h a l l  assume t h a t  we may i d e n t i f y  averages over an ensemble o f  r e a l i z a t i o n s  

o f  the  s o l u t i o n  w i t h  t ime averages i n  any one r e a l i z a t i o n .  I n  p a r t i c u l a r  we s h a l l  

assume t h a t  the s o l u t i o n s  a re  s t a t i s t i c a l l y  s t a t i o n a r y .  There i s  ample evidence 

f o r  t h i s  p roper ty  from numerical i n v e s t i g a t i o n ,  but  a r i go rous  mathematical 

p roo f  o f  t h i s  p rope r t y  i s  no t  a v a i l a b l e .  As a consequence o f  t h i s  assumption 

a l l  t ime d e r i v a t i v e s  o f  averages vanish.  By w r i t i n g  down q u a n t i t i e s  o f  the form 

and us ing  equat ions ( I ) ,  i t  i s  poss ib le  t o  ob ta in  an i n f i n i t e  number o f  r e l a t i o n s  

between var ious  averages. One obta ins  ( c f .  Ludke 1976) 

These r e l a t i o n s  have been v e r i f i e d  numerical 1 y  by Lucke (1976) , p rov id ing  f u r -  

the r  evidence f o r  the v a l i d i t y  o f  t he  s ta t i ona r iness  hypothesis.  From equations 



(4)  one obta ins  an important i d e n t i t y  

I - 2 )  = - >  = v[(r-I)<L)- {t*ll. 
tr - ( 5 )  

An equ iva len t  r e s u l t  has been g iven by Mal kus (1972) : 

i c[a-<t$> 
(* I )  =v( t )  = IJ ( r -  1 )  - - 

W "  427 - v 
( 2> 

( 6  1 

Since (x%) = (%-Y) i s  the convect ive heat f l u x ,  t h i s  r e s u l t  shows t h a t  the  heat 

f l u x  t ranspor ted  i n  t u rbu len t  convect ion has t o  be less than t h a t  t ranspor ted  

i n  steady convect ion ( 2  = 0 , 2 " ( 2 )  . This important r e s u l t  i s  der ived by 

another method i n  sec t ion  1 1 1 .  I n  p a r t i c u l a r  equat ions (5)  and (6)  show t h a t  

'L 
( r -  I }  2 (r-1) <z> 2 <z2> (7) 

w i t h  e q u a l i t y  o n l y  i n  steady convect ion. - 
I t  i s  t o  be observed t h a t  the  number o f  r e l a t i o n s  o f  t he  type (3)  i s  i n -  

s u f f i c i e n t  t o  determine a1 1 the  averages. For example, the  r e l a t i o n s  ( 4 )  o n l y  

enable one t o  express the low order  moments i n  terms o f  the  two unknown c o r r e l a -  

t i o n s  <2), and < za) , t h a t  a r e  constra ined on l y  by the  inequal i t y  (7 ) .  Our task  

w i l l  be t o  c a l c u l a t e  these two moments, and o ther  such essentual moments. 

We s h a l l  use the general method f o r  s o l v i n g  s tochas t i c  d i f f e r e n t i a l  equa- 

t i o n s  w i t h  r a p i d l y  f l u c t u a t i n g  c o e f f i c i e n t s   an Kampen 1974, 1976). Suppose 

t h a t  we have a  s tochas t i c  d i f f e r e n t i a l  equat ion o f  the form 

where L ( t )  i s  a  s tochas t i c  ma t r i x .  I f  Lo i s  the mean o f  L, and L1 = L-Lo i s  t he  

r a p i d l y  f l u c t u a t i n g  p a r t  o f  L t h a t  need not  be independent o f  f ,  then the  mean o f  - - 
he process f , < f ) ,  s a t i s f i e s  the  equat ion 

d <+) = [I-.+ [ d r  L, ( c I ~ ~ ~ ~  L (t -TO a (9) 

I n  o rder  t o  apply t h i s  theory t o  the  Lorenz model we r e w r i t e  equat ions ( I ) ,  

by e l i m i n a t i n g  y, i n  the  form 

where a: a[r-1- <t?], 6% o - + I  ( 1  1 )  

and 

- Equation (10) i s  thus an equat ion o f  a 1 inear  "osci 1 l a t o r "  w i t h  a zero-mean f r e -  

.quency modulat ion w ( t ) .  The q u a n t i t y  d i s  always p o s i t i v e  d e f i n i t e  as can be 



seen from the  inequal i t y  (7 ) .  To the  au tho r ' s  knowledge the  present method has 

n o t  been appl i ed  t o  a  damped simple harmonic osc i  1 l a t o r  w i t h  a  random frequency 

component. The only  treatment o f  such a  system h i t h e r t o  c a r r i e d  ou t  has been 

done by Bourret  (1971) us ing  the  so- ca l led  Bourret  (1962) i n t e g r a l  equat ion. 

However t h i s  equat ion i s  not  a  se l f - cons i s ten t  approximation f o r  sho r t  c o r r e l a -  

t i o n  t imes (Van Kampen 1974). We know from numerical s tud ies  t h a t  i n  the  t u r -  
7 .  

bu len t  regime the  q u a n t i t i e s  x and z a re  both r a p i d l y  f l u c t u a t i n g  i n  t ime. This  

can be seen f o r  example i n  the paper by Robbins (1977) dea l i ng  w i t h  the  equa- 

t i o n s  f o r  the  d i s k  dynamo w i t h  a  shunt,  which can be transformed i n t o  the  stan-  

dard Lorenz form ( 1 ) .  w ( t )  i s  thus a  r a p i d l y  F luc tua t i ng  zero-mean random pro-  

cess. I n  o rder  t o  ca l cu la te<Z>  , we s h a l l  c a l c u l a t e t x 2 >  from equat ion (10).  

W r i t i n g  i t  i n  the  form (8), we o b t a i n  

, 1,- -w 0 0 , 
1 1 o 2u -2b 

I n  order  t o  app ly  equat ion (9), we have t o  c a l c u l a t e  the q u a n t i t y  exp t-..+, 

This can be done most e a s i l y  i n  t he  f o l l o w i n g  way. Observe t h a t  f = fo expL,t 

i s  a  s o l u t i o n  o f  the se t  o f  o rd ina ry  d i f f e r e n t i a l  equat ions 

Seeking s o l u t i o n s  p ropo r t i ona l  t o  exp s t ,  we can c a l c u l a t e  the  eigenvalues 5 o f  

t h e  system (15). They a re  g iven by 

$ 5 - d -  , ~ ~ - & f h  , A,= 4a+h:  (16) 

The general s o l u t i o n  t o  the  system (15) i s  then a  superpos i t ion  o f  these th ree  

funcamental so lu t i ons :  

The corresponding expressions f o r  f2 and f3 f o l l o w  from equat ion (15)  

I f  the c o e f f i c i e n t s  A, B, C a re  now e l im ina ted  i n  favor  o f  f , (01, f ( o ) ,  f 3 ( o ) ,  

equat ions (17)  can be w r i t t e n  i n  t he  form f ( t )  = S i j f j  (0) , where S 5 exp Lot i s  

known. The f o l l o w i n g  elements o f  S w i l l  be requ i red  i n  what f o l l o w s :  



The q u a n t i t y  exp - Lot  i s  obtained by changing the  s ign  o f  t i n  the  above ex-  

pressions. Evaluat ing the expression on the  r i g h t  s i d e  o f  equat ion (9) us ing  

the r e s u l t s  (14) and (181, we o b t a i n  f i n a l l y  the  equat ions 

- <x*> = 2 < x i  7 
dt (19a) 

CP 
where @ 

.,c :pkq ( ~ l ~ . * h r r , ~ . ) d t ~  ( ' ) i ~ n ' .  h T , ~ : l d ~ ~ ( f  1, 
0 0 0 

and ( )  i s  the  au toco r re la t i on  f u n c t i o n  o f  the  process o ( k )  def ined by 

< ' , , ( t )w( t l )  ) = C e - t ' )  . q(=-)+ (21 

We have again assumed t h a t  the  p r o c e s s w l t )  i s  s ta t i ona ry .  I n  what f o l l o w s  we 

s h a l l  assume t h a t a f t )  has an a u t o c o r r e l a t i o n  f u n c t i o n  t h a t  f a l l s  o f f  s u f f i -  

c i e n t l y  r a p i d l y  t h a t  the  q u a n t i t i e s  d , ,A , d are  we1 1 def ined.  As we a re  assum- 

i n g  t h a t  the process x i s  a l s o  s t a t i o n a r y  we s h a l l  se t  t he  t ime d e r i v a t i v e s  o f  

the c o r r e l a t i o n s  equal t o  zero. From equations ( I9b)  and (19c) i t  then f o l l o w s  

t h a t  
I 

[ P + + ( ~ ( d - d ) + ~ ) J  [ b - + ( ~ - ~ ) l *  - [ z ~ z + ( z ~ + & ~ ) & -  ?Ih ~ h p ] =  0. 

An examination o f  the  d e f i n i t i o n s  (20) suggests the approximation 

13, ?f<d ~c > (23) 

v a l i d  f o r  c o r r e l a t i o n  t imes t h a t  a r e  sho r t ,  but  no t  t oo  shor t ,  as observed i n  

the numerical r e s u l t s  ( ~ o b b i n s  1977). I t  then fo l l ows  t h a t  
a 2% 

d - 4 
i s  t he  c o n d i t i o n  requ i red  f o r s t a t i s t i c a l l y  s t a t i o n a r y  so lu t i ons .  Th is  c o n d i t i o n  

g ives the " strength"  o f  the f l u c t u a t i o n s ,  o r  the  energy input  requ i red  on average 



t o  counterbalance the  damping term. Thus (24) i s  an example o f  a f l u c t u a t i o n  - 
d i s s i p a t i o n  theorem f o r  an e q u i l i b r i u m  system. The o the r  r o o t  o f  equat ion (22) 

i s  negat ive  and there fore  unphysical . On s u b s t i t u t i n g  the  c o n d i t i o n  (24) i n t o  

equat ion (19b) we f i n d  t h a t  i n  t he  s t a t i o n a r y  s t a t e  

( 2 ' )  = a<&=)* (25) 

Th is  i s  the  usual r e s u l t  t h a t  the  mean k i n e t i c  energy i s  equal t o  the mean po- 

t e n t i a l  energy. 

We now apply these r e s u l t s  t o  the  c a l c u l a t i o n  o f  c e r t a i n  s t a t i s t i c a l  
Z 

averages. Consider f i r s t  t he  quant i  t y f l d =  <ks>i<~%>. From equat ions ( 1 1 )  and 

(25) we o b t a i n  
n', = r [ r -  I - <=>I (26) 

On the o the r  hand, us ing equat ion (6 ) ,  we f i n d  

We s h a l l  be i n te res ted  i n  s tudy ing  the  q u a n t i t i e s  and de f i ned  by 

and 

From equations (26) - (29) we o b t a i n  the  r e l a t i o n  

~ k k e  (1976) has c a r r i e d  o u t  numerical computations o f  c e r t a i n  s t a t i s t i c a l  aver-  

ages o f  the  so lu t i ons  t o  the  Lorenz equat ions i n  the  t u r b u l e n t  regime. His graph 

of < 2) aga ins t  r f o r  0- = 10, and I) = 8/3, reproduced here as F ig .  1 ,  shows an 

approximately s t r a i g h t  l i n e  o f  s lope s l i g h t l y  less than one. The slope o f  the .. . 
l i n e  f o r  30 4 r < 150 i s  found t o  be 0.94, and i t  increases somewhat f o r  l a r g e r  

r . Equation (30),  w i t h  1 = 0.06, and C = 10 then p r e d i c t s  t h a t  A = 0.23, 

i n  e x c e l l e n t  agreement w i t h  the  numerical r e s u l t s  shown here i n  F ig .  2. The cor -  -- 
responding agreement between the  p red i c ted  graph o f  a,= 0.78 and Ll;'ckels 

r e s u l t  shown here i n  Fig.3 i s  no t  q u i t e  so good. ~ f i c k e l s  r e s u l t s  show the same 

Rayleigh number dependence, b u t  w i t h  a c o e f f i c i e n t  c l o s e r  t o  u n i t y .  

We s h a l l  d e f i n e  the a u t o c o r r e l a t i o n  t ime T, o f  the  process W ( t )  by the  

r e l a t i o n  o(= t~, (o)Tc . S u b s t i t u t i n g  from equations (12), (21) and (24) we now 

o b t a i n  
L 'L (,,+ I 7 AZ a. J ( r - ~ ) + +  - 1 L P - ~ ) :  A T c  ( ~ 1 )  ( P - I ) % ( J -  1 ) 

0- 4 I-A 

o r .  us ing equat ion (30) t o  e l  irninate . 



Average values (z) (dots)  
and ( z2 ) / r  ( t r i a n g l e s  f o r  

several  values o f  r. 
Fig. l 

Average norma7 ized f l u c t u a t i o n s  
n P:Z) = a ( t ) , / e g P ) ! . i  

f o r  var ious  values o f  r .  
Fig.2 

C h a r a c t e r i s t i c  frequencies (dots)  o f  the  
model f o r  var ious  values o f  r. So l i d  l i n e s  
denote the  curves 7 7 ,  1.77 . . .v-F, and ( I  4 /3 )  
fl, respec t i ve l y .  Squares represent the os- 
c i  1 l a t i o n  f requencies 6 o f  $bJ3 i t ) ,  according 
t o  Fig.5. 

Fig.3 

( ~ r o m  ~ G c k e  (1 976) ) 



-L 

(6 - 1) -~-.F f - . -  Tc (r-~)[c-~)-  (0-+ I)  
Yo- ( r - \ > + T ,  ( r -  I)(E"-.~~{c-I)-+(c+I)~ 

Suppose t h a t ,  as a  f i r s t  approximation, 5 i s  independent o f  r .  (c f .F ig .1 )  

It then f o l  lows t h a t  A i s  independent o f  r , so t h a t  from (32) i t  i s  necessary 

t h a t c r > > /  , w i t h  f, independent o f  r . Recal l  t h a t  ';'c w i l l  t u r n  o u t  t o  

be a  small number. Hence 

The g raph f i e=  fi i s  the re fo re  w e l l  matched by 

Tc = 0.045-, f = 0.10 , n c d . 3 3 .  

This i s  s t i l  i n  good agreement w i t h  Lucke's r e s u l t s .  Observe t h a t  t he  dirnension- 

less c o r r e l a t i o n  t ime i s  indeed a  smal l  number, so t h a t  the  sho r t  au tocor re la -  

t i o n  t ime approximation requ i red  f o r  the  d e r i v a t i o n  o f  equat ion (9)  i s  indeed 

s a t i s f i e d .  

Thus f a r  we have been ab le  t o  o b t a i n  good values o f  several  q u a n t i t i e s  

g iven one numerical r e s u l t .  However, we have on l y  used the equat ion f o r  x i n  

terms o f  z. We s h a l l  now determine the  c o r r e l a t i o n  t ime r c  s e l f - c o n s i s t e n t l y  

by cons ider ing  the equat ion f o r  z i n  terms o f  x. We s h a l l  then have t h e o r e t i c a l  

r e s u l t s  f o r  a l l  the f o u r  q u a n t i t i e s  ':'_ , , iS and L'L, . I n  order  t o  do the 

c a l c u l a t i o n  we s h a l l  need t o  know the  q u a n t i t y ( x "  , which can be obta ined 

us ing the same method as used above. 

W r i t i n g  the  equat ions f o r  t he  f i v e  four th- order  moments i n  the  form (8), 

we o b t a i n  

3 (35a) 

0 "t 0 0 -  

4 - L 3  0 0 

I 
0 2LL -2s 2. 0 

o o 312 -39 1 

0 0 Ya.-YJ-, 

f 
Lx' 

i l x "  

i 3 x  
c 9 * 



Again we have t o  c a l c u l a t e  the  m a t r i x  exp L O T  . Proceeding as be fore  we f i n d  

t h a t  the  eigenvalues 5 of Lo a r e  g iven by 

s = - 2 1 5 ,  - ~ b k h ,  - 2 A 2 . h  ( 3 6 )  

where again h2= & = Y Q .  The general s o l u t i o n  i s  thus 
r h t  - ? h e ;  f ,  0) ' 3  - 2 L  A + B ~ " ' +  DL. + EA .- I 

w i t h  corresponding r e s u l t s  for$=(t) ,  . , . f ,- (t) obtained from the  equat ion 

f ; L,f . We can w r i t e  the  r e s u l t  i n  the  form 
-2 Crt 

b (38)  

where the  m a t r i x  T has the rows 

We can now determine the  constants A, B, C,  D, E i n  terms o f  f i ( 0 )  (4 = 1, ..., 5 ) .  

\Je o b t a i n  

L'A= ~cL'{,(o)- 1 2  a& h(0)c (6&=r2a)f3(o)+ /z&&@)+ &&-co) (4Oa 

The above r e l a t i o n s  determine the  m a t r i x  exp Lot as the m a t r i x  o f  c o e f f i e i e n t s  

of -f;(01 i n  the equat ions f o r  f i  (t) . I n  order  t o  c a l c u l a t e  the  r igh t- hand 

s ide  o f  equat ion ( 9 ) ,  l e t  

<L, ( k ) e ~ p  LOT L I  (t - T ) e x p -  L e ~ ) = ~ ( ~ ) ~ ~ ~ ) ,  ( 4  1 

where i s  a 5 x 5 ma t r i x ,  and the a u t o c o r r e l a t i o n  f u n c t i o n  o f  the  process 

C3 . We s h a l l  be i n te res ted  i n  t he  c o r r e l a t i o n s  4%%) and < A x % " ? .  From 



equation (9) these a re  connected by the equat ions 

A- dt < x q >  ; q < i x 3 ,  

A f t e r  a considerable amount o f  algebra the  expressions f o r  and r2, reduce 

t o  &', +'(COJ~ AT-I)+ % ~ l n h  L r, < $ =  0 (43 

I n  the  s t a t i s t i c a l l y  s t a t i o n a r y  s t a t e  xz, w i l l  n o t  be requi red,  Equations ( 4 2 )  

now give,  us ing  again the approximation ( 2 3 ) ,  the r e l a t i o n  

( ) x  = 3 .41=xL>* ( 4 4 )  

Using the  s ta t i ona r iness  c o n d i t i o n  ( 2 4 ) ,  t h i s  f i n a l l y  becomes 

a < x y >  7 < i 2 x L > -  ( 4 5 )  

From equations ( l a )  and (4)  i t  now f o l  lows t h a t  

< ! + ~ ~ ) [ ( C 2 1 + l b % 1 ~ + V ) ( Y - - l ) < Z > - 0 . ( ~ +  2 btl)<i?*)]. ( 4 6 )  

I n  o rder  t o  est imate the  au toco r re la t i on  t ime o f  the  process w , we 

now r e t u r n  t o  equat ion ( 1 3 ) ,  and w r i t e  i t  i n  the  form 
I 

g P + 7 / ' t  = ~ ( t f z - ! - ~ ) ?  6 + x ~ - v ( z > )  (47 
I 

where Z .= 2 -<t) . Thus equat ion (47)  i s  a Langevin equat ion w i t h  A( t )  being 

a zero-mean r a p i d l y  f l u c t u a t i n g  f o r c i n g  term. From the  formal s o l u t i o n  t o  equa- 

t i o n  ( 4 7 ) ,  we f i n d  t h a t  

where we have assumed t h a t  t he  f o r c i n g  term A ( t )  has a shor t  a u t o c o r r e l a t i o n  t ime, - 1 
L C  , and t h a t  t he  process 3' i s  s t a t i s t i c a l l y  s t a t i o n a r y .  Thus 

- = 23 T:[< r~y '>-v '<a>2J .  ( 4 9 )  

We s h a l l  suppose t h a t  the  c o r r e l a t i o n  t imes r: and TC a r e  comparable. Then 

us ing the  def i n i t ions ( 2 8 )  and (29) , and the  resu 1 t (46)  , we obta i n  

Upon us ing  the r e s u l t s  ( 3 0 )  and ( 3 3 )  we o b t a i n  a quadra t ic  equat ion f o r  yc 
The p h y s i c a l l y  meaningful r o o t  o f  t h i s  equat ion can be obtained approximately 

by s e t t i n g  

r J 7 7 ~ ,  ~ ~ r ~ 4 4 ,  Z,Y r 7 . 1 ~  r 2 T c  7 7  2 3 .  



Although these cond i t i ons  are n o t  s t r i c t l y  s a t i s f i e d  f o r  the  values o f  t he  para-  

meters used i n  Lucke's numerical c a l c u l a t i o n s ,  they do g i v e  the  c o r r e c t  o rder  o f  

magnitude f o r  the  c o r r e l a t i o n  t ime. We o b t a i n  

f o r  b =  10, 1) = 8/3. We see now t h a t  the  c o r r e l a t i o n  t ime does have a weak Ray- 

l e i g h  number dependence; i t  va r ies  between O . l > r c  > 0.02 f o r  5 0 4 r <  200. Th is  

i s  i n  s a t i s f a c t o r y  agreement w i t h  the  r e s u l t s  (34) deduced on the  bas is  o f  t h e  

present theory and one numerical r e s u l t .  We have thus shown t h a t  an e n t i r e l y  s e l f -  

cons i s ten t  theory fo l lows from the  a p p l i c a t i o n  o f  s tochas t i c  d i f f e r e n t i a l  equa- 

t i o n s  t o  the  Lorenz equat ions, one t h a t  n o t  on l y  p r e d i c t s  the c o r r e c t  f u n c t i o n a l  

dependence on the  Rayleigh number o f  var ious  s t a t i s t i c a l  averages, but  t h a t  a l s o  

p r e d i c t s  q u i t e  we1 1 the  numerical values o f  t he  q u a n t i t i e s  5 , a and A, char-  

a c t e r i s t i c  o f  the  s o l u t i o n  i n  the  tu rbu len t  regime. Moreover t he re  i s  some e v i -  

dence f o r  the decrease o f  the c o r r e l a t i o n  t ime w i t h  increas ing  r i n  LGckels 

numerical ca l cu la t i ons .  For example, the  curve o f < Z )  vs. b- i n  Fig.1 dev ia tes  

upwards f o r  l a rge  from the  s t r a i g h t  1 i ne  de f ined f o r  smal ler  va lues o f  r . 
More conv inc ing l y  perhaps, the  approximate formula 

A*- 0 P C  

4 +a T, 
shows t h a t  A decreases w i t h  increas ing  r . Indeed, Fig.2 shows a decrease con- 

s i s t e n t  w i t h  the  ~~''2 behavior.  We a l s o  p r e d i c t  t h a t  f o r  l a rge  P , the curve 

o f  fi: vs. t" should have a s lope t h a t  f a l l s  below u n i t y .  

'L 

Le t  us now t u r n  our a t t e n t  ion  t o  the  q u a n t i t y  fl 2. a l s o  c a l c u l a t e d  by 

~ f i cke .  By d e f i n i t i o n  < 2 7  

Using the  r e s u l t s  ( 2 8 )  and (46), t he  q u a n t i t y  (54) can be w r i t t e n  i n  the form 

S u b s t i t u t i n g  f o r  CL and < Z >  f rom equat ion (11) and (29), and us ing  the r e s u l t  

(30), we o b t a i n  the  r e s u l t  
-z. 

Since 0 ~ ~ ~ 4  1 , i t  fo l l ows  t h a t  f o r  l a r g e  enough r , 

e s s e n t i a l l y  independently o f  the  c o r r e l a t i o n  t ime r,  . For 6 =  10, k'= 8 /3 ,  
LGcke f i n d s  numer ica l l y  t h a t  kz= 1.77 . . . F .  Equation (57) on the  o t h e r  

hand p r e d i c t s  a slope o f  8/9 = 0.888 - e x a c t l y  h a l f  o f  Lficke's va lue.  We have 



been unable t o  f i n d  the  reason f o r  t h i s  discrepancy. We note here  t h a t  t he  r e -  

su l  t (57) p r e d i c t s  t h a t &  ( p =34= 10.5 i n  agreement w i t h  Luckeas curve and 

the  mode-coupling c a l c u l a t i o n  t h a t  he c a r r i e d  ou t  f o r  values o f  i n  t h i s  r e -  

g ion.  I t  i s  a t  l e a s t  c e r t a i n  t h a t  the  formula f o r  t he  s lope i n  terms o f  0- and 
0-+ I -9 , viz.-+?f-2 , suggested by Lucke cannot be c o r r e c t .  
6 

F ina l  l y ,  there  appears t o  be no way o f  c a l c u l a t i n g  the  q u a n t i t y  

' , a l s o  p l o t t e d  by ~ i i c k e ,  us ing  on l y  the f o u r t h  order  moments sa lcu-  fi; = - - 4ga> 
l a ted  above. 

I l l .  Var ia t i ona l  approach and the  s t a t i s t i c a l  mechanics o f  t he  Lorenz Model 

Ever s ince the  p ioneer ing  paper o f  Howard (1963), v a r i a t i o n a l  methods have 

assumed great  importance i n  t he  study o f  t u rbu len t  convect ion.  As the  Lorenz equa- 

t i o n s  a r e  a t runca t i on  o f  the  model expans ion o f  the equat ions f o r  the  Be'nard prob- 

lem, i t  i s  o f  considerable i n t e r e s t  t o  apply these techniques t o  t h i s  s impler  sys -  

tem i n  the  hope o f  t e s t i n g  t h e i r  convergence and accuracy. 

Howard maximized the  heat f l u x  t ransported by the  f l i i d  between two h o r i -  

zonta l  surfaces sub jec t  t o  two power i n t e g r a l s  der ived from t h e  equat ion o f  mo- 

t i o n  by Malkus (1954), w i t h  the  usefu l  p rope r t y  t h a t  they l ed  t o  a separable v a r i a -  

t i o n a l  problem. I n  t h i s  way he was a b l e  t o  ob ta in  upper bounds on the  heat f l u x  

i n  terms o f  t he  ~ a ~ l e i ~ h  number, but  independent o f  t he  Prandt l  number. 

I n  the present case we a r e  i n te res ted  i n  f i n d i n g  bounds on the  t o t a l  heat 

f l u x ,  both convect ive  and conduct ive,  g iven i n  terms o f  t he  Lorenz va r iab les  by 

< x y > + Q < a ? .  The power i n t e g r a l s  a r e  obtained by tak ing  moments o f  t he  Lorenz 

equations. The f i r s t  n o n t r i b i a l  v a r i a t i o n a l  problem a r i s e s  f rom the  f o l l o w i n g  

th ree  cons t ra in t s :  

o = < x j o = T [ < x y > - <  x'.>J 
(58a 1 

0 -  < 2 ; >  = - 1 ) ~  =*>+ ~ ' r c y e >  

We wish t o  maximize the  f u n c t i o n a l  d given 6y 

whereA,, A t  , hg a t e  th ree  Lagrange mu1 t i p 1  i e r s .  The Euler-Lagrange equat ions 



From Eqs. (6Oa) and (60b) and the  c o n s t r a i n t  (58a) we f i n d  t h a t  

X s y ,  h , = h , .  (61 

From the c o n s t r a i n t s  (58b) and (58c) i t  then f o l  lows t h a t  

xz: y' = Y t  : J (Y-I) 

w i t h  the corresponding Lagrange m u l t i p l i e r s  
2 h l =  A I = - 2 A 3 =  - 

r -I  
The r e s u l t  (62) i s  o f  course the  steady convect ive  s o l u t i o n  t o  the  Lorenz 

equat ions (x = y = z = 0 ) .  Hence the  maximum heat f l u x ,  2), ( r - I ) ,  i s  a t t a i n e d  

i n  steady convect ion,  and i n  nonsteady ( t u r b u l e n t )  convect i on  ( w i t h i n  the  Lorenz 

model) the  heat f l u x  t ransported by the  convect ion must be less .  This  i s  i n  

agreement w i t h  ~ ~ . ( 6 ) .  What appears t o  be happening i s  t h a t  t he  opt imal  s o l u t i o n  

becomes uns tab le  a t  l a rge  enough Rayleigh numbers, r e s u l t i n g  i n  s l i g h t l y  reduced 

heat f l u x  ( c . f .  Eqs. ( 2 9 )  and ( 3 4 ) ) .  I t  i s  as i f  the system were i n  f a c t  t r y i n g  

t o  maximize the  f l u x  but Wa6 being prevented from doing so by an i n t r i n s i c  i n s t a -  

b i l i t y .  

Because the heat f l u x  i s  g l o b a l l y  bounded by the  steady convect ion, an 

improved bound on the  nonsteady convect ion cannot be achieved by adding more con- 

s t r a i n t s  - a l l  the i n f i n i t y  o f  c o n s t r a i n t s  d e r i v a b l e  from the Lorenz equat ions by 

tak ing  h igher  moments a re  i d e n t i c a l l y  s a t i s f i e d  by the  steady s o l u t i o n .  

Two a l t e r n a t i v e  approaches suggest themselves: e i t h e r  bounding from below, 

o r  us ing  a l t e r n a t i v e  c o n s t r a i n t s  t o  begin w i th .  I n  what f o l l o w s  we s h a l l  adopt 

the  l a t t e r  approach, s ince i t  leads n a t u r a l l y  t o  a new and i n t e r e s t i n g  way o f  

look ing  a t  the  Lorenz model. 

The choice o f  c o n s t r a i n t  i s  d i c t a t e d  by the  des i re  t h a t  t he  'steady so lu-  

t i o n  no t  be the  whole s t o r y .  We the re fo re  in t roduce c o n s t r a i n t s  quadra t ic  i n  x ,  

y, z ,  so t h a t  the corresponding Euler-Lagrange equat ions a re  now time-dependent. 

L + 
t z J < x  ys,- < x  y >I, (64) 

where a , ,  A ,  , A3 are  th ree  Lagrange mu1 t i p l  i e r s .  The Euler-Lagrange equat ions 



can be w r i t t e n  i n  t he  form 

J 

A, 2 = - ax 
where 

a~ 

Thus the  Euler-Lagrange equat ions con ta in  no d i s s i p a t i v e  terms, and form a 

Hami l tonian system desc r ib ing  the  motion o f  a p a r t i c l e  i n  a complicated poten-. .. 
t i a l  V(x,y,z). The p o t e n t i a l  V i s  o f  s u f f i c i e n t l y  h i g h  order  i n  x,y ,z  t h a t  we 

may expect the  k ind  of chaot ic  behavior o f  a p a r t i c l e  i n  t h i s  p o t e n t i a l  t h a t  i s  

descr ibed by the Kolmogorov-Arnol d-Moser theory f o r  such systems. We may there-  

f o r e  attempt t o  descr ibe the  s t a t i s t i c a l  mechanics o f  p a r t i c l e s  i n  such a poten- 

t i a l .  Since i t  i s  known t h a t  the bounding s o l u t i o n s  (such as the  steady convec- 

t i o n )  a re  n o t  bad bounds f o r  the  unsteady convect ion, we may hope t h a t  t he  p re-  

sent system approximates the  Lorenz a t t r a c t o r  q u i t e  w e l l .  By understanding the 

equat ions (66) i t  i s  hoped t o  ga in  some understanding o f  those fea tures  o f  t he  

a t t r a c t o r  t h a t  do n o t  depend on the  d e t a i l s  o f  i t s  topology. 

M u l t i p l y i n g  Eqs. (66) by x ,  y, z respec t i ve l y  and adding, we f i n d  t h a t  the 

system (66) has a f i r s t  i n t e g r a l  

E ( ~ , ~ , ~ ) ;  h,i '+ h ,  4'+ h , i 2 t  ~ { x , q ,  2) z K ( a  consfanf)+ (68) 

I f  we now average Eq. (67) and use the  cons t ra in t s ,  we f i n d  t h a t  
r z L ~ r < i 2 > + ~ p ~  j \ > + ~ ~ < i ' > l  = K t < x y > +  v < z ,  (69) 

This can be considered t o  be the  analog o f  t he  v i r i a l  theorem, and i s  a general 

p roper ty  o f  t he  Euler-Lagrange equat ions f o r  c o n s t r a i n t s  o f  the  form 

c 2 % )  = 2. < x' y"zX> 

I n  o rder  t o  compute the  Lagrange m u l t i p l i e r s ,  we take x,y,z moments o f  Eqs.(66a) - 
L 

(66-c) respec t i ve l y  and use the  assumed s t a t  ionar iness o f  the  s o l u t i o n  t o  observe 

t h a t  (%$> =-< i t )  e tc .  So lv ing  the r e s u l t i n g  equat ions and us ing  the  c o n s t r a i n t s  

we o b t a i n  



2 A , [ ( * z Y I )  - $ < x Y  P>] = <*  ~ j b  ( 7 0 ~ )  

I n  o rder  t o  s tudy the  s t a t i s t i c a l  mechanics o f  p a r t i c l e s  moving i n  t h e  

p o t e n t i a l  V(x,y,z), we de f i ne  the p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  

~ ( x , y , s  ; i ,  j, 5 ) -= a -"E/ J d r & - I J E  9 (71 

where f' i s  t he  6-dimensional phase space, and /3 i s  the inverse o f  a "tempera- 

ture"  t h a t  can be re la ted  t o  the  Rayleigh number r by the r e l a t i o n  

( EA-AEd P 3 
z y z  - 

,fn-AEd r 2P (72) 

The p r o b a b i l i t y  d i s t r i b u t i o n  p i s  w e l l  de f ined on l y  when the  " k i n e t i c  energy" 

and the  p o t e n t i a l  a re  both p o s i t i v e  d e f i n i t e .  I t  i s  there fore  important  t o  evaT- 

uate the Lagrange m u l t i p l i e r s  (70), by us ing  the  p r e s c r i p t i o n  

The r e s u l t i n g  m u l t i p l i e r s  a r e  then func t i ons  o f  1 ; Eq.(72) shows t h a t p  i s  

known i f  the  constant o f  motion K i s  known. This  can be obta ined f rom Eq. (69) 

by eva lua t i ng  the averages i n  (69) us ing the  p r e s c r i p t i o n  (71) and the  r e s u l t s  

f o r  the Lagrange mu1 t i p 1  i e r s .  Equations (69) and (72) a re  thus an i n t e g r a l  equa- 

t i o n  f o r  f i  i n  terms o f  the parameters o f  the  Lorenz model, i n  p a r t i c u l a r  t h e  

Rayleigh number r .  Unfor tunate ly  i t  appears t h a t  K cannot be unambiguousiy de te r -  

mined from the  steady convect ion s o l u t i o n  because o f  divergence i n  the  Lagrange 

m u l t i p l i e r s .  These a r i s e  because the  cons t ra in t s  become meaningless f o r  t h e  steady 

convection. The next  s tep  i n  the  c a l c u l a t i o n  i s  the  i n v e s t i g a t i o n  o f  the  e x i s -  

tence o f  a poss ib le  phase t r a n s i t i o n  a t  some c r i t i c a l  ,d (corresponding t o  a 

c r i t i c a l  Rayleigh number) by means o f  the  usual thermodynamic r e l a t i o n s  (Landau 

and L i f s h i t z ,  1 9 6 9 t 3 ~ )  = (c) 
- 0 ,  ( ~ f p - ' ) ,  
a v  T a V 1  

where the  "pressure" p has t o  be ca l cu la ted  from the  f r e e  energy F g iven i n  terms 

o f  the  p a r t i t i o n  f u n c t i o n 2 5  by 

,&-'A 2 
P (75) 

Unfor tunate ly  due t o  the  d i f f i c u l t y  o f  c a l c u l a t i n g  the p a r t i t i o n  f u n c t i o n  

and o ther  ensemble averages (73) a r i s i n g  from the  h igh  degree o f  t he  p o t e n t i a l  V 

we have thus f a r  been unsuccessful i n  c a r r y i n g  through t h i s  program. Th is  d i f f i -  

c u l t y  i s  inherent  i n  the problem because lower order  p o t e n t i a l s  w i l l  n o t  have the  

s tochas t i c  behavior p red i c ted  by the  Kolmogorov-Arnold-Moser theory .  I t  i s  a l s o  

poss ib le  t h a t  the bounding equat ions a re  too poor a t  low Rayle igh numbers, so t h a t  

no d i s c o n t i n u i t y  i n  the  s t a t i s t i c a l  p rope r t i es  i s  requ i red  by the  sudden appearance 

o f  the  st range a t t r a c t o r  i n  the Lorenz system. 



I V .  Discussion 

I n  t h i s  paper we have seen t h a t  some systems w i t h  strange a t t r a c t o r s ,  

such as the  Lorenz model, can be t rea ted  by standard s t a t i s t i c a l  methods t h a t  

a re  used i n  t r e a t i n g  "noisy1' systems. We have seen t h a t  these methods p r e d i c t  

the  c o r r e c t  f unc t i ona l  dependence o f  c e r t a i n  s t a t i s t i c a l  averages on the Rayleigh 

number r, as w e l l  as g i v i n g  the c o r r e c t  ampl i tude t o  a good accuracy. I n  t h i s  

way we have shown t h a t  s t range a t t r a c t o r s  and "noisy" systems, w h i l e  apparent ly  

d i s s i m i l a r ,  can have a good deal i n  common i f  one i s  i n te res ted  o n l y  i n  t h e i r  

s t a t i s t i c a l  p rope r t i es .  Indeed i t  i s  l i k e l y  t h a t  the  o r i g i n  o f  many s tochas t i c  

systems l i e s  i n  hidden non l inear  systems w i t h  s t range a t t r a c t o r s ,  and i t  i s  

t he re fo re  necessary t o  know t h a t  the  d e t a i l s  o f  the  process producing the f l u c -  

tua t i ons  a r e  i r r e l e v a n t  f o r  the gross p rope r t i es  o f  t he  system. 

I n  t h e  second p a r t  o f  the  paper we have suggested a new way o f  l ook ing  a t  

the  Lorenz model and r e l a t e d  systems w i t h  strange a t t r a c t o r s .  Although we have 

thus f a r  been unable t o  c a r r y  ou t  the  d e t a i l s  o f  t he  c a l c u l a t i o n s ,  we have seen 

t h a t  such systems can be approximated by conservat ive systems f o r  which the  whole 

machinery o f  e q u i l i b r i u m  s t a t i s t i c a l  physics can be employed. I n  t h i s  way i t  ap- 

pears poss ib le  t o  c a l c u l a t e  an approximate p r o b a b i l i t y  d e n s i t y  d i s t r i b u t i o n  ~ ( / 7 ) 1  
which can be used t o  c a l c u l a t e  any des i red  s t a t i s t i c a l  p roper ty .  Thus a weal th 

o f  new s t a t i s t i c a l  p rope r t i es  could be inves t iga ted  t h a t  i s  inaccess ib le  t o  both 

numerical ana lys is ,  and the  method described i n  the  f i r s t  p a r t  o f  t h i s  work. 

I n  conclus ion we d iscuss the imp l i ca t i ons  o f  the c a l c u l a t i o n s  presented 

here f o r  t he  Lorenz model t o  rea l  t u r b u l e n t  convect ion. The f i r s t  quest ion t h a t  

i s  w e l l  i l l u s t r a t e d  by the  Lorenz model i s  whether the heat f l u x  i n  convect ion i s  

maximized by a laminar f l o w  (Busse 1969, 1970; Howard, 1972). Th is  thus f a r  un- 

resolved quest ion  has important  consequences because i t  appears t h a t  i n  ast rophy-  

s i c a l  s i t u a t i o n s  the  opt imal  heat f l u x e s  a r e  never rea l i zed .  The quest ion then 

a r i s e s  whether due t o  i n s t a b i l i t i e s  o f  the  laminar s o l u t i o n s a  f i n i t e  gap i s  

created between the  maximal heat f l u x  and t h a t  achieved by t u r b u l e n t  motions. 

A promis ing aspect o f  the d iscuss ion  i n  sec t i on  Ill l i e s  i n  i t s  app l i ca-  

t i o n  t o  Bgnard convect ion, descr ibed by the equat ions 



where T* = T + v, p i s  constant,  and the remaining symbols have t h e i r  usual 

meanings (Howard 1963). The boundary cond i t i ons  a re  T"(o) = To, ~ " ( d )  = TO-AT, 

U(O)  = :(d) = D . From Eqs. (76) - (78) the f o l l o w i n g  two-dimensionless con- - 
s t r a i n t s  may be der ived 

<&'> = r R < T c ; r )  
7- - (79) 

c j " 2 ) s - < f c * . b v ~ ) + < ? ~ > +  - < ~ U ~ ) ( T ~ ) - - C T W T ~ ?  (80) 

where u has been scaled by k / d ,  t by d l /*  , T by b T, and 
C - 

Here w' i s  the  v e r t i c a l  convect ive  v e l o c i t y ,  and the angular brackets denote an 

average over the whole convect ing layer ,  w h i l e  the  ho r i zon ta l  overbar i n d i c a t e s  

a h o r i z o n t a l  average. I n  what f o l  lows we s h a l l  f i n d  i t  usefu l  t o  inc lude i n  both 

averages a1 so t ime averages. We note here the  appearance o f  the  parameter 0- R 
ra the r  than j u s t  R as i n  the  v a r i a t i o n a l  problem considered by Howard (1963). Th is  

appears t o  be the f i r s t  t ime t h a t  i t  may be poss ib le  t o  o b t a i n  r i go rous  bounds on 

the heat f l u x  as a f u n c t i o n  o f  t he  Prandt l  number d , a r e s u l t  t h a t  would be o f  

considerable importance, p a r t i c u l a r l y  f o r  as t rophys ica l  convect ion. For maximum 

Nussel t  number N =  I +  <wT> (82 1 

we o b t a i n  t h e  Euler-Lagrange equat ions 

The Fagrange m u l t i p l i e r s  are g iven by 

- -r 

~ , o - ~ [ < ? ' ) t . ( u - i > < ~ ~ , -  <LUTUTZ- (UP?>] r. uj) 

Equations (83) can be combined t o  g i v e  



which can be w r i t t e n  i n  the c u r r e n t  conservat ion form 

Thus t h e  problem o f  convect ion i s  no t  t oo  d i f f e r e n t  from t h e  Lorenz model, a l -  

though the presence here o f  p a r t i a l  d i f f e r e n t i a l  equat ions g r e a t l y  compl icates 

the c a l c u l a t i o n .  
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Append i x 

The Lorenz model i s  a spec ia l  case o f  a  p a r t i c l e  moving accord ing  t o  t he  

equat ion  

where V i s  a  f o u r t h  o rder  p o t e n t i a l  i n  x ,  w i t h  c o e f f i c i e n t s  t h a t  obey an equat ion 

o f  t he  form i + * A  = g b), (A21 

so t h a t  t he  system i s  p rov ided w i t h  a feedback  piege gel, 1978). The gener ic  ( i n  

t he  sense o f  Thom f o u r t h  o rde r  p o t e n t i a l  i s  
a 

\ / = L X ~ - L A - X  - k x .  
4 z (A31 

The Lorenz model can be shown t o  be equ i va len t  t o  t h e  above w i t h  I t  i s  o f  

some i n t e r e s t  t o  know whether t h e  methods descr ibed i n  s e c t i o n  1 1  can be app l ied  

t o  t he  gener ic  p o t e n t i a l  (A3). 

I n  t h i s  case Eq. (10) becomes 

i+(r+o)i +[-a+.u(t~I* = k 

NOW<X> no longer vanishes; w r i t i n g  (A4) i n  t he  form 

and proceeding as before,  we o b t a i n  

For a s t a t i o n a r y  system, w i t h  t h e  approx imat ion (23) 



S i m i l a r l y  the  second moments s a t i s f y  the equat ions 

(L&+ xu> .  (&kG+ 2 d ) 4  (AQ) 

( ~ 9 )  

One can now proceed as before; and get a necessary c o n d i t i o n  f o r  s t a t i o n a r i n e s s  

by e l i m i n a t i n g  <is) , ( x " )  and C X  > from the  above equat ions. That c o n d i t i o n  

i s  now much more cornpl i ca ted  than the cond i t i on  (24), and does not  lead t o  a sim- 

p l e  quadra t ic  equat ion f o r < Z )  l i k e  Eq.(31). Nevertheless the  method can be 

r e l a t i v e l y  s t r a i g h t f o r w a r d l y  adapted t o  t h i s  gener ic  case. 
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I N V I S C I D  EQUILIBRATION 

Joseph Ped 1 os ky 

Th is  seminar f i r s t  b r i e f l y  reviewed the general na ture  o f  the  weakly 

non l inear ,  f i n i t e  ampl i tude dynamics o f  uns tab le  waves.. A general d i s t i n c t i o n  

was drawn between two c lasses o f  problems. I n  the f i r s t  f o r  a g iven s p a t i a l  

wavenumber, the l i n e a r  s t a b i l i t y  threshold o f  the  basic  s t a t e  i s  g iven by a 

c r i t i c a l  parameter r, which represents the p o i n t  where energy e x t r a c t i o n  by 

the  i n s t a b i l i t y  j u s t  balances d i s s i p a t i o n  a c t i n g  d i r e c t l y  on the uns tab le  mode. 

The s l i g h t l y  non l inear  extension o f  l i n e a r  theory then g ives  the  Landau equat ion 

f o r  t he  d is tu rbance amp1 i tude A, as 

where 0 i s  the l i n e a r  growth r a t e  and ND i s  a  number ( i n  general complex) 

determined by the  theory (see S tua r t  (1960) and Watson (1960)).  The ampl i tude 

e v o l u t i o n  equat ion i s  no t  r e v e r s i b l e  i n  t ime and i f  Real (N) 0 t he  ampl i tude 

evolves monotonical ly  t o  a steady s ta te .  

I n  the second c lass  the l i n e a r  s t a b i l i t y  th resho ld  i s  determined by a 

balance between a s t a b i l i z i n g  i n v i s c i d  c o n s t r a i n t  and the  d e s t a b i l i z i n g  i n v i s c i d  

mechanism associated w i t h  the i n s t a b i l i t y .  I n  t h i s  case the energy e x t r a c t i o n  

i s  p ropo r t i ona l  t o  the r a t e  o f  change o f  the  d is turbance ampl i tude ra the r  than 

the ampli tude i t s e l f .  The gener ic  form f o r  the  s u p e r c r i t i c a l  i n v i s c i d  ampl i tude 

e v o l u t i o n  equat ion i s  then - 

where again, CF i s  t he  l i n e a r  growth r a t e .  B(A) i s  a q u a d r a t i t  Funct ion o f  A 

and NI i s  the  i n v i s c i d  e q u i l i b r a t i o n  c o e f f i c i e n t .  For an example o f  meteoro logi-  

ca l  importance see Pedlosky (1970). 

An example o f  thermal convect ion i n  the  absence o f  d i s s i p a t i o n  was d i s -  

cussed. The convect ion i s  i n h i b i t e d  e n t i r e l y  by a uni form, h o r i z o n t a l  magnetic 

f i e l d  Bo and f o r  the  purposes o f  i l l u s t r a t i o n  the convect ive motion was assumed 

t o  occur i n  r o l l s  o r i e n t e d  a t  r i g h t  angles t o  the mean f i e l d  (a1 though ro1 I s  

a long the  f i e l d  would i n  f a c t  be unaf fek ted  by the  f i e l d ) .  I f  

8, 
f' ' u L' 

where Bo i s  the  mean f i e l d ,  L t he  l a y e r  depth, ap/d= the uns tab le  mean g rad ien t ,  

and ,U the magnetic pe rmeab i l i t y ,  then the  c r i t i c a l  va lue o f  T f o r  a c e l l  o f  

wavelength ~ T / K  i s  



where m i s  the  v e r t i c a l  mode number. For s l i g h t l y  s u p e r c r i t i c a l  s ta tes  

r = Tc: ( i  -A) 
the  ampli tude o f  the  convect ive c e l l  was shown t o  s a t i s f y  

where 

so t h a t  the magnetic f i e l d  o f  both the  mean and the  pe r tu rba t i on  undergo long 

per iod  o s c i l l a t i o n s  i f  N >  0 3rn37i3). 

The presence o f  a smal l  amount o f  d i s s i p a t i o n  was shown t o  lead t o  a 

t h i r d  order  se t  o f  equat ions, which i t  was po in ted  out ,  can be transformed t o  

the  se t  f i r s t  discovered by Lorenz (1963) and which a1 low both s t a b l e  l i m i  t 

cyc les  and p e r s i s t e n t  aper iod ic  motions. 
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MAGNETIC FLUX ROPES AND CONVECTION 

Michael R.E. Proc tor  

i n  order  t o  understand the observed i n te rm i t t ency  o f  t he  magnetic f l u x  

s t ruc tu res  (usua l ly  c a l l e d  ropes o r  bundles) t h a t  t read the  s o l a r  convect ion 

zone, i t  i s  necessary t o  take account o f  t he  mutual i n t e r a c t i o n  between f i e l d s  

and f lows. The k inemat ic  aspects o f  f l u x  concent ra t ion  by p e r s i s t e n t  inexora-  

b l e  motions a re  we1 1 understood (Weiss 1966, 1977; Busse 1975) : the. f l u x  i s  ex- 

p e l l e d  f r o m  regions w i t h  c losed st reaml ines and concentrated i n  t h e i r  boundary - 1" /- 
layers  o f  B th ickness R,,, , where R,- - u&'>' i s  t he  magnetic Reynolds number 

(U and L a re  v e l o c i t y  and length  scales f o r  the  convect ion pc and i s  the 

magnetic d i f f u s i v i t y ) .  Since f l u x  i s  conserved -in the  concent ra t ion  process, 

the peak f i e l d  B$ i n  the  ropes i s  o f  o rder  BoR, where Bo i s  t he  mean v e r t i c a l  

f i e l d .  Such s t rong f i e l d s  a re  c e r t a i n l y  dynamical ly  important:  indeed, near the  



sur face o f  the  photosphere B" appears t o  be so s t rong as t o  be approaching t h e  

upper 1 i m i  t B P w m p e  (where p i s  t he  permeabi 1 i t y  and p, the  ex te rna l  pres-  

sure) set  by cons idera t ion  o f  normal s t ress  across the edge o f  the f l u x  rope. 

Deeper down i n  the convect ion zone, though, pressure d i f f e rences  between the  

rope and i t s  surroundings a re  less s i g n i f i c a n t  and another type o f  dynamical 

e f f e c t  i s  poss ib le .  The Lorentz (in:) fo rces ,  where d j i s  t he  c u r r e n t  dens i t y ,  

can a c t  t o  impede the  f l o w  near the f l u x  rope, so t h a t  the  l o c a l  magnetic Rey- 

nolds number (and so the  amp1 i f  i c a t i o n  o f  the  f l u i d )  i s  less than f o r  weak 

f i e l d s .  It seems poss ib le  t h a t  the r a t e  o f  a m p l i f i c a t i o n  w i l l  decrease so f a s t  

w i t h  increas ing  f l u x  t h a t  the peak f i e l d  cannot exceed some g loba l  maximum Em 

as a f u n c t i o n  o f  the f l u x .  To i nbss t i ga te  t h i s ,  Galloway, Proc tor  and Weiss 

(1978) considered a simple problem f o r  an axisymmetric c y l i n d r i c a l  geometry 

i n  which a bas ic  incompressible f l o w  i s  conf ined t o  a c y l i n d e r  o f  he igh t  b and 

radius o f  o r d e r ,  d and i s  d r i v e n  by a prescr ibed body fo rce .  I f  the re  i s  no 

f i e l d  9 =& and the  c o n f i g u r a t i o n  i s  def ined by the two dimensionless para- 

meters 

where L i s  o f  the same order  and p i s  the  dens i t y  and 2)  the k inemat ic  v i s -  

c o s i t y  o f  the  f l u i d .  Rm i s  l a rge  and the  f l o w  i s  such as t o  concentrate f l u x  

a t  the  base ? =  0 o f  the  c e l l  i s  a measure o f t h e  a m p l i f i c a t i o n  i n  the kinematic 
L. 

l i m i t  (9'.0 ) .  The problem can. be solved e x a c t l y  i n  t h i s  l i m i t  s ince the a x i -  

symmetric f l u x  rope formed on the  a x i s  on l y  a f f e c t s  the  f l o w  i n  i t s  immediate 

v i c i n i t y  provided t h a t  q i s  not  so l a rge  t h a t  the rope i s  no longer t h i n .  

The main r e s u l t  o f  the  ana lys i s  i s  an e x p l i c i t  form f o r  B" the peak f i e l d  a t  

3-G , the base o f  the rope, namely d - 2 !=/A 
B*= B. R; + e Z d y ~  /" 4, ( y )  e 

0 
dy 

where h=41  ~ 1 / ' a n d  f o ( y )  i s  the  bas ic  v e r t i c a l  f l o w  on the  a x i s  o f  sym- 

metry. 

From t h i s  i t  can be seen t h a t  B ' ~  reaches i t s  maximum Bm as a func t i on  
'l/r 

o f  Q when Q = 0 I/& R, . These r e s u l t s ,  w h i l e  paving the way f o r  the  

s o l u t i o n  o f  more compl i ca ted  problems (see elsewhere i n  these notes),  can a l so  

be used t o  g i v e  rough est imates o f  the s izes o f  f i e l d  t o  be expected a t  var ious 

depths o f  the convect ion zone. (Gal loway, Proc tor ,  and Weiss 1977.) 
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A CONVECTIVELY D R I V E N  DYNAMO (Lecture #I) 

Andrew Sowa r d  

There a r e  reasons t o  be l i eve  t h a t  t he  geodynamo i s  the r e s u l t  of t he r-  

mal convect ion i n  the Ear th ' s  l i q u i d  core. Perhaps the  s implest  model which 

i s o l a t e s  the i n f l uence  o f  r o t a t i o n  on convect ion, i s  t h a t  o f  a Boussinesq f l u i d  

conf ined i n  a p lane l aye r  o f  w id th  L, r o t a t i n g  w i t h  angular v e l o c i t y  about 

a v e r t i c a l  a x i s ,  heated from below and cooled from above. When the  Ekman number, 

/ / # / / / . + . ' / f / / P / f #  r 

where t) i s  the  k inemat ic  v i s c o s i t y ,  i s  smal l ,  the  onset o f  i n s t a b i l i t y  i s  char-  

ac te r i zed  by convect ion c e l l s  w i t h  shor t  h o r i z o n t a l  length  sca le  o f  order  

4 = FG 1. Owing t o  the two length  sca le  separa t ion  ( t ~ d  L ) ,  t h i s  model p ro-  

vides a convenient s t a r t i n g  p o i n t  f o r  the  a n a l y t i c  development o f  a hydromag- 

n e t i c  dynamo. 

With a s u i t a b l e  choice o f  boundary cond i t i ons  the  l i n e a r  s o l u t i o n  de- 

s c r i b i n g  steady convect ion can be represented as the sum o f  N - r o l l s ,  f o r  which 

the v e r t i c a l  v e l o c i t y  takes on the simple form 
N i kcw1. 

W - 5  n-I wih'ainri~e- t C.C. 

Here 3 i s  the v e r t i c a l  coord inate,  k(" )  i s  a h o r i z o n t a l  wave number, kc i s  

the c r i t i c a l  wave number desc r ib ing  the  onset o f  i n s t a b i l i t y  and C.C. denotes 

the complex conjugate o f  the expression preceeding i t .  F i n i t e  ampl i tude so lu-  

t i o n s  o f  t h i s  type together  w i t h  t h e i r  s t a b i l i t y  have been discussed by ~Gppers  

and L o r t z  (1969) f o r  the case o f  i n f i n i t e  Prandt l  number. 



When the f l u i d  i s  e l e c t r i c a l l y  conduct ing the  development o f  a skewed, 

h o r i z o n t a l  magnetic f i e l d  gH ( 3 , t )  i s  governed by the  dynamo equat ion 

A a a' B H  
> 

fi 
where t i s  the  t ime, 

% %  

a i s  the  u n i t  vec tor  i n  > -d i rec t i on ,  i s  the magnetic 

d i f f u s i v i t y  and the  components o f  the tensor  5 a r e  
< 

a 

d ; j  z -- In- r (H'*)/? d k :) f r p k j h ' ) ~ i n  2 il 2 - 
i.r) 

Here s i n  231 i s  the c o n t r i b u t i o n  made by the  n t h  r o l l  t o  the  h o r i z o n t a l  

average o f  the  h e l i c i t y  +o.cur l  1. I n  our  model, the  boundaries a re  supposed t o  

be p e r f e c t l y  conduct ing and so the  dynamo equat ion i s  so lved sub jec t  t o  

jLDH d3 - 0 ~ n d  a%/aj=o on 3 = O,L. 
0 

Provided t h a t  there  i s  more than one r o l l  ( N  > I) and t h a t  the  motion i s  s u f f i -  

c i e n t l y  vigorous magnetic f i e l d  regenerat ion i s  poss ib le .  The r e s u l t s  o f  Chi ldress 

and Soward (1972) and Soward (1974) i n d i c a t e  t h a t ,  once the  i n f l uence  o f  the  

ensuing weak Lorentz f o r c e  i s  taken i n t o  account, the p re fe r red  mode o f  convect ion 

i s  a r o l l  whose a x i s  i s  normal t o  (wave vec tor  4 i s  p a r a l l e l  t o )  a weighted 

J -average o f  _BH. The r e s u l t i n g  d - e f f e c t  tends t o  regenerate new magnetic f i e l d  
A 

i n  t he  d i r e c t i o n  perpendicular  t o  the  o r i g i n a l  f i e l d  ( i . e .  i n  t he  d i r e c t i o n 3  r h ) .  

Consequent 1 y the  o r i e n t a t  ion  o f  both the magnetic f i e l d  and the  most v i g o r o k l y  

convect ing r o l l s  tends t o  r o t a t e  on the magnetic d i f f u s i o n  t ime scale. I n  t h i s  

way the  system operates as an e f f i c i e n t  dynamo. 

I n  a l i m i t e d  parameter range corresponding t o  very  weak magnetic f i e l d s  

Soward (1974) demonstrated the  ex is tence o f  s t a b l e  hydromagnet i c  dynamos. For 

s t ronger  magnetic f i e l d s ,  however, Ch i ld ress  (1976) has found t h a t  t h e  dynamo i s  

unstable.  The reason can be t raced t o  the  well-known r e s u l t  t h a t ,  when the  mag- 

n e t i c  f i e l d  i s  uniform, the  c r i t i c a l  Rayfeigh number Rc f o r  t he  onset o f  convec- 

t i o n  i n  a r a p i d l y  r o t a t i n g  system i n i t i a l l y  decreases w i t h  increas ing  f i e l d  

s t rength .  For t he  hydromagnetic dynamo problem the  i m p l i c a t i o n  i s  t h a t  as mag- 

n e t i c  f i e l d  grows so does the  v igou r  o f  the  convect ion. Consequently the  = - e f f e c t  

becomes more in tense and the  magnetic f i e l d  grows a t  an ever- increas ing  .rate. One 

may speculate, there fore ,  t h a t  the dynamo can onty  e q u i l i b r a t e  when the  C o r i o l i s  

and Lorentz fo rces  a r e  comparable. By cont ras t ,  Busse (1975) has developed a 

s i m i l a r  dynamo model i n  an annulus r a t h e r  than a p lane l aye r  i n  o rder  t o  represent 

more f a i t h f u l l y  geometr ical  c o n s t r a i n t s  imposed by the spher ica l  shape o f  the  
I 

E a r t h ' s  l i q u i d  core. I n  t h i s  case Rc i n i t i a l l y  increases w i t h  increas ing  magnetic 

f i e l d  s t reng th  and so the  s t a b i l i t y  o f  t he  dynamo i s  assured f o r  weak magnetic 

f i e l d s .  
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A KINEMATIC THEORY OF LARGE MAGNETIC REYNOLDS NUMBER DYNAMOS 
(Lecture #2) 

Andrew Sowa rd  

When a magnetic f i e l d  permeates an incompressible, p e r f e c t l y  conduct ing 

f l u i d ,  t he  f i e l d  l i n e s  are f rozen to  and move about w i t h  the  f l u i d .  I f  i n i t i a l l y  

the  magnetic f i e l d  a t  p o s i t i o n  - X i s  - b ( ~ ) ,  - then l a t e r  when the  f l u i d  p a r t i c l e  
rC 

has moved t o  E ( X I  t he  magnetic f i e l d  i s  - 
- b. & . v _ x  (1 

I f  instead the  f l u i d  has l a r g e  but  f i n i t e  e l e c t r i c a l  c o n d u c t i v i t y ,  the above r e -  

s u l t  on l y  prov ides a c o r r e c t  f i r s t  approximation f o r  a l i m i t e d  time, s ince  the  

e r r o r  increases i n d e f i n i t e l y .  To avoid t h i s  secular  behaviour i t  i s  necessary 

t o  a l l o w  the  reference f i e l d  - b t o  evo lve  s lowly  on the  magnetic d i f f u s i o n  t ime 

scale. Any r a p i d  development o f  the  f i e l d  caused by the  advect ion o f  t he  f i e l d  

l i n e s  i s  accommodated by t he  s t r a i n  tensor ? z ; / a ~ ; i n  ( 1 ) .  A f u r t h e r  general -  

i s a t i o n  o f  t h i s  Lagrangian d e s c r i p t i o n  i s  made by i n t roduc ing  a reference f l u i d  
U 

v e l o c i t y  !(g) so t h a t  t he  ac tua l  f l u i d  v e l o c i t y  a t  5 i s  
w 
g 2 J g / d t  + U - P ~ .  (2) 

Here 2, g (as we1 1 as b) depend on both  X and t ime t .  As a r e s u l t  o f  t he  - - - 
transformat ions,  the  magnetic i nduc t i on  equat ion becomes 

a k / e t = ~ x ( ~ x & ) . ) +  V P ~ & - ) ~ V X ~ ~  a (3a) 

where 9 i s  the  magnetic d i f f u s i v i t y ,  

E; = c i p G  ( d k p  - dy) a&%/ a$-/Uij h 3 (3b) - 
dkp= vx l l  , /1L~j J.= - ag (TI J5/3*j i) (3=,d) 

and denotes the  g rad ien t  w i t h  respect  t o  . 
T h i s f o r m u l a t i o n  prov ides an e s p e c i a l l y  convenient method f o r  cons ide r ing  

Braginsky I s  (1964 a,b) n e a r l y  axisymmetr ic dynamo model (see Soward (1972) , 



M o f f a t t  (1978)).  I n  essence we consider  an axisymmetric reference f l ow ,  
a 

U . U $ + E  u,, - 
A 

( E  44 1) (4a) 

where 9 denotes the u n i t  vec tor  i n  t he  azimuthal d i r e c t i o n  and the  s u f f i x  M 

denotes the  mer id iona l  component. Asymmetries o f  the rea l  f l o w  a re  accommodated 

by the smalT displacement, - 
€ 7  = g-gj (4b) - 

of f l u i d  p a r t i c l e s  from t h e i r  mean t r a j e c t o r i e s ,  which according t o  the  assumed 

f o r m  (ha) a r e  almost c i r c u l a r .  Di.rect s u b s t i t u t i o n  o f  (4) i n t o  (3) shows t h a t  

the reference magnetic f i e l d  i s  almost axisymmetr ic and has the  form 

s z  p#+ E&L&+O@R- ' , I  - (5) 

Here the asymmetric p a r t  o f  b i s  represented by the  e r r o r  term and R i s  the mag- - 
n e t i c  Reynolds number which i s  assumed t o  be la rge .  

On the  bas is  o f  t he  scal  ing  i n  (4) , we may take the  # -average o f  ( 3 )  

and l e g i t i m a t e l y  neg lec t  a l l  averages o f  products of f l u c t u a t i n g  q u a n t i t i e s  w i t h  

the  except ion o f  
d z  = - r B ,  (6a) 

where 

and 4 i s . t h e  d is tance from the  a x i s  o f  symmetry. Provided, 

E " =  o(R*') 
t he re  i s  t he  p o s s i b i l i t y  t h a t  the  r e s u l t i n g  - e f f e c t  i s  s u f f i c i e n t l y  l a r g e  t o  

prevent t he  otherwise i n e v i t a b l e  co l l apse  o f  the  mer id ional  magnetic F i e l d .  

I t  should be. emphasized t h a t  u, d i f f e r s  s i g n i f i c a n t l y  from the  & -average 

o f  the  ac tua l  (as opposed t o  the reference)  mer id iona l  f l o w  v e l o c i t y .  Indeed 

when the  l a t t e r  average i s  zero, we may i d e n t i f y  !,,with the  systematic mer id iona l  

f l o w  o f  f l u i d  p a r t i c l e s  ( t h i s  i s  the  phenomena o f  Stokes d r i f t ) .  The d i f f e r e n c e  

between the  averages o f  ac tua l  and reference q u a n t i t i e s  accounts f o r  Braginskyls  

(1964 a,b) use of " e f f e c t i v e"  va r iab les ,  which a r e  simply u and b,,introduced 
-N 

i n  (ha) and ( 5 ) .  
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A STRANGE ATTRACTOR 

Edward A. Spiegel 

This  discussion, based on work done w i t h  C .  Marzec and w i t h  J.-P.Poyet i s  

aimed a t  exp lo r i ng  aper iod ic  behavior i n  the  so lu t i ons  o f  t he  dynamical system 

where x = x ( t )  and the p o t e n t i a l  i s  a polynomial:  

The d i f f e r e n t a t  i on  o f  V i n  (1) i s  f o r  f i x e d  h ; but  has t ime dependence 

which may be spec i f i ed  e x p l i c i t l y  o r  imp l ied  by a d i f f e r e n t i a l  equat ion.  We 

consider the  s p e c i f i c  form 

w i t h  constant  E and ,.& . I t  then remains t o  f u r n i s h  themth(a)and 3 (x).  
A p a r t i c u l a r  choice corresponds t o  the  model s tud ied  by ~ o r e n z ~ .  Here, we con- 

cen t ra te  on the  example2p3 
3 

&,= A,&, z d = eonst. ,  g = x - x  , /u = 0. ( 4  1 

The e q u i l i b r i u m  sur face &(/ay 20 plays an important r o l e  i n  t he  dyna- 

mics. I n  the  case of  (4) t h i s  descr ibes a p lea ted  surface4 i n  (x,A ,$ ) space. 

The p r o j e c t i o n  o f  the p l e a t  on to  the  a - S p l a n e  i s  de l ineated by the cusp, - 3/'% ;.~6~'? ''L ; t h i s  shows the  i n t e r e s t  i n  t he  parameter3 (3 =A h 8 . 
Equation ( I )  can be replaced by the  two equat ions, 2 .)/,);= -VX - €,u i .  

T h e f l o w d i v e r g e n c e , a  qdX + a ' '  y,ay + a i / , j l d h ,  has the  constant  v a l u e - & .  Swarms 

o f  representa t ive  po in t s  i n  ( X , Y , h  ) - space w i l l  condense down t o  zero volume 

exponen t ia l l y  i n  t ime. The sets o f  p o i n t s  on to  which these swarms u l t i m a t e l y  

condense a r e  c a l l e d  a t t r a c t o r s .  A t t r a c t o r s  may be s tab le  c r i t i c a l  p o i n t s  o r  

s t a b l e  l i m i t  cyc les,  f o r  example. When they a r e  s u f f i c i e n t l y  complex they a re  
5 c a l l e d  strange, t o  use the  term suggested by Rue l le  and Takens . Normal ly,  

strange a t t r a c t o r s  associated w i t h  ODE'S a r e  found by numerical i n t e g r a t i o n .  

But astronomers know t h a t  you do n o t  need an ephemeris t o  s tudy the  f o r m o f  an 



o r b i t ;  i t  i s  o f t e n  va luab le  t o  get  the  t ime ou t  o f  the problem. 

Le t  h be taken as independent va r i ab le :  X ( t ) =  Z ( A ) ,  
d l  

t=,f A + $ m  (5) 
Then i f  pr ime denotes d i f f e r e n t i a t i o n  w . r . t .  h , (and we drop the  t i l d e s )  we 

f i n d  

We o b t a i n  a s tandard- looking problem i n  matched asymptot ic  expansions whose 

study reveals much about the  r o l e  o f  g (x )  i n  these a f f a i r s .  Un fo r tuna te l y ,  the 

inner problem i s  not  easy; i n  one o f  t he  s impler  cases1 (6) reduces t o  the  equa- 

t i o n  fo r  the  2nd Pa in levk  transcendant. This  i s  j u s t  t he  way t o  descr ibe  the  

t r a n s i t i o n  from one t rough t o  another i n  V i n  terms o f  non l i nea r  t u r n i n g  p o i n t  

theory ( the  inner  equat ion i s  a non l inear  vers ion  o f  A i r y ' s  equat ion) .  

The t r a d i t i o n a l  asymptot ic methods, such as the  method o f  averaging o r  

two- t iming, are a l s o  very en l igh ten ing .  For E < 4 1  the  method o f  averaging f o r  

the example (4)  descr ibes p e r i o d i c  o r b i t s  3. When 8 L .62 these a r e  s t a b l e  but  

they lose  s t a b i  l i t y  when d increases through .62, t o  be replaced by quas ipe r i -  

od i c  o r b i t s .  When 8 increases through .75, the  method no longer works easi  l y  

but  by combining i t  w i t h  r e s u l t s  from (6) we may be a b l e  t o  extend i t .  

The l L t rans i t i on l l  a t  5 = .62 suggested by the  asyrnptotics i s  r e f l e c t e d  i n  

a corresponding change i n  the  character  o f  the  numerical s o l u t i o n s .  As cf i s  

increased through .62 the  per iod  o f  the l i m i t  c y c l e  s t a r t s  a se r ies  o f  doubl ings 
6 corresponding t o  what a r e  c a l  l ed  p i t c h f o r k  b i f u r c a t i o n  5 .  \Jhen $ reaches .625 

t h i s  doub l ing  i s  over and the  behavior seems genuinely  ape r iod i c ;  a s t range a t -  

t r a c t o r  seems t o  have formed. I n  f a c t ,  the  o b j e c t  which corresponds t o  the a t -  

t r a c t o r  appears t o  e x i s t  even f o r  8 4  .62, but  i t  i s  n o t  t h e i r  a t t r a c t o r .  

We have s tud ied  the  form o f  the a t t r a c t o r  main ly  i n  (E, 6, s)-space, where 

p = ( 3 / d p x ,  /3= ~ ( 3 / ~ ' ) % ,  ~ = 3 6 ' ( i  % +v). (7) 

To examine the  so lu t i ons ,  we cons t ruc t  a ~o inca re 'map ,  o r  sur face o f  sec t ion ,  i n  . 

which successive crossings o f  the  E-8 p lane w i t h  5 7 0 a r e  marked by a p o i n t ,  and 

many such po in t s  a r e  accumulated. For & =  .625 the  sur face o f  sec t i on  i s  t h a t  

shown i n  F ig.1 f o r  a l l  i n i t i a l  cond i t i ons  we have t r i e d ,  apa r t  from d i f f e rences  

i n  t rans ien ts .  I f  we look  a t  t he  very t i p  of one o f  the " leaves" dang l ing  from 

the a t t r a c t o r  shown i n  Fig.1 and m a g n i f y i t  manyfold, we o b t a i n  Fig.2. The numer- 

i c a l  i n teg ra t i ons  a v a i l a b l e  thus f a r  a re  not  s u f f i c i e n t  t o  warrant  another blowup, 



I I I I I i i i  

Fig.1. Surface o f  sect ion (s=O) i n  ( E , B , s )  space 

of the a t t r a c t o r  o f  ( 1 ) - ( 4 )  f o r  = .625. 

Fig.2. A blowup o f  the t i p  o f  one leaf  o f  Fig. 1,  

showing f i n e  s t ruc ture .  
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but  we con jec ture  t h a t  t h i s  would on l y  show a repeat,  on a f i n e r  sca le ,  o f  t he  

s t r u c t u r e  o f  F ig .2 .  I n  o the r  words we presume t h a t  the a t t r a c t o r  has the  s t ruc-  

t u r e  o f  a Cantor se t  i n  one o f  i t s  dimensions, much as ~ e n o n ' s 7  we1 I-known 

model does. 

The asymptot ic study o f  the  case (4 )  revealed t h a t  i n  ( E , B , ~ ) - s p a c e  

the curve de f ined by 2 = 0, = o, seemed t o  p l a y  a spec ia l  r o l e .  Th is  i s  t r u e  

a l s o  f o r  the  appearance o f  s t range behaviour i n  the  numerical so lu t i ons .  These 

4 statements f i n d  a congenial expression i n  the  language o f  ca tas t rophe theory  . 
We may int roduce a superpotent ia l  1 

,*+I -nfr mah (A1 *k+, u= - 
rnc 1 I A(k+l) -wl  &x 

where f i s  t o  be thought o f  as a parameter on the same f o o t i n g  as A . Now 

the  c o n d i t i o n  8 U/aX = 0 i s  eas i l y seen t o  be equ iva len t  t o  % =v, hence we 

have a1 so t h a t  2 : 0 and d \ / / d x  =o.~hese two cond i t i ons  d e f i n e  the  catastrophe 

se t4  o f  U which, f o r  m = 4, i s  c a l l e d  a swallow t a i l .  We f i n d  t h a t  motion o f  a 

system p o i n t  through the catastrophe s e t  genera l l y  invo lves  e r r a t i c  behavior  

even when there i s  not  a strange a t t r a c t o r .  When the re  i s  one, the  a t t r a c t o r  

l i e s  near the catastrophe sur face,  as i n  Fig.3, where the  a t t r a c t o r ' s  sur face 

Fig.3. Same as Fig.1 bu t  showing the catastrophe se t  o f  Lr 



o f  sec t ion  i n  the E- B p lane i s  shown w i t h  the catastrophe se t  o f  v fo r  the  ex-  

ample o f  ( 4 ) .  The t i p  o f  the  swa l l ow- ta i l  i s  a t  B = 2/3, which de f i nes  the ca- 

tast rophe se t  o f  V. These r e s u l t s  seem not- t o  depend s e n s i t i v e l y  on g, prov ided 

t h a t  the choice o f  g i s  no t  t r i v i a l .  

We b e l i e v e  t h a t  the system ( I )  - (3) prov ides a c l a s s  o f  s t range a t t r a c t o r s  

when the  osc i  1 l a t i o n  i n  /? engendered by (3) takes the system near the  ca tas-  

trophe se t  o f  V. A guide t o  the  behavior a l s o  seems t o  i nvo l ve  the  superpo ten t i a l  

U. Examples i n  GFD a r e  discussed i n  these proceedings by Ch i ld ress  and Pedlosky. 

The p o t e n t i a l  V has m-2 parameters and we have made them a1 1 depend on h . - 
We could add more f r e e  parameters and i n  a d d i t i o n  t o  (3) we could in t roduce m-3 

7 a d d i t i o n a l  equat ions o f  t h i s  form. A v a r i e t y  o f  i n t e r e s t i n g  examples may be con- 

d s t ruc ted  i n  t h i s  way. 

i O f  course, one o f  the main i n t e r e s t s  i n  the  present k i n d  o f  s tudy i s  t h e  

poss ib le  c l a r i f i c a t i o n  of turbulence t h a t  i t  may prov ide.  To approach t h i s  p ro-  

blem sys temat ica l l y ,  we wish t o  extend the  h i g h l y  t runcated Four ie r  ana lys i s  o f  4 the  f l u i d  equat ions on which ~ o r e n r ' s l  and r e l a t e d  i n v e s t i g a t i o n s  a r e  b a s e d % ~ ~ .  

We o b t a i n  equat ions 1 i ke (1 ) - (3)  , wi t h  a d d i t i o n a l  terms o f  a form n o t  inc luded 

there, b u t  a l s o  where becomes a vec to r .  For t h i s  reason, t he  important  gen- 

e r a l i z a t i o n s  correspond t o  s i m i l a r  equat ions w i t h  more degrees o f  freedom. A l -  

ready w i t h  two degrees o f  freedom we can study i n  a g iven system an i l l u s t r a t i o n  

o f  KAM theory1' when G = 0 and a strange a t t r a c t o r ,  when E # 0 . How do the  two 

problems come together? That i s  a problem we a re  t r y i n g  t o  understand a t  p resent .  

1s the  bear ing on turbulence theory o f  t h i s  k ind  o f  study more d i r e c t  than 

these vague analogies suggest? To look i n t o  t h i s ,  suppose t h a t  a t  t = 0, )C = a. 

Consider a swarm o f  system p o i n t s  w i t h  on l y  one system p o i n t  a t  each X a t  t = 0. 

Let the i n i t i a l  v e l o c i t y  f i e l d  be such t h a t  o r b i t s  do not  cross f o r  a nonzero i n -  

t e r v a l  o f  t ime. The o r b i t  o f  any system i s  x = X (t,a). 

Now j( ~ [ 8 2 / 8 t ] ~  S D % / D ~  = ~ ( t , c ) .  

For some t ime, according t o  our assumptions, we can so lve  f o r  & = A ( t , ~ ) a n d  hence 

may w r i t e  ~ / t ,  J = v ( * , A  ( f a x ) ) =  u ( x , ~ ) .  Equations ( I )  - (3) become, w i t h  h=hht)*  

This i s  a s o r t  o f  Burgers d e s c r i p t i o n  of  convect ion 7 not  u n l i k e  one contemplated 



many years ago by D.W.Moore - and has many o f  the  fea tures  o f  the usual Burgers 

d e s c r i p t i o n .  I t  genera l i zes  r e a d i l y  t o  two or  more dimensions. I n  t h a t  case, 
1 1  i t  may pay t o  consider  us ing  some modern methods o f  d i f f r a c t i o n  theory . 

Let  

Suppose a l s o  t h a t  % = alA + br> 

where Ul and bk a r e  constants. Then we f i n d  

a s  m-a. - - C ~ ~ ~ ~ T + E ~ S  a t  l i a x  + v =  - 1 
k- l 

k. 
The equat ion i s  less e d i f y i n g ,  But the q u a l i t a t i v e  impression i s  t h a t  

the  complex na ture  o f  c e r t a i n  caust ics12 may have a f a m i l y  r e l a t i o n  t o  the  s t ruc-  

t u r e  o f  s t range a t t r a c t o r s .  
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MAGNETOCONVECTION 

Nige l  0. Weiss 

D isc re te  ropes o f  f l u x  seem t o  be c h a r a c t e r i s t i c  o f  magnetic f i e l d s  i n  

the sun's  convect ion zone, and these f l u x  ropes should be included i n  any de- 

t a i l e d  dynamo model f o r  the  so la r  cyc le .  As a p re l im ina ry ,  we can study Bous- 

senesq convect ion i n  the  presence o f  an e x t e r n a l l y  imposed magnetic f i e l d .  

Numerical i n t e g r a t i o n  of the  non l inear  equat ions makes i t  poss ib le  t o  exp lore  

the dynamical i n t e r a c t i o n  between magnetic f l u x  ropes and convect ion. 

For s i m p l i c i t y  l e t  us consider  two-dimensional convect ion w i t h  the  ve-  

l o c i t y  and the  magnetic f i e l d  conf ined t o ' t h e  xz-plane and independent o f  y, 

where the z- axis  p o i n t s  upwards. We assume t h a t  the  boundaries o f  t he  reg ion  

{ o 4 x < h d ;  o c z < d ) a r e  s t ress- f ree  and t h a t  the  t o t a l  f l u x  i s  equal t o  t h a t  

f o r  a un i fo rm v e r t i c a l  f i e l d  Bo. Then a p a r t i c u l a r  c o n f i g u r a t i o n  i s  character --  
2 + 

ized by the  Reyleigh number R, by the  parameter = B. d /pp V 2 , by the  Prandt l  

numbers p l  = v / ~  , pg = 3/? and by the aspect r a t i o  ( c f .  Chandrasekhar 1961 , 
Weiss 1977). Other use fu l  parameters a re  p3 = ~ / ) t  and Q/p3, (which, 1 i k e  R, 

con ta ins  X and ?j i n  the  denominator). I n  a l l  the  computations p l  = I .  

3 = 1 except where s ta ted  otherwise. 

I f p3 4 1 convect ion se ts  i n  as a d i r e c t  i n s t a b i l i t y ,  when 

R =  R"'= ~ ~ + 2 i , h ~ ~ ,  

where Rc = 8~~ i s  the c r i t i c a l  Rayleigh number i n  the  absence o f  e magnetic 

f i e l d .  For Q > >  pg >>  1 ( the  a s t r o p h y s i c a l l y  re levant  case) convect ion f i r s t  

appears as an overs tab le  mode when 13 = R( ')-$'Q/~ and there  i s  a t r a n s i t i o n  

from o s c i l l a t o r y  t o  d i r e c t  modes a t  R =  QIY, Busse (1975) showed t h a t  

f o r  p3 7 7  1 and Q s u f f i c i e n t l y  smal l ,  f i n i t e  ampl i tude steady convect ion f i r s t  

appeared when 

The non l inear  r e s u l t s  f o r  p3 7 1 show f i n i t e  ampl i tude o s c i l l a t i o n s  when 

R ~ R ' " ' .  For 1 << (31p,%/- 100, steady convect ion appears a t  the  Rayle igh num- 

ber p red i c ted  by Busse. The f i e l d  i s  concentrated i n t o  ropes w i t h  a Gaussian pro-  

f i l e  and the  ho r i zon ta l  v e l o c i t y  v a r i e s  1 i n e a r l  y across these ropes. When 

Q >> p3 ' /1  the  s i t u a t i o n  changes: motion i s  excluded from the  f l u x  ropes, which 

a re  almost stagnant. The value o f  R m i n  i s  c l o s e  t o  R ( ' )  and independent o f  p3 



for  p3 >) 1.  Wi th in the rope the  f i e l d  i s  nea r l y  uniform, w i t h  a narrow c u r r e n t  

sheet separa t ing  the f l u x  rope from the  convect ive eddy. 

Sketch showing the Nussel t  number Nu as a f u n c t i o n  o f  R f o r  Q>> p3>> 1 .  
The shaded reg ion  shows the  peak va lue  o f  Nu f o r  o s c i l l a t o r y  convect ion. 
The unstable steady s o l u t i o n  branch from Rmin  t o  ~ ( e )  i s  c o n j e c t u r a l .  

4 Ca lcu la t ions  w i t h  R = 10 and d i f f e r e n t  values o f  Q show t h a t  steady 

convect ion i n  the  dynamic regime i s  poss ib le  f o r  p3R 5 Q 5 p3 1 / 2 ~ 1 / 3 .  The 

t r a n s i t i o n  from a dynamic t o  a k inemat ic  (weak f i e l d )  regime occurs when the  

concentrated f i e l d  i s  no longer s t rong  enough t o  exclude the mot ion from the  

f l u x  rope (Gal loway, Proc tor  and Weiss 1978). A t  h igher  Rayle igh numbers nar-  

rower c e l l s  a re  pre fer red ;  f o r  R = 105, square c e l l s  broke up i n t o  c e l l s  w i t h  

A= 1/2. I n  the  dynamic regime a second s o l u t i o n  appears, w i t h  most o f  the f l u x  

concentrated on one s i d e  o f  the convect ive c e l l .  Symmetrical c e l l s  a r e  appa- 

r e n t l y  unstable t o  pe r tu rba t i ons  which develop i n t o  these lopsided c e l l s ,  though 

the l a t t e r  t ranspor t  s l i g h t l y  less  heat.  

The dynamical importance o f  f l u x  ropes i s  c l e a r  from these nume-rical ex-- 

perirrtents. There a re  a l s o  i n d i c a t i o n s  t h a t  a few la rge  ropes may be p re fe r red  

t o  many smal l  ones. Gal loway and Moore (1978) have obta ined s im i  l a r  r e s u l t s  f o r  

axisymmetric ce l l -s ,  where f l u x  concen t ra t i on  i s  much more potent .  On the o ther  

hand, nonl inear  thermohal ine  convect ion (Huppert and Moore, 1977) apparent1 y 

shows no analogue o f  the h igh  Q dynamical regime. 
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HYDROMAGNETIC PLANETARY WAVES 

Wil lem V.R. Malkus 

The secular  v a r i a t i o n s  o f  the  e a r t h ' s  magnetic f i e l d  appear t o  be wave- 

l i k e  processes i n  an under l y ing  dynamo. Models o f  the  geodynamo suggest t h a t  

t he re  i s  a s t rong t o r o i d a l  f i e l d  (approximately 100 gauss). Here we d iscuss 

several aspects of g loba l  hydromagnetic o s c i l l a t i o n s  i n  r o t a t i n g  systems bo th  

s t r a t i f i e d  and u n s t r a t i f i e d .  

I n  an e a r l y  paper, Malkus (1967), an i d e a l i z a t i o n  was found i n  which a l l  

the  modes o f  a hydromagnetic o s c i l l a t i o n  o f  a r o t a t i n g  spheroid cou ld  be d e t e r -  

mined. By good fo r tune,  the  choice o f  a on.iform e l e c t r i c  c u r r e n t  t o  d e f i n e  

the  bas ic  magnetic f i e l d  l e d  t o  a mod i f ied  ~ o i n c a r e / e i g e n v a l u e  problem. Due 

t o  the work o f  Cartan (1922), Roberts and Stewartson (1963 a,b,c) and Greenspan 

(1964, 1965), many of the  p rope r t i es  of the  ~oincar ;  problem a r e  understood. 

Here several d i spe rs ion  r e l a t i o n s  a r e  es tab l ished determin ing t h a t  i n  the  hy- 

dromagnetic case, modes o f  t he  system have phase v e l o c i t i e s  bo th  East t o  West. 

For small r o t a t i o n  ra tes  the  lowest non-axisymmetric modes a r e  uns tab le  -- f o r  

r o t a t i o n  ra tes  o f  geophysical i n t e r e s t  a l l  normal modes a r e  s tab le .  It i s  

found t h a t  the  zonal phase v e l o c i t i e s  o f  f a s t  magneto-hydrodynamic and slow hy- 

dromagnetic waves can be of e i t h e r  s ign .  From the  uns tab le  normal modes o f  

t h i s  problem, i t  was consluded t h a t  s e l e c t i v e  e x c i t a t i o n  o f  t he  observed west-  

ward motion may be a consequence o f  shear o r  buoyancy i n s t a b i l i t y .  More recent  

s tud ies  by Acheson (1972) con f i rm  t h a t  most unstable modes o f  the  l a r g e  s c a l e  

slow hydromagnetic s o r t  do move towards the  West. However, an important c l a s s  

o f  "she1 l u l a r l '  modes was found ( ~ a l  kus (1 967), Stewartson (1967) t o  move t o  the  

East. The a d d i t i o n  of s t r a t i f i c a t i o n  added a whole new c l a s s  o f  i n t e r e s t i n g  

problems inc lud ing  t h a t  of magnetic buoyancy. Recent s tud ies  by Parker (1 977) 

and Acheson (1978) d iscuss  the var ious i n s t a b i  1 i t i e s  o f  r o t a t i n g  magnetic sys- 

tems which could lead t o  westward phase v e l o c i t i e s .  Perhaps the  most i n t e r e s t -  

ing o f  these has to  do w i t h  the  d e s t a b i l i z i n g  e f f e c t s  o f  ohmic, thermal and 

viscous d i f f u s i o n s .  The c r i t e r i a  f o r  these i n s t a b i l i t i e s  a r e  der ived and 

Tabulated. 
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MINI-SYMPOSIUM ON MAGNETOHYDRODYNAMICS AND DYNAMO THEORY 

Abstracts of Seminars 

MAGNETIC PROBING OF EARTH'S LIQUID CORE 

Edward R. Benton 

Consideration is given to the following question: What can be 

inferred, theoretically, about earth's liquid core using measurements of 

only the geomagnetic field at earth's surface: We discuss how, in principle, 

the following four quantities of interest can be obtained from a primitive 

"first order" model of the earth. 

(a) Depth or radius of the liquid core (a recent result of Hide) 

(b) Depth at which substantial vertical motion and intense electric 

current begin to flow 

(c) Horizontal fluid motion adjacent to the core-mantle boundary 

(d) Rate of increase with depth of the azimuthal field at the surface 

of the core; 

Consistent with the present state of geomagnetic observations relevant to 

this problem, we adopt only a simple model of the earth based on the follow- 

ing physical assumptions: 

(i) The mantle is a smooth spherical annulus without ellipticity or 

topography. 

(ii) The mantle is either an insulator or at most a weak spherically 

symmetric conductor. 

(iii) On the decade time scale the core fluid moves like an inviscid 

Boussinesq liquid of nearly uniform density and perfect con- 

ductivity, stirred by radial gravitational forces (thermal, 

compositional, or phase-change in origin). 

The data needed for practical application to this work (not presently 

available in adequate form) consist of global measurements of the three- 

component vector geomagnetic field of internal origin as seen at earth's 

surface for two different epochs separated by a few decades in time. Alter- 

natively, use could be made of B and B (secular variation) at a single 

epoch but this is regarded as more difficult, observationally, and is also 

the harder to utilize. 

It is essential for these purposes to devise schemes that fit the 



data not so as to best reproduce field values at specified locations, but 

rather inversely to give most accurate locations at which the field takes 

on prescribed values (i.e. contour curves of the field need to be accurately 

located). The classic (former) problem is linear in the Gauss coefficients, 

the latter, highly nonlinear, so interesting developments are to be expected. 

The results obtained can also be used to provide new constraints on 

secular variation models. 
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MAGNETOHYDRODYNAMIC MODELS OF PLANETARY DYNAMOS 

Friedrich H. Busse 

There are two reasons for the study of the magnetohydrodynamic dynamo 

problem in order to understand the origin of planetary magnetism. First, 

kinematic dynamo models do not provide sufficient information to isolate a 

particular dynamo mechanism. Widely different velocity field can give rise 

to the same observed magnetic field. Secondly, the kinematic dynamo problem 

does not determine the equilibrium amplitude of the magnetic field which is 

the most important parameter of physical interest. Moreover, the systematic 

variation of the strength of the magnetic field of different planets provides 

the most stringent test for any theory of planetary dynamos. 

The analysis of the magnetohydrodynamic dynamo problem is complicated 

by numerous nonlinear effects that can occur, some of which are discussed on 

the basis of dynamo models of Busse (1973, 1975). 

(I) Lenz' rule: The normal effect of the nonlinear Lorentz force is 

to alter the velocity field (mainly by decreasing its amplitude) 

such that the growth of the magnetic field is terminated and an 

equilibrium amplitude is achieved, at least in the time average 

sense. 

(2) The Lorentz force may enhance dynamo action and equilibrium 

amplitudes for the magnetic field may be found for less than the 

initial value of the magnetic Reynolds number (Busse, 1977). 

(3) When the equilibrium solution is unstable, nonlinear oscillations 

can occur. This situation occurs, for example, when the d-effect 



decreases with increasing magnetic Reynolds number. This property 

is caused by flux expulsion from the velocity eddies (Roberts 

1972, Busse 1973) and is typical of dynamos wi'th nearly steady 

motion. 

(4) The Lorentz force may release dynamic constraints, in particular 

the constraints of the Coriolis force. It is this effect which is 

the basic physical reason for the generation of magnetic fields 

in rotating planetary cores. The opinions only differ on the 

particular way in which this release is accomplished. Since there 

are no dynamo models with strong Lorentz forces available, the 

subject is speculative. One such speculation is that an upper 

bound on the magnetic field provided by the condition for the 

existence of the hydrodynamic branch of convective solutions in 

the annulus model (Busse, 19751, 

when 8, is the field strength in the planetary core, fl , r, and 

8 are rotation rate, radius and density of the core. h and 
x are magnetic and thermal diffusivities, and ,p is the magnetic 
permeability. )2 is a geometric factor of the order 1/2 and 
is the typical wavenumber of the convection columns in the core 

based on the radius ro as length scale. Using a lower bound on 

of the order 10 suggested as a condition for dynamo action by the 
I 

numerical experiments of Bullard and Gubbins (1977) the upper 

bound (*) appears to give remarkably good fit to the observed 

amplitudes of planetary magnetic fields (Busse, 1976). 
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A PRELIMINARY REPORT OK PROGR.ESS IN MODELING THE SOLAR DYNAMO 

Peter  A .  Gilman 

For the  pas t  severa l  years ,  we have been developing a numerical model 

f o r  a f u l l  MHD dynamo i n  a r o t a t i ng  spher ical  s h e l l .  The motions responsible 

f o r  the  induction a r e  convective flows, driven by uniform heating a t  t he  

bottom of the  s h e l l ,  together with t he  d i f f e r e n t i a l  r o t a t i o n  these  motions 

d r ive .  The motivation fo r  the  model i s  the  s o l a r  dynamo, although t he  model 

physics i s  s t i l l  considerably simpler than t he  s o l a r  case.  

Our s t ra tegy  has been f i r s t  t o  develop a model f o r  convection and 

d i f f e r e n t i a l  ro ta t ion ,  which produces surface  d i f f e r e n t i a l  r o t a t i o n  much 

l i k e  t h a t  of t he  sun, even i n  quan t i t a t i ve  terms. We then study t h e  dynamo 

proper t ies  of t h i s  "best" solut ion.  The f u l l  j x B feed-backs of the  induced 

f i e l d  on the  flow a re  included. 

Br ief ly ,  the  model physics i s  a s  follows: 

1 .  Boussinesq f l u i d  

2 .  Linear d i f fus ion  of temperature, momentum, and magnetic f i e l d  
2 

3 .  Central g rav i ty  ( l / r  ) 

4 .  S t ress  f r e e  top and bottom, constant  heat  f l ux  bottom, constant  

temperature top 

5 .  Perfect  e l e c t r i c a l  conductor bottom, r ad i a l  magnetic f i e l d  o r  

pe r f ec t  conductor top (no po ten t ia l  f i e l d )  

6 .  Shell  depth a rb i t r a ry  

The solut ion technique is: 

1. A l l  dependent va r iab les  a r e  expanded i n  f ou r i e r  s e r i e s  i n  

longitude 

2 .  Resulting amplitude functions a r e  solved fo r  on an energy con- '  

serving,  staggered g r i d  i n  the  meridian plane. 

3 .  Leap-frog time di f ferencing i s  used 

4 .  Pressure i s  found by solving Poisson type equation from 

divergence. 



5. Two components of the  induction equation a r e  solved, plus 
- B = 0, with the  t h i r d  used a s  a  check. 

6 .  The calcula t ion i s  current ly  s t a r t e d  from random numbers i n  t h e  

temperature f i e l d ,  and i n  t he  seed to ro ida l  f i e l d .  

So f a r ,  a  small number of l imi ted experiments have been performed, with 13 

points  i n  the  r ad i a l  d i rec t ion ,  61 points  from pole t o  pole,  and between 2  

and 11 wave numbers i n  longitude (always including wave number 0  f o r  the  

axisymmetric flow and f i e l d ) .  No symmetries about the  equator a r e  assumed, 

because we wish t o  look f o r  any tendency fo r  symmetry s e l ec t i on .  

We have most extensively studied the  case with Rayleigh number 
5 = 8 x  lo4 ,  Taylor number = 2 x 10 , Prandtl  number P = 1 with s h e l l  depth 

1/3  of the  outer  radius.  For t h i s  case we get  the  following preliminary 

r e s u l t s .  

1. Dynamo act ion is sustained f o r  magnetic Prandtl number 

P,= n/Kf 0.25 f o r  2  modes,n/r f 0.2 fo r  11 modes, s o  convergence 

seems good. These PM1 s correspond t o  in te rna l  magnetic Reynolds 

numbers i n  the  range 150-200. 

2. The feed-backs on the  motion a r e  qu i te  large  i f  PN\ is much below 

the  c r i t i c a l  value.  For example, d i f f e r e n t i a l  r o t a t i o n  energy can 

be reduced by a  f a c to r  of  two, before s t a t i s t i c a l  equil ibrium i s  

reached, compared t o  the  same case without magnetic f i e l d s .  

Approximate equ ipar t i t ion  between the  f i e l d  and flow is r a the r  

e a s i l y  achieved. 

3. We do ge t  f i e l d  reversa l s ,  whose period is not sharply regular .  

The typical  period i s  sho r t e r  than fo r  the  sun by a  f a c t o r  of 

20-30, f o r  surface d i f f e r e n t i a l  r o t a t i on  of the  same s i z e  a s  the  

sun has. Migration of to rod ia l  f i e l d s  both toward the  poles and 

equator i s  seen, so the  "bu t te r f ly  diagram" f o r  the  model would be 

more complex than on the  sun. 

4 .  No c l e a r  symmetry se lec t ion  mechanism has been found s o  f a r .  That 

is ,  symmetric (quadripolar) and antisymmetric (d ipolar)  magnetic 

f i e l d s  have roughly equal amplitudes, on the  average. This i s  

desp i te  the  f a c t  t h a t  t he  motion f i e l d s  tu rn  out  t o  be s t rongly  

biased towards symmetry about the  equator (meaning east-west and 

r ad i a l  motions a r e  symmetric). I t  i s  poss ible  t h a t  the  model has 



t o  be run longer ( a t  l e a s t  from random numbers) t o  e s t ab l i sh  t h i s  

property. 

5 .  For t h i s  case,  t he  dynamo appears t o  be more " a2 l i k e ,  r a t h e r  

than I' d - LO" l i k e ,  i n  t h a t  the  maintenance of t he  axisymmetric 

to ro ida l  f i e l d  i s  due primari ly t o  induction by t he  nonaxisym- 

metric convection, r a t he r  than due t o  shearing of the  axisymmetric 

poloidal  f i e l d  by d i f f e r e n t i a l  r o t a t i on .  

Both the  shor t  period of t he  model compared t o  t h e  sun, and the  

dominance of convection r a the r  than d i f f e r e n t i a l  r o t a t i on  i n  maintaining the  

to ro ida l  f i e l d ,  may be explained by the  f a c t  t h a t  the  h e l i c i t y  of the  con- 

vection i s  two o r  th ree  orders of magnitude l a rge r  than has been previously 

assumed i n  simpler dynamo models i n  order t o  ge t  the  r i g h t  s o l a r  period.  In  

other words, convection s u f f i c i e n t l y  influenced by ro t a t i on  i n  t he  model t o  

d r ive  the  r i g h t  d i f f e r e n t i a l  r o t a t i on  f o r  the  sun has much more h e l i c i t y  

than apparently i s  f e l t  by the  s o l a r  magnetic f i e l d .  Reducing t he  ro t a t i ona l  

influence (reduced Taylor number, o r  increases Rayleigh number) t o  ge t  the  

r i gh t  magnitude h e l i c i t y  does not work, because the  equator ia l  accelera t ion 

is l o s t .  We doubt t h a t  the  addi t ion of compressibil i ty t o  t h e  model w i l l  

help,  because it would have t o  des t roy most of the  h e l i c i t y  of  the  convec- 

t ion ,  while s t i l l  re ta in ing  i t s  Reynolds s t r e s s e s  t o  maintain the  r i g h t  

d i f f e r e n t i a l  ro ta t ion .  

Instead, we suspect  t h a t  the  a b i l i t y  of the  so l a r  magnetic f i e l d s  t o  

concentrate i n t o  t i g h t  f l ux  tubes,  around which t he  plasma may flow, i s  

c ruc ia l .  The model shows some tendency t o  do t h i s .  That i s ,  we f ind a 

g rea te r  f r a c t i on  of magnetic energy i s  i n  the  high wave numbers than f o r  t he  

k ine t i c  energy and the  to ro ida l  f i e l d  i s  more highly s t ruc tu red  than t he  

d i f f e r e n t i a l  r o t a t i on .  Unfortunately, the  cos t  of computing with much 

higher reso lu t ion  makes it very d i f f i c u l t  t o  represent  the  concentrat ion 

mechanism very well .  On the  sun, perhaps the  concentrat ion of the  f i e l d  

i n to  small f l ux  tubes we s e e  a t  t he  surface  extends throughout the  convection 

zone, with convective flows, and d i f f e r e n t i a l  ro ta t ion ,  s l ipp ing  around the  

tubes. This should reduce the  ne t  h e l i c i t y  f e l t .  The period of reversa l  

then may be a nonlinear function of the  f r a c t i on  of the  t o t a l  volume 

occupied by f l ux  tubes.  The magnitude of the  reac t ion  of t he  f i e l d  upon the  

global flow should a l s o  be reduced f o r  f l ux  tubes occupying a small f r a c t i on  

of the  volume. 



If these concentration effects are fundamental to the solar case then 

a serious problem for the future is how to represent such a small scale pro- 

cess accurately in global dynamo models in which the hydrodynamics is 

explicitly calculated. 

In the light of our results, albeit preliminary, recent "successtt by 

Yoshimura in modeling the solar cycle and its envelope using effects of 

global convection and differential rotation, is probably the result of 

fortuitously compensating over-simplifications of the hydrodynamics, induc- 

tion, and nonlinear feed-backs, which have resulted in enough free parameters, 

when allowed to take mutually inconsistent values, to "modeltt almost any 

nonlinear system. 

TURBULENT DIFFUSION OF MAGNETIC FIELDS 

Edgar Knobloch 

In studying the turbulent diffusion of magnetic fields, we are 

interested in calculating the statistical properties of the magnetic field 

13 ( 5 , ) in terms of the statistical properties of the turbulent 
N 

velocity field % (  3 , t ) .  In general this problem leads naturally to non-. 

linear coupled stochastic differential equations. Here we shall restrict 

ourselves to the discussion of the diffusion of passive magnetic fields by a 

prescribed (in a statistical sense) incompressible turbulent velocity field 

in the high magnetic Reynolds number regime appropriate to the sun. In this 

case the problem reduces to the study of the stochastic induction equation, 

which may be written in the general form [a. ~ ( ? : . t ) ] ~  (X-r t )  

where L ( x - , t ) is a stochastic operator, independent of f . This equation - 
can be solved for the ensemble average of f: , < f > or f , by eliminating f ' ,  
the fluctuating part of f. , from the equation (Knobloch, 1977). If we assume 

that at time t = 0, f'(0) = 0 ,  or that it is uncorrelated subsequently with 

the velocity field, the exact solution can be written as the integro- 

differential equation 
t .t 

- +i 7 [L . ] = O (dt;c(t)eip.{-~dt.u~(*.t,)(l 4 t ~ ) ~ ( t , ) ] u . ( t , , t ' ) L 4 ( t j ~ ~ [ t l ) ,  c2) 



where i r  < L7, L-r, U, i s  the  Green's operator f o r  t he  equation 

and A i s  a project ion operator t h a t  takes an ensemble average of everything 

following it. The subscr ip t  0 on the  exponential ind ica tes  a time-ordered 

exponential.  In what follows we s h a l l  r e s t r i c t  ourselves t o  homogeneous .-. 
turbulence, and s h a l l  the re fore  assume t h a t  ( 5 ,  = 0. I n  the  high Reynolds 

number l i m i t  the  d i f fus ion  term i n  the induction equation may be omitted, so 

t h a t  now = 0 and U,= 1. In t h i s  case equation (2) may be c a s t  i n t o  a - 
d i f f e r e n t i a l  equation f o r  -f , 

I where t h e  operators 8,  involve n? - l in tegra t ions  over t h e  cumulants of L . 
For t h i s  reason, the  r e s u l t  (3)  i s  an expansion i n  powers of t he  auto- 

I 
cor re la t ion  time 7~ of the  s tochas t i c  operator L (Van Kampen 1974, Terwiel 

1974).  The incor rec t ly  time-ordered terms i n  the  cumulants cor rec t  f o r  the  - 
memory e f f e c t s  l o s t  i n  pu l l ing  f ( t1 ) from under the  i n t e g r a l  s igns  i n  

equation ( 2 ) .  - 
The simplest approximation a r i s e s  when the  autocorre la t ion time t, of 

the  turbulent  ve loc i ty  f i e l d  i s  sho r t .  Then the  first term on the  r i g h t  -. 
s ide  of (3 )  dominates, and the  approximate equation may be wr i t t en  a s  

(43 
0 - - 

The r e su l t i ng  equation f o r  5 becomes f o r  i so t rop i c  h e l i c a l  turbulence 

(5) 
a t  

where p 00 

Here t he  subscr ip t  denotes the  coe f f i c i en t  of V , and the  supersc r ip t  the  

number of ve loc i t i e s  enter ing i n  the  de f i n i t i on .  Equation (5) i n  the  usual - - 
dynamo equation; the  first term on t he  r i g h t  s i de  represents  the  - -ef fect ,  - 
responsible f o r  f i e l d  ampl i f ica t ion by h e l i c a l  turbulence. I t  represents  

the  s t a t i s t i c a l  e f f e c t  of the  term v 5 i n  the  induction equation. The 

coef f i c ien t  yLL i s  the  turbulent  d i f f u s i v i t y / 3  and i s  pos i t i ve  i n  t h i s  

approximation. 

For longer autocorre la t ion times t h e  r e s u l t  (4) gives r i s e  t o  the  



express ion 
a s = k  a t  1 2 + ) I : + . . ~  I p~+( l>l :  +1:+1~..~g+(7>...)vh~ +.-. p. (7) 

The inclus ion of each higher term i n  the  cumulant expansion has two d i s t i n c t  - 
e f f ec t s .  F i r s t ,  a term with a higher de r iva t ive  of is introduced; such 

terms a re  neg l ig ib le  when the  mean magnetic f i e l d  i s  large- scale.  Second, 

each cumulant adds a contribution t o  each of the  preceding t ranspor t  

coef f i c ien t s .  A s  a r e s u l t  the  t r anspor t  coef f i c ien t s  may be s a id  t o  be 

renormalized by the  higher order terms: 
@ 

n s r  

Each t ranspor t  coef f i c ien t  i s  an i n f i n i t e  s e r i e s  i n  powers of I? 5 rc/[ , 
where 4 is of order A , the  Taylor microscale (Knobloch, 1978). In s t a-  

y VY 
t ianary  turbulence, R 2 ( ~ 5 1  L) (uiLly) &R I , where L is the  eddy 

cor re la t ion  length ("typical" eddy s i z e ) ,  and the  eddy cor re la t ion  time is 

approximately L/G f o r  r e a l i s t i c  turbulence. Here i s  the  r . m . s .  t u r -  

bulent ve loc i ty  and RL i s  t he  turbulent  Reynolds number. For f u l l y  

developed turbulence t he  t ranspor t  coef f i c ien t s  therefore  formally diverge,  

but  t h e i r  value could be estimated using, f o r  example, pad6 approximants. 

The condit ion t h a t  t h e  dynamo equation be va l id  ( i . e .  t h a t  the  higher d e r i -  

vative terms a r e  negl ig ible)  is k 2  GZ, k 4 L t when h i s  the  wavenumber 

of . This condit ion is equivalent t o  & 4 L-' . 
The above Eulerian r e s u l t s  can be shown t o  be formally i den t i c a l  with 

the  Lagrangian r e s u l t s  of Moffatt (1974). The divergence of the  expressions 

(8) is re la ted  t o  t he  use of a Taylor expansion when converting Lagrangian 

var iables  t o  Eulerian ones. 

Because of t h e  presence of t he  term 2: i n  equation ( 7 ) ,  t h e  

d i f fus ion  of the  magnetic f i e l d  w i l l  d i f f e r  from t h a t  of a s c a l a r  f i e l d .  To 

lower order i n  t he  d i f fus ion  o f  a s c a l a r  and magnetic f i e l d  by non- 

he l i c a l  turbulence i s  t he  same. However, f o r  r e a l i s t i c  turbulence these  
IY  

higher order terms may not be neglected, and s ince  both qz and $! ( re la ted  

t o  mean square shear and h e l i c i t y ,  respect ively)  provide negative contribu-  

t ions  t o  the  sum, the  p o s s i b i l i t y  a r i s e s  t h a t  the  turbulent  d i f f u s i v i t y  of 

the  mean magnetic f i e l d  could be  negative (Kraichnan, 1976). This may be 

re la ted  t o  the  steepening of gradients  (and the  expulsion of f l ux  i n  t he  

presence of small molecular r e s i s t i v i t y )  by eddies with long co r r e l a t i on  



times (Weiss, 1966). On the  other  hand, f o r  small T, an eddy would have no 

time t o  a f f e c t  such an expulsion and when it was replaced by an uncorrelated 

one, any such tendency would be on average reversed. Such a s i t u a t i o n  would 

correspond t o  a pos i t ive  eddy d i f f u s i v i t y ,  as i n  equation (6). 

For a more complete s t a t i s t i c a l  descr ip t ion of the  d i f fus ing  magnetic - 
f i e l d ,  the  above method may be  adapted t o  ca lcula t ing higher moments of the  

a 
f i e l d .  For example, the mean magnetic energy < a > is an important quant i ty ,  

pa r t i cu l a r l y  i f p  i s  indeed negative. 
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NEGATIVE DIFFUSIVITY 

Robert H. -Kraichnan 

In  t h i s  t a l k  the  o r i g in  of the  negative d i f f u s i v i t y  which turbulence 

i n  a conducting f l u i d  can exer t  on weak magnetic f i e l d s  when t h e r  a r e  sub-. 

s t a n t i a l  f luctuat ions  of h e l i c i t y  about a zero mean is  reviewed, and some 

speculat ions a re  given about the  pe rs i s t ence  o f  t h i s  phenomenon i n t o  t h e  

strong-magnetic f i e l d  regime. 

Turbulence exer t s  a pos i t i ve  d i f f u s i v i t y  on a passive s c a l a r  f i e l d  

advected by the  motion i n  consequence of the  random walk executed by f l u i d  
I 

elements. More complicated and i n t u i t i v e l y  surpr is ing th ings  happen when a 

magnetic f i e l d  is frozen i n  a moving, conducting f l u i d  because the  magnetic -. 

f i e l d  i s  changed i n  d i r ec t i on  and i n t ens i f i ed  by s t r e t ch ing  a s  well a s  d i s -  .- 

placed. 

Following Moffatt,  the  time der iva t ive  of the  s c a l a r  or  magnetic 

f i e l d ,  a f t e r  averaging over ensemble, can be expressed a s  an i n f i n i t e  expan- 

s ion involving ascending space der iva t ives  of  the  f i e l d  and ascending 



cumulants of the distribution of fluid-element displacements. This follows 

formally from Cauchy's integral solution of the advection equations and 

suitable spatial Taylor expansions. For times of evolution such that a 

typical fluid element migrates a distar,ce which is small compared to the 

'scale of spatial variation of the mean scalar or magnetic field, the expan- 

sions are dominated by terms containing only first and second space 

derivatives of the mean field. 

In the scalar case, these leading terms give 

a < $ ( ~ , t ) } / a t  - k ( t ) ~ ~ t ~ ( ~ , t ) )  = O )  I( ( L ) = +  d {g : ) /d  t (1) 

where < 6 ( X  , t ) )  is the mean scalar field, f; is the displacement of the 

fluid element which arrives at % , t , and for simplicity in writing we take 
isotropic turbulence. The displacement is measured from time t = 0 , when 
the turbulence is switched on. In the magnetic case 

a < a ( x . t o  , _ , ( t l v x  < R ( X , ~ I ) +  q ( t ) o " < ~  ( x , t  I ?  
a t  (23 

where 
d(t)= d r ( t ) / d t ,  Z M =  <Z3 -&--}, 3 g, 

I 

P (t)= k ( t ) + +  kf ,  * ~ ) + [ r ( + ) I c ~ ,  a,, 
and a, is the initial position of the fluid element which arrives at x , 2: . 

If the turbulence is statistically stationary, k (k) is a positive 
constant for times long compared to the turbulence correlation time. oC (tl 

is zero if there is no helicity and approaches a constant (either sign) if 

there is a constant mean helicity everywhere. In the latter case, the final 

term [Y (t)12 in (3) grows like t1 . But an alternative, Eulerian calcula- 

tion of 2 ( 1, accurate for short enough turbulence correlation time, shows 

that I t )  also approaches a constant, positive value for helical turbu- 

lence with simple statistics. It follows that, for helical turbulence, 

< 5 , * ~  tz/aQ-*> 
becomes negative and grows like -t* for t large compared to the correlation 

time. This final fact is the origin of the negative diffusivity for 

turbulence with zero mean helicity. 

Suppose now that the turbulence has zero mean helicity but that there 

are fluctuations of helicity such that the helicity keeps the same sign over 

regions which are several correlation lengths of the turbulence in extent 
\ 

and several correlation times in duration. Since the mean helicity is zero, 
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?-(l-)vanishes. But f o r  times shor t  enough t h a t  a  typ ica l  f l u i d  p a r t i c l e  

does not  migrate out  of the  region of h e l i c i t y  f l uc tua t i on  i n  which it 

s t a r t s ,  t h e  

term i n  (3) i s  nearly unaltered i n  value from what it would be i f  t h e  - 
h e l i c i t y  were uniformly nonzero. Since t ha t  term goes negative regardless  *- 

of the  s ign  of h e l i c i t y ,  so  does ( t )  . Clearly we can make k1 f t j a s  - 
negative as des i red by making t he  h e l i c i t y  f luc tua t ions  s u f f i c i e n t l y  exten- 

s i ve  and pers i s t en t .  

A l l  the  proper t ies  inferred above have been ve r i f i ed  by computer 

simulations,  and by ana ly t i ca l  model cases (Kraichnan, Parker) .  

If the  magnetic f i e l d  is  s t rong,  how do Lorentz forces  a f f e c t  the  

phenomenon of negative d i f f u s i v i t y ?  In  t he  extreme s t rong- f ie ld  case ,  the  

turbulence is replaced by random Alfven waves propagating on the l i n e s  of 

force ,  Preliminary analys is  suggests t h a t  the  negative d i f f u s i v i t y  pheno- \ 

menon p e r s i s t s ,  with t he  typ ica l  Alfven period playing t h e  r o l e  of e f f ec t i ve  
A 

turbulence cor re la t ion  time. 
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A NEW THEORY OF THE SOLAR CYCLE* 

David Layzer 

Following Cowling, nearly a l l  modern workers a t t r i b u t e  the  cyc l i ca l  

va r ia t ion  of sunspot f i e l d s  t o  t he  quasi-periodic reversa l  of  a submerged 

to ro ida l  f i e l d ,  from which the  surface  f i e l d s  a re  assumed t o  de r ive  through 

some kind of hydromagnetic i n s t a b i l i t y .  I t  i s  a l so  generally agreed t ha t  

the  to ro ida l  f i e l d  i s  generated by d i f f e r e n t i a l  r o t a t i o n  act ing on the  

poloidal  component of a weak large- scale  f i e l d .  The r e a l  d i f f i c u l t y  l i e s  i n  

understanding the  o r ig in  of the  weak poloidal  f i e l d  and the  mechanism f o r  

reversa l  of the to ro ida l  f i e l d  derived from i t .  In  regenerative-dynamo -- 
theor ies  the  poloidal  f i e l d  i s  derived from the  to ro ida l  f i e l d  i t s e l f  through 

processes i n  which h e l i c a l  turbulence (or convection) and turbulent  d i f fus ion 



play crucial roles. The regenerated poloidal field changes sign every half- 

cycle. In the alternative theory sketched in IV, V, the nonconvective 

core of the Sun contains an irregular large-scale magnetic field. The 

toroidal field is generated by torsional oscillations in a transition layer 

between the uniformly rotating, nonconvective, magnetized core and the non- 

uniformly rotating, nonmagnetized convective envelope. The submerged field 

is the remnant of a much stronger, irregular field that was generated during 

the pre-main-sequence phase of solar evolution and mediated the process of 

spindown. 

In comparing the two hypotheses we may conveniently distinguish three 

sorts of questions: those relating to internal consistency and the validity 

of specific mathematical or physical assumptions; those concerning the 

ability of each hypothesis to provide an adequate framework for interpreting 

observations of solar magnetic fields; and those concerning the relation of 

each hypothesis to the broader problem of the origin of stellar and inter- 

stellar magnetic fields. 

Internal consistency. The theoretical cornerstone of regenerative 

dynamo theory is the dynamo equation (3.4). Although this equation is valid 

for flows with low Reynolds number, we have seen ( 5 I11 b ) that the 

approximations on which it rests are not valid under conditions prevailing 

in the solar atmosphere. Under these conditions the coefficients and 

are given either by formally divergent expansions (Knobloch 1978b) or by 

oscillatory integrals whose convergence in the limit t-+ o~ is problematical 
(Moffatt 1974). There is no known theoretical or experimental basis Eos the 

assumption (Parker 1971) that the turbulent diffusivity of a passive 

magnetic field has a well-defined value comparable to -- or even with the 
same sign as -- the turbulent diffusivity of a passive scalar field ($111~). 
Finally, we have argued ( 5  IIId) that turbulent-dynamo theories do not 

correctly describe the way in which differential rotation and turbulent 

motions jointly act on the magnetic field. Mathematical models of X o  

dynamos unjustifiably omit terms that describe the interaction between 

differential rotation and the fluctuating component of the magnetic field. 

" The alternative hypothesis (5 J IV,V) does not invoke rapid merging 

of small-scale magnetic fields. It does postulate (a) that certain kinds 

of large-scale flows occur during a critical period of solar evolution, ( b ) 



that a remnant of the strong, .irregular, large-scale, magnetic field 

generated by these motions would have persisted to the present day, and C C ]  
that a nonuniformly rotating, magnetized layer separates the uniformly 

rotating, convective envelope. These postulates seem to be consistent with 

present physical and astronomical knowledge but need to be made more precise 

and secure by detailed studies. 

Interpretation of observed solar magnetic fields. The dynamo theory 

evolved during a period when observational evidence seemed to indicate that 

the Sun has a weak poloidal field that reverses quasi-periodically. At 

present there is no direct observational evidence for the existence of such 

a physical field. Leighton (1964) has argued that an average poloidal field 

results from the breakup of sunspot fields and random horizontal motions of 

their components. But there are no known theoretical or observational 

reasons (apart from the requirements of the dynamo theory) for asserting 

that the residual sunspot fields merge to form a large-scale field, rather 

than remaining fragmented throughout their decay (Stenflo 1976). Finally, 

the absence or near absence of sunspots during extended periods (Eddy 1976) 

presents a serious and as yet unmet challenge to turbulent-dynamo theories. 

The normal modes of a regenerative dynamo are exponential. While it is easy 

to understand how the amplitude of an exponentially growing mode can be 
! 

limited by nonlinear effects, there is no obvious reason why an exponentially 

decaying mode should not disappear altogether. Leighton's [I9691 numerical 

simulations suggest that this is indeed what happens to such a mode. 

The alternative theory relates the variability of the solar cycle to 

the variable rate at which magnetic flux in the radiative core penetrates 

the convective envelope. The observed correlation between the rise-time of 

the sunspot number and the total sunspot number in a given half-cycle is 1 

explained by the fact both quantities increase monotonically with the thick- 

ness b r of the transition layer. 

Solar and stellar magnetic fields. The dynamo theory does not 
I 

explain the origin of a large-scale solar magnetic field; it postulates that I 

a large-scale field was present in the material from which the Sun formed. 

The only known process for the spontaneous generation of large-scale magnetic 

fields under astronomically relevant physical conditions is Biemann's 

mechanism, which operates in any differentially rotating, partially ionized 



gas-cloud. Thus large- scale magnetic f i e l d s  may be expected t o  develop 

spontaneously i n  gaseous protos tars  a s  well a s  i n  l a rger  s e l f - g r av i t a t i ng  

gas-clouds which spin  up a s  they con t rac t .  Soon a f t e r  the  Biermann f i e l d  

has begun t o  grow i n  a contracting gas-cloud, it w i l l  be amplified by f l u i d  

motions ( 5 IVj. The r e su l t i ng  complex f i e l d s  mediate the  t r an s f e r  and l o s s  

of angular momentum, enabling p ro tos ta r s  t o  contract  t o  s t e l l a r  dimensions. 

The subsequent evolution of the  magnetic f i e l d  depends on the  extent  

and d i spos i t ion  of convective regions i n  t he  s t a r .  In  s t a r s  with convective 

envelopesj t h e  convection zone tends t o  exclude the  submerged f i e l d ,  but 

a l s o  i n t e r ac t s  with it i n  a more o r  l e s s  narrow t r ans i t i on  l ayer .  We suggest ,  

a s  a working hypothesis, t ha t  t h i s  coupling between the  submerged magnetic 

f i e l d  and t he  overlying convective envelope has two observable e f f e c t s :  

(1) I t  mediates the  outward t rans fe r  [and eventual loss)  of angular momen- 

tum. (2) I t  gives r i s e  t o  to r s iona l  o sc i l l a t i ons  of the  t r a n s i t i o n  layer 

which produce strong to ro ida l  f i e l d s .  

In s t a r s  whose ou te r  convection zone i s  weak o r  absent the  submerged 

f i e l d  w i l l  penetra te  t he  v i s i b l e  l ayers .  We suggest t h a t  t h e  f i e l d s  of 

magnetic A s t a r s  may be in terpre ted i n  t h i s  way. A complete theory along 

these  l i ne s  would, of course, need t o  explain other  conspicuous proper t ies  

of the  magnetic A s t a r s  -- i n  pa r t i cu l a r ,  t h e i r  slow ro t a t i on .  These and 

re la ted  questions l i e  outs ide  the  scope of the  present  d iscuss ion.  The 

existence of s t a r s  with large- scale  but  d i s t i n c t l y  i r r egu l a r  magnetic f i e l d s  

does however bear d i r e c t l y  on t he  present. theory, which p red ic t s  t h a t  such 

a f i e l d  i s  present  i n  the  Sun's nonconvective core .  

*From a paper submitted t o  the  Astrophysical Journal .  References i n  
the  t e x t  a r e  t o  t h i s  paper. 

SPECULATIONS ON THE THERMAL STATE OF THE CORE 

David E .  Loper 

I t  is argued t h a t  the  most p laus ib le  source o f  power fo r  t he  geodynamo 

i s  grav i ta t iona l  energy released by t h e  growth of the  s o l i d  inner  core.  

Results of model ca lcula t ions  by Lopes [1978a] show tha t  the  power ava i l ab le  

t o  d r ive  the  dynamo by t h i s  mechanism i s  l i nea r l y  r e l a t ed  t o  t h e  densi ty  
12 . jump a t  the inner-outer  core boundary and can be a s  l a rge  a s  1 . 2 5  x 10 W ~f 

3 3 3 A p = 2.63  x 10  kg/m . This can su s t a in  a t o ro ida l  f i e l d  a s  l a rge  a s  10 , 



gauss. 

The thermal regimes of the outer core which are possible if the 

dynamo is gravitationally powered are studied. The regimes are defined by 
I 

the ordering of the magnitudes of the gradients of the adiabat TA,, the 
,-I I 

liquidus I L  and the conduction temperature TL . It is argued that regimes 
I 1 

TI 4 % '  Tc and TL - Tc' c T ~  are not possible since they result in 
m J  - 1 1  

a solid outer core. The regime for which L 1 c ' I t is the simplest 
n 1 I 

and possesses no unusual features. The second regime with J A  c: qlL) L r Y C  
is similar to the first except that a slurry layer must occur at the bottom 

of the outer core. The thermodynamics of such a slurry have been studied by 

Loper and Roberts (1978). In each of these regimes the fluid is both ther- 

mally and compositionally unstable. This is in contrast to the third regime, 

'iC1 L TL L ~ L  , in which thermal gradients tend to stabilize the fluid. 
However, it assumed that overturning is driven by the stronger compositional 

buoyancy. This introduces the possibility that heat may be transported 

radially inward by the convection driven by compositional buoyancy. 

Consequently there is no direct relation between the rate that heat is con- 

ducted outward in the outer mantle and the rate of heat transfer to the 
1 - 1  ' mantle. The fourth regime, I c 4 TL  AT^ . allows compositionally driven 

convection provided the thermal conductivity is sufficiently large that 

T; L T '  L TL1 4 T i  where T' is the actual temperature gradient. 
This possibility appears to have been overlooked by Higgins and Kennedy 

(1971). It is argued that a slurry in the bulk of the outer core as 

envisaged by Busse (1972) and Malkus (1973) is incompatible with overturning 

because transport processes produce both thermal and compositional gradients 

which tend to stabilize the fluid. 

The possibility that the core fluid may be less metallic than the 

eutectic as Braginsky (1963) suggested is considered and it is shown that a 

layer of variable composition must form at the bottom of the outer core. 

Difficulties associated with the removal of heat from this layer leads to 

the conclusion that a metal-poor composition for the core is unlikely. The I 
I - / 

thermal evolution of the earth is discussed and it is noted that if i A  <TC', 
the heat transfer problems for the core and mantle are decoupled with con- 

ditions in the core leading to a prescribed temperature at the base of the 

mantle and the mantle in turn prescribing the heat flux which must emanate 



# 
from the core. It is found that if T i  , a significant flux of heat 
may flow from the core to the mantle with virtually no change in temperature. 

For detailed discussions of these ideas see Loper (1978bl. 
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ELECTROHYDRODYNAMICS AND MAGNETOHYDRODYNAMICS 

James R. Melcher 

Beginning with a brief review of the contrasts between electroquasi- 

static and magnetoquasistatic approximations, and between the electric and 

magnetic force densities, a pair of case studies are developed that illustrate 

analogies between phenomena in the two areas. Von Quinckels rotor consists 

of an insulating cylindrical rotor having radius b and permittivity E b  

immersed in a liquid having permittivity Ea and ohmic conductivity 6 . 
Plane electrodes on either side of the rotor in the liquid impose an electric 

field E ( t ) that is uniform far from the cylinder and directed perpendicular 
to the axis of rotation. The equations of motion, which are useful in under- 

standing convection in many electrohydrodynamics systems, have a form which 

in the limit f 1 ( L ~  - E * ) / ( E ~  + L,) --r 0 are the same as for a-6-c convection. 

p,-l&+n = g ~ ~  



Here, S1 is the rotor angular velocity and F, and Py are proportional to the 
polarizations per unit length in the X and \J directions. Variables are 

normalized so that 

Analogous to the Rayleigh number is the square of the electric Hartmann 

number, He (the square root of the ratio of the charge relaxation time 'Ce to 

an electroviscous time) while the role of the Prandtl number is played by 

(the ratio of the charge relaxation time to a viscous diffusion time). 

Here, f and B are respectively the rotor moment of inertia per unit length 
! 

and viscous damping coefficient per unit length. If I is the rotor inertia I 

alone. I : 7 bY p / ~  while (for complete viscous diffusion in a liquid 

extending to infinity) ,8 = qn b2 where 4 and p are viscosity and mass 
density respectively. Thus, H:: re /rFy ; rEV 9 ~ ? / E * C -  pe i re/yv ; 
T, 2 p b"/sq . 

There are familiar magnetohydrodynamic phenomena having features in 
.A 

common with this rotor model. A limiting form of one of these is discussed 

to motivate a continuum model for instabilities observed in liquid metals as 

they are shaped or levitated by high frequency alternating magnetic fields. I 

The rotor model consists of a conducting shell with an imposed high frequency 

magnetic field that is uniform far from the cylinder. Incipience of 

instability is governed by a parameter M a ~ : l * r , ~ w  ( 0. and w the peak mag-. 

netic flux density of the applied field and its angular frequency respec- 

tively) which is the reciprocal of the magnetoviscous time-frequency product. 

It is found from a continuum theory based on magnetic stresses averaged on 

the time scale that a planar liquid layer supporting a uniform skin I 

current and peak surface magnetic pressure P o  , is unstable for > 67 . 
Thermal convection terms are added to the rotor model to motivate explana-- 

tions of why the predicted incipience of instability correlates with 

experiments, but the growth rate predicted by the theory is far longer than 



I t h a t  observed. 

A na tura l  electrohydrodynamic dynamo is the  thunderstorm. The f i lm 

t tE lec t r i c  Fie lds  and Moving Media" is  used t o  show electrohydrodynamic 

I dynamos involving f a l l i n g  water drops. These a r e  the  "Kelvin Drippertt and 

t he  Euerle 3-phase dynamo. 

THE OXYMORONIC ROLE O F  MOLECULAR DIFFUSIVITY I N  THE DYNAMO PROCESS 

H. Keith Moffatt 

The d e l i c a t e  question concerning the  behavior of the  regeneration 

coe f f i c i en t&  and the  turbulent  d i f f u s i v i t y p  i n  t h e  l i m i t  of vanishing 

molecular d i f f u s i v i t y  (/51-0 ) i n  h e l i c a l  turbulence i s  discussed, i n  t he  

l i g h t  of  an exact  r e s u l t  of Bondi & Gold C19SO) v i z .  t h a t  when q: Othe 

external  d ipo le  moment of a current  d i s t r i bu t i on  i n  a sphere i s  permanently 

bounded. 

1. T h e  oxymoron I s  a fi'gure of speech &.ch emhod2.e~ an apparent con-.. 

t r ad ic t ion ;  e.g.  c r ea t i ve  des t ruct ion,  relaxed tens ion,  devastat ing - 1 

t r i v i a l i t y ,  e t c .  The oxymoronic r o l e  of molecular d i f f u s i v i t y  (= boa) 
is t h i s :  t h a t  while non-zero d i f f u s i v i t y  ( 9 ? O  ) i s  d i r e c t l y  responsible 

f o r  the  na tu ra l  ohmic processes of d i s s i pa t i on  and decay, it i s  a l so  

i nd i r ec t l y  responsible f o r  the  means of regeneration of the  magnetic f i e l d ;  

t he  dynamo process may be described a s  a process of ' regenerative decayt o r  

perhaps b e t t e r  ' reinvigorating d i s s i pa t i on 1.  

2 .  Consider the  dipole  moment ,g It) associated with a current  d i s t r i bu -  

t i on  j ( x  . t 1 = pi' B i n  a conducting sphere V : P< q . This i s  
d - " c 

given by various a l t e rna t i ve  expressions: 

where $ i s  the  surface  Y =  a ; and i t s  r a t e  of change i s  given by 

With E = - g 4  + a_ , ,and e. n _ = . O v n  S , t h i s  gives 

- 8; - $ $ z ( y ( 2 . ~ l d ~ - 9  Jh (V,- ,@)dS. (3)  

5 
The f i r s t  term on the  r i g h t  describes the  mechanism iden t i f i ed  by Bondi & 

Gold (1950) f o r  increase  of the  dipole  moment; f i e l d  sweeping towards the  

magnetic poles (defined by the  instantaneous d i r ec t i on  of t h e  vector  ) 



can increase  p 1 , but,  a s  emphasised by Bondi 4 Gold, t h i s  mechanism is 

s t r i c t l y  l imiied when ? 0 , s ince  1 /X 1 then a t t a i n s  a f i n i t e  maximum 

when a l l  the  f l ux  of is concentrated a t  opposite ends of a diameter of ,- 

t h e  sphere (as i n  an elementary bar  magnet). To see t h i s  e x p l i c i t l y  from 

the  above equations, l e t  St. denote those pa r t s  of 5 on which Q .B > o r  

h 3 , respect ively ,  and l e t  
3 

45 t = Zi Is4. ( n _ *  5iJ)dS 
.. 

S O  t h a t  ,% *&+ -t. e- . We then have 

where 

Now, when Q = 0 , I$ i s  constant ,  s i nce  f l ux  through every closed mater ia l  

c i r c u i t  i s  conserved, and so  

the  maximum being a t ta ined only when the  f lux  is en t i r e l y  concentrated a t  

t he  poles,  as mentioned above. 

3. There can therefore be no doubt t h a t ,  when 7 = 0 , exponential 

increase  of the  dipole  moment i s  impossible, no matter what t he  complexity 

(laminar o r  turbulent)  of the  ve loc i ty  f i e l d  i n  V may be. The s i t u a t i o n  is 

transformed i f  Y > 0 , because then d i f fu s ive  increase  i n  the  d ipo le  moment 

(represented by t he  second term of (3) i s  poss ible ,  provided the  ve loc i t y  

f i e l d  is such as t o  maintain a f i e l d  with a su i t ab ly  negative gradient  near 

the  boundary Y = Q . 
4. The impossibi l i ty  of ' sus ta ined dynamo ac t ion  ( i n  t he  sense of an 

exponentially increasing external  d ipo le  moment) appl ies  equally t o  such 

bas ic  systems as the  homopolar d i s c  dynamo. If the  d i s c  conductivi ty i s  

i n f i n i t e ,  then the  magnetic f l ux  across it cannot change with time, and 

exponential growth of the  magnetic f i e l d  associated with t h e  device i s  

impossible no matter  how f a s t  we r o t a t e  the  d i s c  o r  how ingeniously we t w i s t  

t h e  wire, and whatever conventional wisdom may t e l l  us t o  the  contrary.  In  

terms of growth r a t e ,  i f ,  i n  general ,  D o( ept , then P must depend on the  - 
d i s c  Reynolds number i n  the  manner indicated i n  Fig. 1. I t  i s  reasonable 

t o  conjecture t h a t  f l u i d  dynamos a l s o  must behave i n  t h i s  manner. 



Fig. 1 .  Possible dependence of P on Rmfor  homopolar d i s c  dynamo. 

(a) wire res i s t ance  zero; (b) wire res i s t ance  non-zero. 

In  e i t he r  case,  p -+ Q as R,-+ 06. 

5. Consider now the  s i t ua t i on  i n  mean-field electrodynamics, i n  which, 

i n  convectional notat ion,  

&; = < n b_); = 4ij 0.j + pijl( ~ ~ / a r , +  - 5 (8 I 

where go ( 5 ,  t) = < B ( 6 .  t ) > is  the  large- scale (mean) f i e l d ,  and 

b -. 4 - ,Do . Under f i r s t - o rde r  smoothing theory (Moffatt 1978 - 
hereaf te r  r e fe r red  t o  as M - chap. 7 )  we have the  r e s u l t s  

where F ( A ,  w )  , F ( l . ; , ~ )  a r e  the  h e l i c i t y  and energy spectrum functions 

of the  random g - f i e l d .  I f  

F [ ~ , U )  = o(wn), F[k ,w)=O(wG)  (1~.  ~ u - 0 ,  (11) 

then c l e a r l y  
I 

O ( N  ** ~7 P - A ?  ?--+o)  
/ 

(12) 

where p(i and /3: a r e  i n  general non-zero constants C Po 2 0) . This is 

c l ea r l y  the  s i t ua t i on  when the  g - f i e l d  is a f i e l d  of random waves with no 

zero-frequency ingredients .  In t h i s  case,  the  regenerative process normally 

associated with the  p seudo - sca l a rd  vanishes a s  9 -4 0 ,  consis tent  with 

the  remarks of 4 1. I t  may be noted t h a t  t he  theory of Braginskii  

(M. chap. 8) gives an expression f o r  the  regenerative coe f f i c i en t  very 

s imi la r  t o  (93, and again with the  property bC f- o ( l )  a s  r )  --+ 0 . 
6. D i f f i cu l t i e s  a r i s e  however i f  the  % - f i e l d  has non-zero spec t ra l  

density a t  Co =.O , a s  is +he case  f o r  conventional turbulence.  The zero- 



frequency ingredients of the turbulence are precisely those that are 

responsible for the dispersion of particles in a turbulent flow, and they 

are of vital importance also in the field-line - stretching context. It 

must be noted however that results such as ( La > --. 2 3 t for the relative 
dispersion of two particles separated by vector distance (t) is ultimately - 
limited by the physical dimensions of the fluid domain; and care may then be 

needed in carrying over asymptotic results from strictly homogeneous 

turbulence to turbulence in a finite domain, particularly when these results 

are sensitive to the limiting ( t--+ W )  behavior. 

7. When = 0 , there is an alternative approach to the determination 
of the coefficient a and p using Lagrangian averages. If at some instant 

t = 0 , the g and ,b fields are unc-orrelated, then a( and f l  are 
functions of t (which clearly vanish at t = 0 ) . The Lagrangian proc~dure 

(M. 9 7.10) leads to the expressions 

where is the velocity of the fluid particle initially at position . 
The difficulty here is to determine how these expressions behave for a 

typical field of homogeneous- turbulence as t --, ce . Kraichnan (1976 a, b) 

has argued that, in the case of turbulence with non-zero helicity, 

o < ( t ) r ~ o ~ , ,  p(t)&BQ CLQ t - m r  (15) 

the apparent positive divergence in the second term of (14) being cancelled 

by an equal negative divergence in the third term (which involves the awk- 

ward triple Lagrangian correlations). Kraichnan's arguments rest in part on 

comparison with the results of first-order smoothing theory in situations 

where both approaches (first-order smoothing and Lagrangian) may be expected 

to be valid, and in part on numerical evaluation of oC (t) and f l  It) for 
velocity fields with prescribed Eulerian statistics. Further numerical 

experimentation is needed however, before the results (15) can be regarded 

as absolutely and definitively established. Let us nevertheless accept (IS), 

and pursue the consequences in the context of dt andw t . ~  -dynamo models. 



% 

8.  For an 4 -dynamo i n  a sphere P L  (M. chap. 9 ) ,  t h e  growth r a t e s  

have the  form 

where 7, t 2+/3 ,and 

R,'(-rIayte 1 (171 

and dynamo act ion occurs when F(R. ,J>o.  This generally occurs f o r  the  

simplest  mode of dipole symmetry when 

Re) RCdc 9 (1x1 
where R dL is a pos i t ive  number of order  uni ty  which depends on the  p rec i se  

assumption made about any large- scale va r ia t ion  of 6( throughout t he  sphere.  

Let us  suppose t h a t ,  a s  7 + O ,  the  re levant  behavior of d and P (cf. 15) 

is 

cd"OCo p /3.-,5', UA )Z-+o* (19) 

Then (16) becomes 

4 - - 1-0 la* 
P-,F(R,),R& = 

@e 

The condition EM pRdL i s  ce r t a i n ly  s a t i s f i e d  i f  + i s  l a rge  enough, 

and then p tends t o  a s t r i c t l y  pos i t ive  value a s  740 , implying exponen- 

t i a l  increase  of the  mean f i e l d ,  and i n  pa r t i cu l a r  of the  external  d ipo le  

moment. This appears t o  be i n  fundamental c o n f l i c t  with t he  Bondi & Gold 

r e s u l t  ( 7 ) ,  which appl ies  when = 0 whatever the  complications of the  . 

veloci ty  f i e l d ,  and whether laminar o r  turbulent .  

The c o n f l i c t  does not a r i s e  under the  a l t e rna t i ve  l im i t i ng  behavior 

(12) .  In  t h i s  case, 

and the  dipole  moment does not grow exponential ly i n  the  l i m i t  ?-+0 . 
9. For dynamos o f c 4 ~ - t y p e ,  growth r a t e s  a r e  generally given by 

where G i s  a measure of the  shear associated with d i f f e r e n t i a l  r o t a t i on .  

The condition f o r  dynamo ac t ion  i s  now of the  form 

X > X c  9 (233 



where X c  is model-dependent, but generally of order unity. Again under 

the behavior (19), as fi -+O , 
x- X = J d e ~ ~ a ; / f l :  ~ 2 4  I 

and 

and we encounter the same fundamental conflict with the Bondi 4 Gold result. 

Under the alternative behavior (12), 

To determine the behavior of P as kt  + 0 , we need to know the behavior 
of F[~)as X + o a  . ~f F&)= u&)as X j c s  , then P+o 
as --$ , and conflict with Bondi & Gold is avoided. The asymptotic 

behavior of ( x )  as X + QO does not appear to have been investigated - 

for cxw-dynamos in a spherical geometry. A clue is however provided by the 

results for an dw-dynamo in a Cartesian geometry (modelling the galactic 

disc). For this case, which can be solved completely @I. $ 9.93, 

p ( X )  P o j  x as X-+ ool (27) 
and so p + 0 as -+ 0 as required. 

10. It is hard to escape the conclusion that the result (19) cannot be 

correct, or that, if it is correct in homogeneous turbulence, it is, for 

some deep reason, not applicable when the turbulence is confined to a finite 

region (see the remarks of 4 6). 
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A FLUX-LINE METHOD FOR NUMERICAL STUDIES OF KINEMATIC DYNAMOS 

Peter  Olson 

The sprectrum of the  geomagnetic f i e l d  and its rapid secu la r  va r ia-  

t i on  suggests t h a t  large  magnetic Reynolds number conditions e x i s t  i n  t h e  

ea r t h ' s  core. ( R m =  Y i.i cf I) , d = conductivi ty,  U and L a r e  

ve loc i ty  and length s ca l e s ) .  However, the re  e x i s t s  a t  present  no acceptable 

method fo r  solving the  induction equation under these  condit ions.  

A method useful a t  l a rge  R m i s  developed and applied t o  some l i k e l y  

flows. A new feature  i s  t he  use of random walks t o  simulate the  d i f fus ion  

of magnetic f i e l d  due f i n i t e  e l e c t r i c a l  conductivi ty.  The method i s  based 

on a so lu t ion  t o  the  v o r t i c i t y  equation proposed by Chorin (1973). Given 

the  induction equation 

i n  which - B ( %,  t 0) and 2 ( 3 ,  t ) a r e  speci f ied;  the  so lu t i on  B a t  

some l a t e r  time t is required.  

F i r s t ,  the  i n i t i a l  d a t a  ( & o )  is par t i t ioned i n t o  a number of  
slender f l ux  ropes,  ideal ized a s  curves l oca l l y  p a r a l l e l  t o  t h e  f i e l d ,  the  

densi ty  of curves proport ional  t o  the  f i e l d ' s  i n t ens i t y .  These curves a r e  
i then represented by a number of sample points  5 along t h e i r  length,  the  

i 
d is tance  between adjacent sample points  2 , , and t he  average f i e l d  in ten-  

s i t y  between points  B' . 
A t  each time s tep ,  b t, the  sample points  a r e  advanced according t o  

t+bt A 

x (t+otl=i[t}+l _v (x_,tl) dt' + i N ( o , z  a t / ~ r n )  + % N ( O . ~ A ~ , / R V ~ )  (2  1 
t 

where & i s  a normally d i s t r i bu t ed  random var iab le  with zero mean and 
0 f i  , and 1 and b a r e  u n i t  vectors along the  standard der ivat ion - 

Rm 
curve 's  p r inc ipa l  normal and binormal. 

The f i e l d  i n t ens i t y  between each point  i s  then recomputed using 

ti(t+ n 
z1 (t) (33 

The f irst  term on the  r i g h t  hand s i d e  o f  (2) solves v* ( " ~ 8 )  while 
a s  the  second and t h i r d  terms i n  ( 2 )  solve 2 = I / R *  D L  O_ by exp lo i t ing  
a t  

the  formal connection between random walks and d i f fu s ion  from a l i n e  source. 

Because of the  random component i n  (Z) ,  t h e  value of a t  a po in t  becomes 



uncertain;  however, dynamo ca lcu la t ions  usual ly  requ i re  knowledge of global 

funct ionals  only, such a s  spher ical  harmonic coef f i c ien t s .  

The alogrithm defined by (2)  and (3) applied t o  a l a rge  number of  

curves permits these  average quan t i t i e s  t o  be computed a s  a function of 

time, t o  within a s t a t i s t i c a l  e r ro r .  The d i f f i c u l t i e s  associa ted with 

f i n i t e  d i f fe rence  representa t ions  of t h e  Laplace operator a r e  avoided, and 

i n  addi t ion the  sample points  tend t o  accumulate i n  those regions  where t he  

g rea tes t  computational e f f o r t  i s  needed. 

A s  an appl ica t ion,  induction by the  nearly-geostrophic flow proposed 

by Busse (1975) i s  s tudied.  This flow is character ized by a primary geo- 

s t roph ic  c i r cu l a t i on  about columns erected p a r a l l e l  t o  the  r o t a t i o n  ax i s ,  

with Ekman suct ion providing flow along t he  columns and with it a non-zero 

h e l i c i t y .  The domain i s  taken t o  be an i so la ted  conducting sphere i n  which 

e ight  columns (4 pa2rs) a r e  arranged i n  a r i ng  centered about t he  ax i s .  The 

i n i t i a l  f i e l d  is an a x i a l  d ipole .  

With no h e l i c i t y ,  the  dipole  f i e l d  decreases with time f o r  a l l  

inves t igated ( R m =  100 t o  1000, based on the  sphere rad ius ) .  The mean 

f i e l d  i n  the  core  of each column decreased rap id ly  toward zero, a  r e s u l t  

which may be in te rpre ted  a s  "flux expulsion." 

With h e l i c i t y ,  growing f i e l d s  occured fo r  R m  Z 250, although the  

computations have y e t  t o  be ca r r i ed  ou t  s u f f i c i e n t l y  f a r  i n  time t o  show 

t rue  exponential behavior. 
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MAGNETOCONVECTION AT HIGH MAGNETIC REYNOLDS NUMBER 

Michael R. E .  Proctor 

This paper inves t iga tes  s teady f i n i t e  amplitude so lu t ions  of t he  

equations of a Bussinesq f l u i d  heated uniformly from below i n  the  presence 

of an imposed v e r t i c a l  magnetic f i e l d .  Several previous s t ud i e s  have con-. 

centra ted on the  l i n e a r  s t a b i l i t y  problem [Chandrasekhar 1961, Danielson 

1961), i n  which a l l  quan t i t i e s  a r e  only s l i g h t l y  perturbed from the bas ic  

s t a t e .  Thus the  magnetic Reynolds number Rm = is small, where U and 



/-. are velocity and length scales and is the magnetic field is pushed 

in to flux ropes and sheets as the convection becomes more vigorous and 

becomes large (Weiss, 1966). The dynamical effect of this intermittent 

flux structure is then quite different from the small case in particular, 

the dynamical effect of two-dimensional flux sheets is quite different from 

that of axisynunetric ropes, although the linearised problem is independent 

of the convection planform. Busse (1975) has investigated the two- 

dimensional problem when the total flux threading the system (measured by 

Q z B 1"/kP V Y  where Bo is the mean vertical field, f i  the per- 
meability and p and 7) the density and kinematic viscosity) is small. He 

finds that finite amplitude convection can occur for values of the Rayleigh 

number R (measuring the temperature difference across the layer) much less 

than that necessary for linear instability. Proctor and Galloway (1978) 

have investigated the analogous problem in an axisymmetric geometry. The 

analysis is simplified considerably compared to the two-dimensional case, 

chiefly due to the fact that the axisymmetric flux rope that forms only 

exerts a very localised dynamical effect. The analysis can be performed for 

all q for which the flux rope remains thin. This gives a limit of order 

R , / R, or Q , which is not severe. The methods used are those of 

Galloway, Proctor, and Weiss (1978) (see also Proctor, these notes). The 

results have some rather unusual features. In particular, the finite 

amplitude solution is supercritical for very small Q , but becomes sub- 
critical for all sufficiently large ! It is also interesting that 'R is 
close to Rc , the value for a set of instability in the absence of a magnetic 
field, even for large values of . The results suggest that there may be 

a region of steady finite amplitude behaviour even when linear they would 

suggest that instability would appear as oscillations; although no firm con- 

clusions can be drawn within the confines of the analysis. 
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A VON K h M h  DISK DYNAMO 

Kay A .  Robbins 

The homopolar d i sk  dynamo with shunt exh ib i t s  nonperiodic r eve r s a l s  

which resemble those of the  ea r t h ' s  f i e l d .  In  t h i s  model t h e  d i s t o r t i o n  of 

an i n i t i a l  poloidal  f i e l d  by the  moving disk  gives r i s e  t o  a t o ro ida l  f i e l d  

( 7 ) .  The poloidal  f i e l d  is re inforced by an equivalent  alpha e f f e c t  supplied 

by a shunt res i s t ance .  A s  t h e  f i e l d s  grow the  Lorentz fo rce  slows t he  disk ,  

and the  f i e l d s  decay when ohmic d i s s i pa t i on  dominates t h e  d r iv ing  fo rces .  

The Lorentz fo rce  then decreases,  t he  disk  speeds up and the  f i e l d s  grow. 

Reversals occur when t he  to ro ida l  and poloidal  f i e l d s  a r e  out  of phase. 

Studies of d i sk  dynamos a r e  suggestive, but cannot determine whether 

t h i s  mechanism i s  responsible f o r  o s c i l l a t i o n s  and reversa l s  i n  f l u i d .  

dynamos. This ab s t r ac t  describes some i n i t i a l  e f f o r t s  i n  modeling t h i s  

phenomenon i n  a f l u i d  dynamo. A major d i f f i c u l t y  i s  t h e  dominance of Cor io l i s  

and Lorentz forces  over i n e r t i a l  fo rces .  Consider an i n f i n i t e  conducting - 
disk  of thickness 1 which i s  i n  contact  with a conducting f l u i d  ( f igure  1 ) .  ' 

The d i s k  i s  f r e e  t o  r o t a t e  under a loca l  applied torque 2; Trs. The motion 

of the  d i sk  i s  opposed by the  Lorentz force  due t o  t h e  cur ren t s  i n  the  d i sk .  

Viscous s t r e s s e s  may a l s o  be added. A mechanism f o r  o s c i l l a t i o n  s im i l a r  t o  

t h a t  of the  disk  dynamo is thus provided ( f igure  2 ) .  Let the  magnetic f i e l d  
A A 

i n  the  f l u i d ,  8 - = ra $ + 7 b + c z  and the  ve loc i ty  & r u  r + r v & + w ;  
P. 

where a ,  b, c ,  u, v, w ,  depend on z. r , $ , a r e  u n i t  v e c t o r s  i n  a 
A 4 

cy l indr ica l  coordinate system. Similar ly  i n  t he  d i sk  E =  Y f  ; l r f  4 + h 2 .  
The equations can then be wr i t t en  

where an alpha e f f e c t ,  a, has been assumed t o  provide poloidal  f i e l d  

regeneration. Subscripts  a r e  used t o  denote p a r t i a l  d i f f e r e n t i a t i o n .  



In  t he  d i sk  
.o - - 

IL ,=T+ r 
t ~ P U  (hgZ-gh2W, gt h k = l h z l  , h z =  -2f - 

fi i s  the  angular ve loc i ty  of t he  d i sk  and n * i s  the  ro t a t i on  r a t e  of  the  - 
f l u id  a t  i n f i n i t y .  7) i s  the f l u i d  v i scos i ty .  ?l and 2 a r e  the  magnetic 

d i f f u s i v i t i e s  of the  f l u i d  and d i sk  respect ively .  

A t  the  d i sk  f l u i d  in te r face :  - 
~ = , . , , = o , V = ~ ~ , a = f ~ b = j ,  c = h ,  baz = 3 b ~ 7  rb, = "!Iz' 

A t  the  d isk- insula tor  in te r face :  .f r 8 = 0 . A t  i n f i n i t y  u = a = b : 0 , 
v = J2, . The insu la t ing  boundary conditions a t  i n f i n i t y  have been chosen 

t o  insure t h a t  a l l  dynamics occur near the  d i sk .  

Linear Steady S t a t e  

Following Loper (5) we can wri te :  
k* S L = ~ , ( I ~ E ) ,  ~ = n . ( ~ t r ~ ) , ~ = c w s r . ( v / n , ~  , u = a n , u  

W a .  ~B.(un,) a ,  b = c ~ ~ ( v n ~ ) ~ j r a b ,  C =  R,,+E DO V P ~ C  
J/, 

f = E D . ( Y ~ . )  krF, 9 ;i E D ~ ( Y ~ , J ~ ~ P ~ ,  I, = Be+ f O0 V N C ~  
h z =(v/a$ ~ - z 4 ,  s = ( B : V ) / [ ~ ~ S ~ , ) ,  T-~Tfl t ,  t a n ? * ,  

6 = rtm./u)h/a, 4: = PZ (ae/v)Yp,a +no)" a. 

If prime and dot  denote d i f f e r en t i a t i on  with respect  t o  and respect ively ,  

then t o  zeroth order i n  E : 

? ' ' + ~ Q Q ' +  2 i P s  O 

P * i a c #  + Q' = O  

# = a  
where 

?+ u - i v  , Q = a - i b ,  R =  f -  ig a n d d  i s  assumed t o  be constant .  

For small the  so lu t ions  a r e  

Thus fo r  each T and each value of t he  disk  ve loc i ty ,  a  steady s t a t e  value o f  

6, i s  determined. For a unique s t e a d y s o l u t i o n  a nonlinear balance s im i l a r  



t o  t h a t  given f o r  the  outer  so lu t ion  of Chawla (3) o r  Loper (63 must be 

assumed. The appearance of two r a t e s  of exponential decay i n  the  magnetic 

f i e l d  ind ica tes  a two layer  s t r uc tu r e  t o  t he  solut ion.  When cC -t Othe second 
0 

term i n  t he  4 expression approaches a constant .  Then c =IRC [ j  0, d 5 } -- 0(() 
5 a s  7; -400. This a l s o  ind ica tes  t h a t  the re  is an outer  l ayer  which provides 

a t r a n s i t i o n  between the  Ekman-Hartmann layer  and the  inv i sc id ,  current- free  

f l u i d  a t  m . This outer  nonlinear l aye r  i s  the  magnetic d i f fu s ion  region 

(MDR) discussed i n  (1, 2 ,  4 ) .  A more complete desc r ip t ion  of the  poss ible  

steady s t a t e s  and the  important question of whether o r  not such a model can 

exh ib i t  reversa ls  w i l l  be addressed i n  f u tu r e  s tudies .  The model i s  kine- 

matic i n  the  sense t h a t  the  alpha e f f e c t  i s  speci f ied  r a the r  than derived 

from dynamical considerat ions.  To complete the  connection between th.e 

ideal ized model and the  geodynamo, a p l aus ib l e  poloidal  regeneration mech- 

anism, such a s  t h a t  furnished by an underlying small s ca l e  turbulent  ve loc i ty  

f i e l d ,  i s  needed. 

n 
I n r u l a  Linq 4 
B o r d ~  vy T 

u - * c ~ n d u c t ; v i t \ ; r  of f l u i d  
o r ~ohductivit~ ef d i s k  
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DIFFUSIVE INSTABILITIES IN MAGNETO-CONVECTION 

Paul H .  Roberts 

I t  i s  now well es tabl ished t h a t  even a uniform magnetic f i e l d  can 

f a c i l i t a t e  thermal convection i n  a rapidly- rota t ing f l u i d .  A non-uniform 

f i e l d  can, however, introduce a new c l a s s  of  'magnetic i n s t a b i l i t i e s 1  which 

a r e  driven by curvature of the  f i e l d  l i n e s ,  va r ia t ion  i n  magnetic i n t ens i t y ,  

o r  both. I t  i s  of i n t e r e s t  t o  study the  i n t e r r e l a t i o n  between such magnetic 

modes and the  b e t t e r  understood 'convective i n s t a b i l i t i e s 1 .  

I f  d i f fus ion  e f f e c t s  a r e  ignored a su f f i c i en t  condit ion fo r  convective 

i n s t a b i l i t y  i s  t h a t  

a t t a i n  some O(l] value. Here 3 i s  t he  accelera t ion due t o  g rav i ty ,  A i s  

the  ~ l f v h  veloci ty ,  the  coe f f i c i en t  of volume expansion, A -j- t h e  tem- 

perature con t ras t ,  and d the  length- scale  . Once d i f fus ive  e f f e c t s  a r e  

added, t he  c r i t e r i o n  is changed t o  fl = ~ ( l )  where 

@ i s  ~ A ~ A T / ~ R x ,  
fi is t he  angular ve loc i ty  and X. the  thermal d i f fu s iv i t y  which we suppose 

small compared with , t h e  magnetic d i f f u s i v i t y .  (Viscosity is ignored 

except i n  t h i n  boundary l ayers . )  When A ' / L ! . Q ~  >> 1 , a s  i s  f o r  example t r u e  

i n  the  Earth's core, R,<< a and convection occurs first through the  ac t ion  

of d i f fus ion .  If A T is f ixed,  the  A minimuzing t h e  c r i t i c a l  value,  (ac , 



of 0% a t  which convection f i r s t  occurs is character ized by e =  O ( I ) ,  
where 

i s  t h e  Elsasser  number. 

For s impl ic i ty ,  magnetic i n s t a b i l i t i e s  a re  usua l ly  studied i n  the  

absence of buoyancy forces ,  and typ ica l ly  i n  the  context  of  the  westward 

d r i f t  of the  main geomagnetic f i e l d .  I f  d i f fus ion  e f f e c t s  a r e  ignored a 

s u f f i c i e n t  condit ion f o r  magnetic i n s t a b i l i t y  i s  t h a t  

d = (4/2 fl 
a t t a i n s  some 011) value.  Once d i f fu s ive  e f f e c t s  a re  added, t h i s  c r i t e r i o n  

may be changed t o  z 0 ( I ) ,  a s  recent  work by Roberts and Loper (1978) 

shows. When 1/2n d s & 6  1 , a s  i s  f o r  example t r ue  i n  the  Earth 's  core,  

<< E and magnetic i n s t a b i l i t y  occurs first through the  ac t ion  of 

d i f fus ion .  

A pa r t i cu l a r l y  i n t e r e s t i ng  example i s  Malkus' (1967) model a s  genera- 

l i zed  by Eltayeb and Kumar (1977). A uniform current  flows through a con- 

ducting sphere o f  radius  d p a r a l l e l  t o  t h e  ax i s  0, of  r o t a t i on ,  s o  t h a t  the  

magnetic f i e l d  B i s  zonal and proport ional  t o  d is tance  s from 0,; t o  provide 

buoyancy, a g rav i ta t iona l  f i e l d  d i rec ted  towards, and proport ional  t o  d i s -  

tance r from, 0 i s  added together  with a uniform d i s t r i b u t i o n  of heat  

sources, 0 being t he  centre  o f  the  sphere.  Quant i t ies  such a s  R1, 6% , f. , 
a r e  computed using equator ia l  values of g ,  A and temperature gradient  

A T / d .  Roberts and Loper (1978) found t h a t ,  although no purely magnetic 

i n s t a b i l i t i e s  occurred, magnetic i n s t a b i l i t y  could be promoted by the  addi- 

t i on  of a bottom-heavy densi ty  d i s t r i bu t i on ,  i . e .  by making a negative.  

Yery recent  numerical r e s u l t s  by Fearn ( to appear i n  1979) exh ib i t  t h i s  and 

a re  shown on t he  following f igure ,  i n  which m is t h e  preferred zonal wave- 

number. H i s  r e s u l t s  s t rongly  resemble those of Soward's (1978) plane layer ,  

curved f i e l d  l i n e ,  model. The physical  explanation of the  paradoxical r o l e  

of buoyancy on the  magnetic mode is s t i l l  lacking.  
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NONLINEAR ASPECTS OF CONVECTION WITH STRONG MAGNETIC FIELDS 

Andrew M. Soward 

An e l e c t r i c a l l y  conducting Boussinesq f l u i d ,  conductivi ty 6- , kine- 

matic v i scos i ty  2) , density p i s  confined between two hor izonta l  planes 

dis tance  d apar t .  The f l u i d  i s  permeated by a s t rong uniform hor izonta l  

magnetic f i e l d  4, and the  e n t i r e  system r o t a t e s  rap id ly  about a v e r t i c a l  

ax i s  with angular v e l o c i t y G  . The f l u i d  is heated from below and cooled 

from above so  t h a t  i n  the  absence of motion the re  is an adverse temperature 

/3 across the  layer .  The boundaries a r e  r i g i d  and per fec t  conductors of  

both hea t  and e l e c t r i c i t y .  Attention i s  r e s t r i c t e d  t o  small values of  the  

Ekman number E and the  r a t i o  % of the  thermal and magnetic d i f f u s i v i t i e s  & 
and 3 respect ively;  

~ . v / n d ' ~ < r  r l = ~ / q c c ~ .  
In  t h i s  parameter range marginal convection i s  steady and i t s  character  

depends upon t he  r e l a t i v e  s i z e s  of t h e  Cor io l i s  and Lorentz fo rces ,  which 

i s  measured by 

For order one values of a , the  c r i t i c a l  Rayleigh number i s  l a rge ,  

spec i f i c a l l y  

where 9 is t h e  accelera t ion due t o  g rav i ty  and oC i s  t he  coe f f i c i en t  of 

expansion. When h >, 2 / ~  , motion cons i s t s  of a s i ng l e  r o l l ,  whose axis  

i s  perpendicular t o  t he  applied magnetic f i e l d .  On the  other  hand, when 

A 2 / n  , two d i s t i n c t  r o l l s  a r e  possible:  the  ax i s  of each r o l l  l i e s  

oblique but  makes an equal angle t o  t he  applied magnetic f i e l d .  Only t he  

l a t t e r  case i s  discussed here .  

The above l i n e a r  r e s u l t s  a r e  well known (see Eltayeb (1972), Roberts - 
and Stewartson (1972)). For t he  pa r t i cu l a r  case of s l i ppe ry  boundaries, t he  

s t a b i l i t y  of a s e t  of oblique r o l l s  t o  per turbat ions  of the  other  s e t  has 

a l s o  been considered by Roberts and Stewartson (1975). When $ (< 1 ,  they 

found t h a t  both s e t s  o f  r o l l s  a r e  unstable  i n  t he  approximate range 

1 . 0 7 9 6  , h )~/fi. 
The objective o f  t he  present  ana lys i s  i s  t o  c l a r i f y  the  na tu re  of the  

i n s t a b i l i t y  by considering t h e  case  of r i g i d  boundaries. Though the  con- 

vection r o l l s  themselves a r e  l a rge ly  uneffected by t h i s  modificat ion,  any 



geostrophic flow alighed with the  applied magnetic f i e l d ,  which was pre-  

viously a rb i t r a ry ,  i s  now-damped by Ekman suct ion.  The l a t t e r  e f f e c t  i s  

cen t r a l  t o  our treatment of  the  f i n i t e  amplitude s t a b i l i t y  problem. 

A s  t h e  Rayleigh number is increased above i t s  c r i t i c a l  value, only 

one of the  two s e t s  of s ing le  r o l l s  remains s t ab l e .  The amplitude of t he  

s t ab l e  r o l l s  increase with R u n t i l  a second c r i t i c a l  Rayleigh number i s  

reached a t  which the  system becomes unstable t o  un id i rec t iona l  geostrophic 

flow. Whether the  i n s t a b i l i t y  s e t s  i n  a s  a steady o r  o s c i l l a t o r y  shear flow 

depends on the  importance of damping by Ekman suct ion.  [Note t h a t ,  as  a 

r e s u l t  of approximations based upon small $i, , Alfven waves have been 

f i l t e r e d  ou t ) .  In e i t h e r  case, the  r o l l  amplitude remains l a rge ly  unal tered 

t o  f u r t he r  increase  i n  t he  Rayleigh number with the  consequence t h a t  t he  

geostrophic flow i s  s t a b i l i s e d .  On the  o ther  hand, the  amplitude o f  t h e  

shear flow increases with R i n  a way which ensures t he  s t a b i l i t y  of t he  

convection r o l l s .  For the  pa r t i cu l a r  case of a s teady geostrophic flow, a 

t h i r d  c r i t i c a l  value of R is i so la ted  a t  which t h i s  shear  becomes overs table  

t o  small amplitude per turbat ions .  
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THE STRUCTURE AND STABILITY OF VORTEX FILAMENTS 

Shei la  E.  Widnall 

Some models f o r  t he  s t r uc tu r e  of  a vortex f i lament a r e  reviewed. 

Several physical  processes t h a t  r e s u l t  i n  vortex f i laments a r e  discussed and 

some experimental measurements of v o r t i c i t y  d i s t r i bu t i on  within a vor tex 

r i ng  a r e  shown ( r e f .  1) . 
The self- induced motion of vortex f i laments is discussed and it is 

shown how the  method o f  matched asymptotic expansions can be used t o  remove 

the  logarithmic s i ngu l a r i t y  i n  t he  c l a s s i c  cut-off  formula f o r  self- induced 

motion of a curved f i lament t o  obtain the  cor rec t  r e s u l t  f o r  a f i lament with 

a r b i t r a r y  d i s t r i b u t i o n  of s w i r l  and ax i a l  ve loc i t i e s  ( r e f .  2) .  



where i s  chosen such t ha t  
Pn = - A -  C 

2 2 

where 

N vortex core  s i z e  

A N swirl parameter 
Y& 

V, .-.. nondimensional s w i r l  velocity;  ( i f  v o r t i c i t y  is uniform A = $) 

and a0 

G : 2 J, r u: dr  w t h e  nondinmrional  ax i a l  momentum f l u x  
~ 1 . ~  

A vortex filament with axia l  flow "slows down" (4 U ) u n t i l  the Kutta- 

Joukowski l i f t  force  p(bU)r i s  s u f f i c i e n t  t o  balance t h e  ax i a l  momentum f lux  

i n  the curved filament. 

Several configurations of vortex f i laments e x i s t  such t h a t  t he  s e l f -  

induced motions preserve t h e i r  form. Examples a r e  t h e  r ing ,  the  he l i x ,  and 

various combinations of l i n e  f i laments.  We have invest igated the  s t a b i l i t y  

of several  of these self-preserving forms t o  long bending wave disturbances.  

(The asymptotic r e s u l t  f o r  self- induced motion can be used f o r  long waves). 

The Helical  filament i s  unstable,  r e f .  3 ,  t he  vortex p a i r  i s  unstable,  r e f .  

4,  5. The i n s t a b i l i t y  of the vortex r i n g  is more d i f f i c u l t  s ince  the  

observed i n s t a b i l i t y  i s  a short-wave with a complex modal s t r uc tu r e  i n  t he  

core. This i n s t a b i l i t y  has been extensively discussed ( r e f .  2, 6, 7) a s  has 

the corresponding i n s t a b i l i t y  f o r  t he  s i ng l e  s t r a i g h t  l i n e  filament i n  t h e  

presence of a s t r a in ing  flow ( re f .  8 ) .  The physical mechanism of t he  ins ta-  

b i l i t y  of both t he  long and shor t  wave i s  s imilar :  vortex f i laments see  a 

background flow t h a t  corresponds t o  a s t r a in ing  o r  stagnation point  flow; 

displacements along the diverging p a r t  of t h e  flow i n  t h i s  f i e l d  w i l l  diverge. 

Self-induced ro t a t i on  i s  a s t a b i l i z i n g  e f f e c t  enabling the vortex t o  move 

i n t o  converging (s table)  port ions of t he  s t r a i n .  I f  self- induced ro t a t i on  

i s  weak (long waves) o r  absent (shor t  waves a t  c r i t i c a l  values of wavenumber) 



bending wave displacements diverge exponentially. 

The presentation included a lecture demonstration of an unstable 

vortex ring in a water tank made visible by hydrogen bubbles. 
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of thesis calibre. But then, I few of the lectures report on only the 
very f i r s t  consequences o f  a novel idea. 

I These lecture reports have not  been edited o r  revferred i n  a . - 
manner appropriate for published papers. They, therefore, should be 
regarded as unpublished manuscripts. Reafers who wish t o  reproduce I any o f  the materlal recorded !.ere s h ~ v l d  seek.p~mirs ion d i r e c t l y  fm , the authors. 
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' These hm volums represent both what we bmught with us t o  the 
Program and the excited f i r s t  product of our sc lent i f lc  interactions. 
More sedately wrded p r o f e s s i o ~ l  resul ts  Invariably emerge as the year I progmses. Fcr  t h i s  owortunity. we wish t o  thank the lioods H ~ l e  
Oceanographic Inst i tu t ion.  the Office o f  1;aval Research. and N.A.S.A. 
for  encouragement and f inancial supwrt. I -- - - - - - - - - - -  
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