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E d i t o r ' s  Preface 

The p r i n c i p a l  l e c t u r e s  o f  t h i s  t w e l f t h  Summer Program were 

given by Joseph Pedlosky of t h e  Univers i ty  of  Chicago. On t h e  f o l -  

Bowing page one sees  D r ,  Pedlosky demonstrating advanced e f f e c t s  

caused by r o t a t i o n  and s t r a t i f i c a t i o n ,  Only i n  h i s  l a s t  few l e c t u r e s  

do t h e s e  novel phenomena emerge from t h e  a n a l y s i s ,  This  volume con- 

t a i n s  a  res ta tement  by t h e  Fellows of t h e s e  in t roduc to ry  l e c t u r e s ,  

In  t h e  f i r s t  weeks o f  t h e  program a d d i t i o n a l  a f t e rnoon  and 

evening l e e t u r e s  were given by t h e  s t a f f  wi th  t h e  purpose of sugges t-  

ing  c l a s s e s  o f  unsolved problems and techniques t o  a t t a c k  them. 

Abs t r ac t s  of t hese  l e c t u r e s  fol low t h e  Pedlosky no te s ,  a t t e s t i n g  t o  

t h e  enthusiasms o f  t h e  s t a f f  and t h e  b l u n t  edges of our  formal t o o l s .  

Abs t rac ts  o f  t h e  summer r e sea rch  seminars a r e  a l s o  recorded h e r e .  

These inc lude  t h e  con t r ibu t ions  t o  a  micro-symposium on Turbulence 

organized by Robert Kraichnan. As i n  p a s t  yea r s  it was concluded t h a t  

tu rbulence  theory i s  on t h e  verge  of  r e so lv ing  p r e s s i n g  problems i n  t h e  
I 

- r e a l  world,  

1 Mrs. Mary Thayer aga in  has  done a l l  t h e  work i n  assembling and 
- 

reproducing t h e  l e c t u r e s ,  Our debt  t o  h e r  s k i l l  and perseverance 

I d e f i e s  repayment. 

1 
We a r e  a l s o  indebted  t o  t h e  National  Science Foundation f o r  

f i n a n c i a l  support  and t o  t h e  Woods Hole Oceanographic I n s t i t u t i o n  f o r  

encouragement and s h e l t e r ,  

Willem V . R ,  Malkus 
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FLOW IN ROTATING STRATIFIED SYSTEMS 

Lecture #1 Joseph Pedlosky 

1. The interest in rotating stratified flows stems from the fact 

that those are the flows encountered in the oceans and in the atmosphere. 

To study those problems, one fruitful line of attack is to consider some 

idealized models - realizable or not in the laboratory. One of the aims 

of these lectures is 60 give through theoretical consideration an insight 

into some of the mechanisms involved, Eventually consideration will be 

given to a particular topic, to be studied experimentally soon in Chicago, 

2 .  Review of the basic equations 

We consider a frame of reference rotating with constant angular 
/' 4 

velocity - = k . We take the 0 t axis parallel to k , and, with- 
out much loss of generality, consider situations where gravity is acting 

- 
I? along the negative 02 direction: = - 1  _ 

Then, denoting by q the velocity observed in the rotating frame, and with - 
standard notation for the other quantities, we have: 

a) Conservation of mass: 



b) Momentum: 

9 is the force potential, including centrifugal potential : 
$=-p++ (s%&)= 

c) Energy: 

d) State relation: usuallypsp(xp) ; in our case =po JJ - 4 (T- %)I 
where c B ~ ~ t i j ~ ( 9 ~ a j + j i , i )  is the viscous dissipation, 

Although Eqs, (13, (2) and (3) constitute a closed system, it is con- 

venient to introduce the following equation for the entropy 

This, together with the thermodynamic relation 

enables us to write (3) in the more convenient form: 

r *  where d = -  - 
P aT 

Our basic set of equations is now (I), (2) and (6) ; they are non-linear and 

represent a coupling between the temperature, velocity, pressure and den- 

sity fields, 

3, Sealing 

In order to reduce this system to a more tractable one it is 

necessary to do some approximations, For this purpose we non-dimensionalize 



t h e  equat ions  by a  s c a l i n g  process .  We thus  assume t h a t  t h e r e  i s  a  s c a l e  

t h a t  c h a r a c t e r i z e s  t he  f i e l d s  over most of  t h e  domain of  i n t e r e s t  ( t h e r e  

might be  some s i n g u l a r  reg ions  where t h i s  f a i l s ) .  

Let U be the  v e l o c i t y  s c a l e ,  

L be t h e  length  s c a l e  (we assume t h e  system has  only one l eng th  

s c a l e ) .  We a l s o  w r i t e  

7- = t \ ( A % ) T ,  (4, + \ ( A T ) T ' ( * , ~ , ~ , ~ ) ,  ( 7 )  
s t a t i c  temp, d i s t r f b ,  t emp ,d i s t r fb .  due t o  motion 

where i s  t h e  s t a t i c  p re s su re :  

NOW we w r i t e  q = p' 
Q =  LC' 

Since t h e  main f e a t u r e  o f  r o t a t i n g  flows i s  t h e  presence of t h e  C o r i o l i s  

fo rce  and we s h a l l  cons ider  systems where t h i s  f o r c e  i s  of t h e  same o r d e r  

of magnitude a s  t h e  p re s su re  g r a d i e n t ,  we choose 

p.4 n UL 

We want t o  r e l a t e  4 T t o  t h e  e x t e r n a l  parameters ,  l i k e  U ; we a l s o  i n s i s t  

t h a t  i n  most reg ions  of t h e  flow 

C o r i o l i s  f o r c e  = 0 (ho r i zon ta l  p re s su re  g rad ien t )  

Buoyancy f o r c e  = 0 ( v e r t i c a l  p re s su re  g r a d i e n t ) = > p , f i v = A f M A T  

nu n"L =>AT= -- - -6 "a "9 
where E 9 rL ' i s  t h e  Rossby number. 



If A T  is given, one has: E s *T and & is thought of as rhe thermal 
n.L 

Rossby number, We ean now rewrite the equations with the non-dimensional 

quantities; for comenience we drop the primes, With @=(~T,)T,  1. (AT) T, 

we have 

where E= - - is the Eckman number, 3 =  A . We shall discuss only problems 
sl L' Po 

where &<e 1, 1. 

where T, = is the total (dimensional) temperature 

o( A r ,  8 = 3- is the stratificaf ion parameter na L 

(J-=  - is the PrandtP number 
X 

d" 3 and - = 0 d 3% 

For a fluid like water turns out to be -10-'I and dissipation is 
CP 

unimportant for temperature changes, Also d A T L L ~  1 , and d A T V  44L 1. 

Then we can simplify the equations and get the Boussinesq equations: 

~ 3 % ~  (centrifugal effect) and in We have also neglected terms in - 

d A T V  
2 

E (slow cireulataon due to vertical temperature gradient), This is 

equivalent t o  assuming total gravitational force is anti-parallel to & 



s l 'L  We also note that under the assumption - <C ~,T,(s)is solution of 
9 

the static equilibrium equations only if TCD) = s o  (This neglects a very slow 

steady convection. ) Then (16) becomes : 

4. Potential vorticity equation 

From the preceding equations we can derive a useful relation for the 

vorticity Cc) E Taking the curl of (15): 
4 

+21: a v + + ~ ~ x $ + ~ v &  
The vertical component of this is (with f s ) 

Combining this with the z derivative of (16a): 

Evaluation of (a) by taking W from the thermal Eq,16 and of (b) by 

taking * =nk * V q  from the vorticity Eq.17, shows that the right-hand side as - 
?r 

of (19) contains only terms of order or E E and thus can be neglected; 

therefore we write: 

The quantity (+ 5 - is called the potential vorticity. We see that if s as 
C , it is conserved for each fluid element, On the other hand, if 

E-=< we have 

This would be a conduction equation for the potential vorticity if 0-= 1 

If CTf 1 we consider (21) as a quasi-diffusion equation for the potential 



v o r t i e i t y ,  which w i l l  be u se fu l  i n  t h e  s tudy of  very slow s ready  metions,  

Even i f  & i s  not small  with r e spec t  t o  t h e  conduction equat ion  

may hold nf t he  c i r c u l a t i o n  i s  cons t ra ined  by condi t ions  o f  symmetry, Far  

example, i f  (as i n  cases  we s h a l l  s tudy)  t h e  motion i s  symmetric about t h e  

r o t a t i o n  a x i s ,  and s teady ,  
3 - -  a -U. - '3 

a/t $w--* 
~t a 3  

I t  t u r n s  o u t  (as  w i l l  be  shown l a t e r )  t h a t  over  most of t h e  f i e l d  

i n  which ease :  f $ = 0  (*)* 
Hence t h e  conduction equat ion w i l l  s t i l l  hold  under t h e  weaker cond i t i on  

r S  > E i n s t e a d  of  E > E .  This i s  an important cons ide ra t ion  f o r  t h e  

conduction problem i s  l i n e a r :  we may thus  say  t h a t  we a r e  d e a l i n g  wi th  two 

d i s t i n c t  c l a s s e s  o f  flow, v i z :  

1) Over t h a t  p a r t  o f  t h e  f l u i d  where our  s c a l i n g  parameters  a r e  aceu- 

r a t e ,  flows with s t r o n g  symmetries a r e  o f t e n  governed by t h e  law o f  condue- 

t i o n  o f  ( e s s e n t i a l l y )  p o t e n t i a l  v o r t i c i t y ,  

2) In  t h e  absence o f  symmetry F 7 E i s  enough t o  upse t  t h l s  r e s u l t  

and t h e  p r i n c i p l e  of conserva t ion  o f  p o t e n t i a l  v o r t i c i t y  a p p l i e s ,  

Notes submit ted by 

Yves J ,  Desaubies 



EKMAN LAYER IN A STRATIFIED, ROTATING FLUID 

Lecture #2 Joseph Pedlosky 

References: Barcilon, V ,  and J, Pedlosky J . F , M ,  1967 29: 1-16 
1 1  II 11 II I I J , F , M ,  1967' 29: 609-621 
I I II II II I I J , F , M .  1967 X: 673-690 - 

Veronis, Go Tellus 1967 XIX(2): 326 
I I TelPus 1969 XIX(4) : 620 

Consider a cylindrical annulus filled with fluid and rotating with 

angular velocity fl . The top lid of the annulus rotates differentially 

with respect to the sides and the bottom, The top is heated to produce 

stable stratification before the system is set in rotation, The side walls 

are insulated. Let r, 8, z be cylindrical coordinates and let u, v, w be the 

radial, swirl, and vertical velocity components in the rotating frame res- 

pectively. ?* I 

The boundary conditions on the flow are: 

(u,v,w) = 0 on all walls except the top 

where v (r) is the velocity of the top lid in the rotating frame. T 

The thermal condition for the insulating side walls is 

31 - 
a r = 0 for r = ri and ro 

There are two alternatives for thermal conditions at the top and bottom, 

One can either impose a temperature at the top and bottom or require that 



there, The former condition is easily achieved experimentally but leads to 

a complicated flow. The latter can be realized experimentally with some dif- 

ficulty, The classical rotating annulus experiments were performed with the 

temperature fixed at the inner and outer walls. 

Recall the equations of motion 

The length and velocity scales are L and vT(ro) respectively. 

For the problem we wish to study, E 4< 1 and -E -=c< 1. In regions 

where the length scale is accurately represented by L the viscous effects are 

negligible to O(1) as far as the force balances are concerned, We anticipate 

that a singular region, a boundary layer, will develop in the regions where 

viscous forces are important, The first such region to be studied is the 

Ekman layer on a horizontal plate, In particular, the effect of stratifi- 

cation on these layers will be considered. 

Let the velocity of the lower plate, z = 0, be q i + f i , $ .  We impose 

the condition V qL = 0-  

The approach adopted here assumes that for small E the length scale 

in the boundary layer can be obtained from linear theory, The linearized 

equations of motion in cartesian coordinates are: 



u + v  + w z  = 0 
x Y 

a 
In  t h e s e  equat ions has been rep laced  by 'Zi , t h e  dominant p a r t  i n  

t h e  boundary l a y e r .  A " t r a c e r  bracket"  has been p laced  around w z z  t o  enable  

us t o  follow t h e  c o n t r i b u t i o n  of  t h i s  term,  

El iminate  p from t h e  f i r s t  two of  t hese  equat ions  t o  o b t a i n  
-% 

Also, apply t o  t h e  f i r s t  equat ion,  gy t o  t h e  second t o  o b t a i n  

a" 2 ( v x -  uy) = 7 ; p  - E-  
aer (ux + vy) 

Using t h e  equat ion o f  con t inu i ty  and t h e  d e f i n i t i o n  o f  t h e  z-compopent 

o f  v o r t i c i t y  

w e  o b t a i n  t h e  fol lowing four  equat ions i n  p ,  C , T, w: 

Now success ive ly  e l imina te  T ,  p ,  and 5 from t h e s e  equat ions t o  o b t a i n  an 

eaua t ion  i n  w 

The second term i n  t h e  c u r l y  bracke ts  i s  always n e g l i g i b l e  wi th  r e s p e c t  t o  

t h e  f i r s t  because o f  t h e  l a r g e  v e r t i c a l  g rad ien t s  i n  t he  boundary l a y e r ,  

This term a r i s e s  from t h e  w term be ing  t r a c e d ,  hence t h i s  term could be  
Z z 

neglec ted ,  



% I f  6 s  = 0 then  the  equat ion i s  balanced wi th  a  length  s c a l e  o f  4 = E . 
A s  long a s  I T S  4 E-l t h e  proper length  s c a l e  remains < = E4. (Phys ica l ly ,  

4 may be i n t e r p r e t e d  as  t h e  d i s t a n c e  over  which t h e  f l u i d  appears  homo- 

geneous,) If t h e  first and Past terms o f  t h e  equat ion were t o  be balanced 

t h e  app ropr i a t e  length  s c a l e  would be 

where R i s  t h e  Rayleigh number, a  

The above c a l c u l a t i o n s  were undertaken t o  suggest  t h a t  E' is  t h e  

proper  l eng th  s c a l e  i n  t h e  boundary l a y e r  f o r  t h e  f u l l  problem, Now i n t r o -  

duce t h e  s t r e t c h e d  v a r i a b l e  

I t  i s  assumed t h a t  t h e  v e l o c i t y  OF  t h e  s t eady  problem depends 

e x p l i c i t l y  on I t  i s  convenient t o  s c a l e  t he  v e r t i c a l  v e l o c i t y  accord- 

i n g  t o  

w = E%(x,y, f 9 

The boundary l a y e r  equat ions o f  motfon can now be expressed i n  t h e  form 

A s  long a s  E Lc 1 t h e  0 ( l )  ba lance  i n  t h e  momentum equat ion  i s  



4 

Equation (3 )  impl ies  t h a t  Gx and $ a r e  independent of  5 Thus, 
Y 

r, 

by d i f f e r e n t i a t i n g  Eqs. (2.1) and ( 2 . 3 )  with  r e s p e c t  t o  F we o b t a i n  t h e  

following d i f f e r e n t i a l  equat ions  f o r  and $: 

-zG6 = G i f t  r 
2&* = $ " A  A r K r 

If we in t roduce  t h e  func t ion  

T = u + l 4 V  
4 

then  upon i n t e g r a t i o n  i n  r we f ind  

Yl̂ ; ' 2 l , Y + I O  

The s o l u t i o n  f o r  which decays i n t o  t h e  i n t e r i o r  is  

where t h e  i n t e g r a t i o n  cons t an t s  A and re a r e  obta ineg  from matching condi- 
4 

e ions  . A s  r-+ 0 t h e  flow must approach t h e  i n t e r i o r ,  geos t rophic  flow s o  

4 

A t  = d t h e  flow must match t h e  v e l o c i t y  o f  t h e  lower p l a t e  so  

u ,+  b v L  = A - + ( R ~ - L ~ ~ )  

Thus, t h e  s o l u t i o n  f o r  T becomes 

Expressed i n  vec to r  n o t a t i o n  t h i s  is  

where ?U 
i s  t h e  h o r i z o n t a l  v e l o c i t y .  



Since ( A  = 0 we have r n 

= fi ( ' ~ J p , o )  

From t h e  equat ion of  c o n t i n u i t y  

h 

The boundary cond i t i on  : = 0 f o r  = 0 enables  us t o  eva lua t e  w o o  Thus 
h 

A 

(But a s  c-co , $ approaches t h e  i n t e r i o r  v e r t i c a l  v e l o c i t y ,  t hus )  

h 

$ = f  [k4vx q , - $ ~ $ P L ~  [e"(m ti Sirnj).-d 

and M, = E'&B 

Now suppose 9 and T  a r e  p a r t i t i o n e d  i n t o  i n t e r i o r  and boundary l a y e r  

p a r t s ,  namely 

I f  6 S = O(1) then  

Hence, t o  t h e  lowest o r d e r  t h e  boundary condi t ions  a r e  

i )  w = O  f o r  z = 0 , 1  I 

i i )  TI s a t i s f i e s  t h e  thermal cond i t i ons .  

A t  z = 1 t h e  same s i t u a t i o n  p r e v a i l s ,  The analogous s o l u t i o n  f o r  t h e  

b e r t i c a l  v e l o c i t y  i n  t h e  upper Ekman Payer g ives  

Notes submit ted by 

William B ,  Heard 



FLOW IN ROTATING STRATIFIED SYSTEMS 

Lecture #3 Joseph Pedlosky 

The dynamics of axially symmetric motions: the interior, 

The equations governing axfally symmetric, steady motions are, in the 

nondimensional form 

r-momentum & [ u u ~ +  W U ~ - ~ ] - ~ V = - ~ ~ + E [ V L - - $ J  (3. la) 

@-momentum E [uur + wv3 .t y] + 2 u  = E ['J: - 51 ( 3 .  ~ b )  

z-momentum 6[uv(,.+ w~,I-T=-p,+E~'orr (3. IC) 

continuity f ( r ~ ) ,  + "4 = 0 

E temperature & [uTr + w ~ r ]  + Sw ; 9% T 

in which the nondimensional parameters are 

the Ekman number E =  e~ " r €  1 

the Rossby number E =  ,, L C  1 

w AT, the stratification measure $= & n-- L 

(3. Id) 

(3. le) 

It will be assumed that in the interior the scaling of the swirl 

velocity, the pressure, the temperature, and the lengths are correct, i.e, 

the interior is not a singular region, 

First it is necessary to estimate the divergence of the vertical flow 

in the interior. From the Ekman boundary layers studied in the previous 

lecture, (Lecture #2, Eq, (2,2)), 

~r = o(E~) at z = 0.1 

and from Eq, (3,ld) 



an estimate for the interior vertical velocity is found 

w = o (u, E " )  

This estimate for W is used in Eq. (3,lb) for finding 

LL=O(EE?E)  (3  a 4) 

whence Eq, (3,3) becomes 

The basic dynamics at the lowest approximation are 

2 v  = \er 
T = pt 

although these are not sufficient to determine the flow. Eliminating the 

pressure between (3,6a) and (b) yields 

2v, = T, 

- the thermal wind equation. 

Case 1 S = O  [Homogeneous Fluid) 

If the fluid is homogeneous and the boundary conditions impose no 

fluctuations in temperature, there will be no fluctuations in temperature in 

the fluid T= 0 
Then Eq, (3.62) gives a partial statement of the Taylor-Proudman theorem. 

There is no vertical shear in the swirl 

Now the Ekman efflux into the interior has a magnitude E', while the 

estimate (3.5) of the divergence of the vertical velocity is smaller than 

$. Thus to the first approximation in W 



Equations ( , 3 ,7 )  and (3,8) express the strong restraint that the rotation 

imposes on the flow, 

As the velocities v and W are independent of the vertical, they can 

be determined by evaluaeing them at z = 0,l where they are constrained by 

the Ekman boundary layer matching. Lecture # 2 ,  E q -  ( 2 , 2 )  yields 

Then eliminating UT 

where C is a constant to be determined. 

Consider the radial mass flux in order to find C ,  

while in the Ekman layers it has a magnitude of E4. Thus the radial mass 

, 9 / / radial velocity verticab length 

fluxes in the Ekman layers must balance, These are found using (3,9) in 

at the bottom 
j r v g ~ h d I =  ~4 [-y- L] 2 
0 
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In the interior, (3.4) gives an estimate of O( 6 E',E) for the radial flux, 
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Hence C must vanish ,  

Thus t h e  i n t e r i o r  swirl flow has been found 

and t h e  i n t e r i o r  v e r t i c a l  flow 

I 
k / 8 /  

A s  t h e r e  i s  no v e r t i c a l  shea r ,  Eq, (3 .7) ,  then  Eq. (3 . l b )  g ives  a r a d i a l  flow 

U = O(E) (3.12) 

The d e t a i l e d  s t r u c t u r e  of  t h e  flow i n  t h e  Ekman l a y e r s  can  be  found by us ing  

t h e  s o l u t i o n  (3.10) i n  Lecture #2, Eqs . (2.4) and (2 .5)  , To complete t h e  

d e t a i l e d  d e s c r i p t i o n  of  t h e  flow everywhere it would be necessary  t o  d i s c u s s  

E~~~ and E ~ ' ~  l a y e r s  on t h e  s i d e  w a l l s .  

I n  t h e  Ekman l a y e r s  t h e r e  a r e  r a d i a l  f l u x e s  t op  and bottom 

- 

Unless vT vanishes on r = r and ro, t h e r e  w i l l  be  r a d i a l  f l uxes  i n  t h e  l a y e r s ,  i 



This cannat connect across  t h e  i n t e r i o r ,  and so  t h e r e  must be s i d e  l a y e r s  

t o  accommodate i t ,  These a r e  found p o s s i b l e ,  One i n t e r e s t i n g  r e s u l t  i s  

t h a t  when vT( r )  i s  s p e c i f i e d  (smooth) over t h e  f u l l  c y l i n d e r  then  t h e  f l u x  

up t h e  l a y e r  on t h e  inne r  cy l inde r  i s  e x a c t l y  t h a t  v e r t i c a l  f l u x  i n  t h e  i n -  

t e r i o r  o f  t h e  excluded c e n t r a l  c y l i n d r i c a l  reg ion .  This  i s  because t h e  Ekman 

l a y e r s ,  due t o  t h e  r e s t r a i n t  of s t r o n g  r o t a t i o n ,  a r e  a  l o c a l  phenomena: t h e  

r a d i a l  f l u x e s  i n  (3.13) depend only  on t h e  r ad ius  a t  which they  a r e  c a l c u l a t e d ,  

Thus a t  r - ri t h e  r a d i a l  f l u x  i n  t he  Ekman l a y e r  does no t  know whether i t  

came from t h e  i n t e r i o r  of  t h e  completed c y l i n d e r  o r  up t h e  s i d e  wal l  l a y e r  

o f  t h e  annulus,  

Case 2 ( S t r a t i f f  ed F lu id )  

The c o r r e c t  measure o f  t h e  s i g n i f i c a n t  s t r a t i f i c a t i o n  can be  e s t ima ted  

by comparing t h e  v e r t i c a l  flow ou t  of  t h e  Ekman boundary l a y e r ,  assuming 

an O(1) discrepancy between t h e  i n t e r i o r  and imposed boundary v e r t i c a l  com- 

ponents o f  v o r t i c i t y  

W = 0 (E') 

wi th  t h e  v e r t i c a l  advect ion o f  t h e  s t r a t i f i c a t i o n  needed t o  ba lance  t h e  $ i f -  

fu s ion  of temperature,  ( 3 . l e )  
w =  o(% s) 

Thus it can be expected t h a t  t h e  f l u i d  w i l l  behave d i f f e r e n t l y  from when it 

i s  homogeneous when 

I t  w i l l  be  seen l a t e r  (Lecture 5) t h a t  when t h e  s t r a t i f i c a t i o n  exceeds t h i s ,  ' 

it  r e s t r i c t s  t h e  i n t e r i o r  flow i n  such a  way t h a t  t h e  Ekman s u c t i o n  i s  no t  

a s  s t rong  a s  E'. 

The l i n e a r  problem i s  cons idered ,  a posteriori it  i s  p o s s i b l e  t o  f i n d  



the limitations on & for the nonlinear terms to be ignored. 

€ l-CS 
The linearized equations are 

-2v = - pr+ €pLl - +] 
2~ = F ~ V ?  - $1 - 
-T= -pz+EValnr 

-L r ( r u ) r  +we= 0 

r s  = E V ' T  

As before, assuming the sealing of the interior is correct, i,e. v, p, T, 

d b -  ar) 22 are of order 1, it is possible to expand 
(9 V r V ,  t . 0 .  

The governing equations for this first approximation to the interior then 

become 

This is a linear system and can thus be reduced to an equation in a single 

variable, e. go pressure 



The previous  equat ion i n  t h e  e l imina t ion  i s  f ami l i a r :  

vz [ L L ( ~ ~ ) +  t- at- Q-s a2 

which i s  t h e  conduction equat ion f o r  the  p o t e n t i a l  v o r t i c i t y ,  The c o n s t r a i n t  

o f  symmetry with r e s p e c t  t o  t h e  azimuthal d i r e c t i o n  has made t h e  small  d i f -  

fus ion  e f f e c t s  dominant i n  determining t h e  s teady  s t a t e  i n t e r i o r  flow even 

though 5 may exceed E .  

The equat ion  (3,14) i s  an " e l l i p t i c "  p a r t i a l  d i f f e r e n t i a l  equat ion ,  

and s o  boundary condi t ions  have t o  be imposed on both h o r i z o n t a l  and v e r t i c a l  

boundaries .  The Ekman l a y e r s  on t h e  top  and bottom have been s t u d i e d  a l r e a d y  

i n  Lecture 2 .  The matching condi t ions  they  impose on t h e  i n t e r i o r  a r e  f o r  

(0) . t h e  v e r t i c a l  v e l o c i t y  wT 

(6) 
and f o r  t h e  i n t e r i o r  temperature TL those  condi t ions  imposed on t h e  temper- 

a t u r e  which i n  t h e i r  genera l  f o m  a r e  
, JT;& 

= 0 rnb~:+ 4,= 

The s i d e  boundaries a r e  t h e  s u b j e c t  o f  t h e  next  l e c t u r e ,  and t h e  s o l u t i o n s  

f o r  t h e  i n t e r i o r  flow w i l l  be  presented  i n  Lecture 5.  

Notes submit ted by 

Edward J, Hineh 



VERTICAL BOUNDARY LAYERS IN A ROTATING, STRATIFIED FLOW 

Lecture #4  Joseph Pedlosky 

Side Wall Boundary Layers 

In  i n v e s t i g a t i n g  t h e  reg ions  c l o s e  t o  t h e  inne r  and o u t e r  c y l i n d e r  

wa l l s  we follow t h e  same procedure as  i n  t h e  Ekman l a y e r  a n a l y s i s .  The 

Rossby number i s  p r o v i s i o n a l l y  taken t o  be small  so t h a t  we can look a t  

t h e  l i n e a r  problem. From t h i s  a n a l y s i s  we f i n d  t h e  s c a l e s  a p p r o p r i a t e  t o  

t h e  l i n e a r  boundary l a y e r  and from t h e s e  t h e  r e s t r i c t i o n  on t h e  s i z e  of  

t h e  Rossby number. 

The f i e l d  v a r i a b l e s  may be w r i t t e n  a s  t h e  sum o f  two p a r t s .  For 

examp 1 e  : 

u = u  + u  
I  B 

where ug i s  a  boundary l a y e r  c o r r e c t i o n  t o  t h e  i n t e r i o r  va lue  chosen t o  he lp  

s a t i s f y  t h e  boundary condi t ions  on t h e  wal l  and t o  vanish r a p i d l y  a s  we 

leave  t h e  l a y e r .  Because t h e  equat ions a r e  l i n e a r  t h e  equat ions  governing 

t h e s e  co r r ec t ion  v a r i a b l e s  w i l l  be  t h e  same a s  f o r  t h e  t o t a l  q u a n t i t i e s ,  

In  t h e  d i s s i p a t i v e  terms only  t h e  r a d i a l  d e r i v a t i v e s  w i l l  be  impor tan t  and 

we a r e  l e f t  wi th  t h e  fol lowing s e t  o f  equat ions .  

By e l imina t ing  p re s su re  between Eqs, (1) and ( 3 )  we ge t :  



On d i f f e r e n t i a t i n g  by z and using t h e  con t inu i ty  equat ion we have: 

where t h e  t e r n  wi th in  t h e  square  t r a c e  bracke ts  can wow be neglec ted  i n  com- 

pa r i son  with t h e  next  term' This equat ion shows t h e  depa r tu re  from a t h e r -  

mal wind r e l a t i o n s h i p  wi th in  t h e  boundary l a y e r ,  

By cont inuing t o  e l imina te  v a r i a b l e s  we f i n a l l y  a r r i v e  a t  t he  s i d e -  

wa l l  boundary l a y e r  equat ion:  

which is  reminiscent  o f  t h e  Ekman l a y e r  equat ion:  

The r e l a t i v e  importance o f  t h e  ind iv idua l  terms i n  t h i s  equat ion  

depends on t h e  th ickness  o f  t h e  boundary Payer, A balance  between t h e  

f i r s t  and second gives a  th ickness  6; o f  

and makes t h e  l a s t  term of 0 ( E J ( r S )  "S )/L r e l a t i v e  t o  t h e  f i rs t .  Therefore 

f o r  t h i s  type sf Payer t o  e x i s t ,  Balancing t h e  second and t h i r d  terms pro-  

duces a  Sayer o f  th ickness  

d; =JrrS. 

The same cond i t i on  TS > E% i s  necessary t o  make t h e  f irst  term o f  s m a l l e r  

magnitude than she  o t h e r  two, In o rde r  t o  apply boundary l a y e r  techniques 

t o  t h i s  l a y e r  we need t h e  a d d i t i o n a l  condat ion t h a t  

GS( I 



Looking back a t  t h e  i n t e r i o r  equat ion we l o s e  t h e  O: P:) term. This  v o r t i c i t y  

d i f f u s i o n  i s  then  r e s t r i c t e d  t o  t h e  boundary l a y e r  r eg ion .  

I f  r r S  i s  0 (1) t h e r e  i s  only one boundary l a y e r .  When r S 4  E %  t h e  

balance is  between t h e  f i r s t  and t h i r d  terms which y i e l d s  an EI" l a y e r .  An 

E l i 4  boundary l a y e r  a l s o  e n t e r s  i n  t h i s  range of  0- 5 bu t  t h e  d e t a i l s  w i l l  be 

ignored h e r e ,  The d i f f e r e n t  p o s s i b l e  l a y e r s  f o r  t h e  range o f  va lues  o f  t h e  

parameter 0- $ aye r ep re sen ted  by t h e  c h a r t  i n  F ig .1 .  We w i l l  r e s t r i c t  our-  

se lves  t o  
E y3 E Y% 

1 
I 4 ----> 0-S 

homogenous Y s t r a t i f i e d  
i n t e r i o r  

Ekman l a  e r  i- - 

NlEkman l a y e r  

F ig .1 ,  Fea tures  o f  t h e  Dynamics, 

I n  t h e  cons ide ra t ion  o f  t h e  upper and lower boundary cond i t i ons  on t h e  

s idewal l  l aye r s  i t  is noteworthy t h a t  t h e s e  l a y e r s  a r e  a l l  t h i c k e r  than t h e  

Ekman l a y e r s .  A s  f a r  a s  t h e  Ekman l a y e r s  a r e  concerned t h e  s idewa l l  l a y e r s  

look l i k e  an i n t e r i o r  and we may use  t h e  Ekman l a y e r  r e s u l t s  t o  determine bound- 

a ry  condi t ions ,  Therefore ,  i n  terms o f  t h e  boundary l a y e r  v a r i a b l e s :  



a f t e r  i n t e g r a t i n g  with r e s p e c t  EO r ,  

We w i l l  first look i n  d e t a i l  a t  t h e  chin i n n e r  l a y e r  o f  t h i ckness  

6; - t h e  s o - c a l l e d  buoyancy layer .  

Buoyancy Layer (g,= ~ ' ~ ~ ~ ~ ) ' ' 9  
A t  r = rQ l e t  us d e f i n e  a  s t r e t c h e d  coord ina te  

q = (G - .)/s 
and allow a l l  B- subscripted v a r i a b l e s  t o  be e x p l i c i t  func t ions  of  u( 
I f  we de f ine  t h e  boundary l a y e r  renaperacure s c a l e  QB by 

/" 

where i s  s t i l l  t o  be derermined, and ?(Q i s  0 ( l ) ,  t h e  s c a l e s  of t h e  

o t h e r  v a r i a b l e s  can be e s t a b l i s h e d  from rhe  eqwa~ions o f  motion i n  t h e  buoy- 

ancy l a y e r  t o  be: 

We now have t h e  fol lowing s e t  c f  equat ions :  
" 4 = Psq + TS gaqq 



A s  we a r e  cons ider ing  t h e  case  (TS>E% t h e  p re s su re  term i n  t h e  v e r t i c a l  

momentum balance can be s a f e l y  neglec ted  t o  g ive  a balance between buoyancy 

and d i f f u s i o n .  

Equations (15) and (17) now form a n  fndependent s e t  from which we 
A A A 

can determine T and w, El imina t ion  o f  T y i e l d s  an Ekman-like equat ion  

This  i s  a l o c a l  equat ion wi th  no z d e r i v a t i v e s  and t h e r e f o r e  t h e  s o l u t i o n  

w i l l  depend only on l o c a l  q u a n t i t i e s  and we do not  r e a l l y  need t h e  boundary 

condi t ions  determined from t h e  Ekman l a y e r s ,  
A 

Once 2 is  determined, T i s  obta ined  from (151, 2 from (16), ? from 

(141, and f i n a l l y  $ from (13) . The r e s u l t s  a r e :  

Now i f  we a r e  f i x i n g  t h e  temperature on t h e  s idewa l l s  o f  t h e  annulus,  

then  e must be O(1) i n  o r d e r  t h a t  nTB can c o r r e c t  t h e  i n t e r i o r  temperature 0 
f i e l d .  Because wI i s  O(E/WS) we have t h e  r a t i o  wI /wB be ing  o ( E / E s )  

which i s  much l e s s  than u n i t y ,  This  impl ies  t h a t  wB must be zero by it- 

s e l f  a t  t h e  boundary. On t h e  o the r  hand i f  we s p e c i f y  t h e  i n s u l a t i n g  eon- 

d i t i o n :  



a r  ar; Q '4 8- 0:- ( s )  * a r  - ar E M  

on t h e  boundary we must have Be of  0 ($/ (TS)') . The r a t i o  wI/yB i s  now 

o(E'/ ( r s ) ' )  which i s  s t i l l  much l e s s  than  u n i t y  provided t h a t  OS >> F: 

We again  conclude t h a t  
Y'O t& 1'0. 

This  imp l i e s  t h a t  

A 5 O o  

The unknown B[z) can now be determined from t h e  o t h e r  boundary con- 

d i t i o n s .  Choosing t h e  i n s u l a t i n g  temperature cond i t i on  of Eq, (22)  we f i n d :  
,,Cd, 

From (19) we c a l c u l a t e  a mass t r a n s p o r t  o f  

and i t  seems t h a t  t h e  buoyancy l a y e r  can compensate f o r  t h e  i n t e r i o r  mass 

f l u x .  From Eq, (21) eva lua ted  a t  t h e  boundary: 

A s  t h e  t o t a l  r a d i a l  v e l o c i t y  must vanish  a t  r = ro we f i n d :  

a cond i t i on  on t h e  i n t e r i o r  f i e l d  s i m i l a r ,  i n  form, t o  t h e  one der ived  f o r  

t h e  Ekman l a y e r .  The l a s t  condi t ion  i s  t h a t  t h e  t o t a l  swirl v e l o c i t y  go 

t o  zero a t  t h e  boundary. I n  t he  i n t e r i o r  vI  i s  O(1) while  i n  t h e  buoyancy 

l a y e r  vB i s  O(E/ ( T S ) ' ~ )  which i s  much l e s s  t han  u n i t y .  Therefore vI  must 

vanish by i t s e l f  a t  t h e  s idewa l l  and from t h e  thermal wind equat ion a t  

r = r :  
0 

and t h e r e f o r e  : 



To this order there is no buoyancy layer! 

From Eq. (25) we have the condition on the interior field that: 

- a (0)  

- x J 1  (27) 

14 I a cd 
where rz =% 6 r . In addition the swirl velocity vanishes so that 

(0 )  

2% 
0 = 33 , 0. 

3 r 
(281 

On the upper and lower surface we have the following results from the Ekman 

layer analysis, 

as well as the temperature conditions: 

where Yr7 I and 4 I are specified functions of r. 
0 0 

The previous considerations of the Ekman regions also allow us to 

calculate the interior swirl velocity at the top and bottom. For rS>> 
0 )  a pi9 , 

we have from (29) and (30) using the fact that 2 V r  31 3r  ' 

a 1 a L b ) , - f  and on z = 1: - - r V r  r 2 r  r T '  

These may be solved easily to yield the results: 

and 
(s) A 

Y~ (r, I )  = vT t + 
where A. and A1 are constants to be determined. 



Equations (32) and (333 determine t h e  r e l a t i v e  v o r t i c i t y  between t h e  

i n t e r i o r  and t h e  top  and bottom a t  t h e  boundary, Therefore we can c a l c u l a t e  

t h e  Ekman l a y e r  q u a n t i t i e s ,  In  p a r t i c u l a r  t h e  r a d i a l  mass f l u x  i n  each 

l a y e r  can be found. In t h e  t o p  l a y e r  we f i n d  a  f l u x  of  E ' A ~ / ~  inward and i n  

t h e  bottom ~ ' ~ ~ 1 2  inward. Because of t h e  s t r o n g  s t r a t i f i c a t i o n  c o n s t r a i n t  

t h e  Ekman l aye r s  a r e  non-divergent and ehese f luxes  must ba lance  each o t h e r ,  

This  impl ies  t h a t :  

A. = -A1 

However, t h i s  f l u x  can only  e n t e r  t h e  s idewa l l  which we have d iscovered  can 

not  accept  such a  l a r g e  f l u x ,  Therefore: 

A. = A1 = 0  (343 

and we have t h e  s u r p r i s i n g  r e s u l t  t h a t  a s  wel l  a s  no buoyancy l a y e r  t h e r e  

is a l s o  no Ekman l a y e r !  

The problem f o r  t h e  i n t e r i o r  i s  now f u l l y  posed, b u t  f o r  a r b i t r a r y  

r S  i s  r a t h e r  d i f f i c u l t  t o  so lve .  We w i l l  look a t  t h e  ca ses  o f  r S  small  o r  

l a r g e  bu t  s t i l l  l a r g e r  than  t h e  o t h e r  small  parameters ,  

For I T S  l e s s  than  O(1) t h e  equat ion  (3,15) (from Lecture #3, E q . ( 3 , l 5 ) )  

f o r  t h e  i n t e r i o r  reduces t o  

I n t e g r a t i n g  once wi th  r e s p e c t  t o  z we have: 

The i n t e r i o r  v e r t i c a l  v e l o c i t y  wp' i s  only  a func t ion  of  r a s  a  r e s u l t  of 

t h e  c o n s t r a i n t  on rS. 

From t h e  h y d r o s t a t i c  balance i n  t h e  v e r t i c a l :  

The Ekman condi t ions  a t  t o p  and bottom a r e :  



which when added together give: 

Integration of the thermal wind equation over the fluid depth yields: 

Substitution of 437) into (36) and the result into (35) produces the 

"interior-interior" equation. 

Notes submitted by 

Nelson G .  Hogg 

AXIALLY SYMMETRIC CIRCULATION IN AN ANNULUS 

Lecture #5 Joseph Pedlosky 

In the interior our vorticity balance is of the form 

For 0- 5 L 1 we saw in the previous lectures that there is a boundary layer 

of 0 ( ~ ~ )  and that the remaining 17interior-interior71 equation is 

We must now use the sidewall layer to set the swirl velocity to zero, 

To solve the boundary layer equation we will define a stretched 

variable 7 = ( % - l . ) / ~  and we will denote by bars the additive boundary 



l a y e r  co r r ec t ions .  To f i r s t  o rde r  

v:' and 3 a r e  of t he  same o rde r  s i n c e  t h e  ex i s t ence  o f  t h e  boundary l a y e r  

i s  t o  balance ?I:) a t  t h e  w a l l s .  The remaining v a r i a b l e s  w i l l  b e  s c a l e d  

r e l a t i v e  t o  V , thus 

The equat ions of  motion i n  t h e m  l a y e r  a r e  then  

% We can neg lec t  t h e  l a s t  term i n  E q .  (4c) s i n c e  r S  7 E and we have 

a l r e a d y  s tud ied  t h e  case i n  which t h e  buoyancy was balanced by t h e  v iscous  

s t r e s s e s ,  Again t h e  boundary condi t ions  a t  z = 0 , l  a r e  from t h e  Ekman 

s u c t i o n  which y i e l d  t h e  fol lowing r e l a t i o n s :  



- - 
The l a s t  e q u a l i t y  above i s  due t o  the  thermal wind - 2 uz = - I n t e g r a t i n g  

t h e  above two equat ions i n  y i e l d s  t h e  following cond i t i on  on t h e  swirl 

ve loc i ty :  

- 
Eliminat ion o f  , , and from t h e  equat ions  o f  motion y i e l d s :  

Consider a s o l u t i o n  of t h e  form: 

Plugging t h i s  back i n t o  Eq. (7) y i e l d s :  

The boundary condi t ions  (6) reduce t o  

Note t h a t  i f  we mul t ip ly  Eq. (9) by 0, and i n t e g r a t e  i n  2 , we g e t  t h e  

fol lowing r e s u l t :  

Each o f  t h e  terms i s  p o s i t i v e  d e f i n i t e  and t h i s  impl ies  t h a t  b;, i s  r e a l  

and t h a t  t h e r e  a r e  no o s c i l l a t i o n s ,  i . e .  t h a t  a11 s o l u t i o n s  have t h e  p rope r  

boundary l a y e r  c h a r a c t e r ,  

The s o l u t i o n  t o  Eq. (9)  i s  
Y 4 K = ~ n &  % s  + p,eo +r 

The boundary condi t ions  (10) y i e l d  t h e  fo l lowing  condi t ions :  



which lead to 

In the limit of high stratification, PS >> EYa, Pn=O and < = ~ T N I  , 

n = 0,1,2. This means that goes to zero at z = 0,l and therefore the 

Ekman layers made no contribution, which is just what we expect in the high 

stratification limit. In the opposite limit 6 5 ~ ~  E%, we get two types 

of solutions. The first is a cosine series:oCk= 0 and q = 2 1 ~  , ? = 1,2, 

1 m . . . The second is a solution for small which yields b;, -x n 
If we substitute this expression for fK we really have then an E' layer 

which is just the Stewartson layer. 

We now have the swirl velocity in the FS layer. From the thermal 

wind relationship we can calculate the temperature field: 

Let us now define a streamfunction Y:) such that 

r a iv:" ce) = - - 
W r  r a r  

Recalling that w ~ '  is independent of 2 and reintroducing the scaling we 

have 

In the boundary layer 

From the heat equations (4d) and (16) we have 



The boundary condi t ion  on a t  t h e  s idewa l l s  i s  t h a t  t h e  t o t a l  

v e l o c i t y  go t o  zero, i .  e , ,  

v, ( G  ,I) + F(TC,C) = 0 

o r  . V I ( G ~ ~ I + E A ~ + ~ = O  K 

and s i m i l a r l y  a t  Y =  7 

An a d d i t i o n a l  boundary cond i t i on  a t  t h e  wal l  i s  t h a t  t h e r e  be  no 

r a d i a l  flow, i . e .  t h a t  t h e  wal l  be a  s t r eaml ine ,  This impl ies  t h a t  

( G ) + ~ c  ZA,@;(Z)=O If (20) 

Equations (19) and (20) combine t o  g ive  t h e  boundary cond i t i on  on t h e  i n -  

t e r i o r  swirl v e l o c i t y ,  namely 

Let us  now convert  t h i s  r e l a t i o n s h i p  i n t o  a  cond i t i on  on t h e  i n t e r i o r  

temperature,  The t r a n s p o r t  down i n  t h e  boundary l a y e r  is given by 

td 
Note t h a t  s i n c e  7/L i s  independent o f  2 , t h e  i n t e g r a l  o f  i ~ d ?  i s  i n -  

dependent o f  2 al though i t s e l f  i s  n o t .  The mass t r a n s p o r t  i n t o  t h e m  

from t h e  top  Ekman l a y e r  i s  

while  t h e  t r a n s p o r t  i n t o  t h e  bottom Ekman l a y e r  i s  



Both t h e  t r a n s p o r t s  Ml and M 2  must equal t h e  t r a n s p o r t  i n  t h e  Js l a y e r ,  

manely u:. This i s  due t o  t h e  f a c t  t h a t  t h e  i n t e r i o r  r a d i a l  ve-  

l o c i t y  i s  O(E). Since t h e  t r a n s p o r t  i n  t h e r ~  l a y e r  i s  independent o f  

z, we can add t h e  two e q u a l i t i e s  t o  y i e l d  

This is  t h e  boundary cond i t i on  on t h e  i n t e r n a l  tempera ture ,  For t h e  c a s e  

of  i n s u l a t e d  wa l l s  i t  i s  a c t u a l l y  unnecessary t o  f i n d  t h e  boundary l a y e r  

s o l u t i o n ,  We can e a s i l y  f i n d  t h e  t r a n s p o r t  i n  t h e  fi l a y e r  from t h e  

hea t  equat ion:  

where t h e  s u b s c r i p t  B . L .  denotes  t h e  unscaled boundary l a y e r  v a r i a b l e .  

We then  equate  t h i s  t r a n s p o r t  t o  t h e  Ekman t r a n s p o r t s  and proceed a s  above, 

To so lve  t h e  i n t e r i o r  problem l e t  us  make a  change o f  v a r i a b l e ,  

Let 

Our d i f f e r e n t i a l  equat ion  (2) becomes 

with 
ae - - r s  
J p  - ~ I % U T  o-n r=r, 

c-) 
To f i n d  TI from @ cons ider  t h e  fol lowing 

and thus  



The s o l u t i o n  t o  Eq, (28) i s  
r 

The boundary condi t ions  on temperature a r e  

- 
These condi t ions  determine 9 : 

J l #  JO, Y1$ Yo a r e  Bessel func t ions ,  t h e  I<,.,., a r e  determined from t h e  r e -  

76 quirement t h a t-  = 0  on r and r. and t h e  a  and bn a r e  determined from 2 r o P n  

Eq. (30).  Let us  c a l l  t h e  f i r s t  b racke t  i n  (31) Dn(r) .  

(0 )  Now t h a t  we have h we can w r i t e  e) from t h e  thermal wind r e l a -  

t ionsh ip .  Le t t i ng  = r%k we have 

In t h e  ease  o f  no v e r t i c a l  h e a t  f l ux ,  due t o  t h e  temperature produced by 

t h e  mechanical dr iven  flow, i . e .  m = ml 0  = 0  a l l  o f  t h e  an and bn a r e  zero.  

As we inc rease  t h e  s t r a t i f i c a t i o n ,  j\ , t h e  swirl v e l o c i t y  goes from a  con- 

s t a n t  va lue ,  V7 3 - ,  coupled t o  Ekman suc t ion ,  t o  a  l i n e a r  func t ion  o f  z i n  / 
which t h e  Ekman s u c t i o n  i s  choked o f f .  I n  t h e  more genera l  ca se  where an 

and b  a r e  not  zero we g e t  t h e  same e f f e c t  on t h e  Ekman l a y e r  i n  t h e  l i m i t  n 

o f  l a r g e  h , i . e .  v(r; 1 ) '  vi(r)and ~ ( 5 0 )  = 0. 

The r a d i a l  t ransport ,  i n  t h e  upper Ekman l a y e r  i s  



and t h e r e f o r e  ME i s  0 ( E ~ )  f o r  r S c O  (E  4 )  bu t  only 0 (ElTs ) f o r  05 & %. 

Therefore t h e  mass t r a n s p o r t  i n  the= s idewa l l  l a y e r  i s  independent o f  

t h e  

I 
Due t o  t h e  d i s c o n t i n u i t y  i n  t h e  boundary cond i t i on  t h e r e  i s  a r e c i r c u l a t i n g  

eddy i n  t h e  upper corner  r eg ion ,  

F i n a l l y  l e t  us  look a t  t h e  t o t a l  dimensional temperature f i e l d  T*,  

For t h e  case o f  a r o t a t i n g  t o p  wi th  angular  v e l o c i t y  En we have 
I 

when TZ = 0 a t  z = 0 , l  and t h e  tempera ture  

contours  have t h e  fol lowing appearance,  

Notes submit ted by 

J o e l  E, Hirsh  



LINEAR STABILITY OF THE SYMMETRIC FLOW (INVISCID THEORY) I, 

Lecture # 6 ,  Joseph Pedlosky 

Some additional remarks concerning the symmetric flow. 

lo In the case where o-S >>I  , in the interfor u = O(E) and 

w = O(Ep'crS) and therefore w u, Physically, this means that the con- 

straint of stratification is much stronger than the rotational constraint, 

To lowest order the continuity equation becomes 

and the boundary conditions 

u = O  on v = r  r I 0' i 

imply that uI = 0 in the interior, Then the equation for the swirl velocity 

If the annulus is shallow this equation shows that the flow is essentially 

Couette and the plate velocity is transmitted to the interior of the fluid 

by viscous stresses, 

The temperature (obtained from the thermal wind equation) will not 

satisfy the boundary conditions at the top and the bottom. Thus there is a 

thermal boundary layer of thickness 0 ( I/=) in which the thermal conditions 

are satisfied, In these boundary layers the thermal wind balance still ap- 

plies and a small correction to the swirl velocity of 0(1/&$') gives an 

O(P) change in To 

2 ,  In the situation where WS = O(l) the existence of boundary 

layers depends critically on the side wall thermal conditions. In contrast 

to the case discussed above, when T = 0 on the side walls we have both buoy- 

b 
ancy Payers and Ekman layers carrying a mass flux of O(E2). 



Linear stability of the symmetric flow. 

Inviscid theory, 

It -has been shown that the potential vorticity of the motion is 

governed by the equation 

In the annulus the constraint of symmetry restricts the class of motions in 

such a way that even for € >  E ( ~ d < 1 )  , the potential vorticity is (except in 

any boundary layers) governed by the conduction type equation 

The possibility of non-symmetric motions removes this restriction and an 

asymmetric perturbation to the symmetric flow may produce an entirely differ- 

ent balance in the interior of the fluid. 

In order to study the stability of the symmetric flow we write the 

symmetric state as 

The perturbation velocities are scaled in the same way as the s p -  

metric flow and it is assumed that Rossby and Ekman numbers of the perturba- 

tion are small, i.e, the perturbations are in hydrostatic and geostrophie 

balance to the lowest order. It is further assumed that the time scale of 

the perturbations is of the same order as the advective time scale of the 

flow, We write 
3 

% ' = ( u l ( p t ~ , ~ , t ) ,  ~ ' ( r , e > * , t ) ~  w l ( r , e , ~ , t ~ ) ,  
(For E r Ex , accelerations of the 0 (1) horizontal velocities give departures 



from geostrophy sf O(€ ) .  This impl ies  t h a t  t h e  per turbae ion  v e r t i c a l  

v e l o c i t y  i s  O[E ) i n  t h e  i n t e r i o r , )  

Up t o  t h i s  po in t  no r e s t r i c t i o n s  have been placed on t h e  s i z e  o f  

t h e  p e r t u r b a t i o n  v e l o c i t i e s  r e l a t i v e  t o  t h e  symmetric flow v e l o c i t i e s ,  

However, t h e  r e s t r i c t i o n  E<< 1 impl ies  t h a t  t h e  azimuehal l eng th  s c a l e  of  

K t h e  p e r t u r b a t i o n s  is 0 (1) , The case  E << E wil P not  be  eons idered  h e r e  as 

a l l  pe r tu rba t ions  a r e  found t o  decay i n  t h a t  ca se .  

We w r i t e  t h e  t o t a l  v e l o c i t y  and temperature f i e l d s  a s  

Denoting by J t h e  v e r t i c a l  component o f  t h e  t o t a l  v o r t i c i t y ,  we have t h a t  

t h e  equat ion of  motion f o r  t h e  t o t a l  f i e l d  i n  t h e  i n t e r i o r  i s  

Here 

and 
- -  a a -I a = r - + Eu, +d -+ a 
~t b t  ( r ) a r  ( r ) w + ( & w s + c ~ ~ ) ~ *  

S u b s t i t u t i n g  f o r  r and T we have 

In  t h e  l i m i t  E<< 1 , t h e  r igh t- hand s i d e  i s  e f f e c t i v e l y  zero.  If t h e  

p e r t u r b a t i o n  were symmetric t h e  above equat ion would p l ace  no e o n s t r a i n t  

on i t  and i t  would be necessary  t o  go back t o  t h e  conduction equa t ion ,  



In the region of parameter space mentioned above 

Substituting into (1) we have 

We now derive the boundary conditions on the flow. 

Vertical walls 

On r = r  r 
0' i 

Horizontal walls 

The thermal equation is 

It is necessary to have Ekman layers top and bottom to satisfy the no-slip 

condition on the perturbation. The vertical velocity pumped out by such an 

Ekman layer is 

E~~ = k - (vorticity of the perturbation ) on T! 
2 

This is a non-linear boundary condition, We see that the effect of viscous 

dissipation depends on the ratio EK/c . 



An additional constraint on the flow 

The azimuthal equation of motion may be integrated around the annulus 

This holds for all r and in particuPar on the side wqlls, But u' = 0 on 

the vertical walls ($0 lowest order) and it seems likely that 

{:,Ida = o  
0 

t s  O ( € ) ,  In other words, we postulate that the side walls boundary layers 

cannot accepr: a mean radial flux of O ( E 3 ,  Then 

Notes submitted by 

Paul F.  Linden 

QUASI-GEOSTROPHIC POTENTIAL VORTICITY EQUATION 

Lecture #7  Joseph Pedlosky 

The equation governing non-steady, non-symmetric perturbations when 

E > E is the conservation of potential vsrtiei ty - hereafter referred to 

as the quasi-geostrsphie potential vorticity equation (Q,G,P,V,E.) because 

u and M are evaluated geostrophieally, 

We can introduce a horizontal stream function such that 

with this defnnatlon, the Q G F , V , E ,  becomes 



I a where p-[l+ , the linearized total derivative and rs = -- at-at  r s e  I- a , - r % '  
the vorticity of the basic flow, The boundary conditions in terms of "Y 

are 

expanding in a small parameter a<<l where a can be regarded as the 

relative amplitude of the perturbation at t = 0 to the amplitude of the 

swirl flow. Then W = a'!, + 2 v2 t tZ3 + . - . Inserting this expansion 

into the equation for and considering those terms proportional to a, 

we can investigate the stability of the symmetric flow; and the initial 

growth rate and initial strucutre of the perturbation if unstableo 

For y, : 

where $ is the potential vorticity of the basic, symmetric state. 
'. 

Boundary Conditions: 

Since the coefficients are independent of 9 and t we can Pook for a 

solution of the form 

y, = R e  5 (r3i?)ei(me-ot) 

which amounts to specifying wavelike initial conditions, In reality this is 

not restricting the problem because when one considers a more general initial 



cond i t i on ,  t h e  non-wavelike po r t ion  always decays, 

Using above, we ob ta in  an equat ion f o r  4 

with  boundary condi t ions  

$ = o  - rn r = q , T o  

i€"[r a 4 am I$-%,;-  --r--m.* (T-K)=-F. ar  YE r a r  a r  ] =(b) 
Considering T ec have a  r e a l  and an imaginary p a r t  

r= rqr+iq  

The condi t ion  f o r  i n s t a b i l i t y  i s  FL 0 . 

I n v i s c i d  Linear Problem 

I f  E'/E < d 1 we can s e t  t h e  r igh t- hand s i d e  o f  t h e  boundary con- 

d i t i o n s  st: z = 0 and z = 1 t o  zero.  Before spec i fy ing  vs and ys s e v e r a l  

genera l  conclusions can be a r r i v e d  a t ,  

Suppose + 0 

Since  t h e  complex conjugate  of O- w i l l  a l s o  be s o l u t i o n ,  # 0 i n s u r e s  an 

uns t ab le  mode, - 4P 
' 9 .  , 

Multiplying t h e  equat ion f o r  $ by i~ - x) 
where @* is  t h e  complex conjugate  of  , and i n t e g r a t i n g  

' ro 7rl r v, 
s r 2 g  u a + r 6  * 7 1 d l - j ( ~ i t 1 ' 2 ~ i ~ 3 r ~ ~ ~ ~ ~  rdrdi.  [ ~ * r 3 ~ ~ ~ ~ ~ ( j S { ' ~ ~ '  1, 1 

i?=o 1; 5 2'0 0 r; @ - Y) 

S u b s t i t u t i n g  

- d e  p o s i t i v e  de i in i re ) ]  i 



we can w r i t e  

Then s e p a r a t i n g  r e a l  and fmaginary 

d d  a p o s i t i v e  de f in i t e ]+ .  . . + 

m 

S i n c e q  + 0 , we can conclude: 

aT = O  on z = 0, z = 1. l o  If  T i s  f i x e d  a t  z = 0 and z = l, then -  a r  
0 on z = 0 and z = 1 from t h e  t h e n a l  wind equat ion .  The 

* .  a z  
must equal  0 somehwere second i n t e g r a l  must vanish ,  which means t h a t  - a r 

i n  t h e  f l u i d  i n  o rde r  t o  have i n s t a b i l i t y ,  

37s 2 ;  We can  a l s o  cons ider  t h e  case where- ~ O e v e r y w h e r e .  Then t h e  f i r s t  

i n t e g r a l  r e q u i r e s  t h a t  t h e  r a d i a l  temperature g rad ien t  be of t h e  same s i g n  

a t  z = 0 and z = 1, 

I t  i s  p o s s i b l e  t o  prove a  second theorem which i s  a  t t s emic i r c l e  

theoremtt f o r  t h e  eigenfrequencies  , 

Define (L) = r.. 

a bu t  we can w r i t e  - -  a ' a I-(5-ur)- )-us=' -- (v9-wr) 
a r  r 3 r  r a r  ar r" 

and -z- 

Then f o r  .f o wr i t e :  ) W: ~ q ( ? ~ )  -Wr 

I a [  ;:I 4 (my,)C~so I n s e r t  i n t o  D.E. ~5 w a r - -  +--#-- s a t  B E  ra 



with  boundary e a n d i t ~ o n s  

F = O  an  r - r  r 
0' B 

Mult ip ly  D O E ,  by r F x  and i n r e g r a t e  i n  z and r 

r d  t- W' 4 a F  J~,J" I$+ 1 ~ 1 :  % 1 ~ 1 ~ )  0 

" Y; 
where %he and l z r r e r m s  we obta ined  by i n t e g r a t i n g  by p a r t s  and 

f Y 

us ing  t h e  boundary condi t ion  a r  z = 0 and z = 1, The q u a n t i t y  i n s i d e  t 
i s  p o s i t i v e  d e f i n i t e ,  c a l l  it Q > 0, We can w r i t e  

Then f o r  t h e  imaginary p a r t  

w;ljrzdFd r(v, - ru,) q = o 

which means t h a t  t h e  r e a l  p a r t  o f  t h e  angular  v e l o c i t y  o f  t h e  wave p a t t e r n  

is  equal  t o  t h e  angular  v e l o c i t y  o f  t h e  symmetric flow f i e l d  a t  some p o i n t  

i n  t h e  f l u i d ,  This  r e s u l t  can a l s o  be i n t e r p r e t e d  a s  showing t h a t  t h e  t ime 

d e r i v a t i v e  o f  t h e  wave f i e l d  i s  s f  t h e  same o rde r  a s  t h e  advec t ive  t ime 

s c a l e ,  

Turning our  a t t e n t i o n  t o  t h e  r e a l  p a r t ,  we have 

we j u s t  showed t h a t  4 = rur 

t h e r e f o r e  we fsnd 

v /r i s  always f i n i t e  i n  t h e  annulus,  t h e r e f o r e  we can w r i t e  fib4 %/rCfL, s 

and 



which l e a d s  t o  a  condi t ion  

n,nb 
2 2 f u r -  Z )5 * w: 

This  condi t ion  can b e  represented  g raph ica l ly  

I f o r  Cc31>0 

This  r e s u l t  shows t h a t  t h e  energy a v a i l a b l e  t o  t h e  p e r t u r b a t i o n  

depends on t h e  v e l o c i t y  g rad ien t s .  

Also shows t h a t  t h e  advec t ive  time s c a l e  of t h e  b a s i c  s t a t e  and t h e  

t ime d e r i v a t i v e  of t h e  wave a r e  o f  t h e  same o rde r .  

We have found seve ra l  necessary  cond i t i ons  f o r  i n s t a b i l i r y .  We now 

proceed t o  so lve  t h e  problem i n  o r d e r  t o  f i n d  s u f f i c i e n t  cond i t i ons ,  The 

problem we w i l l  s o l v e  i s  t h e  one i n  which we have i n s u l a t i n g  boundary eon- 

d i t i o n s  a t  z = 0 and z = l and t h e  mechanical d r i v i n g  i s  produced by a  

s o l i d l y  r o t a t i n g  t o p  
a7 -=O m Z J O ,  &I/ a2 

with rs 4 I 

where u~ ('1 ' 

We de f ine  A , a  measure of  t h e  shea r  



tj-s/8"" - - 
I + T S / ~  E ~ L  

3% ;o Also when 

FOP t h i s  s p e c i f i c  case,  t h e  equat ion  f o r  conserva t ion  o f  p o t e n t i a l  v o r t i c i t y  

becomes 'L 

- 1  a ,q+r 36 m*g -o ~ + J G - t ) - ~ ] l r ~ r  a r  ZF-7 1 -  
wi th  boundary condi t ions  5 = 0 r = G , r; 

and 
2 5  - J $ = o  gp r.0 amd I when E>>,\,E' 

Choose g = +,, (r) (4 
then  

with t h e  condi t ion  

O=J, (K,,&) Y (K,,)- J, ( ~ m n )  Y, i l ( m n d )  m 

where d 5 q/G, Jm - BesseP func t ion  o f  f i rs t  kind 

Ym - Neumann func t ion .  

D[z) must s a t i s f y  
d " ~  -- 
dz' 

with boundary condi t ions  

K & K, svs =J[AJL~~T+S& +] .=I 

[a- -u] [$ S ~ A  d 
KrnnsV* 

and 4 - *JLnh KmnsY.]] I f  5 

Y 



In order to satisfy the boundary conditions 

k,sk > fbmh I(,,sY 
Since q - 4 from * 2tin-A % 

the criteria for instability ( complex) is 

We note that stability depends on the parameter not while the rate of 

growth does depend on A . Neutral behavior occurs when 

s Ya 

Y 
the intersection being Kmn s' 

Y 
= 1,199, 

The stability criteria can be illustrated by considering = 0,8 

Then K,, GS 10 which results in an unstable mode when S 4 ~ . Similarly, 

if r1//7, = 0.4 instability occurs for S 4 2 

I One last comment can be made. W : 4 at the marginal point, which 
follows from the dispersion relationship* From the boundary conditions at 

z = 0 and z = 1 with &=v2 when U 4  U we find A = 0 
-I 

Therefore Y, -' Ti eq,n 
' 

With "( in this form, 

the non-linear terms in the quasi-geostrophic potential vorticity equation 

vanish and thus is a solution of the complete equation without regard to 

initial amplitude. 

Notes submitted by 

Frank M .  Richter 



LINEAR STABILITY OF THE SYMMETRIC FLOW (VISCOUS THEORY) 

Lecture #8 Joseph Pedlosky 

To r epea t  l a s t  l e c t u r e ' s  r e s u l t s  r e c a l l  we assumed t h a t  E'/~ 4c 1, 

i n  which case  t h e  s t a b i l i t y  of t h e  flow depended e n t i r e l y  on S= 4 M  (AT") . fi L 
S t a b i l i t y  r e s u l t s  i f  S  exceeds a  c e r t a i n  va lue ,  depending on t h e  a spec t  

r a t i o  of  t he  tank .  The condi t ion  f o r  i n s t a b i l i t y  was 

And t h e  lowest mode h,, w i l l  g ive  t h e  l e a s t  r e s t r i c t i v e  cond i t i on  on S: 

s& L_ 
c r i t  

l o 2  (uns tab le)  

Now i n t e r p r e t  t h i s  i n  terms of  t h e  Rossby r a d i u s  of  deformation 4.JT . 
2 2  2  2  

Then S  = R / L  , and S c d  (number) R /L w i l l  g ive  i n s t a b i l i t y ,  i . e .  t h e  

l eng th  s c a l e  L must exceed t h e  Rossby r a d i u s  o f  deformation f o r  i n s t a b i l i t y .  

This  agrees  with y e s t e r d a y ' s  r e s u l t  t h a t  t h e  flow may be s t a b i l i z e d  by making 

t h e  annulus narrower.  

Note a l s o  t h a t  t h e  s t a b i l i t y  d i d  no t  depend on the magnitude o f  t h e  
0- s/s ,z '1% 

shea r ,  .8 : The mean flow was % = I  +A(% -h) and no te  r t aS/, ,$/a t- 2 

l a s t  l e c t u r e ' s  r e s u l t  t h a t  when R+o , which j u s t  means t h a t  any 

pe r tu rba t ion  on t h e  i n t e r i o r  flow i s  j u s t  c a r r i e d  around i n  t h e  f l u i d  i n -  

t e r i o r ,  

b 
Next we cons ider  e f f e c t s  o f  v i s c o s i t y ,  cons ider ing  E , E t o  be  of 

t h e  same o rde r ,  To s e e  what t h i s  means, -- 



u E/& = Lm U/L - * - -  - Ekman d i s s i p a t i o n  t ime 
6- - ~ K / L  c i r c u l a t i o n  time 

s p i n  up t ime o r  "c c i r c u l a t i o n  t ime 

This  parameter  i s  t h e r e f o r e  a  measure o f  t h e  viscous d i s s i p a t i o n  r a t e  eom- 

pared t o  t h e  energy input  r a t e  f o r  a p e r t u r b a t i o n .  Refer t o  t h e  beginning 

o f  Lecture #7  f o r  t h e  d e r i v a t i o n  of  t h e  equat ions o f  motion i n  which we seek 
I 

s o l u t i o n s  f o r  t he  s t ream funct ion ,  ?y a f , of t h e  form 

= (JL d;(r,*) e 
L'(M@-0% 6 

) u =  - m 

m = i n t e g e r  

pe r iod ic  i n  8 , t h e  azimuthal ang le  

i n  t h e  v i scous ,  l i n e a r  equat ion 

wi th  boundary condi t ions  

A s  be fo re  it is  sepa rab le  @ (r,~) : e,,, (Y) D IS) with  

and some a lgabra  y i e l d s  t h e  fol lowing eigenvalue equat ion  

where we have def ined  km, s", 
8' 4 



€'/?. 
Note he re  t h a t  when it =o(& -g ) t h i s  r e s u l t  i s  t h e  same as l a s t  t ime 

and v i s c o s i t y  only adds t h e s e  A#O terms. Note a l s o  t h a t  t h e  cond i t i ons  

f o r  i n s t a b i l ~ t y  w i l l  - depend t h i s  t ime on the  shear  k! . 
Consider what happens when = 0 ,  then 

-- in a p, (+I  r o o t  

w+. 
cdth g,  (-1 r o o t  

Thus W ;e 0 i n  both cases  and r e c a l l i n g  t h a t  = f f A(%-$) t h i s  j u s t  

says  t h a t  any p e r t u r b a t i o n  j u s t  r i d e s  wi th  t h e  f l u i d  i n t e r i o r  and decays 

s lowly ,  

Next we would l i k e  t o  f i n d  t h e  condi t ion  on A! which j u s t  makes 

Ui=O ( i . e .  t h a t  amount of  shear  which causes t h e  flow t o  become u n s t a b l e ) ,  

For marginal s t a b i l i t y  then  

w ;  = o  

P l o t  



and thus  

where every s c a l e  on t h i s  curve is  O Q l ) ,  Thus t h e  minfmum va lue  o f  shea r  

f o r  i n s t a b i l i t y  i s  o(E'). The II terms i n  t h e  e igenvalue  equat ion  

appeared due t o  t h e  boundary condi t ions  we had t o  s a t i s f y .  These boundary 

condi t ions  g ive  r i s e  t o  a  per turbat ion- caused Ekman boundary l a y e r  where 

t h e  b a s i c  flow had none. As / t + O t h e  i n s t a b l e  reg ion  f i l l s  a l l  o f  t h e  

a r e a  q ( 1 . 2 .  

Now we w i l l  i n v e s t i g a t e  t h e  narrow gap case .  
1 

Re-scale t h e  h o r i z o n t a l  coord ina tes :  



d e f i n e  

t o  be  a  r ight- handed system 

i ( k x - c r ~ )  
Then Y =&$ (\/,t) e where .k 2 (-) (zm), w i l l  r ep l ace  t h e  former 

@Q (e( ~ 2 )  e and t h e  equat ion o f  motion w i l l  become 

r o t  

F i n a l l y  no te  t h a t  t h e  n o t a t i o n  w i l l  change h e r e  f o r  u ,  v, w: 

We r e s t a t e  t h e  problem ( l i n e a r ,  v i scous)  wi th  t h e s e  new coord ina tes :  

where ++A! (2-4) 

G = which takes  i n t o  account t h e  

d i f f e r e n t  h o r i z o n t a l  and 

v e r t i c a l  s c a l i n g ,  

With boundary condi t ions  

where , = ($,"+ - WG 
u 

Now t h e  r e s u l t s  of  t h i s  problem a r e  e s s e n t i a l l y  unchanged s i n c e  t h e  s t m e -  

t u r e  of t h e  problem remains t h e  same. In s t ead  o f  Bessel func t ion  s o l u t i o n s ,  



we get sin (n T y ) eigenfunctions in the narrow gap. 
We wish to investigate the mechanism for instability in the narrow 

gap problem, The equations of motion are 

with =?h , != t&- t&,AT.  u !(2n> 2n-t , giving a slight scale change, 
A 2 d  

Let w=€$, then 

Take ((1) x u) + ((2) x v) and integrate over volume: 

by parts: =l{+(&+ e ) d * % d ~  
7s 

continuity: = -EJ ' I (~  m h % d +  

It should be remembered here that the a'r refer to the interior problem 
and are not necessarily zero at z = 0,1, To investigate the kinetic energy 

in the perturbation 
" jv*  &+ dn K >  = ([{T 



Now, t h e  geos t rophic  r e l a t i o n  t e l l s  us  t h a t  lower p re s su res  w i l l  e x i s t  

where 5 7 0. 

So Ekman s u e t i c n  i s  f o r c i n g  f l u i d  out  of  t h e  Payer and from Bower 

t o  h ighe r  p re s su re s :  

I isw 
p r e s s u r e s  ltlc 

( i o e ,  t h i s  - does work, which damps t h e  pe r tu rb ing  flow, and t h e  f i r s t  term 

on t h e  r i g h t  i s  nega t ive . )  The c o r r e l a t i o n  of  (;) and T term must c e r t a i n l y  

be p o s i t i v e  t o  g e t  uns t ab le  flow, 

T Now i n v e s t i g a t e  t h e  (2 T) term. Multiply (4)  x - G 

[ < > - .-!- G (T n)] TI* 
same 

g iv  f  ng 

aT term i n t e g r a t e s  t o  zero s i n c e  u .  i s  independent o f  X i n  t h e  ( the  u - 
a)c 

symmetric b a s i c  flow) , 

aT 2% Using -A = a. 
a y  

(thermal wind), cons ider  (1 VT (*) : we s e e  

t h a t  t h e  c o r r e l a t i o n  { v T )  must be 3 0 a s  well  a s  (dT) > 0 i n  o r d e r  t o  have 

energy i n  t h e  p e r t u r b a t i o n  i n c r e a s e ,  These c o r r e l a t i o n s  t e l l  how t h e  p e r t u r -  

b a t i o n  wave must move t h e  f l u i d  t o  ga in  energy: warmer f l u i d  must be  moved t o  

a  coo le r  reg ion  and v i c e  v e r s a ,  

Now l e t  f 1 Lagrangfan displacement i n  z (not - v c r t i c i t y )  

'E Lagrangian displacement i n  y 

then  



- f ~ .  with s o l u t i o n  T= -7 $ 
Put t h i s  back i n t o  t h e  i n t e g r a l  

Thus we need C 0 f o r  i n s t a b i l i t y .  

= s lope  pf  isotherms i n  t h e  b a s i c  symmetric f low,  

P u t t i n g  t h i s  back i n  terms of  dimensional (*) q u a n t i t i e s ,  

\ b i s o t h e r m s  o f  t h e  symmetric 
b a s i c  flow 

In  o r d e r  f o r  t h e  p e r t u r b a t i o n  wave t o  t a k e  energy from t h e  b a s i c  f low,  ~t 

must move i n  t h e  above cross-hatched wedge: - e . g .  h o t t e r  f l u i d  must r i s e ,  

move i n  and i n t o  a  coo le r  r eg ion  t o  g ive  energy up,  

Reca l l  t h a t  T determines AP o r  t h e  buoyancy. Thus a s  t h e  h o t  and 

co ld  f l u i d  elements g e t  interchanged wi th in  t h e  above wedge, t h e  p o t e n t i a l  

energy o f  t h e  system on a  whole i s  lowered, I f  G i s  too  l a r g e  t h i s  c a n s t  be 

done - f o r  example from t h e  geometric c o n s t r a i n t  of too  narrow an annulus ,  

F i n a l l y  r e c a l l  t h a t  we showed e a r l i e r  t h a t  t h e  Ekman boundary l a y e r  d i s s i p a t i o n  

term must no t  be too  g r e a t  o r  motion even i n  t h i s  wedge w i l l  be  damped, 

Notes submit ted by 

Dennis Randolph Watts 



NON-LINEAR STABILITY OF THE SYMMETRIC FLOW 

Lecture # 9  Joseph PedPosky 

Reference: J, PedPosky, 1970, "Finite Amplitude Baroclfnic Waves", 
J,A,S, - 2 7 :  15-30. 

We want t c  find (1) the final amplitude of a wave if it equilibrates 

92) how long it takes to reach final state 

(3) the manner in which it reaches equilibration, 

The basic flow is 

~ ~ ( 2 )  = Y2+A(j-x)* 
The full [non-linear) equation for the perturbation is 

with boundary conditions: 

where s(&> 6) = a, by - akb, 

The integral jtmd& may be taken over a wavelength. 
-m 

We canst do the problem in general, But by allowing - small non- 

linearity and - slow growth from Hinear destabilization, the two can balance 

to give equilibration, 

Invissid Case: E'CL E , i. e .  A = 0 * 

For a given k , linear theory yields a critical value of G, i .e. Gc, 



f a r  i n s t a b i l i t y .  Therefore l e t  

G = Gc + A where A 4L 1 

The r e s u l t s  of  t h e  l i n e a r  problem were 

where CT= 

and a, = 

The c r i t i c a l  va lue  f o r  am was 

ah, L 2 , 4  f o r  i n s t a b i l i t y  

s o  t h i s  g ives  Gc a s  a  func t ion  of  k : 

This  gives a  l l neu t r a l "  curve f o r  f i x e d  m + 0: 

For a  p a r t i c u l a r  margfnal wave number, s a y  k , t h e  l e v e l  o f  G is  

determined from G c ( k )  For t h i s  l e v e l  of  G o t h e r  waves may be uns t ab le ,  

b u t  we r e s t r i c t  t h e  i n i t i a l  condi t ions  s o  t h a t  on ly  t h i s  marginal wave i s  

p r e s e n t .  

The l i n e a r  problem gives  

b u t  f o r  t h e  marginal wave t h e r e f o r e ,  B = 0, 
- -  = .=- 



We can also see from the linear results that the growth rate for 

G = Gc+ A will be the order of A %  . Thus there are two natural time 

scales in the problem: 

1, a rapid scale from the real part of (r 

2, a slow scale upon which the amplitude is growing, 

The non-linear effects are weak and we expect them to "come in" on the longer 

time scale, 

Assuming that we can separate the dependence on these time scales,we 

write 

where t ' = t  

Then the time derivatives must be transformed since 

by the chain rule, 

The function is expanded 

y= aW,+ d\y=+ dy,+. . . 
where a is a scale for the magnitude of Y/  and will be assumed small, 

a could be a measure of the initial amplitude of a wave-like disturbance. 

If one does the strletly linear problem with this slow growth rate, one finds 

an amplitude equation in which 

~ ' a -  aa 
where A is the amount of destabilization, The non-linear contribution 

will result from the interaction of the wave with the change in the mean 

2 3 3 flow and will be proportional to a x a = a , Therefore, if (a ) balances 

[a A ) , then a = 0 (  ( A J ~ ) ,  and we can write 



Substitution of this expansion into the equations leads to a sequence 

of problems according to the orders of A : 

The O (  (&I") problem: 

This is the linear, marginal problem; the solution is 

where a: = G, (k? yn'~i') 

The function (ACT) must be determined from the higher order problems. 

The O( \ A ]  ) problem: 

The equation for yz is 

Both terms on the right-hand side are zero since the marginal wave, 

i.e. y, , has zero potential vorticity, Hence, a particular solution for 

y, has the same form as the linear solution: 

The boundary conditions for yZ are 

Using the above solution, the boundary conditions become 



For rhe  marginal wave, F=Ddth iqL and t h e s e  two equat ions  become r e -  

dundant., In face ,  % drops out a l t o g e t h e r ,  and then we can s o l v e  f o r  B 2  i n  

dA A i s  a r b i t r a r y  bu t  i nc lus ion  of i t  would merely reproduce terms of 2 

t h e  bas i c  l i n e a r  s o l u t i o n ,  I f  we assume t h a t  t h e  amplitude o f  t h e  b a s i c  wave 

i s  given e n t i r e l y  by ACT), we may s e t  A2 = 0 ,  This  i s  simply a  normal iza t ion  

cond i t i on ,  Thus 

There i s  another  s o l u t i o n  f o r  t h a t  must be inc luded  a t  t h i s  o rde r :  

any func t ion  o f  y ,  z and T only ,  s ay  4&(y j  2.T) . This  i s  a s lowly-varying 

mean flow t h a t  w i l l  be  determined i n  t h e  next  o rde r  problem. 

The t o t a l  s o l u t i o n  t o  t h i s  o r d e r  is  

We note  t h a t  t h e  harmonic c o n t r i b u t i o n  t h a t  has  a r i s e n  a t  t h i s  o r d e r  

g ives  a  phase s h i f t  t o  t h e  wave t h a t  i s  p ropor t iona l  t o  t h e  r a t e  of  change 

o f  ampli tude,  I n  t h e  l i n e a r  problem, t h i s  phase s h i f t  i s  cons t an t  s i n c e  t h e  

1 dA growth r a t e  i s  cons t an t .  (That i s ,  f o r  t h e  l i n e a r  wave, K = , a 

c o n s t a n t , )  But f o r  t h e  non- l inear  problem, dA i s  n o t  cons tan t  and s o  r'zF 
t h e  phase of  t h e  wave w i l l  vary s lowly wi th  t ime,  

We s t i l l  have n o t  determfned ACT) so  we must p r e s s  on t o  t h e  next  

o r d e r ,  

The o ( ~ A I " )  problem. 

Now t h e  p e r t u r b a t i o n  i n  G, i , e ,  , e n t e r s  - a l s o  t h e  non- l inea r  

i n t e r a c t i o n  between t h e  wave and t h e  mean flow, 9% 



The equations for , after the non-linear products have been cal- 

culated, are 

a 3% 33% A -  a t  = ) ( - + G ~ o : ~ ) = - & ( G . v ~ ~ ~ +  a,. ,)+ 

y )& ahit$-$ + compte: canjuqqte A , j~-~)d~'~~- ' 'hrnn Ah +&zi (A 1 

plus a similar equation at z = 0. 

Eliminating resonance in Eq. (A) we get an equation for +z : 

Similarly, we have boundary conditions on 4% from Eqs . (B) : 

Or, integrating with respect to T and using $Ls 0 at T = 0 as an initial 

condition on @* : 

where A. = A(0) . 
On the side walls there is another condition on @L : 

These equations give a solution for 

a u ,  
where 2, is a solution of - + Gc a "4% 

a a a  a a' = 0 needed to satisfy the bound- 

ary conditions, 

Substituting for and @, in Eqs. (8) and removing secular terms 

leads to the amplitude equation: 



The c o e f f i c i e n t  o f  t h e  second term i s  j u s t  t he  l i n e a r  growth r a t e  

squared.  Note t h a t  A i s  nega t ive  f o r  l f n e a r  i n s t a b i  l i t y .  The cons tan t  

f a c t o r  N i n  t h e  non- l inear  t e r n  has been found t o  be always p o s i t i v e ,  
;I$ (T) 

I f  we l e t  A(T) = R(T)e , where R = 1 A ( , s u b s t i t u t e  f o r  A,  and 

s e p a r a t e  r e a l  and imaginary p a r t s ,  two equat ions f o r  R and @ emerge: 

R' L@- = cons tan t  = L, say  J-r 

We have a  second o rde r  equat ion  f o r  A s o  we need i n i t i a l  cond i t i ons  

d A on A and p Let US cons ider  t h e  case  where t h e  wave conforms t o  t h e  l i n e a r  

uns t ab le  s o l u t i o n  a t  T  = 0.  Then -- I dA would be r e a l  t o  T = 0 .  But A dT 

Therefore we have * ( o )  = 0. This  gives US L = 0 so  t h e  equat ion  f o r  R i s  dT 

A f i r s t  i n t e g r a l  can be found: 

4 (ST+ v ( R )  = E, a  cons tan t  

k" e: k = ~  *r  
where V(R)S-?  [ , + N * R ; J R ~ +  --q- 

a f t e r  t ak ing  b = - / A ) -  

This gives us t h e  fo l lowing  q u a l i t a t i v e  p i c t u r e  o f  t h e  behavior  o f  R :  



R w i l l  o s c i l l a t e  wi th  t ime between t h e  maximum and minimum amplitudes 

which a r e  determined by t h e  i n i t i a l  "energy" E, Note t h a t  t h e  amplitude 

can become l e s s  than  t h e  i n i t i a l  amplitude. Note a l s o  t h a t  t h e  shape o f  t h e  

curve, and thus  t h e  minimum po in t ,  depends on t h e  i n i t i a l  ampli tude R o o  

R a s  a  func t ion  of  T  can be c a l c u l a t e d  i n  terms o f  e l l S p t i c  i n t e g r a l s ,  

R 0) 
Q u a l i t a t i v e l y ,  it looks l i k e  I 

The per iod  can a l s o  be c a l c u l a t e d .  The l i m i t i n g  amplitudes a r e  given by 

1 dA 
The energy t r a n s f e r  process  i s  a s  fol lows : A s  t h e  wave grows, - - A dT 

1 dA does not  remain cons t an t ,  I n i t i a l l y  -- = A dT 
and t h e  wave e x t r a c t s  

energy from t h e  mean f i e l d  a s  i n  l i n e a r  t heo ry ,  As t h e  wave grows and i t s  

amplitude depa r t s  from i t s  i n i t i a l  va lue ,  Ao, t h e  zonal flow i s  a l t e r e d .  

When R = Re t h e  a l t e r e d  zonal flow i s  s t a b l e  according t o  l i n e a r  theory  b u t  



1 dA 
K d T  # 0, Hence the wale st111 possesses a phase tnlt with height (Pines 

of constant p slsplng upstream wnth height] which alPaws canrnnued extrac- 

tion of energy from the zonal f law,  The wale csneanues to g r o ~ ,  ~ t s  phase 

shift decreasing as it approaches its maxnmum amplitude s, At thns point 
1 dA -- = 0, the wave no longer can gain energy from the mean flow (whish 1s 
A dT 

now quite stable), The wave amplirude then decreases wrth enme, rhe phase 

shift 1s reversed and the wave returns its energy to the mean flow until 

the wave achieves its mlnnmum mplltude (which 1s less than A(0)) at which 

point the wave p~oceeds to grow again startnng another cyeela cf the oscil- 

lation, 

Notes submitted by 

Michael A, Weissman 

NON-LINEAR INSTABILITY OF SYMMETRIC FLOW, concluded: 

THE EFFECTS OF DISSIPATION 

Lecture #10 Joseph Pedlosky 

In a11 the previous analysis, the effects of viscosity have been 

treated as negligible, We now ask what happens if a little dissipation ns 

present, and in answer we shall quote a few results without derivation, 

These results do not apply directly to the conrinuously stratified Payer, 

but are from a two-layer model in which dnssipaelon occurs at the rugld 

top and bottom, In this model, the ~nterface tilts In the same sense as 

do the isotherms of the eontnnususly strabtlfned model, and the two models 

are indeed essentially similar in ail imperrant respects excepe t~actabll~ey, 



For t h e  two- layer model, l e t  

A f  be the  d e n s i t y  d i f f e r e n c e ,  
o r i g i n a l  i n t e r f a c e  

be t h e  l a y e r  he igh t ,  and 

4 be  t h e  gap width.  t i l t e d  i n t e r f a c e  

The important  parameter i s  then  f 5 mz ~ Y L '  and t h e  form of t h e  ampli tude 

equat ion i s  t h e  same f o r  both models. The models d i f f e r  s l i g h t l y  i n  t h e  
a 

values o f  t h e  c o e f f i c i e n t s  q d  and N . 
We s h a l l  f i r s t  d i s cuss  t h e  ease  of  l a r g e  d i s s i p a t i o n  ( E  = o (~'1)) 

We have 
d A - dT - 6 ( P)A + N ( ~ ) A I A J '  = 0, 

where r = E'/E 

and T = l ~ l t .  

A s  i n  t h e  i n v i s c i d  case ,  t h e  f i r s t  two terms o f  t h i s  equat ion  a r e  t h e  

l i n e a r  r e s u l t s ,  and t h e  t h i r d  term i s  t h e  non- l inear  e f f e c t ,  which h e r e  

l eads  t o  e q u i l i b r a t i o n ,  In  t h e  i n v i s c i d  case ,  two modes grew s lowly ,  Here, 

however, t h e  order  of t h e  equat ion  i s  reduced (phase s h i f t  i s  p ropor t iona l  

t o  amplitude r a t h e r  than  r a t e  o f  change of ampli tude) ,  and only  one mode grows, 

The graph d e p i c t s  i n i t i a l  growth v i a  l i n e a r  theory  l e v e l i n g  o f f  t o  a  s t e a d y  

f in i t e- ampl i tude  s o l u t i o n  IA,I* = which is independent o f  i n i -  

t i a l  cond i t i ons ,  The behavior  i s  thus  very  d i f f e r e n t  from t h a t  o f  t h e  i n -  

v i s c i d  ea se ,  There t h e  wave "remembers" i t s  i n i t i a l  amplitude; h e r e  i t s  

i n i t i a l  phase,  



We now cons ider  an  in te rmedia te  case.  A c r i t i c a l  v a l u e  is r = 0 ( A  ]', 

f o r  which v i s c o s i t y  and growth have comparable e f f e c t s  on phase ,  With 

T  = JAJ 't , t h e  equat ions a r e  

This  may be i n t e g r a t e d  f o r  r = 0, The problem reduces t o  t h e  i n v i s c i d  one,  

I f  & i s  l a r g e ,  we o b t a i n  t h e  sma l l - r  l i m i t  of Eq. ( 1 ) .  I n  gene ra l ,  one 

can c a l c u l a t e  t h e  equi l ibr ium va lue  Am by so lv ing  ( 2 )  n e g l e c t i n g  T  de r iva-  

t i v e s ,  us ing  from (3)  v i  z.  : 

To gain i n s i g h t  i n t o  (2), we r e l a x  t h e  boundary cond i t i ons  on t h e  

p a r t  o f  t h e  flow t h a t  i s  independent o f  x ,  Then, assuming a  n a t u r a l  

(- s i n  2mXy) p e r i o d i c i t y  i n  y ,  we so lve  f o r  $ i n  terrhs of A and o b t a i n  

t h e  fol lowing equat ion  f o r  A:  

=o, (4 I 
0 

where vn $“'?- 

p= l(qm'n4A;) 

and 

and &>= k' 

From (4 ) ,  we s e e  t h a t  t h e  wave gradual ly  f o r g e t s  i t s  i n i t i a l  condi-  

t i o n s  a s  t ime goes on and t h e  i n t e g r a l  causes t h e  memory of d i s t a n t  p a s t  

h i s t o r y  t o  f ade ,  The e a r l y  growth i s  o s c i l l a t o r y ,  and t h e  f i n a l  s t e a d y  
% 

s t a t e  i n  t h e  sma l l - r  l i m i t  of t h e  previous ly  c a l c u l a t e d  /A,/ = r(r)/N( r ) '  

We note  t h a t  she f i n a l  s t a t e  A ,  i s  independent of t h e  i n i t i a l  cond i t i ons  



and may, therefore, actually be smaller than the initial amplitude. 

Finally, we reluctantly remark that numerical solutions of (4) should be 

informative." 

To summarize briefly all the lectures, we recall that we first ex- 

amined the importance of potential vorticity, its conservation and its dif- 

fusion, Next we studied the importance of boundary layers in determining 

the interior flow of symmetric states. Lastly, we determined that such 

states may be unstable (for sufficiently small Ekman number) to wave states 

which can grow via baroclinic instability and equilibrate via non-linearity. 

All of these results have been found in a very simple thought experi- 

ment. In real geophysics, the same mechanisms are present, but in vastly 

more complicated forms. If we actually perform the experiment, we shall ex- 

pect to find confirmation of these results, Being experienced in this field, 

we shall expect surprises too. 

2 *calculations done since have shown that when k > 3 m2 522 the possible 

steady state is in fact unstable and then a limit cycle rather than a fixed 

amplitude is obtained for large T when r A1 '/a is small. A 

Notes submitted by 

Richard C .  J ,  Somerville 
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INSTABILITIES OF CONVECTION ROLLS IN A HIGH PRANDTL NUMBER FLUID 

Friedrich Busse 

It has been shown by Schliiter, Lortz and Busse (1) that rolls repre- 

sent the only stable form of convection in a fluid layer heated from below 

provided that the fluid satisfies the Boussinesq approximation and that 

the Rayleigh number exceeds the critical value by a sufficiently small 

amount. The range of wave number for which rolls are dynamically possible 

solutions of the basic. equations increases strongly with R ,  The range is 
J 

bounded by the curve Ro in Figure 1. Only for a relatively small sub- 

range of wave numbers CX , however, rolls are stable, The region of sea- 

bility is roughly centered around the critical wave number aCc and is 

bounded by the curves B and C which correspond two different instability 

mechanisms: Rolls with a too small wave number become unstable to the 

I1zig-zig instability", By bending the original rolls this instability 

leads to a pattern of shorter wave length. Rolls with a sufficiently high 

wave number become unstable to the "cross roll instability1' which induces 

rolls perpendicular to the original ones, For Rayleigh numbers above 8000 

the latter instability is also responsible for the boundary on the left 

side of the stability region in Figel, 

The characteristic wave number of the marginal cross roll instability 

at the stability boundary is shown by the dashed line in Fig, 1, The fact 

that the Pine crosses the stability boundary at R -  15000 indicates that 

the cross roll instability can not induce rolls as stable stationary solu- 

tion for R 2 15000, Instead a three-dimensional form of convection, called 

bimodal convection, is induced, Figure 2 shows the streamlines for the 

horizontal component of the velocity of bimodal convection near the boundary, 



Fig. 1 

Stability region. 

Fig. 2 

Streamlines for the horizontal component 

of the velocity of bimodal convection near the boundary. 



Experimental evidence suggests that bimodal convection represents the only 

stable form of stationary convection for R 2 22600 when rolls are no longer 

stable, An experimental investigation of the instabilities of convection 

rolls has been carried out recently by Busse and Whitehead (2) in extension 

of the earlier work by Chen and Whitehead (3), The observations show rea- 

sonable agreement with the theoretical predictions displayed in Fig.1 which 

are taken from (4). 

(1) Schliiter, A,, D o  Lortz and F ,  H, Busse 1965 J.Fluid Mech,, 
23: 129, - 

(2) Busse, F .  H., and J. A. Whitehead 1970 submitted to J-Fluid Mech, 

(3) Chen, M. M. and J, A. Whitehead 1968 J.Fluid Mech., 31: 1, - 
(4) Busse, F .  H. 1967 J.Math. and Phys. - 46: 140. 

ON THE EARTH'S CORE-MANTLE INTERFACE 

Raymond Hide 

The tightness of the coupling between the core and mantle of the 

Earth that is implied by the occurrence of irregular fluctuations of up to 

about 5 x loa3s in the length of the day on time scales of a few years and 

upwards raises important questions concerning the nature of the horizontal 

stresses at the core-mantle interface. Electromagnetic coupling does not 

suffice unless very rapid magnetic fluctuations in the core - on time 

scales well below the "skin effect1' cut-off due to the mantle - are in- 

voked, An alternative suggestion is that the core-mantle interface is bumpy, 

typical undulations being a kilometre or so in height, and recent laboratory 

experiments on "Spin-up1' in irregular containers remove one theoretical ob- 

jection to this suggestion. Planetary-scale undulations of the core-mantle 

interface would contribute significantly to the Earth's regional gravita- 



tional field, and they would also distort the magnetic field, The recent 

discovery of evidence of a previously unsuspec~ed correlation between 

global features of the Earth's gravitatianal and magnetic field lends 

weight to the suggestion that undulations are present on the care-mantle 

interface. The study of theoretical models of interactions between these 

undulations and magnetshydrodynamic motfans in the core will be a useful 

development in geophysical fluid dynamics, 

Reference, R ,  Hide, "On the EarthYs core-mantle interface", Quart,J. of 
the Royal MeteorologacaY Soeiety [Oct, B970), 

THE PERIODS OF FINITE-DISK GENERATED GRAVITY WAVES 

Louis No Howard 

Gravity waves in a cyllndrieal tank of water excited by vertical 

oscillation of a centrally placed disk exhibic resonant frequencies dif- 

ferent from those of the cylindrical tank with a completely free surface, 

The lowest axisymmetric resonanee has been found experimentally by Kaiser 

and Murty (Phys,Fl, - 1 2 :  1144(1969)) to be nearly the same as the computed 

natural frequency of an annulus whose inner eylinder lies just below the 

exciting disk, 

In this lecture it is shown that resonances observed in this manner 

should be accuratePy given by natural frequencies of free surface modes in 

a eylinder with a partial rigid cover coinciding in position with the forcing 

disk, Using the general variational characterization of free surface waves, 

the lowest axisymmetric frequency of the llcappedl' cylinder 1s estimated, and 

it is found to be bounded from below by that sf the &nnulus, A slaghtly 

more complicated but basacaaly similar estimate from above shows that in cir- 



eumstances l i k e  those  of t h e  experiments,  t h e  eapped c y l i n d e r  frequency 

a l s o  cannot be more than  a  few percent  above the  annulus frequency, even 

when t h e  "cap" i s  a s  l a r g e  a s  3/4 o f  t h e  tank r a d i u s  and t h e  annulus f r e -  

queney d i f f e r s  markedly from t h a t  of t h e  f r e e  c y l i n d e r .  This  g ives  a  theo-  

r e t i c a l  r a t i o n a l i z a t i o n  o f  Kaiser  and M u r t y 3  obse rva t i sn ,  

SOAP FILMS 

Louis N .  Howard 

P r imar i ly  a  popular  t a l k  centered  around demonstrat ions of  l a r g e  

2 soap f i lms  (O(1 m.)),  t h i s  l e c t u r e  d e a l t  with some l e s s  obvious b u t  every-  

day man i f e s t a t ions  of  s u r f a c e  t ens ion  phenomena, a  few mathematical cur ious-  

i t i e s  regard ing  minimal s u r f a c e s  and su r f aees  of cons t an t  mean cu rva tu re ,  

and t h e  r o l e  of  soap i n  t h e  a c t u a l  product ion  o f  f i l m s ,  With r e s p e c t  t o  

t h e  l a t t e r ,  emphasis was p laced  on t h e  n e c e s s i t y  o f  v a r i a t i o n s  i n  su r f ace  

t ens ion  with macroscopic deeay t imes ,  both f o r  t h e  e x i s t e n e e  and t h e  

s t a b i l i t y  of f i l m s .  A s imple  experimental demonstrat ion o f  t h i s  v a r i a t i o n  

i n  a  v e r t i c a l  soap f i l m  t o g e t h e r  with a  d i scuss ion  o f  t h e  phys i ca l  meehanism 

by which i t  can be produced with t h e  a i d  o f  soap, were p re sen ted ,  

INERTIAL TAYLOR COLUMNS 

Andrew P .  I n g e r s o l l  

A homogeneous f l u i d  i s  bounded above and below by h o r i z o n t a l  p lane  

s u r f a e e s  i n  r ap id  r o t a t i o n  about a  v e r t i c a l  a x i s ,  An o b s t a e l e  i s  a t t ached  

t o  one o f  t h e  su r f aces ,  and a t  l a r g e  d i s t a n c e s  from t h e  o b s t a c l e  t h e  flow i s  

uniform and h o r i z o n t a l .  Steady s o l u t i o n s  a r e  obta ined  a s  power s e r i e s  ex- 



pansions i n  t h e  Rossby number, uniformly v a l i d  a s  t h e  Ekman number approaches 

zero,  

I f  t h e  h e i g h t  of t h e  o b s t a c l e  i s  g r e a t e r  than  t h e  Rossby number t imes 

t h e  depth,  t h e r e  i s  a  reg ion  of c losed s t r eaml ines  i n  t h e  v i c i n i t y  o f  t h e  ob- 

s t a c l e .  The e f f e c t  o f  v i s c o s i t y ,  however, i s  t o  p r o h i b i t  flow wi th in  such 

reg ions  i n  t h e  s teady  s t a t e .  Thus a  s t agnan t  r eg ion  (Taylor column) forms 

over t h e  o b s t a c l e .  Outside t h i s  reg ion  t h e  f l u i d  obeys i n v i s c i d  equat ions  

of  motion, and t h e r e  i s  a  n e t  c i r c u l a t i o n  i n  a  d i r e c t i o n  oppos i t e  t h e  r o t a -  

t i o n .  

The shape o f  t h e  Taylor  column i s  not  known a p r i o r i .  This  shape i s  

determined from t h e  f r e e  s u r f a c e  boundary condi t ion  on t h e  c r i t i c a l  stream- 

l i n e :  f r e e  shea r  l a y e r s  do no t  e x i s t  when t h e  s l o p e  of  t h e  o b s t a c l e  i s  much 

l e s s  than  one. Veloc i ty  i s  t h e r e f o r e  continuous i n  t h e  i n v i s c i d  l i m i t ,  

Thus v e l o c i t y  must vanish  on t h e  c losed  p o r t i o n  o f  t h e  c r i t i c a l  s t r eaml ine .  

This cond i t i on  app l i ed  t o  t h e  i n v i s c i d  e x t e r i o r  flow uniquely determines 

t h e  shape of  t h e  Taylor column and t h e  c i r c u l a t i o n  round i t  i n  t h e  s t eady  

s t a t e .  

Reference: J .Atmos.Sci . ,  - 26: 744 (1969), 

VENUS: THE GREENHOUSE THAT RAN AWAY 

Andrew P ,  I n g e r s o l l  

Venus, Mars and t h e  e a r t h  have nea r ly  t h e  same average d e n s i t y ,  which 

suggests  t h a t  they  have n e a r l y  t h e  same average composi t ion,  Never the less ,  

t h e  atmospheres o f  t h e  t h r e e  p l a n e t s  do no t  resemble each o t h e r  i n  any obvious 

way. A r e c o n c i l i a t i o n  i s  p o s s i b l e  i f  one assumes t h a t  l a r g e  amounts of H 2 0  

and C02 have been exhaled from t h e  i n t e r i o r s  o f  a l l  t h r e e  p l a n e t s ,  and t h a t  



d i f f e r e n c e s  i n  t h e i r  atmospheres have evolved because of  d i f f e r e n c e s  i n  t h e  

amount o f  s o l a r  hea t ing .  

On Mars, t h e  temperatures  a r e  s o  low t h a t  both H20 and C02 e x i s t  

mainly i n  s o l i d  form, The p a r t i a l  p re s su re  of  t h e s e  gases i n  t h e  Mart ian 

atmosphere i s  c o n t r o l l e d  by vapor- so l id  equi l ibr ium a t  t h e  Martian s u r f a c e ,  

On t h e  e a r t h  t he  temperatures  a r e  such t h a t  H20 e x i s t s  mainly i n  l i q u i d  

form, and t h e  p a r t i a l  p re s su re  o f  H20 i n  t h e  atmosphere i s  c o n t r o l l e d  mainly 

by vapor- l fquid  equi l ibr ium a t  t h e  s u r f a c e ,  C02 i n  t h e  e a r t h ' s  atmosphere 

i s  c o n t r o l l e d  by equi l ibr ium wi th  d i s so lved  CO i n  t h e  oceans,  which i n  2 

t u r n  i s  c o n t r o l l e d  by equi l ibr ium wi th  m e t a l l i c  carbonates  i n  sedimentary 

rocks .  

On Venus, t h e  s i t u a t i o n  i s  l e s s  c l e a r .  Both H20 and C02 can only  

e x i s t  i n  t h e  vapor phase, b u t  t h e r e  appears  t o  be very l i t t l e  H20 on Venus 

a t  p r e s e n t .  One explana t ion  i s  t h a t  H20 has been destroyed by u l t r a v i o l e t  

l f g h t  from t h e  sun a t  a  r a t e  which i s  s e v e r a l  o rde r s  of  magnitude g r e a t e r  

on Venus than  it  i s  on t h e  e a r t h  o r  Mars, Such a  circumstance could a r i s e  

i f  H20 were once t h e  major c o n s t i t u e n t  o f  t h e  Venus atmosphere. The quan- 

tum e f f i c i e n c y  f o r  d e s t r u c t i o n  of  H20 on Venus would then  have been c l o s e  

t o  one, 

On t h e  e a r t h  t h e  quantum e f f i c i e n c y  i s  about l a m 5 ,  s i n c e  H 0  is  on ly  2 

a  minor c o n s t i t u e n t  of  t h e  e a r t h ' s  atmosphere, I f  l a r g e  amounts of  H20 have 

been d i s s o c i a t e d  on Venus, t h e  hydrogen must have escaped i n t o  space ,  and 

t h e  oxygen must have gone i n t o  ox ida t ion  of  s u r f a c e  rocks .  

The remainder o f  t h e  argument i s  t o  show why H20 should have been a  

major c o n s t i t u e n t  of  t h e  e a r l y  Venus atmosphere, a l though it i s  a minor 

c o n s t i t u e n t  o f  t h e  e a r t h ' s  atmosphere. Water vapor i s  t h e  major source  o f  



i n f r a r e d  opac i ty  i n  t h e  e a r t h ' s  atmosphere, and t h e r e f o r e  t h e  depth  o f  t h e  

r a d i a t i n g  l a y e r s ,  where t h e  i n f r a r e d  o p t i c a l  depth is  l e s s  t han  one, i s  

determined by t h e  amount of  water  vapor p r e s e n t .  However, i f  t h e  amount 

of water vapor i s  determined by t h e  vapor p re s su re  of  t h e  l i q u i d ,  t hen  t h e  

temperature of  t h e  r a d i a t i n g  l a y e r s  cannot r i s e  above a  c e r t a i n  p o i n t .  

This means t h a t  equi l ibr ium wi th  t h e  sun i s  impossible  i f  t h e  s u n l i g h t  

absorbed exceeds a  c r i t i c a l  va lue ,  a s  long a s  t h e  water  vapor p r e s s u r e  i s  

c o n t r o l l e d  by t h e  l i q u i d .  Ca lcu la t ions  i n d i c a t e  t h a t  Venus and t h e  e a r t h  

a r e  on oppos i t e  s i d e s  of  t h i s  equi l ibr ium,  and t h e r e f o r e  H20 could never 

have e x i s t e d  i n  l i q u i d  form on Venus, Thus H20 may have been t h e  major 

c o n s t i t u e n t  of  t h e  e a r l y  Venus atmosphere, and t h i s  may account f o r  t h e  

absence o f  H20 on Venus today.  

Reference: J .Atmos.Sci , ,  - 26: 1191 (1969) 

TURBULENT BURSTS 

~ i r t e n  T. Landahl 

Shear flow turbulence  i s  d iscussed  s t a r t i n g  from t h e  mathematical 

model 

Here u ,  v,  w a r e  t he  f l u c t u a t i n g  v e l o c i t y  components o f  a p a r a l l e l  shear  

flow of  v e l o c i t y  u ( l ) a n d  

(u, = u, k1 = v, U3= W )  

may be considered a  source  term due t o  t h e  f l u c t u a t i n g  Reynolds s t r e s s e s  

(see Landahl, J . F . M .  - 29: 441).  Except f o r  t h e  term d(v), t h e  le f t- hand 



s i d e  i s  t h e  Orr-Sommerfeld ope ra to r ,  The model may be descr ibed  a s  " l i n e a r  

r ing ing"  ( t h e  modified Orr-SommerfePd response) caused by l lnon-l inear  bang- 

ing" ( the  f l u c t u a t i n g  Reynolds s t r e s s  terms) .  The ope ra to r  C (v), i s  added 

t o  inc lude  i n  some f a sh ion  t h e  s c a t t e r i n g  e f f e c t  o f  t h e  background turbu-  

lence  on t h e  l i n e a r  response (predominantly damped Orr-Sommerfeld waves, 

s e e  J . F . M .  - 29: 441). The most important terms i n  ( i . e ,  t h e  ones con- 9- 
t a i n i n g  t h e  h ighes t  d e r i v a t i v e s  i n  y)  a r e  

These can be  expected t o  be Parge wherever t h e r e  i s  a l o c a l l y  high growth 

r a t e  of f l u c t u a t i o n s ,  Such i s  known t o  occur i n  t u r b u l e n t  s p o t s ,  I t  i s  

t h e r e f o r e  o f  g r e a t  importance t o  understand t h e  condi t ions  l ead ing  t o  

b u r s t s .  

The observa t ions  by Klebanoff ek aZ, ( J , F . M ,  (19621, - 12: 1 )  of 

b u r s t s  i n  a laminar boundary l a y e r  undergoing t r a n s i t i o n  a r e ,  s o  f a r ,  t h e  

b e s t  ones t o  use  a s  a b a s i s  f o r  d i scuss ion  a s  t h e  experimental s i t u a t i o n  

was very we l l  c o n t r o l l e d .  These experiments showed t h a t  t h e  b u r s t s  occurred 

very  suddenly once a c r i t i c a l  va lue  of  t h e  amplitude of  t h e  primary wave i s  

exceeded. The growth r a t e  of  t h e  f l u c t u a t i o n  ampli tude i s  f a r  t oo  h igh  t o  

be explained by secondary i n s t a b i l i t y ,  A d i f f e r e n t  mechanism must t h e r e f o r e  

be a t  work, The explana t ion  proposed i s  based on a d i scuss ion  o f  t h e  r e l a -  

t i o n s h i p  between t h e  wave propagat ion v e l o c i t i e s  o f  t h e  primary and t h e  

secondary waves, When t h e  primary wave amplitude i n c r e a s e s ,  t h e  group ve- 

l o c i t y  o f  t h e  secondary wave w i l l  (probably) dec rease .  A c r i t i c a l i t y  con- 

d f t i o n  i s  reached when t h e  group v e l o c i t y  of t h e  secondary wave becomes 

equal t o  t h e  phase v e l o c i t y  o f  t h e  primary one somewhere a long  t h e  primary 

wave, A t  t h a t  cond i t i on ,  secondary dfs turbances  t r a v e l l i n g  i n t o  t h e  primary 



wave are trapped and must eventually cause complete breakdown of the pri- 

mary wave to remove the critical flow region. An analogy with choking in 

a Lava1 nozzle, in which deceleration from supersonic eo subsonic flow is 

attempted, can be drawn. A correlary of the proposed explanation is that 

criticality should depend exclusively on the local instantaneous velocity 

profile, which is in excellent accord with the observations. Furthermore, 

the criticality condition is calculable on basis of linear stability theory 

for a parallel flow. 

Some consequences of the proposed model were discussed. The Reynolds 

stresses in the flow will be produced almost exclusively by the bursts 

whereas the linear random waves will contribute very little. Hence a rea- 

sonable assumption to determine approximately the operator C(v)is to assume 

that the fluctuatfons in a burst are simply convected in a "frozen" manner 

by the wave. This assumption leads to 

where 6 is the streamline displacement by the wave which is connected to 

and the bar denotes average. 

TURBULENT SHEAR FLOW STRUCTURE 

Mgrten T. Landahl 

Some model problems believed relevant for understanding the mechanics 

of turbulent shear flow are proposed and discussed. Recent experimental in- 

vestigations, primarily by Klinels group at Stanford, indicate that the strong 

turbulence production that takes place in the wall layer is associated with 



local inflexional instability of strongly concentrated shear layers pro- 

duced by local interaction of longitudinal vortices and the fluctuations 

due to the large eddies, As inflexional instability is predominantly an 

inviscid phenomenon, it is proposed that the non-linear behavior of a 

strongly unstable inflexional region can be modelled by a distribution of 

concentrated potential vortices interacting with each other in the pre- 

sence of a rigid wall, The simple case of a concentrated two-dimensional 

shear layer was set up on a computer, and the development of the vortex 

layer following an initial small deformation in form of a bump studied, 

The numerical results show that a "hole" in the shear layer develops very 

rapidly and that it starts to roll up on each side of the hole very much in 

the fashion of a roller curtain. Such behavior might be consistent with 

the recent observations by Corino and Brodkey ( J , F . M .  37: 1) of turbulent - 
breakdown showing the formation of vertical jets on the edge of the low- 

speed flow region resulting in violent turbulent mixing with the higher 

velocity fluid above. 

The "passive" region of the turbulent boundary layer is believed to 

react in a linear fashion to the perturbations excited by the local break- 

downs in the active layer, Dominating statistically will be wave propagation 

modes (see Landahl, J . F , M ,  - 29: 441). Of importance is to determine the ef- 

feet of background turbulence on the wave propagation. The formulation of 

this problem is considered and some possible approximations discussed, 



O D E  T O  T U R B U L E N C E  

by Milrten T o  Landahl 

(sung to the Marine Hymn) 

FROM THE LAMINAR SOLUTION 

INTO FINITE AMPLITUDE 

WE SHALL STRIVE FOR UNDERSTANDING 

WITH MATHEMATICS NEAT OR CRUDE 

BUT IF THE FLUID BECOMES TURBULENT 

WITH EDDIES AND RANDOM BURSTS 

WE SHALL RALLY sROUND THE PHYSICS 

AND LET COMPUTORS DO THEIR WORST, 

"WHITHER SST - BOOM OR BUST?" 
~Zrten T. Landahl 

The main economic-engineering argument for the supersonic transport 

is explained and aerodynamic consequences for the design demonstrated, The 

basic fluid dynamic reasons for the sonic boom are reviewed, and the parap 

meters influencing its strength discussed, The physics of the phenomenon 

makes the chances of a substantial reduction of boom strength limited. The 

results of sociological investigations show quite clearly that the annoyance 

effect, in particularly the startle (illustrated), is so large that it is 

highly unlikely that any democratic government would ever allow regular super- 

sonic flights over inhabited territory, Thus, present proposed designs are 

intended to operate supersonically over water, only. Some of the implica- 

tions of this limitation are discussed. 



CYTHERIAN ENERGETICS: HOW+DOES VENUS KEEP HER COOL? 

Willem V.  R ,  Malkus 

Recent work on t h e  atmosphere o f  Venus i s  reviewed. The observed 

four-day c i r c u l a t i o n  of  t h e  v i s i b l e  clouds l e d  Schubert and Whitehead t o  

suggest  t h a t ,  given a  s u f f i c i e n t l y  small  e f f e c t i v e  PrandtP number, t h e  zonal 

flow could be a  Hal ley c i r c u l a t i o n .  In  1686 Halley proposed t h a t  a  h e a t  

source moving over a  l a y e r  of f l u i d  would induce an average h o r i z o n t a l  f low,  

S t e r n  and Davey have cons t ruc ted  q u a s i - l i n e a r  t h e o r i e s  suppor t ing  t h i s  pro-  

p o s a l ,  Here, t h e  work o f  Davey i s  extended t o  t h e  non- l inear  regime by t h e  

cons t ruc t ion  of an  Oseen-type s o l u t i o n ,  Quite  f o r t u i t o u s l y ,  i t  i s  found 

t h a t  t h e  maximum zonal v e l o c i t y  i s  i n s e n s i t i v e  t o  t h e  atmospheric mixing 

processes ,  depending on t h e  one- s ix th  power o f  t h e  Prandt l  number. The com- 

puted v e l o c i t y  f o r  Venus i s  i n  keeping with t h e  obse rva t ions .  Other a s p e c t s  

o f  t h e  theory  r e l a t e  p o t e n t i a l  observables ,  such a s  t h e  s o l a r - a n t i s o l a r  

temperature c o n t r a s t  and t h e  depth o f  t h e  high v e l o c i t y  r eg ion ,  t o  t h e  un- 

known magnitudes of  t h e  tu rbu len t  t r a n s p o r t  o f  h e a t  and momentum. The i n -  

ference  from a v a i l a b l e  d a t a  i s  t h a t  an e f f e c t i v e  thermal d i f f u s i o n  c o e f f i -  

c i e n t  f o r  Venus i s  o rde r s  of  magnitude l a r g e r  t han  p rev ious ly  sugges ted ,  

Among t h e  unresolved problems which emerge from t h i s  s tudy  i s  t h e  thermal-  

t i d a l  resonant  i n t e r a c t i o n .  Such i n t e r a c t i o n  could produce long term to rques  

on t h e  p l a n e t ,  perhaps expla in ing  h e r  r e t rog rade  r o t a t i o n .  



THE STRUCTURE AND STABILITY OF VORTEX RINGS 

Tony Maxworthy 

A s e r i e s  of  observa t ions  on experimental ly  produced v o r t e x  r i n g s  was 

desc r ibed .  Veloc i ty  and v o r t i c i t y  f i e l d s  were observed us ing  dye and hydro- 

gen bubble techniques.  I t  was concluded t h a t  s t a b l e  r i n g s  a r e  unique e n t i -  

t i e s  which grow i n  such a  way t h a t  t h e i r  v o r t i c i t y  i s  always conta ined  w i t h i n  

t h e  f l u i d  mass moving wi th  t h e  r i n g .  As t h e  v o r t i c i t y  d i f f u s e s  out  o f  t h e  

r i n g  i n t o  the  o u t e r  i r r o t a t i o n a l  f l u i d  it causes t h i s  f l u i d  t o  be e n t r a i n e d  

i n t o  t h e  i n t e r i o r  o f  t h e  bubble.  I t  is  p o s s i b l e  t h a t  an exponen t i a l l y  small  

amount o f  v o r t i c i t y  escapes reentrainment  and i s  shed i n t o  a very  small  wake 

behind t h e  moving f l u i d  mass. I t  has been found t h a t  t h e  v e l o c i t y  o f  t h e s e  

s t a b l e  r i n g s  v a r i e s  a s  t ;  where t i s  t h e  time measured from a v i r t u a l  o r i -  

g i n  o f  t h e  motion a t  downstream i n f i n i t y .  A simple entrainment  model con- 

t a i n i n g  a l l  o f  t h e s e  f e a t u r e s  of  t h e  observed flow p r e d i c t s  such a  behaviour ,  

S u f f i c i e n t l y  e n e r g e t i c  r i n g s  become uns t ab le  and s i g n i f i c a n t  v o r t i c i t y  

i s  then  shed i n t o  a  wake. Under some circumstances a  new more s t a b l e  vo r t ex  

emerges from t h i s  shedding process  and cont inues  with l e s s  v o r t i c i t y  t han  

be fo re ,  Eventual ly,  a l l  motion should cease  a s  t h e  r i n g  c i r c u l a t i o n  decays 

t o  zero under t h e  d i f f u s i n g  a c t i o n  o f  v i s c o s i t y .  

LES TOURBILLONS DES FUMEURS 

Tony Maxworthy 

A l e c t u r e  honouring P ro f .  Henri Bouasse who came c l o s e  t o  c o r r e c t l y  

d e s c r i b i n g  t h e  flow f i e l d  of  non-buoyant vo r t ex  r i n g s ,  This  p r e s e n t a t i o n  

descr ibed  work extending t h e  previous  l e c t u r e  on "smoke r ings" .  An e n t r a i n -  

ment model was presented  (Fig.1)  which c o r r e c t l y  p r e d i c t s  t h e  behaviour  o f  



Flu id  o r i g i n a l l y  making 

Ent ra ined  l a y e r  

F ig .  1 

vor t ex  r i n g s ,  A s  v o r t i c i t y  d i f f u s e s  from t h e  main r i n g  s t r u c t u r e  it i s  

picked up by i r r o t a t i o n a l  f l u i d  flowing around t h e  r ing ;  some i s  en t r a fned  

i n t o  t h e  r i n g  t h e  r e s t  i s  shed as  a  wake. The amount of  f l u i d  be ing  en- 

t r a i n e d  i s :  

We can show t h a t  a t  high Reynolds number t h e  impulse i s  c l o s e l y  con- 

s t a n t  even though a  small  amount o f  momentum i s  shed i n t o  t h e  wake; whence 

~ r y ~ a ~ =  cons t ,  S u b s t i t u t i o n  g ives  Ya a3-Ov) t 
and 

The decrease  i n  r i n g  c i k c u l a t i o n  can be accounted f o r  by t h e  l o s s  

o f  v o r t i c i t y  t o  t h e  wake, 

The model can be extended t o  buoyant r i n g s ,  f o r  which: 



and t h e  c i r c u l a t i o n  i s  cons t an t ,  i . e ,  a s  much v o r t i c i t y  i s  be ing  shed i n t o  

a  wake a s  i s  be ing  produced by buoyancy f o r c e s ,  F is t h e  t o t a l  buoyancy 

f o r c e  a c t i n g  on t h e  r i n g ,  

A l t e r n a t i v e  explana t ions  f o r  t h i s  behaviour have been given by 

J ,  S ,  Turner us ing  s i m i l a r i t y  arguments. More r e f i n e d  experiments a r e  

needed i n  o rde r  t o  d i s t i n g u i s h  between t h e  two models, 

The l e c t u r e  concluded with demonstrations o f  t h e  major f e a t u r e s  of  

vo r t ex  r i n g s ,  In  p a r t i c u l a r  i t  was shown t h a t  two r i n g s  of  c l o s e l y  equal  

i n i t i a l  v e l o c i t y  do - not  pass  through each o t h e r ,  a s  commonly be l i eved ,  bu t  

t h e  slower e n t r a i n s  t h e  f a s t e r  and they  combine, 

TOPOGRAPHIC EFFECTS ON THE WIND-DRIVEN OCEAN CIRCULATION 

E l l i o t t  E .  Schulman 

We cons ider  t he  l i n e a r  wind-driven flow of  a  homogeneous ocean i n  

which bottom f r i c t i o n  i s  t h e  dominant mechanism of  d i s s i p a t i n g  t h e  wind- 

induced v o r t i e i t y .  The bottom topography v a r i e s  only  a long  l a t i t u d e  l i n e s  

and t h e  e f f e c t s  o f  an oceanic  r i d g e ,  p l a t e a u  and c o n t i n e n t a l  r i s e  a r e  

s t u d i e d ,  So lu t ions  a r e  obta ined  both f o r  t h e  i n v i s c i d  case  and those  i n  

which t h e  bottom f r i c t i o n a l  parameter a r e  sma l l ,  

We f i n d  t h a t  a  mid-oceanic r i d g e  (such a s  t h e  Mid-Atlant ic  Ridge) 

tends t o  reduce t h e  Sverdrup t r a n s p o r t  i n  t h e  b a s i n  and d i r e c t  t h e  wes t e r ly  

d r i f t  t o  t h e  sou th .  The d i v e r s i o n  is  t h e  s t r o n g e s t  where t h e  bottom f r i c -  

t i o n a l  parameter i s  t h e  s m a l l e s t .  I n  genera l ,  c losed  s t r eaml ine  p a t t e r n s  



can  be found over v a r i a b l e  topography without  d i f f u s i n g  v o r t i c i t y  t o  t h e  

ocean f l o o r ,  A s  t h e  ocean r i s e s  onto  a p l a t eau  (such a s  t h e  Blake P la t eau )  

t h e  c i r c u l a t i o n  i s  blocked from r i d i n g  onto t h e  p l a t e a u ,  A western c o n t i -  

n e n t a l  r i s e  (such a s  t h e  r i s e  from t h e  Blake P la t eau  t o  t h e  e a s t e r n  c o a s t  

o f  North America) s t r o n g l y  reduces t h e  magnitude o f  t h e  wes t e r ly  i n t e n s i -  

f i e d  northward flow a t  t h e  coas t ;  t h e  maximum t r a n s p o r t  o f  t h e  northward 

c u r r e n t  appears  a t  t h e  f o o t ' o f  t h e  c o n t i n e n t a l  r i s e ;  

HEAT TRANSFER I N  STEADY TWO-DIMENSIONAL B ~ N A R D  CONVECTION 

Richard C ,  J .  Somervi l le  

Consider t h e  fol lowing dimensionless  Boussinesq system (Chandrasekhar, 

Here i s  t h e  Prandt l  number, R i s  t h e  Rayleigh number, i s  t h e  v e r t i c a l  

u n i t  v e c t o r ,  and IV , p,  T a r e  s c a l e d  v e l o c i t y ,  p re s su re ,  and tempera ture  

v a r i a b l e s  r e s p e c t i v e l y o  This  system may be so lved  numerical ly  i n  two space  

dimensions (x, z) s u b j e c t  t o  t h e  boundary cond i t i on  

and. t h e  p e r i o d i c i t y  cond i t i on  

where i s  a parameter .  

To each s o l u t i o n  of  t h i s  system t h e r e  corresponds a va lue  o f  t h e  

Nusse l t  number N :  



Physically, N is a heat transport, which is invariant with depth z, as 

may be seen by integrating (39, sub~ect to (1) and ( 5 1 ,  In experiments 

(e . g. , Krishnamurti, 1970), N and A have been measured in approximately 

steady roll convection in the parameter ranges 

C Y  = 0,7 (air) a n d c z  6,8 (water, oils) (7) 

Re = 1708c R 55 22,600, 189 

The upper bound in (8) is from Bussevs (l967) theory, Obse~ved values of 

A depend on R, , the history of the flow, and several experimental 

details; but seem to lie between 2 (at R = R ) and values slightly in ex- 
C 

cess of X (R) , Busse1s maximum permitted wavelength for infinite : max 

2 ~ h ~ h m a x  (4 (9) 

The purpose of this note is to give an accurate explicit formula 

for N(R, 13- , 9, based on numerical solutions of the above system, so 

as to facilitate comparisons with experimental and theoretical determina- 

tions of No 

P for CT = 0,Y 

0 for Cr 3 6.8 

Then the Nusselt number N(R, U- , 9, as determined by numerical solu- 

tions of (1) - (6) in the parameter ranges (7) - (91, is given by 

o.,.qS + 0.9 % . 
N ( R , ~  A)= [El 7 3 ~  +0,0, "p(~)+ *c 2.. L-~J[I  t 91) (101 

The formula (10) may be misleading outside the parameter ranges (7) - (9), 
It is meaningless, for example, that the exponent 0,585 as R -00 

Inside the ranges (7) - (99, however, the formula and the numerical models 



used to solve (1) - (5) are sufficiently accurate so that the error in the 

formula (10) is at most about 2%. 
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PREFERRED MODES IN CONVECTION 

Richard C, J, Somerville 

This study is concerned with steady, two-dimensional (roll) convec- 

tion in a Boussinesq fluid layer bounded by rigid horizontal plates main- 

tained at different constant temperatures. This regime of ~gnard convection 

is experimentally observed to occur for Rayleigh number R and Prandtl num- 

ber in the ranges 1708 4 R 5 20,000 and 62 , in accordance with a 

theory of Busse (1967) for T+oo. This theory also predicts that rolls 

are stable only if their wavelength h lies inside a certain closed region 

(interior to the neutral. curve of marginal stability theory) in the R, h 

plane, Many experiments (e.g., Krishnamurti, 1970) at finite CY , while dif 

fering in detail, confirm this prediction, but also show that: 



(a) the wavelength exceeds its critical value ( h > h,  , 
where h,= 2.016 = h at R = R = 1708) ; 

'2 

ah (b) the excess increases with Rayleigh number (rn > 0) ; 

(c) this increase becomes more marked as is decreased 

In the absence of adequate theoretical explanations for these 

properties, the author and F ,  B, Lipps (ESSA) have sought numerical solu- 

tions of the Boussinesq equations, When initial-value problems are inte- 

grated in a domain of horizontal dimension L >> h, , we find: 
(1) Integrations in two space dimensions do not display these l v f , 1  

properties; 

(2) Preliminary results in three space dimensions display at least 

property (a). 

These results not only indicate that the wavelength selection mechanism is 

intrinsically three-dimensional, but also suggest that it exists within 

the standard theoretical framework, and that it is not necessary to invoke 

effects of sidewalls, imperfectly conducting boundaries, or other experi- 

mental lfcontaminantslt. We have also studied the parametric dependence of 

two-dimensional solutions on (forcing any desired stable value of h 

by fixing initial conditions and/or L) and find: 

(33 No obvious extremum principle leads to properties (a,b,c). Max- 

imum heat transport, for example, violates (a); 

(4)  Nusselt number N depends sufficiently strongly on 2 to explain 

much of the discrepancy between experimental determinations of N(R) and 

many previous numerical determinations which assumed = , thus ignoring 

(a) and (b); 



(59 Result (4) and property Qe) explain why early numerical studies 

also failed so find the weil-known experimental dependence of N on G- . 
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ESTIMATE OF CONVECTIVE TRANSFER 

Edward A, SpiegeP 

The following results are offered for the NussePt number in Bous- 

sinesq eonvectfono They have been obtained in collaboration with D. 0 .  

Gough and J, Tosmre, 
a 

Let the function f. (x,y) be a convective plan form for a horizontal 
I, 

wave number a; ; thus 

B 
For a given ai the f; span the appropriate subspace of allowable plan 

forms. Let f; be the most general linear combination of the a' f for 

fixed t 
- 

Note that for Q;.f 3 0 where the bar denotes horizontal average. 
3 

Normalize so thac 

Let us write 



- 
where W i s  v e r t i c a l  v e l o c i t y  component and 8 = T - T. Then t h e  Boussinesq 

equations become 

where 

aT a ' l  - t C W O  =-  a t  l-4 h at- 

and, a s  usual ,  

r e -  3 1 R =  L. + AT$ 
K k3 

We have proceeded by r e t a i n i n g  only a few terms i n  t h e  expansion (3)  

and solv ing  (49 - ( 6 )  numerical ly,  I n  t h e  case  where only one term i s  r e -  

ta ined ,  a f a i r l y  simple s e t  of equat ions,  s i m i l a r  t o  one repor ted  previous ly ,  

i s  found, These one-mode equations have been solved numerical ly and f o r  

a v a r i e t y  of  i n i t i a l  condi t ions  t h e  so lu t ions  tend t o  a s t eady  s t a t e .  Ac- 

cordingly,  t h e  s teady equations have been examined i n  d e t a i l .  These a r e  



where 
d 111 D = G C ; ' ~ - - ~ T , ~ = ~  , a = a l ,  w.w,, 8.9 (1 29 

and Nl i s  t h e  one-mode Nussel t  number, o r  non-dimensional t o t a l  h e a t  t r a n s -  

f e r ,  These equat ions have been obta ined  by Roberts u s ing  a method of  

Prigogene,  I f  simple approximations f o r  t] a r e  used C can be  e x p l i c i t l y  

found. For r o l l s  and r e c t a n g l e s ,  C = 0; f o r  hexagons C = 6-'. 

For R +  00 and a ,  C, C a l l  O(P) we f i n d  from matched asymptot ic  

expansions t h a t  

(131 

Fur the r  s tudy  r e v e a l s  tha-t; t h i s  approximation holds f o r  l a r g e  C4 s o  long 

5 
a s  does exceed q~~ where t h e  number q - a0 Thus t h e  most h e a t  t r a n s p o r t  

3 obta ined  from one mode v a r i e s  l i k e  R a  (lnR) '*, which i s  reasonably r ep re-  

s e n t a t i v e  o f  some experiments.  The choice  of  CL = 0 (I?'*), though it  l eads  t o  

a f a i r  R-dependence of  N,  does not  seem t o  be ind ica t ed  i n  o t h e r  r e s p e c t s  

by experiments,  though t h e  evidence i s  n o t  convincing,  However, a t  low R ,  

a seems, i f  anything,  t o  decrease  wi th  inc reas ing  R .  With 0- =o(I) we have 

2 N1 v R '  (lnR) which does n o t  accord wi th  experiments a t  l a r g e  R .  I t  seems 

reasonable  t o  expect  t o  remedy t h i s  de f i c i ency  wi th  f u r t h e r  modes, Let us 

do t h i s  i n  an approximate way, 

We t ake  Q=o( I )  ( f o r  example = a&) 
For one mode a t  l a r g e  R we have 

, = +en R)+ 
where oC i s  given i n  QP3), In t roduce  succes s ive ly  more modes t a k i n g  a t  

each s t e p  t h e  mode t h a t  w i l l  most modify N ,  The modes t h a t  do t h i s  w i l l  be  

those  which can break down t h e  thermal boundary l a y e r .  Such modes w i l l  be  

e x c i t e d  both by t h e  f l u c t u a t i n g  and mean f i e l d  i n t e r a c t i o n s  o f  (4)  - (69. 



I f  t h e  v iscous  boundary l a y e r  i s  th inne r  than  t h e  thermal boundary Payer, 

t h e  f l u c t u a t i n g  terms w i l l  probably e x c i t e  small  s c a l e  modes t h a t  can do 

t h i s  e f f e c t i v e l y  when t h e  Reynolds number of  t h e  f i r s t  mode i s  h igh  enough. 

I f  t h e  thermal boundary l a y e r  i s  th inne r ,  t h e  mean- field term, /s w , w i l l  

be  t h e  c r u c i a l  one. The l a t t e r  case  occurs  a t  l a r g e  enough F and l e t  us  

cons ider  on ly  t h a t .  We may then  proceed wi th  t h e  h e l p  o f  Malkusian argu- 

ments. The second mode s e e s  C1 P l i k e :  

Thus it de r ives  i t s  inpu t  from l a y e r s  which i n  t o t a l  a r e  N - ~  t h e  t o t a l  

l a y e r  t h i ckness .  I t  t h e r e f o r e  s ees  an e f f e c t i v e  Rayleigh number 

RrG = R/~:  . We use  (14) and f i n d  a  h e a t  t r a n s p o r t  f o r  2 modes l i k e  
2 =, /+P Ri(l+~) (hR)C(l* b) 

(15) 

Likewise a  t h i r d  mode s e e s  3 so  f o r  3 modes 

N,=a 

Evident ly ,  f o r  n  modes, '[r-(+)"l . (&'R& R ) ~  

Of course ,  e x c i t a t i o n  o f  an i n f i n i t e  number of modes by mean f i e l d s  w i l l  no t  

be p o s s i b l e .  We can only have n  modes where f o r  t h e  ( n + ~ ) ~ ~  mode 

This leads  us  t o  



and hence t o  

a  r e s u l t  which enjoys a  c e r t a i n  popu la r i ty ,  I t  i s  worth not ing  t h a t  the  

a's seem reasonable a s  we l l .  The a of  t h e  f i r s t  mode, c a l l  it 4, is  a r -  

b i t r a r i l y  taken Oel),  ( R  s a y ) ,  For t h e  second mode t h e  u n i t  of length  was c  

seen t o  be 0  ( N - ~ )  Hence f o r  the  second mode, q= /( (I, = o(R'(& R)') e t c .  
L 

For t h e  n
th 

mode an~l\/h-,0-, = O[R') f o r  l a rge  R .  These r e s u l t s  should no t  

y e t  be compared with experiment s ince  (13) holds only f o r  R much l a r g e r  than 

i s  usua l ly  a t t a i n a b l e  i n  experiment, For t h i s  purpose we must use our numer- 

i c a l  so lu t ions  of (9) - ( l l ) ,  These d e t a i l s  w i l l  be  presented elsewhere 

in extenaa i f  Douglas and ~Gr i  can ever  be d i s t r a c t e d  from t h e i r  more p ress-  

ing  r e s p o n s i b i l i t i e s ,  

THERMODYNAMICS AND COSMOLOGY 

Edward A .  Spiegel  

I n  cosmology one considers  i n  t h e  s imples t  models a  p e r f e c t  f l u i d  

i n  homogeneous, i s o t r o p i c  expansion, The s t a t e  of  t h e  system i s  then  char-  

a c t e r i z e d  by a  s i n g l e  s c a l a r  funct ion o f  t h e  cosmic time, t ,  Thus, i f  a t  

t = to two i n f i n i t e s i m a l  elements of t h e  cosmic f l u i d  a r e  a  d i s t ance  r0 

a p a r t ,  a t  a  l a t e r  time t h e i r  separa t ion  i s  

where R(t)  i s  t h e  s c a l e  f a c t o r  of  t h e  universe .  The evolu t ion  of  R i s  a  

dynmiea l  problem o f  cosmology and evident ly  t h i s  depends on your theory o f  

g rav i ty ,  Even t h e  i n t e r p r e t a t i o n  of R depends on t h e  theory.  Here I  have 

given a  Newtonian i n t e r p r e t a t i o n  but  R appears a l s o  i n  r e l a t i v i s t i c  cosmology 



with a  d i f f e r e n t  i n t e r p r e t a t i o n ,  For t h e  purposes of  t h i s  d i s c u s s i o n  we 

s h a l l  j u s t  assume t h a t  R i s  a given func t ion ,  Evident ly wi th  t h e  i n t e r p r e -  

t a t i o n  given he re ,  t h e  cosmic d e n s i t y  v a r i e s  l i k e  

A ques t ion  o f  some i n t e r e s t  i s ,  What can be s a i d  o f  t h e  thermcsdynao 

mics o f  t h i s  cosmic f l u i d ?  Of course,  t h i s  can be d iscussed  a s  r e a l i s t i -  

c a l l y  a s  you wish bu t  with no guarantee of success .  Here I want t o  mention 

some problems t h a t  a r i s e  i n  one of  t h e  most i d e a l i z e d  models, namely, t h a t  

o f  a  gas o f  s t r u c t u r e l e s s  p a r t i c l e s  which c o l l i d e  e l a s t i c a l l y ,  The problems 

t h a t  a r i s e  even i n  t h i s  ca se  have been d iscussed  by only  a  few au tho r s  and 

Engelbert  sch;king and I  have been puzz l ing  over them f o r  a  whi le  (Comments 

on Astrophysics  and Space Physics ,  11: 1 2 1  (1970)).  Some people do not  - 
agree  t h a t  t hese  problems a r e  t o  be worr ied about ,  b u t  h e r e  t hey  a r e ,  

For a  ( s p e c i a l )  r e l a t i v i s t i c  gas which i s  n o t  expanding, one can u s e  

t h e  usual  equi l ibr ium d i s t r i b u t i o n  
f = A e  

-1 E 

I 
where p=(kgg and E i s  t h e  energy o f  a  p a r t i c l e .  The r e l a t i v i t y  e n t e r s  i n  

t h e  formula r. Jv 
where t h e  u n i t s  a r e  chosen s o  t h a t  c  = E and where m i s  t h e  r e s t  mass of  a  

p a r t i c l e  and& i s  i t s  momentum. In  t h a t  case  t h e  normal iza t ion  becomes 

where N i s  t h e  p a r t i c l e  d e n s i t y  and 1(% i s  a  s p e c i a l  Hankel func t ion .  I n  

t h e  l i m i t  prc m2 we f i n d  

> 



which i s  t h e  c l a s s i c a l  express ion .  I n  t h e  oppos i te  l i m i t  we have 

This would be t h e  c o r r e c t  d i s t r i b u t i o n  f o r  photons were i t  n o t  f o r  E- B 

s t a t i s t i c s ,  

Now we t u r n  t o  t h e  expanding case  with R ( t )  s p e c i f i e d ,  I n  a  

Minkowski space expanding l i k e  R( t )  we l e t  be t h e  momentum r e l a t i v e  t o  

t h e  expanding coord ina tes .  If you want t o  v i s u a l i z e  t h e  s i t u a t i o n  k in-  

ema t i ca l ly  p i c t u r e  two s e t s  of obse rve r s ,  One s e t  remains f i x e d  with r e s p e c t  

t o  each o t h e r ;  t h e  members o f  t h e  o t h e r  s e t  move a p a r t  from each o t h e r  wi th  

t h e i r  mutual d i s t ances  i n c r e a s i n g  l i k e  R ( t ) .  Let 9 be t h e  momentum o f  a  

f r e e  p a r t i c l e  moving r e l a t i v e  t o  t h e  expanding s e t  of obse rve r s ,  I t  can be 

shown t h a t  f o r  such a  p a r t i c l e  R i s  conserved. 

In  cosmology t h i s  r e s u l t  i s  used a s  fol lows:  For t h e  c l a s s i c a l  gas  

equi l ibr ium i s  maintained i f p  E o L ) p L I / ~  i s  i n v a r i a n t .  ~ i n c e l @ )  -7-' we 
-a 

have T ~ L R  which desc r ibes  t h e  a d i a b a t i c  cool ing.  t hen  i s  a l s o  con- 

s t a n t  s i n c e  b/& R * ~  . Likewise f o r  an u l t r a r e l a t i v i s t i c  gas t o  have /8 1 
-I 

i n v a r i a n t  we need JQL R and t h i s  ensures  N / ~ J  i s  i n v a r i a n t .  m u 5  i n  cos-  
-a 

mology a  c l a s s i c a l  gas is  s a i d  t o  cool  wi th  TaK while  a  photon gas 

with TWR-I. This i s  a p r i m i t i v e  d e s c r i p t i o n ,  bu t  it can be  made p r e c i s e  

with t h e  use  of  t h e  r e l a t i v i s t i c  Boltzmann equat ion ,  

What o f  t h e  r e l a t i v i s t i c  gas? There seems t o  be no choice  of TCR) 

which makes /B i n v a r i a n t .  Hence - and t h e r e  a r e  more r igo rous  arguments - 
i t  has  been concluded t h a t  an expanding r e l a t i v i s t i c  gas has  no equ i l i b r ium 

i n  t h e  q u a s i s t a t i c  sense  descr ibed  h e r e ,  I t  fol lows t h a t  t h e  expanding r e l a -  

t i v i s t i c  gas i s  d i s s i p a t i v e ,  The assumption of  a  p e r f e c t  f l u i d  f o r  t h e  cos-  

mological problem would then  be u n j u s t i f i e d ,  though i t  i s  probably a  good 



approximation most o f  t h e  t ime,  MacroscopicaPly t h e  d i s s i p a t i o n  must r e -  

s u l t  from bulk v i s c o s i t y  s i n c e  t h e  f l u i d  i s  homogeneous and s h e a r  v i s c o s i t y  

and conduction do not  occur ,  You can th ink  of an  o r i g i n  of t h i s  bulk v i s -  

c o s i t y  l i k e  t h a t  f o r  a  c l a s s i c a l  f l u i d ,  The usua l  reason  f o r  bulk v i s c o s i t y  

i s  t h a t  d i f f e r e n t  degrees of  freedom o f  t h e  p a r t i c l e s  a d j u s t  t o  changes on 

d i f f e r e n t  t ime s c a l e s .  I f  t h e  c l a s s i c a l  and u l t r a r e l a t i v i s t i c  p a r t i c l e s  

can be v i s u a l i z e d  i n  t h i s  way t h e  bulk v i s c o s i t y  seems more p l a u s i b l e ,  

S t i l l  we may wonder whether t h e  bulk v i s c o s i t y  i s  r e a l l y  an  a r t i f a c t  

o f  t h e  Boltzmann equat ion  f o r  t h e  r e l a t i v i s t i c  c a s e ,  Suppose we widen t h e  

Boltzmann not ions  a  b i t ,  There,  t h e  d i s t r i b u t i o n  depends on ly  on t h e  mo- 

menta. But t h e r e  i s  another  proper ty  o f  t h e  p a r t i c l e s  t h a t  d i f f e r s  from 

p a r t i c l e  t o  p a r t i c l e .  This i s  t h e  proper  t ime. 

As an  example cons ider  a  r e l a t i v i s t i c  gas i n  a  box, A t  t = 0 g ive  

each p a r t i c l e  a  c lock reading  0. Clea r ly  a t  any l a t e r  t ime t t h e  clock 

readings  w i l l  no t  a l l  be t h e  same s i n c e  t h e  p a r t i c l e s  move d i f f e r e n t l y ,  Pn- 

deed, you can ask what t h e  d i s t r i b u t i o n  of  c lock readings  i s  a t  any t ime,  t 

For an e rgodic  gas,  a s  t+oo t h e  d i s p e r s i o n  o f  c lock  readings  tends  t o  

zero s i n c e  a l l  p a r t i c l e s  have the  same average h i s t o r y  i n  some sense .  

Since t h e  ages o r  proper  t imes d i f f e r  f o r  d i f f e r e n t  p a r t i c l e s  we may 

ask what happens i f  we inc lude  t h i s  parameter a s  a  s t a t i s t i c a l  v a r i a b l e ,  

This  complicates t h ings  a  b i t  bu t  one simple f a c t  emerges, 

Consider t h e  model 

R ( ~ ) . R , ( I  t d t )  

where R, and o( a r e  cons t an t s .  Let be t h e  age o f  a  p a r t i c l e  reckoned 

from 0 a t  t = 0. Then f o r  a  f r e e  p a r t i c l e  i n  t h i s  space 



i s  conserved, Note a l s o  t h a t  i f  two p a r t i c l e s  c o l l i d e  and i f  t h e  eoPPision 

l a s t s  no t ime then  he sum of r h e i r  I t s  HS eonserved s i n c e  t h e  sum sf t h e  

E q s  i s  ccnserved and t h e  T's do nor change. 

Thus 

i s  t h e  s o l u t i o n  o f  t h e  app ropr i a t e  llBoltzmann equarion", though t h e  d e t a i l s  

a r e  messy, Note t h a t  i n  t he  non-expanding ease  I = E and t h e  usual  e q u i l i -  

brium is  recovered,  Thus t h e r e  does seem t o  be a s o r t  s f  equl l ibr ium f o r  

a r e l a t i v i s t n e  expanding gas,  bu t  we a r e  nor s u r e  we undersrand it a t  a l l ,  

One cur ious  p o i n t  i s  t h a t  i n  a  vague sense  t h i s  kind o f  t h i n g  is  

not wi thout  precedent ,  I n  v i s c o e l a s t i c i t y  nt i s  known t h a t  an  a l t e r n a t e  

way t o  d i scuss  d i s s i p a t i v e  e f f e c t s  i s  through h i s t o r y  te rms ,  His tory  t e r n s  

a l s o  p l ay  a  r o l e  i n  two component f l u i d s  such as  dus ty  gases ,  Can t h e r e  be  

a  s i g n i f i c a n c e  t o  t h e s e  vague s i n a i l a r i t i e s l  

GENERALIZATIONS OF THE ROTATING FLAME EFFECT 

WITH APPLICATION TO TORNADO GENESIS 

Melvin E, S t e r n  

Heat sources and s ~ n k s  propagate  i n  an aznmuthal d i r e c t i o n  wirh f r e -  

quency (c3 ) r e l a t i v e  t o  a  b a s ~ c  f l u i d  s t a t e  o f  v e r t i c a l  t h i ckness  Qh), 

s t a t i c  s t a b i l i t y  ( s )  and r o r a t i o n  r a t e  ( L 7 Z j  . If (fr-b.?)(d-gs)-'> 0 

t h e  forced  azimuthal pe r tu rba t ions  pump k i n e t i c  energy and angular  momentum 

( w  - d i r ec t ed )  r a d i a l l y  outwards, Thus t h e  Reynolds s t r e s s ,  compuxed from 

l i n e a r  theory ,  l eads  to a mean reYaeive s p i n  sf t h e  a i r  i n  t h e  v i c i n i t y  sf 

t h e  h e a t  sources and t h i s  i s  i n  t h e  oppos i t e  sense  ~o t h e  r e l a t i v e  motion of 

t h e  sou rces ,  I n  t h i s  g e n e r a l i r a t ~ s n  of t h e  " r o t a t i n g  flame e f f e c t "  v i s c o s i t y  



i s  neg lec t ed ,  I t  i s  suggested t h a t  such a h o r i a c n t a l  vo r t ex  can be ampli- 

f i e d  a s  t h e  a i r  "passes" through a v e r t i c a l l y  convect ing cumulonimbus c loud ,  

The k i n e t i c  energy and h e a t  generated by t h e  mother cloud is  pumped ineo 

t h e  f a r - f i e l d  by t h e  azimuthal pe r tu rba t ions  of  t h e  vor tex ,  and angular  momen- 

tum i s  thereby  sepa ra t ed ,  I t  i s  suggested t h a t  t h e  angular  momentum accumu- 

l a t l n g  withan the  r a d i u s  of t h e  mother cloud i s  d i s s i p a t e d  by t h e  sma l l e r  

s c a l e  tornado funnel .  

PHASE BEHAVIOR OF LIGHT GAS MIXTURES AT HIGH PRESSURES 

William B, S t r e e t t  

I f  s o l i d  su r f aces  e x i s t  beneath t h e  v i s i b l e  clouds o f  t h e  major 

p l ane t s ,  they  may be expected t o  e x i s t  a t  depths and p r e s s u r e s  a t  which t h e  

component gas mixtures s o l i d i f y  under t h e i r  own weight .  An understanding 

o f  t h e  s o l i d - f l u i d  phase behavior  i n  mixtures  o f  l i g h t  gases  a t  h igh  p re s su res  

i s  t h e r e f o r e  e s s e n t i a l  t o  t h e  s o l u t i o n  o f  t h e  problem of  deep atmosphere 

s t r u c t u r e s  i n  t hese  bod ie s ,  For J u p i t e r  and Saeurn, t h e  mixture  o f  primary 

i n t e r e s t  i s  hydrogen-helium, Although experimental r e s u l t s  f o r  t h i s  system 

a r e  l i m i t e d  t o  low p res su res ,  s e v e r a l  p o s s i b l e  e x t r a p o l a t i o n s  o f  t h e  phase 

diagram a r e  suggested by t h e  r e s u l t s  o f  h igh  p re s su re  experiments on o t h e r  

helium b ina ry  systems, The suggested phase diagrams have been used t o  dev- 

e lop  a s t r u c t u r a l  model f o r  a hydrogen-helium atmosphere, I n  t h l s  model, 

g r a v i t a t i o n a l  s e p a r a t i o n  o f  c o e x i s t i n g  phases r e s u l t s  i n  a l aye red  s t r u c t u r e ,  

and it i s  shown t h a t  masses of  hydrogen- rich s o l i d  can e x i s t  i n  dynamic and 

thermodynamic equi l ibr ium wi th  a f l u i d  l a y e r  o f  equal  d e n s i t y  b u t  h ighe r  

helium con ten t ,  This  p i c t u r e  may be r e l e v a n t  t o  t h e  f l o a t i n g  r a f t  concept  

o f  J u p i t e r ' s  Great Red Spot ,  



MOTION OF JUPITER'S RED SPOT 

(OCEANOGRAPHY OF JUPITER) 

George Veronis 

A thermodynamic Qus t i f i ca t ion  can be made f o r  t h e  hypothes is  t h a t  a 

l a y e r  o f  hydrogen- rich s o l i d  can form a t  a l e v e l  of  a few thousand km below 

t h e  v i s i b l e  s u r f a c e  o f  J u p i t e r  and t h a t  t h e  s o l i d  i s  g r a v i t a t i o n a l l y  s t a b l e  

( i n  t h e  dynamic sense)  a t  t h e  l e v e l  of  formation,  I f  a topographic o r  o t h e r  

such f e a t u r e  o f  t h e  s o l i d  s u r f a c e  of  J u p i t e r  causes an accumu1ation o f  t h i s  

ma te r i a l  i n t o  a massive o b j e c t  and i f  t h e  motion of  t h i s  s t a b l e  Ca r t e s i an  

d ive r  i s  analyzed, t h e  observed motion o f  t h e  Red Spot can be  r a t i o n a l i z e d  

i n  terms o f  t h e  model, V e r t i c a l  o s c i l l a t i o n s  o f  t h e  Ca r t e s i an  d ive r  a r e  ac-  

companied by long i tud ina l  changes of  p o s i t i o n  because of t h e  a s soc i a t ed  

changes i n  t h e  angular  momentum o f  t h e  o b j e c t .  Specula t ion  about t h e  f l u i d  

motions caused by t h e  motion of  t h e  d i v e r  l eads  t o  p red ic t ed  changes i n  t h e  

s i z e  and l o c a t i o n  of t h e  Red Spot which agree  wi th  observed changes, 

THE MICRO-OCEANOGRAPHY OF BERMUDA 

Carl  Wunsch 

An a t tempt  t o  measure i n t e r n a l  waves i n  t h e  main thermocline a t  Ber- 

muda (Wunsch and Dahlen, 1970) leads  us  t o  some p e c u l i a r  phys i ca l  processes  

t h a t  appear t o  go on around t h i s  mid-ocean i s l a n d ,  The i s l a n d  has been ex- 

p lored  i n  3 c r u i s e s  (ATLANTIS 11, Cruise  47 i n  October 1968, GOSNOLD Cruise  

$44 i n  J u l y  1969, and GOSNOLR Cruise  147 i n  J u l y  l970) ,  us ing  an  STD, eur -  

r e n t  meters on buoys, and parachute drogues,  

The i n t e r n a l  wave measurements i n d i c a t e d  no d e t e c t a b l e  coherence 

between temperature s enso r s  1 km a p a r t  f o r  pe r iods  s h o r t e r  t han  about 8-10 



hours ,  a d i sconce r t ing  f e a t u r e  when one c a l c u l a t e s  t h e o r e t i c a l  wavelengths 

exceeding 1 km f o r  i n t e r n a l  waves of per iods  longer  t han  30 min. The d a t a  

show no i n e r t i a l  peak, no d i u r n a l  peak, a s t r o n g  semi-diurnal  t i d e  w i t h  

random phase and l a r g e  amplitude (about 20 m displacement of i so therms i n  

a smal l  frequency band around 12.42 hours)  and an  unexplained s t r o n g  peak 

a t  about 18-20 hours  pe r iod .  

The hydrographic surveys of  t h e  i s l a n d  revea led  t h a t  t h e  tempera- 

t u r e  and s a l i n i t y  mic ros t ruc tu re  i s  a s t r o n g  inve r se  func t ion  o f  d i s t a n c e  

from t h e  i s l a n d ,  apparent ly  accounting f o r  t h e  low i n t e r n a l  wave coherence. 

I t  was a l s o  found t h a t  t h e  l a r g e  s c a l e  c u r r e n t  f i e l d  around Bermuda i s  

very s t rong ,  with h igh  shear  and very  time-dependent. I n  t h e  f i r s t  two 

c r u i s e s  i t  was noted t h a t  t h e  mixing r eg ion  (defined a s  t h e  a r e a  o f  maximum 

mic ros t ruc tu re )  was s t r o n g e s t  on t h e  no r the rn  s i d e  of Bermuda. On t h e  

second c r u i s e ,  t h e  cu r r en t  f i e l d  ( b a s i c a l l y  from t h e  west)  was a l s o  much 

more i n t e n s e  t h e r e .  The buoy d a t a  was a l s o  q u i t e  pe rp l ex ing  a s  two c u r r e n t  

meters  placed a mi l e  a p a r t  a t  t h e  same depth show no tab ly  d i f f e r e n t  mean 

displacements .  Thus, t h e  whole i s l a n d  a r e a  appears  t o  be exceedingly com- 

p lex  and v a r i a b l e .  

Some progress  toward understanding t h e  problem o f  an i s l a n d  can be 

obta ined  by two hypotheses.  We can p o s t u l a t e  an i n t e r n a l  wave f i e l d  propa-  

g a t i n g  i n t o  t h e  i s l a n d  and breaking  (Cacchione, 1970) s o  a s  t o  gene ra t e  a 

mic ros t ruc tu re .  The corresponding change i n  t h e  mass f i e l d  gene ra t e s  a 

geos t rophic  c u r r e n t  p e n e t r a t i n g  i n t o  t h e  i n t e r i o r ,  a d i s t a n c e  g iven  by t h e  

b a r o c l i n i c  Rossby r a d i u s  of  deformation.  A mechanism l i k e  t h i s  was used by 

Wunsch, 1970, t o  exp la in  t h e  l a r g e  s c a l e  ocean mixing. The Reynolds s t r e s s  

e f f e c t s  o f  t h e  incoming i n t e r n a l  waves can  then  a l s o  gene ra t e  apparent  mean 



EuPerian v e l o c i t i e s  leading t o  Barge di f ferences  be%ween cur ren t  meters not  

very Ear a p a r t p  QWunsch, 1971)6 The i n t e n s i f i c a t i o n  of t h e  mie ros tmeture  

and euments  on t h e  north is  then accounted f o r  by pos tu la t ing  a s t ronger  

i n t e r n a l  wave f i e l d  from t h e  worth, a  r a t h e r  una t t r ac t ive  ad hoe hypothesis ,  

However, est imates of the  energy f l u x  i n t o  the  i s l and  based on t h e  tempeza- 

t u r e  measurements give reasonable agreement with t h e  change i n  p o t e n t i a l  

energy i n  the  current  near t h e  i s land,  and the  estimated time a given water 

parcel  is  i n  t h e  v i c i n i t y  of  t h e  i s l a n d ,  

w A perhaps more a t t r a c t i v e ,  i f  l e s s  analyticaPPy t r a c t a b l e  problem, 

i s  t o  hypothesiz? t h a t  the  cur ren t  shear flow pas t  the  i s l and  becomes un- 

s t a b l e ,  The densi ty  gradients  a r e  then such t h a t  the mixing t h a t  occurs 

through the  i n s t a b i l i t y  tends t o  i n t e n s i f y  t h e  Qgesstrophic) cu r ren t  when 

t h e  i s l a n d  i s  t o  t h e  r i g h t ,  and weakens i t  when the  i s l and  i s  t o  t h e  l e f t ,  

Thus, a  current  from the  west would be s t ronges t  on t h e  nor th  s i d e ,  and 

weakest on the  south s ide ,  with t h e  reverse  being t r u e  f o r  a  flow from t h e  

e a s t .  The hypothesis is  consis tent  with t h e  flow fea tu res  i n  July ,  1970, 

and 1969, 

The 1@$0 hour s p e c t r a l  peak i s  d i  f  f i  c u l t  t o  expla in ,  An analysf s 

of  an i n f i n i t e  cone i n  a r o t a t i n g  s t r a t i f f e d  ocean showed no non-singular 

trapped modes f o r  periods between the  i n e r t i a l  and Brunt, with many modes 

above and below t h i s  range, The i n e r t i a l  period a t  Bermuda is  22,3 hours,  

Analysis of the  t i d e  gauge records a t  Bermuda shows no s ign  of t h e  i n e r t i a l  

resonsnce predicted by Longuet-Higgins, and t h e  drogue d a t a  show no discern-  

i b l e  c i r c u l a t i o n  around the  i s l and  i n  the  presence of the  mean flow, 
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MICRO-SYMPOSIUM ON TURBULENCE 





MODEL CONSTRUCTION 

Robert H ,  Kraichnan 

A number of statistical approximations proposed for turbulence in 

recent years can be characterised by generalized Langevin-type equations 

for a model velocity field, These model equations have in common that 

the actual nonlinear terms of the Navier-Stokes equation are replaced by 

a dynamieal damping term (generalized eddy viscosity), and a random 

forcing tern, acting on each Fourier mode (or other appropriate mode) of 

the system, The damping and forcing terns are determined whoYPy by en- 

semble averages of the turbulent velocity field and thus are insensitive 

to the fluctuations in any one realization, As a result, the model am- 

plitude equation, in contrast to the Navier-Stokes equation, is effectively 

linear in stochastic quantities, Thereby it leads to closed statistical 

equations which determine first and second order moments, 

A model representation of the direct-interaction approximation is 

obtained by a particular choice sf random forcing and damping terms, such 

3 
that the Batter describes a damping with memory, In the case of isotropic 

1 turbulence, this model is most simply stated as follows, The Eourier- 

space form of the Navier-Stokes equation is 

i 
('/at + vk29ui (kg t) = - T Pijrn(k_) lp+,q.k uj (~.t)u,(%tI .,, (11 

"2 d " I  

where 

(9 - k P..(k) + k"P (k), 2 Pi jm ~,,(k) = 6,  - k.k./k , m B J  j im - XI - ~j 1 I 

The direct-interaction model equation is 



where the damping-with-memory function is 

b (k,t,s~ = kl~bkpq~(~.t,s)u(q,t,s)~qd~dq. (3) 

In these equations, and 5' are random solenoidal vector fields statisei- - - 
tally independent of each other and of the initial velocity field 2(k, t=O), 

but constrained by the requirement 

G and U are respectively the response and covariance scalars of u.(k,t), 
1 N 

SlA denotes integration over all p,q which form a triangle with k, and 
b = (p/k) (xy + z3), where x,y,z are the cosines of the internal angles 
kpq 

opposite k,p,q respectively. 

Given the requirement (4) on the random forcing term (the right-hand 

side of (2)), the form of (k,t,s) is uniquely determined to be (3)  (apart 

from a slight ambiguity in the value of b ) by the requirement that the 
kpq 

ensemble-averaged energy input from the random forcing balance the drain 

from the damping when summed over all k, thus preserving the conservation 
H 

property of the Navier-Stokes equation. Equations (2)-(4) easily yield the 

closed direct-interaction equations for G and U. 

Simpler model amplitude equations, in which the damping term has no 

memory, are obtained by making the random forcing term have the same general 

form as in (2) but, in contrast to (4), requiring it to be a white noise in 

time and, again, fixing the damping term by requiring energy conservation. 

A particular model of this kind yields Edwards' turbulence theory and ex- 

tends the latter to non-steady-state turbulence. In contrast to the direct- 

interaction model, these white-noise models do not give a qualitatively 



faithful representation of the full space-time covariance of the 5 field, 

However, they embody more flexibility and can be constructed to yield the 

Kslmogorov inertial range spectrum, which the direct-interaction model 

does not, 

The generalized Langevin-type models promise to be useful in three 

ways, First, they can serve directly as approximations for low-order 

statistical properties of turbulence, Here the fact that a model amplitude 

equation underlies the eventual statistical equations insures important 

consistency properties (under suitable precautions), Second, they can serve 

as the zeroth approximation in a systematic expansion scheme for the exact 

statistical dynamics, for example by introducing a parameter whose value 

measures the proportions of a mixture of the true right-hand side (1) and 

the model right-hand side [ 2 ) ,  Here the fact that a model amplitude equa- 

tion exists makes the analyticity properties of an expansion in the parameter 

accessible, Third, the models can be used to give representations of sub- 

grid motions in turbulence simulations, with the advantage, over simple 

eddy-viscosity devices, that energy conservation is maintained, 
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STOCHASTIC MODELS 

Cecil E ,  Leith 

An important class of turbulence approximations is based on the con- 

struction of stochast~c models, We examine such models for a quadratically 

non-linear system of N variables evolving according to 

with constraints on the non-linear interaction coefficients A,/ I to pro- 

vide conservation laws, The single-time statistical properties of ensembles 

of soPutions of Eq,(l) is completely determined by a Liouville equation. 

for the ensemble probability distribution P(kt) defined in the phase space 
h, 

of the system, namely, 

In practice for large N we cannot solve this linear differential equation 

and must seek approximations, 

A stochastic model for the non-linear system (1) is a system evolving 

according to the random linear equation 
t 

li,(t) = - ( L ( $ 4 ) ~ ~  ( s ) d s  +f, (t) (39 
0 

where yw ( t , ~ )  is a non-random eddy visco-elasticity and f ,  (t) a ran- 

dom Gaussian eddy forcing term with moments ($, (+ )) = 0 and(~,(t)f,(s))sf,(ts) 

specified. The functions ( t , ~ ) ,  F,(~,s) are chosen to simulate as well 
as possible the non-linear coupling between modes, 

The direct-interaction approximation uses the choice 



where gs($,s) is the Green's function for E q .  (3)  and U g ( t , s ) z < u p ( t ) ~ 6 ( s ) ) e  

The eddy-damped Markovian approximation is based on the even cruder 

stochastic model in which the random forcing is white and the eddy viseo- 

elasticity becomes an eddy viscosity, The model equation becomes 

k, ( t )  = -f f- (0 a, it) + f ,(t) (61 

with 

where depl (t) is an eddy-damping time for triple moments. Here F& (t) 

measures the strength of the white forcing, (fx(t) f, Cs)} = (t) d(t-S) . 
The Markovian stochastic model Eq.(6)  induces the random Liouville 

equation 

ae(ii~t)= a t  c d a[[-& b) b  ti] ~ ( k t j }  ,d /J kd  

but since $,(t) is white the average (B(u$)) over the f-, (t) ensemble 
5 

satisfies the Fokker-Planck equation 



NUMERICAL SIMULATION OF INCOMPRESSIBLE TURBULENCE 

Steven A, Orszag 

The numerical simulation of turbulence usually involves simulation 

of complicated flows in simple geometries with simple boundary conditions, 

In this case, it is found that Galerkin approximation procedures have some 

important advantages over finite-difference approximations, Two cases of 

importance are examined: flows in rectangular geometries using Fourier ex- 

pansions, and flows in spherical geometries using surface harmonic expan- 

sions, Transform tricks are described that make the number of numericaP 

operations involved in evaluation of the GaPerkin approximations competi- 

tive with those involved i h  finite-difference approximations (cf, Orszag, 

Phys,Fluids Suppl, 12: 250 (1969) for the rectangular case; Orszag, J,Atmos, 

Sci,, Septo1970 for the spherical ease), 

The principal advantage of the Galerkin approximations over finite- 

difference approximations is the absence of spatial-difference phase-speed 

errors and aliasing errors, It is shown that to attain the same accuracy 

with (high-order accurate) finite-difference methods as with the Galerkin 

method requires that about sn times as many degrees of freedom (where n is 

the number of space dimensions] be retained in the finite-difference simula- 

tions as in the Galerkin simulation, Roughly, the argument is that finite 

difference simulations of a wave with wavenumber k on a uniform grid spaced 

by A X  requires k A x - 1 in order that phase speed errors not be large, 

In other words, there should be at Peast 6 grid points per wavelength, while 

a Fourier representation requires only two degrees of freedom (the real and 

imaginary parts of the complex wave) to represent the same wave without 



error, Several less trivial examples were cited to substantiate the claim 

of increased accuracy of the Galerkin approximations, Remarkably, the 

Galerkin approximations'even do a better job of describing the evolution 

of localized flow structures than do finite-difference approximations, 

despite the fact that each of the Galerkin basis functions is non-local in 

physical space, 

In three space dimensions, the Galerkin methods require about 10-30 

times fewer degrees of freedom to describe accurately the evolution sf a 

given complicated flow, 

Finally, the limitations of numerical simulation are discussed, An 

rhonest' simulation requires that all scales through the dissipation scale 

be described accurately, It is shown that this requires that the number of 

arithmetic operatisns involved in numerical simulation of a flow with Rey- 

nolds number FA ( 2 = Taylor microscale) scales as I l6  log R X , implying 

that numerical simulation of high Reynolds number flows is not likely to be 

feasible on digital computers in the near future, It is suggested that 

'honestf numerical. simulations are useful for [a> testing theories of turbu- 

lence at low and moderate Reynolds numbers, (b) investigating properties of 

moderate Reynolds nwnber flows which are then applied by assuming [hoping) for 

Reynolds nwnber independence in extrapolating to high R , and (c) visualizing h 
features of turbulence as in a laboratory experiment, with the advantage that 

the numerical experiments may be see up for more idealized flow situations 

than laboratory fluids permit and the results may be analyzed more fully be- 

cause numerical simulations provide complete detailed flow fields, 



UPPER BOUNDS 

Wilfem V ,  Re Malkus - Louis N o  Howard 

Various studies seeking upper bounds on heat transport by turbulent 

(OF non-turbulent) convection are reviewed, with primary emphasis on the 

recent thesis of So-KO Chan (Massachusetts Institute sf Technology, Jan- 

uary, 19709, The Patter treats the case sf infinite PrandtP number, and 

uses the full momentum equation as well as the continuity equation and 

the entropy flux integral as constraints in the bounding variational prob- 

lem, Results are obtained by boundary layer methods analogous to those 

used by Busse in the case of the power integral csnstraint, With a single 

horizontal wave number the asymptotic bound is proportional to R 3/10 (log 

R)~'~, and the overall bound is 0 . 1 5 2 ~ ~ / ~ ,  The optimal fields also bear 

a striking resemblance to observed profiles of mean temperature and r,m,s, 

temperature f luctuations , 



CONVECTION AT ZERO PRANDTL NUMBER 

Jackson Herr ing 

A t  low Prand t l  number, r r  , a ho t  blob of f l u i d  l o s e s  i t s  tempera- 

t u r e  excess  r a p i d l y  t o  t h e  ambient f l u i d  by conduction, Consequently, 

convect ion i s  n o t  an  e f f i c i e n t  mode o f  hea t  t r a n s p o r t  even though t h e  

temperature s t r a t i f . f c a t i o n  f s  so  uns t ab le  a s  t o  cause vigorous motion. 

I n  t h e  l i m i t  (r-0 , it  seems l i k e l y  t h a t  r a p i d  conduct ive l o s s e s  w i l l  

e n t i r e l y  prevent  motions from d i s t o r t i n g  t h e  temperature p r o f i l e ,  The 

gross  ene rge t i c s  of s t a t i s t i c a l l y  s teady  flow i s  then  a ba lance  o f  energy 

inpu t  a t  low wave number and viscous d i s s i p a t i o n  at l a r g e  wave number, 

The non- l inea r  advect ion term breaks up t h e  l a r g e  s c a l e  modes, and cop- 

s e r v a t i v e l y  t r a n s f e r s  t h e i r  energy t o  small  s c a l e s  where v iscous  d i s s i p a-  

t f o n  t akes  e f f e c t ,  Equations app ropr i a t e  t o  t h i s  regime have been de r ived  

by Ledoux, Schwarzschild,  and Spiegel  (1961), who expand t h e  v e l o c i t y-  

temperature f i e l d  i n  a power s e r i e s  o f  r .  S u i t a b l y  non-dimensionalized, 

they  a r e ,  a 2. -+ A *  I ( x - ~ ) ~ = - ~ p - ( G - ~ ) v - k  Raw. 

and 
A 

Here, 6 i s  t h e  P rand t l  number, R t h e  Raylefgh number, k t h e  v e r t i -  

Z 
ca l  u n i t  vec to r ,  and ( \/a) i s  t h e  inve r se  ope ra to r  t o  V f o r  f r e e  

boundaries .  

We have begun a numerical i n v e s t i g a t i o n  o f  t h i s  regime of thermal 

convect ion,  and r e p o r t  h e r e  on some pre l iminary  r e s u l t s  f o r  t h e  f r e e  bound- 

a r y  i n i t i a l  va lue  problem, both f o r  t h e  amplitude problem and t h e  s t a t i s t i -  

c a l  moment problem. The p a r t i c u l a r  s t a t i s t i c a l  approximations considered 



a r e  t h e  d i r e c t  i n t e r a c t i o n  approximation [Kraichnan, 19641, t h e  se l f- con-  

s i s t e n t  f i e l d  approximation (Herring, P966), and one o f  t h e  Markovian type 

approximations considered e a r l i e r  t h i s  week by Dr, Kraichnan, In  t h e  

M 4 
present  c a l c u l a t i o n s  R ranged from R = 657 t o  R = P O  . I n  t h e  numericaP c 

s imulat ions up t o  5 v e r t i c a l  wave numbers and 24 hor fzpn ta l  wave number 

vec tors  were used t o  represent  t h e  v e l o c i t y  f i e l d ,  The hor i zon ta l  wave 

3 A vectors  were chosen by t h e  r u l e ,  W = b M % + $ m d o , ( ( h , m )  * ( o J ~ , ~ J  * * * ) ) >  

k -4 2- , with any 1 d 1 g r e a t e r  than a cut- off  value d,,,, discarded.  I n  

most c a l c u l a t i o n s  o<,L 3% , a l  though f o r  two dimensi onal  flows dM = 7 0 do 
+ + 

was used. I n i t i a l  va lues  f o r  t h e  Four ier  components o f  'V , VMJf , were 

picked e i t h e r  by a Gaussian random number genera tor ,  o r  assigned values 

which represented  t h e  r egu la r  p l an  forms, squares and r o l l s .  

I n  the  s t a t i s t i c a l  t h e o r i e s ,  only two v e r t i c a l  wave numbers and 

t h r e e  hor i zon ta l  wave number bands were used t o  r e p r e s e n t  t h e  v e l o c i t y  co- 

var iance ,  Horizontal  homogeneity and i so t ropy  were assumed, These r e s u l t s  

a r e  t o  be compared t o  the  randomly exc i t ed  amplitude experiments i n  t h e  

l i m i t  of l a r g e  numbers of d - k . 
Results  f o r  t h e  randomly exci ted  amplitude experiment suggest  a 

runaway behavior f o r  t h e  system, Thus t h e  t o t a l  k i n e t i c  energy, a f t e r  an 

i n i t i a l  decrease,  eventual ly  increases  without apparent bound, We were 

able  t o  follow t h e  energy ampl i f i ca t ion  by about t h r e e  o rde r s  of  magnitude 

with good accuracy. A s i m i l a r  runaway behavior  was a l s o  found f o r  r o l l s ,  

The square plan-form, on t h e  o t h e r  hand, s t a b i l i z e d  a t  a f i n i t e  va lue  of 

energy: however, t hese  s t a t i c  so lu t ions  a r e  not  s t a b l e  with r e spec t  t o  t h e  

runaway type i f  they  a r e  perturbed by a t h r e e  dimensional d i s tu rbance ,  



The D , I ,  approximation a l s o  has a runaway behavior ,  Both t h e  t o t a l  

k i n e t i c  energy and t h e  Green's funct ion  which had a p o s i t i v e  growth r a t e  

eventual ly  grew i n d e f i n i t e l y ,  POP t h e  two o the r  s e a t i s t i c a l  t heor i e s  con- 

s idered ,  t h e  S,C,F,  and t h e  Markovianized model t h e  behavior was d i f f e r e n t ;  

t h e  energy tended t o  s t a b i l i z e  a t  a f i n i t e  value,  although t h e  l i n e a r l y  un- 

s t a b l e  Green's funct ion  remained f i n i t e  a t  l a r g e  t imes,  

I t  then  appears t h a t  the  D , I ,  approximation f a i t h f u l l y  reproduces 

t h e  q u a l i t a t i v e  behavior of t h i s  f r e e  boundary t runcated  system, whereas 

t h e  o the r  methods do n o t ,  We have observed a s i m i l a r  behavior f o r  i s o-  

t r o p i c  turbulence i n  which a region  o f  (small) wave numbers d e s t a b i l i z e d  

by negat ive v i s c o s i t i e s ,  

With regard  t o  t h e  runaway cha rac te r  of  these  f r e e  boundaries s o l -  

u t ions ,  it should be observed t h a t  Eq . ( l )  does not  p r o h i b i t  such behavior ,  

This may be seen by examining i t s  energy equation:  

Here, t he  angular  brackets  i n d i c a t e  a t o t a l  volume i n t e g r a t i o n ,  If v 

becomes l a r g e  the re  i s  no obvious way i n  which one can show E L  0, This 

c o n t r a s t s  with t h e  f i n i t e  0- convection equations i n  which t h e  l a s t  t e r n  

i n  ( 2 )  i s  replaced by ~ ( w  8 )  , where i s  t h e  temperature f i e l d .  

One may show from t h e  equation of  motion f o r  9 t h a t  it i s  bounded by i t s  
3 

i n i t i a l  d i s t r i b u t i o n ,  Hence a s  1 v / becomes l a r g e ,  (we) n~ Jw , and 
9 

E L 0 a t  l e a s t  i n  a l a r g e  region o f  v- phase space,  

The d e t a i l e d  dynmica l  reason f o r  t h e  runaway cha rac te r  may be due 

to t he  f a c t  t h a t  f o r  f r e e  boundaries t h e  " l i n e a r  harmoniests non- l inear  
+ 9 

zerms i e , terms t h a t  couple V + t o  VQM, 3 ) make no c o n t r i b u t i o n  
,o( 



+ 
to the equation of morfon fir WM,$ . This has the consequence that an 

exponentially growing sol1 is an exact solution to Eq,(P]: 

The face that the roll solutions runaway may be understoad in terms of 

the dynmieal stability sf (31 ,  These r"al1 type solutions are not, how- 

ever, stable with respect to the class of three dimensional motions, but 

these three dimensional solutions also runaway, 

Finally we note thar qualitatively different results may be ob- 

tained for rigid boundaries, FOP this ease, the exponentially growing roll 

is not a solution to Eq,(l) and the linear harmonies manifest themselves 

-+ 
in non-linear terms in rhe V,$-equation, Thus it may be possible that 

(I> is sensible for rigid boundaries but not for free boundaries, 

These numerical results and conelusions based on them must be eon- 

sidered preliminary until ealeulations using a much larger set of wave 

number points confirm or negate them, We .plan to improve this aspect of 

the ealculation soon, 
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FINITE AMPLITUDE EXPANSIONS 

Bernard J, Matkowsky 

We treat a number of stability problems governed by non-linear equa- 

tions by a new method proposed by the author (1, 2, 3). The method, which 

is formal, yields the complete dynamical description of the system, and is 

believed to be the first to treat arbitrary initial perturbations, As an 

example we consider the initial-boundary value problem 

which is a mathematical model for the temperature distribution in a bar 

with a non-linear heat source (sink) of magnitude -A f (u) . We study the 

stability of the equilibrium solution u=0, and obtain a complete des- 

cription of the dynamical behavior of the system uniformly for x in (0,l) 

and t 3 0, valid in a neighborhood of u = 0 and h near a critical value 

& Here A, is the value of 1 , which when exceeded, yields the onset 
of instability, It is in addition the first bifurcation poinr: of the asso 

ciated non-linear eigenvalue problem 

v = Jf(v) 
XX 

O r x  L T  

v(0) = v(T) = 0 

,'whose solutions are stationary (time independent) solutions of (1) - [2 ) ,  

As a consequence of obtaining the complete dynamical description, we are 

able to trace the evolution in time of arbitrary initial perturbations until 

they either decay or grow into (new) stationary solutions of (1) - (2) ,  



The stationary states for this problem were described asymptotically by 

Millman and Keller ( 4 ) ,  We therefore see how these stationary states are 

generated from initial perturbations, Another problem touched upon is 

the ~gnard problem, The asymptotic analysis for the stationary problem 

was treated by Malkus and Veronis (53 .  We discuss the time evolution to 

these states as well, In addition the stability or instability of the 

new equilibrium solutions is determined, without the necessity of per- 

forming an additional perturbation analysis, 

As a final example, we discuss the nsn-linear stabil~iy problem 

for the buckling of a compressed elastic column (9). This example illus- 

trates the importance of treating arbitrary initial data, since the re- 

sulting motion of the column depends very strongly on the character of the 

initial data. The essential feature of the theory is a scaling of the 

time variable, Then, using a two-time method, we systematically derive 

the asymptotic expansion sf che solution in power of a small parameter 6 , 
which is alternatively a measure sf a nomn of u or the nearness of 2 to 

A, . The method seems to enjoy certain computational advantages over 

existing methods (6, 7, 8) and these are compared and contrasted, 
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