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Editor's Preface 

Nonlinear wave interactions formed the theme of the fifteenth 

summer program in Geophysical Fluid Dynamics at the Woods Hole Oceano- 

graphic Institution. Owen Phillips was our principal lecturer on this 

subject, He chose to emphasize interactions among small numbers of 

discrete wave modes, including both internal and surface gravity waves 

in his discussions. His lectures provided a stimulating introduction 

to this important subject. 

Phillips
q 
lectures were supplemented by a lecture by William 

Simmons on experiments with interacting internal waves, and a lecture 

by Carl Wunsch on internal waves in the ocean. Later in the summer, 

Wunsch gave us a lecture series on practical time-series analysis, 

Although of a pedagogic nature, these lectures were well-attended and 

well-received. 

There were 11 fellows in the summer program this year, As in 

previous years, each of the fellows was expected to contribute to the 

notes from the principal lecture series and to present the results of 

his summer project in oral and written form, The notes from the prin- 

cipal lectures, as well as abstracts of research seminars follow in 

Volume I, The papers on the fellows' summer projects are in Volume 11, 

This year the program was again supported by the National Science 

Foundation. We thank the N , S , F ,  for their continuing support, 

We all express our thanks to Mary Thayer, who once again has 

applied her enormous talents and enthusiasm to managing the program, 

She helped us all, in many ways, both large and small, 

Andrew P, Ingersoll, 



Owen M .  P h i l l i p s ,  P r inc ipa l  Lecturer  (waving i n t e r n a l l y ) .  
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COURSE LECTURES 
by 

Owen M. P h i l l i p s  
The Johns Hopkins Un ive r s i t y  

NONLINEAR WAVE INTERACTIONS 

(All  re ferences  a r e  l i s t e d  a t  end of  course - p.38) 

Lecture #1. WAVES AND WAVE INTERACTIONS - INTRODUCTION 

1. A wave can be  deffned somewhat l oose ly  a s  a  d i s tu rbance  o r  

p a t t e r n  which moves through a  medium without  propagat ion of t h e  medium 

a s  a  whole. There a r e  a  l a r g e  v a r i e t y  of waves t h a t  a r e  of i n t e r e s t  i n  

geophysical  f l u i d  dynamics, f o r  example: 

a .  s u r f a c e  g r a v i t y  waves (deep water ,  and shallow water )  

b , c a p i l l a r y  waves 

c .  i n t e r n a l  g r a v i t y  waves i n  media with e i t h e r  continuous o r  d i s -  

continuous d e n s i t y  d i s t r i b u t i o n  

d .  i n e r t i a l  waves 

e. Rossby waves 

f .  edge waves 

g. and o t h e r s .  

2 .  .For waves wi th  i n f i n i t e s i m a l  ampli tude,  we can approximate 

t h e  f u l l  equat ions of  motion by l i n e a r  equat ions .  In  symbolic form 

we can w r i t e  

where i s  some l i n e a r  opera tor  whose p r e c i s e  form depends upon t h e  

type  of wave i n  ques t ion  and i s  some proper ty  of  t h e  waves, such a s  

p re s su re ,  o r  t h e  f r e e  s u r f a c e  displacement ,  

The s o l u t i o n  may be expressed i n  t h e  form 
i X p=  Q J E X ,  - 6-k) e , (2) 

where E << 1) ~ c .  i s  a  s lowly varying ampli tude,  and X i s  t h e  phase 

func t ion .  eiX then r e p r e s e n t s  t h e  o s c i l l a t o r y  p a r t  o f  t h e  wave. The 

amplitude i s  assumed t o  vary  only s l i g h t l y  over a  wavelength. The time 

s c a l e  of t h e  amplitude v a r i a t i o n  i s  l a r g e  compared t o  a  per iod .  

For example, t h e  wave may have t h e  form shown i n  Fig.  1 



Much of the phenomena associated with waves are well-described by a 

solution of this type. This suggests that the nonlinear terms are not 

crucial to the wave dynamics, even though they may be important in some 

cases. This is in contrast to turbulence, where the interactions are much 

faster and inherently nonlinear. 

3. We may define a local wave number vector k as - 

where h?; = ( k, , k,  ,k3) are the components of - k in ( X - ) = ( ) c ,  ,X,,yJ), 

the freauencv is defined as 

If the wave number and frequency are constant, the phase function will have 

form 

X - k - x  - - -nt. (5) 

A simple -kinematical relation can be derived which relates the 

time rate of change of the wave number density (or number of waves/unit 

length) to the number of wave crests which pass by a particular point/unit 

time, This is, 

This relation is sometimes called the equation for the conservation of 

waves. 

4.  The form of the equation Z(?)=O will vary according to the 
type of wave motion. Substitution of operation (2) into equation (1) 

gives a condition which must be satisfied if the solution is to have the 

assumed form. This is called the dispersion relation which,relates the 

frequency to the wave number, 



We can d e f i n e  t h e  phase v e l o c i t y  as 

where 

i s  a u n i t  vec to r  i n  t h e  d i r e c t i o n  of  t h e  wave number v e c t o r ,  
CI 

(Notes submitted by Roberr BerghoPz) 

Second Half of Lecture #l 

Consider t h e  energy dens l ry  i n  r e a l  space of a rnedulated monochrc- 

matic  wave, t h a t  i s ,  a wave p (l ,t) = la(%) _)e 
; (4.5-n ( 3 ) )  t 

where a(/$ 

i s  sharp ly  peaked near  = k e  and zero elsewhere, If t h e  energy d e n s i t y  

i s  propor t iona l  t o  pL then  we can show t h a t  i t  has t h e  form 

where 2% 2 pkh Since /g i s  r e a l  

i ~ i . . - i p , \ . ~ _ - ( n ( i c , ) - n ( a , ) t j  
F'= pp*= ( \a (%,b(k\e  

and s i n c e  only those  _k'r near  k ,  c o n t r i b u t e  t o  t h i s  i n t e g r a l  (because 
N 

of t h e  na tu re  o f  L ) we may w r i t e  wlth reasonable accuracy t h a t  

Theref o re  

S imi l a r ly ,  t h e  wave momentum propagates  a t  t h e  group v e l o c i t y ,  

Given belo% a r e  some of the  re levanc  formulae f o r  some o f  t h e  types 

of waves mentioned above, 

s u r f  ace 
g r a v i t y  3 XQ.t2,o \% k 
waves $ t a t  % a t  
(deep water] 



e a p i  11 a r y  
waves 

i n t e r n a l  k 
waves ( & v l + N * O n l ) ~ = ~  Y I = / v - = ~ ~ )  I!/ +d EXERCISE FOR READER 

(p(z)  l i n e a r )  f i  - -% k 
4 at ?-- N m e  C " 

2 . i~ a  h o r i z o n t a l  u n i t  
vekfor  p a r a l l e l  t o  t h e  
h o r i z o n t a l  p a r t  of 

A s imple c a l c u l a t i o n  shows t h a t  t h e  phase v e l o c i t y  of  g r a v i t y  waves i s  

twice t h e  group v e l o c i t y ,  and t h i s  i s  v e r i f i e d  by t h e  pebble- in- the-pool  

experiment i n  which a  wave group i s  produced whose ind iv idua l  waves 

propagate through t h e  group from back t o  f r o n t ,  For c a p i l l a r y  waves, t h e  

group v e l o c i t y  i s  3 / 2  t h e  phase v e l o c i t y ,  The s t and ing  waves i n  f r o n t  of 

a  f i s h i n g  l i n e  e n t e r i n g  a  flowing s tream a r e  c a p i l l a r y  waves whose phase 

v e l o c i t y  equals t h e  s t ream v e l o c i t y ,  and they  a r e  r a d i a t i n g  energy ahead 

of t h e  l i n e  i n t o  t h e  s t ream a t  t h e  group v e l o c i t y .  

The d i s p e r s i o n  r e l a t i o n  f o r  i n t e r n a l  waves shows t h a t  t h e s e  waves 

a r e  a n i s o t r o p i c  (waves a r e  i s o t r o p i c  if n  = n ( )  k)  ) )  , Waves propagat ing 

h o r i z o n t a l l y  have t h e  l a r g e s t  frequency, and they  correspond t o  v e r t i c a l  

columns of  f l u i d  bobbing up and down. 

I t  i s  p h y s i c a l l y  reasonable  t h a t  t h e  group v e l o c i t y  f o r  i n t e r n a l  

waves should be perpendicular  t o  t h e  wave v e c t o r ,  S ince  t h e  f l u i d  i s  i n-  
L(&--n ($1 t )  - 

compressible v * ( ~ f e  ) - 0 and t h i s  impl ies  a. = 0 .  There- 
4 - - 

fore ,  t h e  energy f l u x  be ing  P 5 , where p  i s  t h e  p r e s s u r e  and 5 t h e  

v e l o c i t y ,  it must b e  p a r a l l e l  t o  % and hence pe rpend icu la r  t o  k . (This 

argument can l ead  one a s t r a y  i n  c e r t a i n  ca ses ,  i n  p a r t i c u l a r  i n  t h e  case  of 

Rossby waves ! ) 

Waves a r e  s a i d  t o  be  d i s p e r s i v e  i f  t h e  phase v e l o c i t y  i s  a  non- 

cons tan t  func t ion  o f  wave v e c t o r  magnitude. Both s u r f a c e  g r a v i t y  waves 

and c a p i l l a r y  waves a r e  d i s p e r s i v e ,  

The non l inea r  e f f e c t s  which a r e  t o  be  d i scussed  a r e  of  two d i s t i n c t  

types : 



1) t h e  e f f e c t  of l a rge  amplitude on a  s i n g l e  wave t r a i n ,  

2)  t h e  e f f e c t  of two o r  more wave t r a i n s  upon each o t h e r ,  

Some examples of t h e  f i rs t  c l a s s  a r e :  

a )  t h e  d i s t o r t i o n  and change of phase speed of a  s i n g l e  wave t r a i n  

of f i n i t e  amplitude (Stokes) ,  

b) t h e  i n s t a b i l i t y  of a  t r a i n  of Stokes waves t o  small  changes i n  

envelope (Benjamin and F e i r ) ,  

c)  t h e  i n t e r a c t i o n  of waves and c u r r e n t s  (Longuet-Higgins and S tewar t ) ,  

d) t h e  c r e s t i n g  and breaking of waves, 

A s  f o r  t h e  second, such quest ions as  p o s s i b i l i t y  of  energy exchange and 

r a t e  of energy exchange >ill be d iscussed .  The papers of  Hasselmann on 

s u r f a c e  waves, o f  McEwan and of  Mart in ,  Simmons and Wunsch on i n t e r n a l  

waves, and of  McGoldrick on c a p i l l a r y  waves w i l l  guide u s  i n  some of our  

s t u d i e s  i n  t h i s  a r ea .  

(Notes submitted by Michael H.  Frese)  

Lecture # 2 ,  RESONANCE CONDITIONS 

The genera l  equat ion of motion f o r  weak i n t e r a c t i o n s  has t h e  form 

% (p) = non l inea r  terms 

o r  

where N = nonl inear  opera tor  

and 

& i s  a  small order ing  parameter whose mag- 

n i t u d e  i s  descr ibed  by t h e  r a t i o  of mag- 

n i tudes  of non l inea r  and l i n e a r  terms, 

For t h e  most s imple case  we cons ider  t h e  problem of t h e  s p a t i a l l y  

homogeneous i n t e r a c t i o n  of two uniform wave t r a i n s .  

Assume t h e  s o l u t i o n  p  has t h e  form 



where Xn = e h  X_ - n,,t + dn ( 6 t )  

and m denotes  t h e  number of  i n t e r a c t i n g  wave t r a i n s .  

Question: Under what condi t ions  does t h e  s o l u t i o n  p  vary  s i g n i f i c a n t l y  

wi th  t ime? 

For analogy, we cons ider  t h e  s imple problem i n  mechanics of f r e e  

and forced o s c i l l a t i o n s  of a  pendulum: 

LLLL 
j( +pax = 0 f r e e  o s c i l l a t i o n s  A 

;wT 
2 +pLx = S e forced o s c i l l a t i o n s  with i n i t i a l  cond i t i ons  

4;LL 

Then t h e  genera l  s o l u t i o n  f o r  t h e  forced  o s c i l l a t i o n  problem i s  

o s c i l l a t i o n s  a t  t h e  fo rc ing  frequency wi th  ampli tude dependent on t h e  

r e l a t i v e  va lues  of UJ and /LC , i . e ,  f o rc ing  frequency and system n a t u r a l  

frequency. 

\ 

Note t h a t  f o r  = cons tan t  and 4 = 0, 

S u b s t i t u t i o n  of t h e  expected s o l u t i o n  form p  given by (2.3) i n t o  (2.1)  

produces L.H.S. and R,H.S. terms of  t h e  fol lowing forms ( A. = 1 ,2 ) :  



and 

The R . H . S .  terms (2.6) may be r e w r i t t e n  i n  terms of sum and d i f f e r e n c e  

component terms: 

R . H  . s . - > & w ~ ~ ( x , t ~ , )  4 & C L ~ ~ % ( X , - X ~ ~ ,  

Clea r ly  t h e  i n i t i a l  two waveforms combine i n  t h e  non l inea r  fo rc ing  func- 

t i o n  t o  produce two new waveforms. 

With t h e  d e f i n i t i o n  

i t - i s  seen  t h a t  t h e  two wave t r a i n s  considered he re  w i l l  be  resonant  wi th  a  

h 
This r e l a t i o n  and t h e  d e f i n i t i o n  XF lea'd t o  t h e  r e l a t i o n s  

Also, f o r  each n, we have t h e  d i spe r s ion  r e l a t i o n  

fl,= h,Ck,h). 

These r e l a t i o n s  a r e  t h e  condi t ions  f o r  exac t  resonance,  

This i n t e r a c t i o n  i s  very s e l e c t i v e  and i s  a  weak i n t e r a c t i o n  s i n c e  

i n t e r a c t i o n  time s c a l e ,  T: 0 ( E " )  i n  gene ra l .  

Note: f o r  s u r f a c e  g r a v i t y  waves, T u  0 (&") s 

Questions: 1) Do s o l u t i o n s  e x i s t ?  

2) I f  so ,  what about v a r i a t i o n s  with t ime? 

Answers: 1)  Depends on t h e  problem. 

One o f  t h e  s imp les t  ways t o  determine ex i s t ence  of a  s o l u t i o n  i n  

many cases  i s  by geometric means. 



Example: For c a p i l l a r y - g r a v i t y  waves, we have 

1. where 3 = p 

We want t o  f i n d  s o l u t i o n s  f o r  which 

The geometric determinat ion is  

Capi l la ry- Gravi ty  
Waves 

Thus such a  ( k3, Yi3 ) s o l u t i o n  e x i s t s .  For two-dimensional a , 
t h e  two curves i n  t h i s  diagram become two s u r f a c e s  whose i n t e r s e c t i o n  i s  a  

locus of  ( A, , 'RJ ) po in t s  r a t h e r  than  a  s i n g l e  p o i n t .  

A s i m i l a r  de te rmina t ion  f o r  pure  g r a v i t y  waves a t  t h e  o r d e r  5 shows 

t h a t  no resonant  s o l u t i o n  e x i s t s :  

Pure Gravi ty 
Waves 

Thus no i n t e r s e c t i o n  of t h e  two curves e x i s t s ,  There i s  no non- 

t r i v i a l  s o l u t i o n  t o  t h e  t r i p l e t  i n t e r a c t i o n  case .  



Answers: 2) To determine time v a r i a t i o n s  of s o l u t i o n s  t o  t h e  

t r i p l e t  i n t e r a c t i o n  problem, one may e i t h e r  s o r t  ou t  t h e  terms i n  t h e  

governing equat ions o r  u se  a  v a r i a t i o n a l  approach t o  save  work (Simmons 

1969). 

We de f ine  p  such t h a t  t h e  wave energy 

E = / p Z ,  

where /3 i s  independent of 4 and For s u r f a c e  g r a v i t y  waves, 

p  could be s u r f a c e  displacement .  For i n t e r n a l  g r a v i t y  waves, p could be  

t h e  v e l o c i t y .  

Then we have t o  lowest  order  i n  & 
. k , t  h % k = + ?  A3 (2.8) 

and 

n, + M, = n3 (2.91 

In  analogy t o  t h e  theory  of v i b r a t i o n s  of coupled o s c i l l a t o r s ,  we 

u t i l i z e  t h e  concept of i n t e r a c t i o n  c o e f f i c i e n t s  t o  w r i t e  

6, = n , C a , a 3  (2.10) 

8, = n,Ca, a, (2,11) 

6, = -n, Ca,a, (2.12) 

where C = C (,h,,) B,). i n t e r a c t i o n  c o e f f i c i e n t  and a l l  t h e  C)S t u r n  out  t o  

be t h e  same because 

E .c pa. 

These r e l a t i o n s  imply energy conserva t ion  f o r  t h e  t r i p l e t  a s  i s  

shown by 1 E; a ai 

and from (2.10-2.12) 



Since  (n , in , -n , \  s 0 by (2 .9) ,  it fol lows 

Note: The energy conservat ion r e l a t i o n  w i l l  determine a r e l a t i o n  f o r  

Cl , C',C, when t h e  C s a r e  d i f f e r e n t ,  i. e .  E ~ ' f  
Bretherton (1969) d i scusses  how t o  f i x  P f o r  va r ious  cases .  

t 

P a r t i t i o n  I n t e g r a l s :  

We o b t a i n  two energy p a r t i t i o n i n g  r e l a t i o n s  by ' c r a s s -mul t ip ly ing  

and i n t e g r a t i n g  (2-12)  with (2.10) and with (2-11) . The two r e s u l t i n g  

p a r t i t i o n  r e l a t i o n s  a r e :  
a" a= 

+ = cons tan t  > 

a: a: - +- = cons tan t  
n, h, 

Conclusions: 
i nc rease  decreases  

,Ga [decrease) '3 {increases) 

2) So lu t ions  a r e  i n  t h e  form of  

Jacobi  E l l i p t i c  Functions. 

+ 
amplitude 

3) Suppose a/ ,  0-2 <r a3 
then from (2.10 - 2,12) 

6, -0 ---t a, N cons tan t  
a 

(~ ,Ca~)a , j  _, {&,= (n,n,C a;) 
a2= (n,C a,) L2= ("1 n , ~'a; ) 

Since (V ,Q,C~;)>O, t he  Q., a, s o l u t i o n s  a r e  of t h e  form 

" 2% 
where h = (n,n%C . 



Thus exponent ia l ly  growing s o l u t i o n s  a r e  p o s s i b l e  f o r  t h e  per-  

t u r b a t i o n  waves; they inc rease  u n t i l  cond i t i on  (a) i s  v i o l a t e d .  Note t h e  
2A+ i n t e g r a l s  s ay  t h a t  cons t  - (small  cons tan t )  e . 

Thus, any wave t r a i n  (kS,%) i s  uns t ab le  t o  lower frequency d i s -  

turbances (k, ,n, and k,, n,\) a t  wave numbers which form a  resonant  t r i a d  

(Hasselmann, 1967).  

Notes submit ted by 

Richard D, Desautel 
and Er ik  L .  Pe t e r sen  

Lecture # 3 .  GRAVITY-CAPILLARY WAVES 

In t roduc t ion  

We saw i n  t h e  l a s t  l e c t u r e  t h a t  f o r  g r a v i t y - c a p i l l a r y  waves t h e  

d i spe r s ion  r e l a t i o n  i s  given by 

I t  was a l s o  shown t h a t  g rav i ty- cap i l l a ry  waves can form resonant  

t r i a d s .  The i n t e r a c t i o n s  between t h r e e  g rav i ty-  cap i  1 l a r y  waves were 

r e c e n t l y  s t u d i e d  by Valenzuela and Laing (1972). They found t h a t  energy 

was denuded from a  wavelength of 1 . 7  cm i n  both d i r e c t i o n s  o f  t h e  spec-  

trum and they could i n  t h a t  manner exp la in  an apparent  d i p  i n  t h e  observed 

energy-wavelength diagrams. McGoldrick (1965) a l s o  s t u d i e d  t h e s e  i n t e r -  

a c t i o n s .  

1. Harmonic Resonance Theory 

The phase v e l o c i t y  C of g r a v i t y- c a p i l l a r y  waves is  given by 

C =  Jv 
and has a  minimum f o r  k , ~  ,/%/y' . A p l o t  of C versus  k i s  given 

on Fig.  1, 

F i r s t  Harmonic 

I t  i s  easy t o  s e e  t h a t  f o r  

we can form a  resonant  t r i a d  of t h e  wave i n t e r a c t i n g  with i t s e l f  and i t s  

f i r s t  harmonic. The reason  i s  t h a t  



pure 
g r a v i t y  

pure 
/ P  c a p i l l a r y  
/ waves 

I I \  

= 1.7  cm f o r  water  

Fig.  1 

while  a t  t h e  same t ime % - 

n,+ n, = r\, = ( 2  ZJ=L' L = 2 n ,  y 
Therefore,  i f  1( i s  generated it  w i l l  i n t e r a c t  wi th  i t s e l f  and I 

form K2 . From t h e  equat ions f o r  t h e  growth r a t e s  we have 

6, = -n ,Cn ,a ,  

- n,Ca; a2 - 
The s o l u t i o n  f o r  t hese  amplitudes is shown i n  Fig.2.  I t  i s  r e a d i l y  

seen  t h a t  grows a t  t h e  expense of  a, . I n  t h a t  sense ,  t h e r e  i s  no 

poss ib l e  s teady  s t a t e  f o r  a, , t o  second o rde r .  Thus t h e  wave w i t h  wave- 

Fig. 2 

length 2.4 cm (corresponding t o  k, ) goes i n t o  a  wave wi th  wavelength 

1 .2  cm (corresponding t o  K 2 ) .  On F ig .1  we then  have waves on t h e  



"gravi ty" s i d e  t h a t  a r e  converted t o  t h e  l t c a p i l l a r y l l  s i d e  when t ak ing  i n t o  

cons ide ra t ion  h igher  order  i n t e r a c t i o n ,  The f a c t  t h a t  waves wi th  wave 

number h i  evolve i n  t h i s  way i s  r e f l e c t e d  i n  t h e  s i n g u l a r i t y  i n  t h e  2nd 

o rde r  s teady  s t a t e  s o l u t i o n  of Wilton (1915) a t  a  wavelength of 2 , 4  cm - a  

s t eady  s t a t e  s o l u t i o n  does not  e x i s t  a t  t h i s  wavelength. 

Higher Harmonic Resonance 

I f  we choose K, = i t  can again be shown t h a t  K, can i n t e r a c t  

" A I f  t imes wi th  i t s e l f  t o  form the  wave of wave number K, , where 

This means t h a t  nn = A Y1, , as  i s  e a s i l y  v e r i f i e d .  McGoldrickls (1972) ex- 

periments demonstrate t h e s e  h ighe r  resonances c l e a r l y .  

This r e s u l t  sugges ts  t h a t  as  K ,  i s  produced, c a p i l l a r y  waves o f  t h e  

same phase v e l o c i t y  a r e  formed on top  of  i t  (as A+=., G(, i s  a  "pure" 

g r a v i t y  wave and Kr( a  "pureu c a p i l l a r y  wave). I n  f a c t  r a t i o s  between K, and 

K A  a r e  sometimes observed t o  be  l i k e  (15: 1) o r  (30: 1)  

However, problems a r i s e  i n  t h i s  theory .  As " h ' I  i s  increased  t h e  

resonances become more c l o s e l y  spaced, and u l t i m a t e l y  t h e  i d e a  of  a  d i s c r e t e  

resonance i s  l o s t .  We w i l l  now use  a  very d i f f e r e n t  approach t h a t  takes  i n t o  

account t h e  f a c t  t h a t  h >> lc  We w i l l  c a l l  i t  t h e  " P a r a s i t i c  c a p i l -  
3 

lary1I approach, and i t  was developed by Longuet-Higgins (1963) and Crapper 

(1970), 

2 ,  P a r a s i t i c  C a p i l l a r y  Theory 

Assume t h a t  t h e  v e l o c i t y  f i e l d  of  t h e  o r b i t a l  v e l o c i t y  o f  t h e  asso-  

c i a t e d  g r a v i t y  wave, , is, with r e s p e c t  t o  t h e  c a p i l l a r y  wave, 

1. s lowly vary ing  

2 .  independent of depth.  

We need t h e  equat ion  f o r  t h e  " conservat ion o f  waves" i n  t h e  moving 

frame ( l e c t u r e  # I ) ,  
a~ ,+  a (, - 5 .  Q) = o 
a+ ax, 

One can a l s o  d e r i v e  t h e  equat ion f o r  t h e  energy ba lance  o f  t h e  f l u c -  

t u a t i  on motion of t h e  c a p i l l a r y  waves (Longuet-Higgins and Stewar t  (1961), 



E i s  t h e  energy of t h e  c a p i l l a r y  wave 

s.. 8 
i s  t h e  ! ' r ad i a t ion  s t r e s s ' !  

E = 43  K'E r e p r e s e n t s  t h e  viscous d i s s i p a t i o n .  

I n  t h e  l i m i t  of pure c a p i l l a r y  waves i n  deep water  and wi th  t h e  u s e  

of our  two assumptions t h e  l a s t  equat ion can be  w r i t t e n  a s  

where A rep resen t s  t h e  d i s t a n c e  along t h e  s u r f a c e  from t h e  primary wave 

c r e s t .  

With t h e s e  same assumptions it can be  shown from t h e  conserva t ion  

of waves t h a t  

The i n t e g r a t i o n  of t h e  energy equat ion then  y i e l d s  

€(s) - QY - U ~ C ~  - -- --  
E to) a; K,? IJYOI 

We then  found t h a t  t h e  wavelength dec reases  along "A " a s  U is  

increased  and t h a t  t h e  amplitude is  given by t h e  l a s t  equat ion  which y i e l d s  

t h e  p l o t  of Fig.3.  

-> i nc reas ing  U (5) 

Fig.  3  

The c a p i l l a r y  wave ga ins  energy from t h e  g r a v i t y  wave and l o s e s  i t  

t o  v iscous  d i s s i p a t i o n .  That t r e n d  is  s i m i l a r  t o  what we found i n  t h e  f i rst  

p a r t  of t h i s  l e c t u r e ,  



3 .  Summary 

These two methods d i f f e r  i n  many r e s p e c t s .  I n  Table 1, we show a  

summary of t hese  d i f f e r e n c e s .  

Table 1 
I- 

h -+ = i n t e g e r  
AC 

Harmonic Resonance Theory 
(McGoldrick) 

Resonance I Continuous response 

P a r a s i t i c  Cap i l l a ry  Theory 
(Longuet-Higgins and Crapper) 

No s p a t i a l  l oca lnes s  Local e x c i t a t i o n  and energy 
exchange 

Harmonic a n a l y s i s  works I Harmonic a n a l y s i s  i s  ill- 
condit ioned r e p r e s e n t a t i o n  of 
sharp  c r e s t s .  

Notes submit ted by 

Jean  P i e r r e  St-Maurice 
and Thr Gammelsrg4d, 

Lecture #4 .  INTERNAL GRAVITY WAVES 

1. Using t h e  Boussinesq approximation and neg lec t ing  t h e  e a r t h ' s  

r o t a t i o n ,  t h e  momentum equat ion  can be w r i t t e n  a s :  

where WJ is  a  u n i t  vec to r  v e r t i c a l l y  upward. Since water  i s  considered 

incompressible ,  we g e t  

du; 
= O  a and ax; 

where p' i s  t h e  f l u c t u a t i o n  from t h e  mean, (5 (a)  . Using Eqns. (1) - ( 3 ) .  

a  s imple equat ion  t o  desc r ibe  t h e  motion of  a  s t r a t i f i e d  f l u i d  i s  ob- 

t a i n e d ,  i . e .  a" F ~ b  +N'(Z)V;W = Q (X +-i t) 



where " (LT i s  t h e  v e r t i c a l  ve loc i ty ,  " Q ( ~ , t )  " r ep re sen t s  t h e  nonl inear  

terms, and '' N ( r )  'I i s  t h e  ~rfint-VCiisalki frequency, def ined  by 

For i n f i n i t e s i m a l  d is turbances  i n  t h e  absence of  mean shea r ,  Q ( E  ,t) of 

Eqn.(4) i s  n e g l i g i b l e ,  hence, t h e  governing equat ion  becomes l f n e a r ,  i , e ,  

a" 2 - v j ,  t N ( d V n a u =  a ta (6) 

Let us  cons ider  N ( s )  t o  be cons tan t ,  hence, t h e  s o l u t i o n  t o  

Eqn. (6) can be w r i t t e n  i n  t h e  form of 

where W = / V ~ - ? f = ~ c a r  A B (frequency ) 

C Z  -Q-.( 
k -4 

(phase v e l o c i t y )  

c = < r ( b x X )  3 N 

N b _ =  --If R a 
a .  These waves a r e  a n i s o t r o p i c  g iv ing  unusual p r o p e r t i e s ,  

F ig .  1. Ref l ec t ions  of an I n t e r n a l  ~ r a v i t ~  Wave from a  Sloping Bottom. 



Let us  cons ider  an  i n t e r n a l  g r a v i t y  wave(ll)) k )  t h a t  i s  i n c i d e n t  on a 

s lop ing  bottom (with s lope  0 ) ,  Fig.1.  

The r e f l e c t e d  wave (dl < ) must s a t i s f y  t h e  fol lowing condi t ions :  

1. frequency of t h e  i n c i d e n t  and r e f l e c t e d  waves must b e  equal,  i . e o  
/ 

CL) = Lo' o?, m G = m Q  

2. t h e r e  i s  no normal v e l o c i t y  ac ros s  t h e  bottom su r face ,  o r  t h e  

components of t h e  two wave numbers i n  t h e  p lane  ( s loping  s u r f a c e  Fig.1)  

must be equal ,  and 

h i m  ( P C @ ) =  k l L n ( p - p ) ,  (8) 

where 

y)+/3 i s  t h e  angle  of inc idence  

- i s  t h e  angle  of r e f l e c t i o n  

I 
In  addi t ion, ,  t h e  p a r t i c l e  speeds of t h e  i n c i d e n t  (a ) and r e f l e c t e d  (a) 

waves must s a t i s f y  t h e  same kinematic condit ion, ,  i . e .  

b .  A s  t h e  wave propagates  onshore (up-slope) a s  depected i n  Fig.2,  

i t s  wave number i nc reases ,  t h a t  i s ,  t h e  energy p e r  u n i t  volume of t h e  

wave inc reases  as i t  propagates  onshore. This  e f f e c t  i s  a l s o  given by 

t h e  r e l a t i o n  



2. Wave I n t e r a c t i o n s  

We now cons ider  t h e  e f f e c t s  of t h e  nonl inear  terms t h a t  were 

neglec ted  previous ly .  C e r t a i n  b inary  i n t e r a c t i o n s  between components 

and wave numbers k, and 6% form resonant  t r i a d s ,  i . e .  

,k, * k,= k, ..a and 

W ,  - t _ W z = W g ,  

and s i n c e  U = N m  e , and N i s  assumed t o  b e  cons tan t ,  we a l s o  g e t  

mo, k me,= m e 3  
a .  A s p e c i a l  case  where e ,  z B3 is  i l l u s t r a t e d  below: 

b .  The i n t e r a c t i o n  of resonant  t r i a d s  can be descr ibed  by t h e  

fol lowing:  

When k, t k_,= &, 
b,= w ,  c o,a, 

8,=w, C a ,  a, 
h, = -w,& a, a, 

I\ 

where 'c i s  t h e  i n t e r a c t i o n  c o e f f i c i e n t ,  and d = c4u (t) 
d-t 

(i) Let us  cons ider  t h e  s p e c i a l  c a s e  where A, i s  v e r t i c a l ,  

o r  U I  = 0 , thus ,  we g e t  A 

Fig. 3 



The wave wi th  v e r t i c a l  wave number merely s c a t t e r s  t h e  waves _kL 
and , but  does not  pa r t ake  of t h e  energy exchange. I n  t h i s  sense  it 

i s  c a t a l y t i c  t o  t h e  i n t e r a c t i o n .  

( i i )  I f  &., i s  s t i l l  v e r t i c a l ,  b u t  now a, r 0 , we g e t  

b,= &%= h3 = 0 

Thus, t h e r e  i s  no energy exchange between two i n t e r n a l  waves of t h e  

same wave number which propagate  through each o t h e r .  This  i s  dep ic t ed  i n  

This  e f f e c t  can a l s o  be dep ic t ed  by t h e  s tanding  i n t e r n a l  wave modes t h a t  

can e x i s t  i n  a  channel ,  
* 

3 .  Experiments of Resonant I n t e r a c t i o n s  of Standing Ince rna l  

Gravi ty Waves : 

McEwan (1971) performed t h e s e  experiments i n  a  tank f i l l e d  wi th  

l i n e a r l y  s t r a t i f i e d  s a l t  s o l u t i o n s  ( i . e .  N ( z )  was cons t an t ) .  With t h e  

c o n s t r a i n t  o f  s idewa l l  boundary cond i t i ons ,  only s t and ing  modes were gen- 

e r a t e d  by an  o s c i l l a t o r y  paddle system a s  shown i n  F ig ,5 .  

Hence, t h e  a s soc i a t ed  wave numbers must s a t i s f y  t h e  fo l1owing: in-  

t e g e r  r e l a t i o n s :  M.v 
I 

m 1 (ho r i zon ta l  wave number) = -i-- 
N ,  'iT n  1 ( v e r t i c a l  wave number) = 



1 s t and ing  

9 wave 
H p a t t e r n  

L "  
Fig ,5  

where "Lit i s  t h e  width and "H" i s  t h e  depth of  t h e  tank ,  r e s p e c t i v e l y ,  

The resonant  condi t ions  imply t h a t  

M , r  M,+ M,=o 
f l ,  + N, 5 N, = 0 
W, + a, e_ w3 = 0 

The governing equat ion  s e t  i s  given by 

6, = u, % Q, C L ~  - Z; a, 
&= % & a ,a3 -  qa, 

4 = - w 3 C ~ , ~ , - 5 a 3  + J 

where ( Ti ) terms a r e  t h e  d i s s i p a t i o n  r a t e s  of t h e  i n d i v i d u a l  modes due t o  

t h e  v iscous  d i s s i p a t i o n  e f f e c t  mainly i n  t h e  s i d e  wa l l s ,  These d i s s i p a -  

t i o n  terms were determined by d i r e c t  measurement, 'd* i s  t h e  "driving" 

term due t o  t h e  o s c i l l a t o r y  paddle system which genera tes  t h e  fundamental 

mode (denoted by s u b s c r i p t  3 ) ,  

a .  Let u s  cons ider  t h e  s p e c i a l  case  where t h e  ampli tude of t h e  

fundamental mode i s  much l a r g e r  t han  t h e  resonant  waves, hence, it i s  

approximately cons t an t  throughout t h e  i n t e r a c t i o n ,  i , e .  

a3 (approx. eons t a n t )  > > Q, , a 2 and 

a, = A ,  eat (161 

The resonant  waves w i l l  no t  grow ( i , e ,  no turbulence  can be gen- 

e r a t e d ) ,  i f  f r i c t i o n a l  d i s s i p a t i o n  dominates.  This  decay of  t h e  d i s tu rbance  

i s  given by 



b.  I f ,  on t h e  o the r  hand, t h e  amplitude of t h e  fundamental mode i s  

l a r g e r  t han  t h e  c r i t i c a l  amplitude, t h e  wave becomes uns t ab le ,  and t u r -  

bulence i s  subsequent ly generated.  This e f f e c t  i s  depic ted  i n  F ig .6  and 

Fig .70  

Fig. 6 D i s s ipa t ion  e f f e c t  (a, vs, w )  

Fundamental Mode Higher Modes Mixing produces 
generated f i n e  s t r u c t u r e  

Fig. 7 Unstable  Waves 

Notes submit ted by 

J .  B ,  Tupaz 
and D. P. Wang 

Lecture #5. INTERACTIONS OF SURFACE GRAVITY WAVES 

Reca l l  t h a t  t h e  boundary cond i t i on  f o r  s u r f a c e  g r a v i t y  waves can 

be  w r i t t e n  

where Q and C r e p r e s e n t  t h e  q u a d r a t i c  and cubic  terms r e s p e c t i v e l y .  

Dropping a l l  t h e  nonl inear  terms r e s u l t s  i n  s i n u s o i d a l  s o l u t i o n s  wi th  

t h e  d i s p e r s i o n  r e l a t i o n  YI = ( 2  k )'% ( i n  deep wa te r ) .    eta in in^ only  Q 
on t h e  r igh t- hand s i d e  of E q .  (5.1) r e s u l t s  i n  a  mod i f i ca t ion  of t h e  wave 

p r o f i l e  ( i . e .  sharpening of  t h e  wave c r e s t s )  b u t  no wave i n t e r a c t i o n s .  



In  t h i s  sense ,  s u r f a c e  g r a v i t y  waves a r e  pa tho log ica l  a s  t h e r e  a r e  no 

s o l u t i o n s  t o  t h e  t r i p l e t  resonance condi t ions .  I n t e r a c t i o n s  can occur  

however from t h e  cubic terms (C)  bu t  t hese  w i l l  involve  a  q u a r t e t  o f  waves, 

The resonant  condi t ions  a r e  

and 

There e x i s t  s o l u t i o n s  of (5.2) t oge the r  wi th  t h e  s u r f a c e  g r a v i t y  wave d i s -  

pe r s ion  r e l a t i o n .  Such a  s o l u t i o n  i s  shown geometr ica l ly  i n  F ig -5- 1  f o r  

t h e  choice  of  s i g n s  i n  (5.2) such t h a t  

0 
Fig .  5-1 



Q e  pro jec t ion  of  t h i s  s t r u c t u r e  on the  plane of  wave numbers (Fig.5-2) 

shows t h e  two-dimension locus of t h e  i n t e r a c t i n g  wave numbers, On t h i s  

diagram any two po in t s  on t h e  same curve can be  connected with t h e  po in t s  

0 and 0 '  t o  form a resonant  q u a r t e t .  

Two degenerate cases had been s tud ied  without  t h e  i n t e r a c t i o n  formalism. 

1) k , = l ( , =  K3=  KY 

This i s  t he  case  of s e l f - i n t e r a c t i o n  which i s  equivalent  t o  t h e  3rd 

order  Stokes expansion 

2) K , =  K3 k,= K y  

This i s  t h e  i n t e r a c t i o n  of two wave t r a i n s  a t  3rd order  (Longuet- 

Higgins and P h i l l i p s ,  1962) i n  which the re  i s  only a  change i n  t h e  phase 

speed of t h e  waves wi th  no energy t r a n s f e r .  

The i n t e r a c t i o n  equations : 
i x 

i f  P = + ( Q ~  + a* .-ix ) t h e  s u r f a c e  displacement 

then I 
rz2-) 6, = , (3 + ,, 

+ i h n ,  e2 a, a, 

ti+,, 4 a ,  (j,, a,&: t . ) 

e i h n ,  a;a, 

8+= lar ( 
+;hn ,+a,a ,% 

1 

where g i j  and h  a r e  r e a l  c o e f f i c i e n t s ,  funct ions  of t h e  four  wave numbers. 



The amplitude func t ions  (a; ( ~ t )  ) a r e  complex and con ta in  a l l  information 
concerning t h e  r e l a t i v e  phases of t h e  i n t e r a c t i n g  waves. 

Notes 

1) The t e r n s  of t h e  type  marked I a r e  t h e  s e l f - i n t e r a c t i o n  terms, 

A s  t h e  r e s u l t i n g  6, i a, t h i s  r ep re sen t s  on ly  a  change i n  t h e  wave 

frequency, and t h e r e f o r e  t h e  phase v e l o c i t y  

2)  The terms marked 11 r e s u l t  i n  a  mod i f i ca t ion  of  t h e  phase v e l o c i t y  

of a wave t r a i n  by i n t e r a c t i o n  wi th  another ,  wi thout  energy t r a n s f e r ,  

3) P a r t i t i o n  I n t e g r a l s  ( f o r  k, + k, = K3 + K y  ) 
Multiplying t h e  h, equat ion by a: and t h e  complex conjugate  of 

e 
t h e  6, equat ion by a and adding toge the r  w i th  t h e  a, equat ions ,  

r e s u l t s  i n  

s i m i l a r l y  

a? - 
n f %a: a = cons t an t  

+ = cons t an t  
fl3 

a a.7 a r  a: - + - = cons t an t  
n l  n+ 

Thus energy is  ga ined / lo s t  by wave 1 and 2 t oge the r  a s  i t  i s  lo s t /ga ined  

by 3 and 4 t oge the r .  

I t  may a l s o  be shown t h a t  

2 CLy a*!, = energy d e n s i t y  = cons t an t  r:l 

and momentum d e n s i t y  = E / C )  . 
4) A s  we have a l r eady  seen,  t h e  t h i r d - o r d e r  i n t e r a c t i o n  of t h e  g r a v i t y  

waves produces t h e  frequency change of i n t e r a c t i n g  waves. Then, t h e  f r e - .  

quencies of t h e  wave t r a i n s  no longer  s a t i s f y  t h e  resonance cond i t i on  ( 2 ) ,  

However, i f  we choose t h e  group of wave numbers which is  no t  i n  t h e  exac t  

resonance r e l a t i o n ,  b u t  s h i f t s  s l i g h t l y  from t h e  resonance loop,  t h e  

equat ion ( 5 )  can be modified s o  t h a t  t h e  change o f  t h e  frequency by i n t e r -  



a c t i o n  i s  cance l led  out  by t h e  modified terms introduced by t h e  "de-tuning". 

I n  such a s i t u a t i o n  t h e  resonance i s  preserved among f in i t e- ampl i tude  g r a v i t y  

waves. Figure 3 shows t h e  "de-tuning" r eg ion  i n  ca se  of k ,  = t.L ( i . e .  t h e  

f i gu re- o f- e igh t  region)  . 

Experiments: 

1) Longuet-Higgins and Smith (1966) and McGoldrick e t  aZ., (1966) per-  

formed labora tory  experiments t o  observe nonl inear  i n t e r a c t i o n  of g r a v i t y  

waves i n  resonance cond i t i ons .  

Giving 4, , 6, ( = k,) and - k ,  (1 - , , they observed ampli tude growth of 

h, (=Zk-_k , ) .  Thei r  r e s u l t s  a r e  reproduced i n  Fig.4.  
* 

Growth r a t e  
0 f  

resonant  wave 

Fig. 4 

The a b s c i s s a  r e p r e s e n t s  t h e  frequency r a t i o  of t h e  primary waves, t ,  
and $ , and t h e  o r d i n a t e  r e p r e s e n t s  t h e  growth r a t e  of t h e  resonant  

wave. In  t h e s e  experiments t h e  resonance cond i t i on  ( 2 )  gives  
P 



Notice t h a t  t h e  observed frequency r a t i o s  s h f f t  from t h i s  va lue ,  The 

amount of s h i f t  i n  t h e  Longuet-Higgins and Smith's experiment i s  g r e a t e r  

than  t h a t  i n  t h e  TYlcGoldrick e t  aZ.'s experiment. This may be explained 

by t h e  f a c t  t h a t  t h e  amplitudes of  t h e  primary waves i n  t h e  Longuet- 

Hfggins and Smith 's  experiment a r e  l a r g e r  t han  those  i n  t h e  McGoldrick 

e t  aZ. 's experiment. Longuet-Higgins and Smith (1966) t r i e d  a d e t a i l e d  

a n a l y s i s  of t h e  response near  resonance and found t h a t  

where d'k expresses  t h e  amount of [lmismatch" i n  t h e  wave number p lane  and 

i s  t h e  resonant  d i s t a n c e ,  

2) Wave t r a i n  i n s t a b i l i t y  (Benjamin and F e i r ,  1967).  

This  experiment cons iders  t h e  s t a b i l i t y  of a s i n g l e  f i n i t e  ampli- 

tude  wave t r a i n .  I t  i s  found experimental ly  t h a t  t h e  wave t r a i n  i s  un- 

s t a b l e  and breaks down i n t o  groups o f  waves, 

In  terms of wave i n t e r a c t i o n s  t h i s  is  a wave ( k , )  i n t e r a c t i n g  wi th  i t s e l f  

and wi th  a small  ampli tude p e r t u r b a t i o n  wave wi th  / ( 3  K ,  In t h i s  

case ,  a l l  t h r e e  wave numbers kt, Y ,  = K ,  and K3 a r e  c o l i n e a r ,  and t h e  

i n t e r a c t i o n  locus must b e  broadened by ampli tude d i s p e r s i o n  t o  o b t a i n  t h e  

energy t r a n s f e r .  

Notes submitted by 

Ryuj i Kimura and 
Roland B.  Smith, 



Lecture #6 ,  INTERNAL-SURFACE WAVE INTERACTIONS 

The p re sen t  t op ic ,  t h e  i n t e r a c t i o n  of i n t e r n a l  waves wi th  r e l a t i v e l y  

s h o r t  wavelength s u r f a c e  waves, i s  o f  t h e o r e t i c a l  i n t e r e s t  because it o f f e r s  

a  p o i n t  of con tac t  between two bodies of theory concerned wi th  f i n i t e  ampli-  

tude  e f f e c t s  i n  waves. One theory t r e a t s  slowly varying wave t r a i n s ,  t h e  

second i s  concerned wi th  resonant  wave i n t e r a c t i o n s .  

A p o s s i b l e  p r a c t i c a l  i n t e r e s t  f o r  t h i s  t o p i c  l i e s  i n  t h e  explana t ion  

f o r  s e v e r a l  observa t ions  a t  s e a  of  t h e  apparent  modi f ica t ion  o f  s h o r t ,  wind- 

generated s u r f a c e  waves by long i n t e r n a l  g r a v i t y  waves, e .g .  Perry and 

Schimke. 

1. Slowly varying s u r f a c e  wave t r a i n  

Suppose an i n t e r n a l  wave s e t s  up a  known s u r f a c e  c u r r e n t  

u=u(x  - C $ )  

where C; = i n t e r n a l  wave phase speed.  

We wish t o  f i n d  t h e  r e s u l t a n t  modi f ica t ion  t o  a  s h o r t  s u r f a c e  wave 

t r a i n ;  t h a t  i s ,  t o  f i n d  

phase v e l o c i t y  & = K ( x )  

group v e l o c i t y  4 = 4 L (71) 3 
and wave number ?h = 'k (x) 

The energy equat ion f o r  t h e  s u r f a c e  wave t r a i n  is  

s i n c e  C~ :*/c 

The s u r f a c e  wave conserva t ion  equat ion  and frequency a r e  

and 

a) Kinematics 

I f  we f i x  our axes t o  t h e  i n t e r n a l  wave, we have 

and U = U(X). 



S u b s t i t u t i o n  of  (6.4) i n  (6.2) allows t h e  l a t t e r  t o  be i n t e g r a t e d  

a s  a func t ion  of  , giv ing  

n - h. (c;-LI) = cons tan t  

where no, a r e  t h e  va lues  a t  t h e  p o i n t  where V ( X )  = 0.  

S u b s t i t u t i o n  of  t h e  d i s p e r s i o n  r e l a t i o n  (6.3) i n t o  (6 -5 )  g ives  

k ( /  + u -  c ; )  = +kc ci) 

s i n c e  
k 

/c \% _ -  z6 + u -C,: k g  - KO - C,' 
Solving t h i s  quadra t i c  r e l a t i o n  f o r  (+) : 

where we have determined t h e  s i g n  o f  t h e  r a d i c a l  by imposing t h e  condi t ion  

Case 1. Suppose Ci 0 ( s t a t i o n a r y  c u r r e n t  p a t t e r n :  Longuet-Higgins 
and Stewar t )  

and no r e a l  s o l u t i o n  e x i s t s  i f  an adverse cu r r en t  e x i s t s  

I u c  --&= 4 
I /f when U=--,ce,; - =  -L 
4 A* 2 

U I and = - - i , e .  V /rg , energy propagat ion speed.  

I I 

A 0  

k . .  f ,  - - 
blockccye 

X 

Surface wave phase speed and wavelength decrease,  wave number 

i n c r e a s e s .  



A t  blockage, 

energy propagat ion speed = adverse c u r r e n t .  

Case 2. C; # O  

For C; F- A, , no r e a l  s o l u t i o n  e x i s t s  if 

In  genera l ,  t h r e e  s i t u a t i o n s  of i n t e r e s t  e x i s t  a s  viewed i n  a 

r e f e rence  frame f i x e d  t o  t h e  i n t e r n a l  wave. 

i )  C L < + F O  

Here, blockage can occur f o r  a s u f f i c i e n t l y  s t r o n g  adverse c u r r e n t  U . 
Phase v e l o c i t y  and wavelength a r e  

5- 
KO- 

- \ - -  - - - 
decreased, wave number increased .  t- t~ t- Ul.) 

/ 

i i )  + A < C i - = ~  

Wave1 eng t h  i nc reases  , C, 
d 

i nc reases  t o  ba lance  U 

This s i t u a t i o n  i s  not  a p p l i c a b l e  t o  r e a l  i n t e r n a l  waves; maybe 

long s u r f a c e  waves of  l a r g e  s l o p e ,  Then 

/C Thus - = 0 i f  ,c, 4 2 C; . 
4 

In  t h i s  l i m i t ,  a s  U -> C; , t h e  s u r f a c e  wave wave number becomes 

i n f i n i t e ,  k + w .  
The p l o t  on t h e  fol lowing page shows t h e  reg ions  and clockage con- 

d i t i o n s  noted he re .  



Case (1) blockage 

c; = 0 U - I - - -  
fie 4 

i s  a  s p e c i a l  po in t  on t h e  whole curve (a)  r e p r e s e n t i n g  blockage accord-  

ing  t o  Eq. (6 .7) .  A second s p e c i a l  p o i n t  on t h i s  curve i s  

u = o ,  (c;,&)=+. 
Here, even an i n f i n i t e s i m a l  adverse  c u r r e n t  is  s u f f i c i e n t  t o  cause block-  

age. Curve (b) corresponds t o  t h e  t h e o r e t i c a l  blockage produced by con- 

d i t i o n s  given i n  (6 ,8 ) .  

(b) Energy 

i )  s t eady  s t a t e  s o l u t i o n  
a 2 ;3 Using 4 - at - Ci i n  (6.1) and seeking  t h e  s t eady  s t a t e  

s o l u t i o n ,  we have 
a au  - [E(u-c;+;&. ]  ax +kgE  = o (6.9) 

where /C r ,c (u) , a  known func t ion  of  U (and thus  x ) from t h e  fo re-  

going kinematics  d i scuss ion .  

In  so lv ing  (6.9) ,  t h e  fo l lowing  lemma i s  used: 

I a u  I a,C Lemma: Prove =.C = (?A t U - c;) * 



S u b s t i t u t i o n  of t h i s  r e s u l t  i n t o  (6.9) a l lows immediate i n t e g r a t i o n  i n  

x , giv ing  

E A (IJ -C; + t ~ )  = cons tan t  

The le f t- hand s i d e  of t h i s  r e l a t i o n  must remain f i n i t e  and cons t an t  

(= r ight-hand s i d e )  even when e i t h e r  of two s p e c i a l  condi t ions  occur a t  

some p o i n t  x i n  t h e  flow: 

/c --bo (c) 

I n  e i t h e r  of t hese  cases ,  F(x) must tend t o  CXJ t o  main ta in  t h e  l e f t - hand  

s i d e  c o n s t a n t ,  I n  t h e s e  cases ,  t h e  time-dependent s o l u t i o n  of t h e  energy 

equat ion w i l l  show energy accumulation. 

i i )  time-dependent s o l u t i o n  

The time dependent v e r s i o n  of (6 .1)  us ing  (6 ,4 )  i s  

thus ,  w i th  cond i t i on  (d) 

i n d i c a t i n g  t h e  genera l  s o l u t i o n  
~t 

, . E d  E,e 
where % = r a t e  o f  convergence (divergence) of energy. 

,,.-.---,.-/.-.,- --,-,- ---.*- \------ 

Ex: t =  0 4-- 4- - U&) 

2 .  Resonant i n t e r a c t i o n  problem. 

Consider two s h o r t  s u r f a c e  waves wi th  neighboring wave numbers, 



and an i n t e r n a l  wave k ;  ni 
From t h e  exact  resonance condi t ions ,  

k2 - h, = k; 
n, - n ,  = nC 

we have 

o r  

Thus t h e  resonance condi t ions  reduce t o  C; = Aj = $ A  

This condi t ion  C i  = & i s  t h e  po in t  of con tac t  between t h e  resonant  

i n t e r a c t i o n  theory  and t h e  preceding slowly vary ing  wave t r ea tmen t .  

Comparison of Methods 

We may form a t a b u l a r  comparison of t h e  two methods a s  fo l lows:  

Slowly Varying Wave Tr8in Resonant I n t e r a c t i o n  

1. Assumed cu r ren t  U= ~ ( x P c ; ~ )  Per iod ic  IJ 
(any conf igu ra t ion )  given a, d t '0 

f i n d  al(t), tL,ct) 

2, ~ 0 t h  g ive  i,(t) 02 t = O  

3. Valid f o r  & t d ~ I  ~ t - 4  I 
4. Can work out  o f f  resonance case .  Exchange between 3 components. 

A c r i t i q u e  of t h e  r e l a t i o n  of  t h i s  d i scuss ion  t o  observa t ions  a t  

s e a  (e .g.  Perry and Schimke) inc ludes :  

i )  i n  t h e  observa t ions  many s u r f a c e  wave numbers a r e  p r e s e n t ,  i . e ,  

t h e  process  i s  untuned, and 

i i )  winds p re sen t  a t  t h e  observa t ions  might overpower t h e  process  d i s -  

cussed he re  and prevent  development of  t h e  qu ie scen t  r eg ions  over t h e  i n t e r -  

n a l  wave t roughs .  
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Lecture #7. A THEORY OF WAVE BREAKING 

In t roduc t ion  

Very l i t t l e  i s  known about wave breaking.  I t  i s  however important  

because i t  i s  involved i n  t h e  exchange of h e a t ,  water ,  oxygen, e t c .  w i th  

t h e  atmosphere, 

There e x i s t s  some semi-empirical work dea l ing  wi th  breakers  on 

beaches,  But t h i s  i s  i n t r i n s i c a l l y  a  t r a n s i e n t  phenomenon. Recent ly 

Longuet-Higgins (1973) has publ ished a  paper where he wanted t o  s tudy  t h e  

p r o p e r t i e s  of already-broken waves: a  d iv id ing  s t r eaml ine  was between one 

r eg ion  where t h e  flow was assumed i r r o t a t i o n a l  and another  where i t  was 

t u r b u l e n t ,  wi th  a  very small  Reynolds number. A s t a g n a t i o n  p o i n t  was a s-  

sumed t o  e x i s t  a t  t h e  o r i g i n  of t h e  d i v i d i n g  s t r eaml ine ;  a  cons t an t  eddy 

v i s c o s i t y  was assumed too ,  But t h i s  work appears  t o  be  i r r e l e v a n t .  The 

f r e e  s u r f a c e  i s  no t  s teady  so  t h a t  t h e  assumed s t a g n a t i o n  p o i n t  does no t  

e x i s t .  

Stokes had p red ic t ed  wave breaking when t h e  wave c r e s t  made an  angle  

of 120 degrees .  This  was f o r  an  i r r o t a t i o n a l  motion; i n  t h e  ocean, waves 

a r e  seen  t o  break long before  t h e  formations of a  sharp  c r e s t  wi th  an  

angle  of  120 degrees and because of t h e  wind s t r e s s  t h e  motion can no t  be 

considered i r r o t a t i o n a l ,  This l eads  t o  t h e  p re sen t  work where t h a t  e f f e c t  

w i l l  be cons idered .  

The Model 

We w i l l  assume a  two-dimensional geometry. Because of t h e  s h e a r  

due t o  t h e  wind a  t h i n  vo r t ex  l a y e r  e x i s t s  near  t h e  s u r f a c e ,  There w i l l  

be  no c a p i l l a r y  e f f e c t s .  The time f o r  t h e  vo r t ex  l a y e r  t o  be formed w i l l  

be much longer  than  t h e  per iod  of  t h e  wave. 

Theory 

Consider a  wave wi th  phase speed c and work t h e  problem i n  t h e  

r e s t  frame of t h e  wave. The va r ious  coo rd ina t e s  a r e  shown i n  F i g . l ( a ) ,  

Let 5 = (u, w) be t h e  v e l o c i t y  of t h e  f l u i d  and h~ - = V - x g be  t h e  
a v o r t i c i t y .  Assume - = 0 i n  t h e  moving frame of r e f e r e n c e ,  From t h e  a t  

equat ions  of  motion we have 



3 wind 
---,phase speed 

, C = phase speed 

Fig .  1 (a) 

Since t h e  v o r t i c i t y  i s  perpendicular  t o  .LL - (see F i g . l ( b )  we then  

have along t h e  s u r f a c e  

where 3 i s  t h e  v e l o c i t y  a t  3 = 5 . 
But P i s  a  cons tan t  a t  t h e  s u r f a c e .  This  impl ies  

where f i r  ( {  = O )  r e p r e s e n t s  t h e  s u r f a c e  speed a t  t h e  mean s e a  l e v e l .  

1 
I 'ud 7 d r i f t  c u r r e n t  

5- 
a vor t ex  

l a y e r  

\combined o r b i t a l  and phase speeds 

F i g , l ( b ) :  The t h i n  vo r t ex  l a y e r .  

We now assume t h a t  t h e  cond i t i on  f o r  wave breaking i s  t h a t  a  

s t a g n a t i o n  po in t  i s  formed on t h e  s u r f a c e .  Then t h e  maximum wave c r e s t  

without  breaking i s  

For t h e  s u r f a c e  v e l o c i t y  we may w r i t e  

% = &*-c + .gd 

where &,= - o r b i t a l  v e l o c i t y  taken  i n  t h e  r e f e rence  frame 

Ud= t h e  d r i f t  v e l o c i t y  r e s u l t i n g  from t h e  wind. 



Let u s  def ine&&- c , t h e  v e l o c i t y  below t h e  v o r t i c i t y  l aye r .  

Then 

Our assumption about t h e  t ime s c a l e s  and i n v i s c i d i t y  of  t h e  flow 

means t h a t  t h e r e  i s  no source of  v o r t i c i t y ,  Then v o r t i c i t y  i s  conserved 

along t h e  s t r eaml ines  and - 
'-, 

Now us ing  t h e  incompress ib i l i t y  condi t ion ,  t h i s  becomes 

I n t e g r a t i n g  ac ros s  t h e  s u r f a c e  l a y e r  g ives  

But Lt) = 3 i n  lower l a y e r  

c.u=G a t  k = O *  

Therefore 

,((nu w)d  i;; r~ a long  A - s  

So t h e  f l u x  of v o r t i c i t y  i s  independent of .4 
But 

a)=  10xG1= 
a. 

where E = boundary l a y e r  thickness/wavel ength. 

Therefore we can w r i t e  
a. a 

NS - &U LT; 4 B when B i s  y e t  undertermined. 
2 

With ( 3 )  t h i s  becomes 

1 ~ t ( ( 0 ) +  2Uwd(0) - 8 = o  
where (0) i s  t h e  d r i f t  c u r r e n t  a t  t h e  su r f ace  = 0 

Then 

4 ) = - il/-imG-Ft 
But when CL) = 0 (no v o r t i c i t y ) ,  ,ud = 0 . Thus only t h e  + s i g n  

has t o  be kept .  

The t a n g e n t i a l  s u r f a c e  speed i s  then 



To f i n d  B we use  t h e  r e s u l t  from Levi- Civ i ta  (Lamb, p.420) t h a t  

a t  5.0 we have 
? I = - c  (&=a)  

Let % be t h e  va lue  of  t h e  s u r f a c e  d r i f t  a t  5 = 0 
t. = Ud ( 3  = 0 )  

Then we have 

and 

A t  t h e  c r e s t  ,U, i s  h o r i z o n t a l  and one can w r i t e  - 

Using (4)  and (5) we may then  w r i t e  

where S, i s  a t  t h e  c r e s t ,  Therefore t h e  cond i t i on  f o r  no breaking i s  

( p - l ) ' > u ( 2 - ~ )  
where 

/ 3 =  + 
u = *  

This  r e s u l t  i s  i l l u s t r a t e d  i n  Fig. 2 f o r  A ,  '4 4 1 . When \/SO we 

recover  t h e  well-known Stokes r e s u l t  w i th  breaking occurr ing  a t  &A,= C 

" I' 
- 
- 1 

breaking I 

Fig .  2 

We a l r eady  s t a t e d  t h a t  t h e  maximum p o s s i b l e  va lue  f o r  5 a t  t h e  c r e s t  

i s  given by 



s i n c e  u if = 0) = - c c , we then  have 5 = ( y- 1 
3 ma% 22 

This r e l a t i o n  i s  i l l u s t r a t e d  i n  F i g , 3  f o r  dLc 1 .  

Fig .  3 
EXAMPLE 

The s u r f a c e  d r i f t  speed may be est imated by equat ing t h e  s t r e s s  i n  

t h e  a i r  t o  t h e  s t r e s s  i n  t h e  water  

But 

and t h e  s u r f a c e  d r i f t  l aye r  is  about 3% of t h e  wind speed, 

Then f o r  a  20 knot wind, q = 30 cm/sec f o r  a  30 cm wavelength 

c  - 68 cm/sec. Then Y = 0.44 and it can b e  shown t h a t , b r e a k i n g  w i l l  

occur a t  2 = 0.3  i n s t e a d  of 1, according t o  Stokes '  theory .  

S t r eak  photographs of a  broken wave show (a) an i r r e g u l a r  forward 

(tumbling) f ace ,  (b) a  very  small  r eg ion  where t h e  mean flow r e c i r c u l a t e s ,  

wi th  a  (divergence) s t a g n a t i o n  p o i n t  i n  t h e  mean flow near  t h e  wave c r e s t ,  

and (c) a  t u r b u l e n t  wake t r a i l i n g  t h e  broken reg ion  whose th i ckness  i s  of 

order  t h e  wave h e i g h t .  

Notes submit ted by 

Jean- Pier re  St-Maurice 
and T6r Gammelsrbd, 
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EXPERIMENTS WITH INTERNAL WAVES - RESONANT INTERACTIONS 

W i l l i a m  F .  Simmons 

The experiments descr ibed  below were performed t o  determine t h e  

answers t o  two ques t ions  : 

1)  Is a resonance poss ib l e?  and i f  s o  

2) Where does t h e  energy go? 

I .  Review of t h e  theory  a a 
With s t r a t i f i c a t i o n  such t h a t  N Z  = - 3 = cons t an t  

s o l u t i o n s  a r e  obta ined  which have t h e  form 

This  s o l u t i o n  leads  t o  t h e  d i s p e r s i o n  r e l a t i o n  

.I!? c ~ e =  I k I a  where and ( a r e  
N ' I JP l a +  I <Iz 

t h e  ho r i zon ta l  and v e r t i c a l  wave nuinbers. 

'' , where Y = i n t e g e r  and D i s  t h e  channel depth,  t h e  Using (' = 
f i r s ' t  t h r e e  v e r t i c a l  modes have t h e  fol lowing appearance: 

The d i s p e r s i o n  r e l a t i o n  has t h e  form 



Eor a  2nd o rde r  t r i a d  i n t e r a c t i o n  

(a) n ,  4 n1 $_ n3 = O  
component 

of k _ -  

( c > r , t  L 4 5 ~  0 must be  s a t i s f i e d .  

I f  we s t a r t  wi th  Y = j  and r = 3 , waves of  Y =  2 o r  r = 4 a r e  

needed t o  complete t h e  t r i a d .  So t h a t  a  g raph ica l  cons t ruc t ion  f o r  t h e  

1, 2,  3 t r i a d  i s  a s  follows: 

61 +5 =_K, 
Using t h e  s o l u t i o n  above and al lowing bo th  t h e  ampli tude and phase 

t o  be s lowly  vary ing  func t ions  of  t ime, t h e  r e l a t i o n s  governing t h e  ampli- 

tudes and phases of t h e  resonant  waves a r e  

~t n,Ca,a,& 7 

J- 
where 7 = h 7; 



The opera tor  

where C g x  i s  t h e  group v e l o c i t y  i n  t he  ho r i zon ta l  d i r e c t i o n  d n  C . x= j x  
( C S s  w i l l  b e  neglected f o r  t h e  channel flow experiment t o  be descr ibed  

below. ) 

The appearance of C i n  i s  due t o  t h e  s lowly vary ing  a a ~t 
The r e l a t i o n  between t h e s e  r e s u l t s  and those  of Professor  P h i l l i p s  i s  

seen  by p u t t i n g  & = 0 .  

So t h e  two methods g ive  t h e  same r e s u l t  with k r ep l ac ing  $ . Now t h e  

member of t h e  t r i a d  wi th  t h e  l a r g e s t  k is uns t ab le .  

Aside: From equat ions f o r  CL; we can g e t  

a, a. a, f2X~ ?= cons tan t  r a 
i f  4 = 0 i n i t i a l l y ,  then  Q = 0 always. 

So wi th  phase angles  cons t an t , t he  i n t e r a c t i o n  mani fes t s  i t s e l f  

on ly  i n  t h e  amplitude. 

11, Descr ip t ion  of Experiment 

A paddle b l ade  capable  of genera t ing  both  t h e  1-wave and 3-wave 

was operated i n  a 1 . 2  m x 1 . 2  m x  2 1  m tank wi th  a  l i n e a r  v e r t i c a l  

s a l t  s t r a t i f i c a t i o n .  A wave-absorbing beach was placed a t  t h e  oppos i t e  

end, / / / / / '  / / I /  
I 

induced 

b l ade  
v e l o c i t i e s  - 

C- 

The experimental procedure was t o  s e t  Y), , tune  Ylj i n t o  resonance,  and 

look f o r  YI, and Ylq  . 



The r e s u l t s  of t h i s  experimental procedure were given i n  t h e  form 

of periodograms of wave amplitudes a t  var ious  s t a t i o n s  down t h e  tank 

from t h e  wave genera tor .  With n, tuned t o  t h e  1-3-4 t r i a d  t h e  energy i n  

t h e  4-wave had grown t o  be nea r ly  equal t o  t h e  1-3 i n p u t  a t  t h e  s t a t i o n  

11 m from t h e  genera tor .  See Ref.1. 

Since t h e  wave of  l a r g e s t  n i s  uns t ab le  t o  two o t h e r s  i n  each t r i a d ,  

t h e r e  a r e  an i n f i n i t e  number of p a i r s  t o  which a, can send i t s  energy. 

So i f  a 1-wave i s  generated,  i t  w i l l  f i n d  enough 2-3 i n  t h e  n o i s e  and feed  

energy t o  them. 

I f  we take  a, = ao, ar = e't 7 f3'X.p (a, C- t 1. 
So t h e  i n i t i a l  growth r a t e  of t h e  Y - ~ A  wave depends upon t h e  i n i t i a l  n o i s e  

a,T and the  amount o f  f o r c i n g  Q, . 
The experiment descr ibed  above was done us ing  only  t h e  3-wave a s  

fo rc ing  and f i v e  d i f f e r e n t  waves which were members of v a r i o u s  t r i a d s  were 

observed. See Ref.2. The experiment was done wi th  more i n i t i a l  n o i s e  and 

t h e  observed i n t e r a c t i o n  wave amplitudes were g r e a t e r .  

Aside: I f  r o t a t i o n  f i s  added t h e  d i s p e r s i o n  curve becomes - 

For any wave a, we can f i n d  s e v e r a l  t r i a d s ,  one of which i s  $ and 

-f 2 w , so  t h a t  energy can go d i r e c t l y  t o  f - s c a l e  motions without  a 

long cascade through in t e rmed ia t e  f requencies .  This  i s  a p o s s i b l e  explana- 

t i o n  f o r  t h e  s p i k e  i n  c u r r e n t  meter d a t a  a t  frequency f , which g e t s  

energy from many i n t e r n a l  waves. 

The above experiments were instrumented wi th  conduc t iv i ty  probes 

(see Ref .2) .  S ince  t h e  probe Reynolds number i s  n e a r l y  one, t h e  t ime 

response of  t h e s e  probes l i m i t s  t h e  r e s u l t s  ob ta ined ,  La te r  des igns  have 

been improved t o  minimize t h i s  d i f f i c u l t y .  
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Notes submit ted by 

Daniel E. F i t z j a r r a l d .  

INTERNAL WAVES IN THE OCEAN 

Car l  Wunsch 

We w i l l  cons ider  f i r s t  some genera l  p r o p e r t i e s  of i n t e r n a l  g r a v i t y  

waves propagat ing i n  an i n v i s c i d ,  s t a b l y  s t r a t i f i e d  f l u i d .  We w i l l  assume 

t h a t  t h e  motion i s  o f  small  enough amplitude s o  t h a t  t h e  l i n e a r  theory  

a p p l i e s  and t h a t  t h e  motion i s  s imple harmonic i n  t ime, expressed by t h e  
-irt  

f a c t o r  e A s i n g l e  equat ion  f o r  any dependent v a r i a b l e  can b e  

der ived .  For a  r o t a t i n g  system t h i s  i s  ( f o r  t h e  twc-dimensional c a s e ) ,  

I 

- -F EP,, = 0, 

where c 2 =  ~ 1 , ) -  
cr= -CL , x, y  a r e  t h e  h o r i z o n t a l  and v e r t i c a l  coo rd ina t e s ,  

r e spec t ive ly ,  and p  i s  t h e  p e r t u r b a t i o n  p re s su re .  Note t h a t  t h e  equat ion  

i s  hyperbol ic ,  which leads  t o  some of  t h e  p e c u l i a r  p r o p e r t i e s  of i n t e r n a l  

waves, K 
3 P ( )  - - -1 i s  t h e  Brunt-VBisllii frequency, and f i s  

t h e  C o r i o l i s  parameter.  
a% 

The ex i s t ence  of i n t e r n a l  modes r e q u i r e s  t h a t  t h e  wave frequency 

5 s a t i s f y  $ d 3- C 14. 

For t h e  geometry shown i n  F ig .1 ,  t h e  s o l u t i o n  can be w r i t t e n  a s ,  f o r  t h e  

case  of cons tan t  N and f ,  

-+L w c x  
% =  ~m(*)e , n = /,2,3,% 

- 
/ / / 



The genera l  s o l u t i o n  has t h e  form 

q = F ( ~ ; r - $  + G ( c . ~ + J ) ,  

a s  would be  expected from a  simple a p p l i c a t i o n  of t h e  theory  of  charac-  

t e r i s t i c s  t o  t h e  hyperbol ic  system, Inf luence  then  propagates  along t h e  

c h a r a c t e r i s t i c  curves 

C X  * 3 = cons tan t .  

A more i n t e r e s t i n g  problem is  t h a t  of  i n t e r n a l  waves propagat ing  

i n t o  a  wedge-shaped region,  shown i n  F ig .2 .  

fr 

The s o l u t i o n  i s  composed of t h e  sum o f  two p rog res s ive  waves. The so lu-  

t i o n  f o r  t h e  s t ream func t ion  i s  - 

where 

and n i s  t h e  mode number, For oC C C , t h e  s o l u t i o n  is  s i n g u l a r  a t  

r = o  = 3  . This  problem is  a  s p e c i a l  ca se  of what have been c a l l e d  

" spaget t i"  problems, where X i s  taken t o  be a  t ime- l ike  v a r i a b l e .  The 

a c t u a l  motion can break down a t  t h e  wedge corner  i n  t h r e e  d i f f e r e n t  ways: 

(1) i f  t h e  motion i s  slow enough, i t  i s  j u s t  d i s s i p a t e d  by v i s c o s i t y ,  

(2) t h e r e  can be a  su rge  o r  bore  along t h e  bottom, 

(3 )  i f  t h e  motion i s  s t r o n g  enough, i n t e r n a l  wave breaking can occur .  

The above s o l u t i o n  i s  a c t u a l l y  t h e  i n v i s c i d  i n t e r i o r  s o l u t i o n  away 

from t h e  boundaries .  There a r e  Stokes boundary l a y e r s  near  t h e  wa l l s  of 

t h i ckness  - ( 1 %  The bottom boundary l a y e r  e x h i b i t s  an  i n s t a b i l i t y  

i n  t h e  form of  r e g u l a r l y  spaced v o r t i c e s  a s  an i n c i d e n t  c h a r a c t e r i s t i c  be- 

comes nea r ly  p a r a l l e l  t o  t h e  bottom. 

Also, s i n c e  t h e r e  i s  a  mean Stokes  d r i f t  a s soc i a t ed  wi th  t h e  wave 

motion, it  i s  p o s s i b l e  t o  produce " se t s"  ( i , e ,  a  mean displacement)  i n  

t h e  i sopycnics .  These s e t s  a c t  t o  d r i v e  a  flow i n  t h e  oppos i t e  d i r e c t i o n  

t o  cancel  t h e  mean d r i f t .  



I f  r o t a t i o n  i s  included,  i n t e r n a l  wave energy may feed  onto in-  

e r t i a l  modes of o s c i l l a t i o n ,  through a s i m i l a r  mecahnism. 

In  t h e  three-dimensional  case,  t h e  equat ion i s  

?'$$- $ ( h x +  = O  

which can be  sepa ra t ed  as t i=  F($) G ( ~ ~ 2 )  t o  g ive  

which i s  j u s t  an eigenvalue problem f o r  t h e  v e r t i c a l  mode s t r u c t u r e ,  

and 

I f  t h e  r e s t r i c t i o n  0- >$ is  removed, we may now have i n t e r n a l  Kelvin 

waves, Poincare waves, e t c .  

For t h e  case  of  0-4 , t rapped modes have been observed around f 
i s l a n d s .  Peaks i n  t h e  energy v s ,  frequency s p e c t r a  a r e  seen somewhat a s  

shown i n  F ig ,3 ,  

'Leaky1 modes a r e  a l s o  observed f o r  > , i n  which t h e  energy i s  

slowly radi 'a ted away. S imi l a r  phenomena might be expected t o  occur  

around submerged s e a  mounts, 

Consider now some a spec t s  of t ime s e r i e s  d a t a  taken i n  t h e  

deep ocean, i , e ,  300 meters o r  more below t h e  s u r f a c e ,  Figure 4 i s  

such a spectrum, i n  p a r t i c u l a r  a spectrum of  a c u r r e n t  meter t ime 

s e r i e s .  Note t h a t  i t  shows f a i r l y  d i s t i n c t  peaks a t  f  and a t  t h e  

semidiurnal  f requency.  I t  does not  show any s igns  of a cu to f f  a t  

e i t h e r  f  o r  N. The curve between N and f seems t o  be roughly O'-a, 

though one cannot s ay  t h a t  it i s  no t  0- - Figure 5 i s  another  



FREQUENCY (CYCLES HOUR ) 

F i g . 4  Spectrum o f  v e l o c i t y  made n o r t h  of  t h e  Gulf Stream. f i s  i n e r t i a l  I 
f requency ,  T i s  semid iurna l  t i d e ,  and K i s  buoyancy frequency.  ~ 
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F i g . 5  Spectrum of t empera tu re  made i n  t h e  Sargasso  Sea.  



such spectrum, though it i s  t h a t  of a temperature t ime s e r i e s .  Many of 

t h e  f e a t u r e s  it shows a r e  t h e  same, except t h a t  it does e x h i b i t  some c u t -  

o f f  a t  N .  ( I t  seems appropr i a t e  t o  remark t h a t  a t tempts  t o  conver t  t h e  

temperature spectrum t o  v e r t i c a l  v e l o c i t y  spectrum have so  f a r  run  a fou l  

of t h e  problem of unknown temperature mic ros t ruc tu re  i n t roduc ing  spur ious  

energy a t  higher  f requencies .  A s i m i l a r  e f f e c t  may contaminate t h e  h o r i -  

zon ta l  v e l o c i t y .  

Now, cons ider  how such s p e c t r a  might change from p lace  t o  p l ace  

o r ,  t ime t o  t ime.  First,  changes i n  l a t i t u d e  should b r i n g  about  a s h i f t  

i n  t h e  f  peak. And, WKBJ i n t e r n a l  wave theory  p r e d i c t s  a s c a l i n g  of 

h o r i z o n t a l  and v e r t i c a l  v e l o c i t i e s  with we expect a corresponding 

v a r i a t i o n  i n  t h e  s p e c t r a  ve r sus  d e n s i t y  g rad ien t  changes. In  f a c t  t h e s e  

v a r i a t i o n s  do appear .  But a f t e r  t h e s e  e f f e c t s  a r e  taken  i n t o  account ,  

what remains i s  remarkably spa t io- t empora l ly  homogeneous. In  a d d i t i o n ,  

such s p e c t r a  a r e  n e a r l y  i s o t r o p i c .  Consequently we a r e  lead  t o  t h e  

hypothes is  t h a t  t h e r e  i s  a u n i v e r s a l  deep ocean spectrum. G a r r e t t  and 

Munk examined t h i s  spectrum and have produced t h e  empir ica l  formula 

where ,u(6) i s  t h e  band width of k p re sen t  a t  any cr . 
F i n a l l y ,  we may ask from where t h e  energy i n  t h e  deep ocean spec-  

trum i s  coming. Sources which have been considered a r e :  

1 )  s u r f a c e  wave i n t e r a c t i o n  

2 )  d i r e c t  wind e f f e c t s  

3 )  i n s t a b i l i t i e s  of  c u r r e n t s  

4 )  t i d e  

5) Townsend's Mechanism (boundary l a y e r  r a d i a t i n g  
i n t e r n a l  waves). 

Notes submit ted by 
Robert F .  Bergholz 
and Michael N. Frese .  



TIME SERIES ANALYSIS 

Car l  I .  Wunsch 

Lecture # la  In t roduc t ion  t o  P r a c t i c a l  Time S e r i e s  Analysis  

t = time, s = frequency ( c i r c u l a r  f requency) .  Everything i s  

i n v e r t i b l e ,  i n  t h e  sense  t h a t  t can be  s u b s t i t u t e d  f o r  s ,  and v i c e  v e r s a ,  

Define 
-0Oc S 5- cl)= lW$ ~ ~ ) e ~ ~ ' ~ ~ d t  2 - &, g t 5 - 

-01 

Se lec t ed  theorems: 

1. i f  f c t ) = * c ( - t ) ,  then  

0 

where $k (x) means Fourier  t ransform o f  X 

3 .  9 ( f (at)) = ($) - s t r e t c h i n g  and c o n t r a c t i o n  theorem. 

4 ,  Define <t) 
f "f 'C*) d-t 

-Q, 

Same f o r  (t a) , e t c .  

Also ( 5 ' )  = xs'f ' c . ) ~ s  
P"$'(s,ds 

-w 

Assume (t) = (s) = 0 

I 
Then (ta) (sL) 2 (unce r t a in ty  r e l a t i o n )  

s h i f t  i n  phase only 

T 7- 
6 .  Suppose f(t) p e r i o d i c  i n  - T L t - Z 

co 7 2 ~  i n t  
then  f (t)= M, e T 

h=O 
.?-TI iv t  

d-t 



7.  Let g( t ) :  + ~ t )  i n  - 1 - ~ t  z L 2 

j l t )  = O - otherwise 

then  gC (s)= li f (t) e26i5tdt 
- 3  

A n 9 (5,)=ToCll, where s=-  
T 

Four ie r  t ransform = F.T. 

Four ie r  s e r i e s  = F.S. 

F.T. (= f) i s  equal t o  Tx(coe f f i c i en t s  of F.S.)  

(= D c y )  a t  t h e  d i s c r e t e  va lues  of  s (r sn) where F .S. i s  de f ined .  

8. Convolution 

Define h ( t )  = (7 ( t ' ) g ( t - t ' ) d t '  ( w r i t t e n h = $ * g i )  

z 7% + (t-t') g (t') kt '  
-Q, 

-5 A 

t hen  h (s) = -f (s )  9 (s), 0. K. a s  long a s  you can in te rchange  o rde r  

of i n t e g r a t i o n  between t and 5 . 
Examp 1 e  : 

-.- A 

Convolution i s  a  running average of f ,  weighted by g ,  So if g  is  a  

smoother func t ion  than  f ,  convolut ion is  a  smoothing ope ra t ion  on f ,  

9 .  Corol la ry :  de f ine  h ( t ) = / w f ( t ) g ( t + t ' ) d t  
-QD 

4 

then  hh ( 5 )  = f * ( 5 )  $ ( 5 )  



c a l l e d  c ross  c o r r e l a t i o n ,  no t  convolut ion.  I f  f  =. g, c a l l e d  au toco r re l a -  " 2 
t i o n  i . e .  fi (54 =$*$ = / + I  

Note h ( t ) = y ~ f # f ~ ?  
c r o s s  c o r r e l a t i o n  opera t ion .  

10. $ func t ion:  

i n t e g r a l  looks funny, b u t  i t  always works. 

p r o p e r t i e s :  p e r i o d i c  wi th  per iod  1. /d C t t  n) = 

symmetric w (t ) =  W (-t) 

This  i s  t h e  F . S o  of t h e  func t ion  J(s) over t h e  i n t e r v a l  - 5 S 5 4 ' 
A 

So w i t )  i s  i t s  own F.T., i . e .  U(S)= U J ( S ) . C ~ ~ ~  fLl(b') t h e  sampling 

func t ion .  

1 2 .  Sample f ( t )  a t  d i s c r e t e  t imes t, t + .A-t: , e t c .  

Do i t  d i r e c t l y :  anishtst 

( i t s  p e r i o d i c )  

Use convolut ion theorem: 

We want F.T, of unsampled f u n c t i o n  from t h e  sampled f u n c t i o n .  

This  works only  i f  f ( t )  i s  band- l imi ted  (def ined  below). To show t h i s ,  



cons ider  ( I  I )  

A 

# f CS) unless  j? (S 2 -&) = 0 

f o r  n  = 21, 22,  23, . . . 
A I 

The s imp les t  way t o  g e t  t h i s  is  -f ( 5 ) .  0 f o r  151 2 2r- 
Then F.T. of unsampled func t ion  = F.T. o f  sampled func t ion .  Otherwise, t h e  

d a t a  sample i s  "a l iased" .  
I 

2 A t  
- Nyquist frequency. Define - - 

I f  you have a  band- l imited func t ion  f  ( t )  then  you must sample a t  

l e a s t  a t  t h e  Nyquist frequency i n  o rde r  t o  ge t  F . T .  of f ( t )  from sampling. 

On t h e  o t h e r  hand, t h e r e ' s  no need t o  sample a t  f requencies  g r e a t e r  than  

Nyquist frequency, i f  you have a  band- l imited func t ion ,  
f i  

13. Suppose f ( s )  = 0 f o r  l s ( > s ,  

The sampling theorem a s s e r t s  t h a t  

i t  i s  s u f f i c i e n t  t o  know f. (n A*) 
I where - - 

2 A - k  - Sc 
A - 2 n l ~ ~ t  

Proof: d e f i n e  -f (s) = Ch e 
h 

= 0 otherwise .  

2~1:;nots 
Then C , = & r - ( ~ ) e  d~ = &f ( n ~ t j  

-s. 
3 q i s t  

So & ( t i  = (7 (s) e ds s work it ou t  , ?@ ' &.,a 
= 5 f (nnt) 

Idt ( t- n  

r \ t  -G3 . i i  y t  - m D t )  

  his says  you can do a  p e r f e c t  i n t e r p o l a t i o n  from t h e  sample p o i n t s ,  i f  f ( t )  

i s  band l i m i t e d ,  However, you need a l l  t h e  sampled d a t a  from hat;. -- 
4n X 

t o  3. GO There a r e  b e t t e r  ways t o  i n t e r p o l a t e ,  i n  p r a c t i c e ,  because "- F 

d ie s  o f f  t oo  s lowly .  
Shannon' s  

The above i s  c a l l e d  Kotelnikov's  sampling theorem, 
Whi t taker ' s  



Alias ing  occurs when high- frequency power (a. / s 1 > ' ) 
appears a t  low f requencies ,  due t o  undersampling. I n  p r a c t i c e ,  i f  t h e  

high frequency power i s  small compared t o  t h e  low frequency power, t hen  

sampling w i l l  g ive  an accu ra t e  p i c t u r e  of  low frequency p roces ses .  
(Notes taken  by Andrew P .  l n g e r s o l l )  

Wunsch Lecture #2 .  

I f  you have a band- l imited process 

can d e s c r i b e  process  completely by sampling a t  i n t e r v a l s  A t , where 
I ~ t =  - Now cons ider  problem posed by d a t a  r eco rd  o f  f i n i t e  l eng th  

( ignore  sampling problem f o r  now) 

fT (t) = f @) i n  i n t e r v a l  - -$5 t 5 
2 

unspec i f i ed  elsewhere ( t ime l i m i t e d  func t ion )  

Use sampling theorem wi th  s -.----, t 

Then t- x 

7 s = and 

Given a t ime- limited process ,  i t  i s  s u f f i c i e n t  t o  compute F.T, a t  a 

d i s c r e t e  s e t  o f  p o i n t s  S & n AS, 
One can assume func t ion  f ( t )  i s  e i t h e r  zero, o r  p e r i o d i c  o u t s i d e  

t h e  i n t e r v a l .  I f  p e r i o d i c ,  t h e  Four ie r  c o e f f i c f  e n t  f r equenc ie s  a r e  

5,. , then  2Tint +ct,=Z n = - r n  x n e  -r 



A @ 2.3 
Exercise:  Assume f (5) = 2 (3, ;, , ( -n~s l  

n=-a, 2#$ (5-n A S )  

prove by contour  i n t e g r a t i o n  t h a t  f ( t )  is zero o u t s i d e  
7 I It15 = - 

20 S 

Define -f (9 = f ( f ) ~  (+) T 
( I (x) L L 2 

0 otherwise  

Ef fec t  of sampling i n  f i n i t e  i n t e r v a l  i s  t o  spread  energy o u t  i n  s space .  

I f  you have two sp ikes  $ (s). d ls  -sd) + J @- ,) 

then  you can d i s t i n g u i s h  them i f  
1 1 %  -s,l s 7 

Increas ing  t h e  d a t a  l eng th  inc reases  t h e  r e s o l u t i o n  i n  frequency space .  
A 

There i s  no p o i n t  i n  i n t e r p o l a t i n g  t o  g e t  f ( s )  i n  between s = n A S  , be- 

cause you cannot r e so lve  b e t t e r  than  AS anyway, 

Note t h a t  energy from s = so appears a t  f requencies  s # so wi th  con- 

t r i b u t i o n  = I 

ls-al The except ion is  when t h e  length  of  t h e  record  i s  

a m u l t i p l e  of t h e  per iod  a s s o c i a t e d  wi th  so .  Then t h e r e  i s  no contamina- 

t i o n  a t  t h e  f requencies  s = 
T "  

Now, both problems J,,(t) =$ (t) w (tj ii (%) T 

convolut ion says  



2 ,  Sampled da ta :  look only a t  f requencies  
I 5 5 - -  At - S~ 

/' 

1. F i n i t e  da t a :  compute $ ( 5 )  only a t  f requencies  S = 
w T  7 

Note t h a t  sampling and f i n i t e  record  e f f e c t s  a r e  independent .  Also, 

i f  'r- l \ l ~ - k , t h e n  t h e s e  a r e  commensurable: 

s r lrnc 

number of  d a t a  p o i n t s  
from 0 t o  sc. 

I 

Each d a t a  p o i n t  i s  two p ieces  of information ( r e a l  and imaginary p a r t ) .  

The information f o r  s 5  0 i s  t h e  same, s i n c e  c o e f f i c i e n t s  a r e  complex 

conjugates  of those  a t  s 2 0 f o r  r e a l  da t a .  
A A 

Question: f (*) = 7 4, , do we compute dn o r  $(+) ? I f  looking a t  

pu lses  (non- periodic) ,  b e t t e r  t o  u se  $ I f  looking a t  p e r i o d i c  process ,  

u se  En , b u t  e i t h e r  w i l l  do, How t o  improve your e s t ima te s  - dec rease  t h e  

I 

a)  g ive  a l l  d a t a  equal weight (gives much spreading)  

b) g ive  l e s s  weight t o  d a t a  near  ends of t h e  record .  

We considered a)  a l r eady .  In going t o  b ) ,  you knock down t h e  s i d e  lobes 
&nx r e l a t i v e  t o  - 3 , b u t  you broaden t h e  main peak. 



From sampling f [ n ~ t )  

h, /Y, P a r e  i n t e g e r s .  These a l l  look 

l i k e  CCQ o r  sk '*, N po in t s ;  2 N  m u l t i p l i c a t i o n s  and a d d i t i o n s  
2 

f o r  each frequency. N f requencies  S, have about 2N ope ra t ions ,  which 
4 i s  p r o h i b i t i v e  f o r  N = 10 . 

Actua l ly ,  t h e r e  a r e  a  l o t  of dup l i ca t ed  ope ra t ions ,  so  number of  

opera t ions  a c t u a l l y  goes a s  N& n/ us ing  Fas t  Four ie r  Transform 

(FFT), i. e .  f o r  N = 6 x l o 4 ,  t akes  2 minutes on modern computer u s ing  FFT. 
A 2ni ts 

Now we d e a l  wi th  t h e  d i s c r e t e  s e t  {ft} wi th  F.T. F(s)= f t e  
P P t  ( s e t t i n g  now At = 1). Compute F.T. only a t  S * -- - p- 7 

>because A t  z 1 

Convolution of  seauences: 

mu l t ip ly  t h e s e  toge the r ,  l e t  z ' n + T  

SO if ' t = % f n % t - n  , then  F.T. of ht i s  j u s t  product  of F . T , ( f )  

and F,T, (g) .  
Z iT lS  

Now l e t  2 c C 

j'(.,=gf,t', f = & I  

and ?I = ( ~ f , ~ " ) ( ~ j ~ ~ ~ )  
P 

-- ~ h ~ t ?  
'6. 

Rules f o r  mul t ip ly ing  polynomials can be used. The b e s t  way t o  t a k e  con- 

v o l u t i o n  i s  t o  t a k e  F,T, of each s i d e ,  mu l t ip ly  t h e s e  t o g e t h e r ,  then  

i n v e r t  F.T. 

Suppose St U ) , t  #FL t ZL 0 

1 0  otherwise  

(sampled a t  t = 0, 1, 2, 3 ,  e t c . )  

Then 



us ing  f a c t  t h a t  t hese  F .T . ' s  a r e  polynomials,  can o f t e n  sum t h e  F.T. (an 

i n f i n i t e  s e r i e s )  and express  i n  f i n i t e  a l g e b r a i c  form 

The upper h a l f  of s p lane  maps i n t o  i n t e r i o r  of  u n i t  c i r c l e  i n  z plane ,  

and t h e  r e a l  a x i s  maps i n t o  t h e  u n i t  c i r c l e .  
-% K c a u s a l i t y :  4 Ct) = Jaf(sj e cLs 

-00 

Suppose fC t )=0  f o r  t d  0 (def ines  a  causa l  sequence) .  

This  impl ies  f ( s )  has no po le s  i n  upper h a l f  o f  s plane,  i L e .  t h e  in-  

t e r i o r  of t h e  u n i t  c i r c l e  i n  z plane .  

So % (s) = h s% i s  a  Taylor s e r i e s  (not Laurent s e r i e s )  
"5- 

i f  f [ t )  i s  a  causa l  sequence. 
A 

Write 

/ Consider - - I t 2 2  t Y $ + .  . . no good because p o l e  a t  z = k .  

Also w r i t e  

How t o  undo a convolut ion us ing  t h i s  formalism? 

Suppose ht = $a,ft-n a i s  an averaging ope ra t ion .  
A 

i - e .  can we g e t  f ,  i f  we know h and a?  

(%) depends on a  (n) 

7 4 3 7 '  = \o (t), express  as Taylor-Laurent s e r i e s  i n  z. 



Example: 

a,= I,  a,=&) d p = O  otherwise  

Note t h a t  b  has  a  po le  a t  z = - 2 ,  i . e .  b  i s  causal :  only need prevfous 

va lues  of h  t o  g e t  f ,  i ,  e .  

t -F, 
every va lue  involves only 

So i n  t h i s  example, "a" i s  a  causa l  process  ( t h e  response of  t h e  i n s t r u -  

ment t o  a  pu l se )  and h i s  t h e  output .  You want t o  i n f e r  t h e  inpu t  f t .  
t 

The theory j u s t  proved says  t h a t  t h e  va lue  of f  depends only  on measure- 
t 

ments of  h  from e a r l i e r  t imes. 
t 

One can s imp l i fy  f u r t h e r  by no t ing  t h a t  

+ h, ; do it  r e c u r s i v e l y .  f,, = 7 

Recursive f i l t e r s ,  

Suppose you have a  nea r ly  resonant  system (pole  j u s t  o u t s i d e  u n i t  

c i r c l e )  b e t t e r  t o  use  r e c i p r o c a l  of  e(z). 
Bibliography 

Bracewell,  Jenkins  very u s e f u l ,  a l s o  Gold and Rader. 

Wiener - makes func t ions  proper .  

(Notes taken by Andrew P .  I n g e r s o l l )  



Wunsch Lecture # 3 ,  

Exam~les  of Random S igna l s  

(1) f (t) = +-r with  equal p r o b a b i l i t y  Ct i) <Ct) = 0 

ergodic:  t ime average = (ensemble average) 

The Four i e r  Transform, 6 = 4fc 
a 

hence, so  is I -- 
b u t  ( 

i s  a 

1 1 ) n o t  random 
zxis (P-%\ tr-g, =r r(+,f,)e 

= /vra 
non-Gaussian white  n o i s e  process ,  <(>> 

k S 

(very gene ra l  decomposition, Wold) 
t e x c i t a t i o n  where < 19&> = O 

<q, 291) = Stp 8 ; 
(f ixed sequence) 

t hen  4 fs = 8. ( s )  8  ̂ ( 5 )  

<T(s) ) = ^a (s,< 6' ( 5 ) )  = 0 

e .g .  Example b e l l  

2 2, 
2 

b u t  k<ffl)= 1&'(5)1cr, s o c a n  findlha,\  
exper imenta l ly .  

a 
(3)  fC = Gaussian v a r i a t e s  with zero mean, va r i ance  0- , f i n i t e  

d u r a t i o n  T.  



now 3 i s  Gaussian w i t h  zero mean, l e t  X = Y~ 
- x % e  L 

P(& =x) -'+ e 
I - * P(+=Y)=~='= 

This 

fo l lows  a  Chi-squared d i s t r i b u t i o n  wi th  2 degrees of freedom, up amd bp ,x- 
I - (a ; tb i )=  M -  --- 

A' 
v2 : S, S 

Z T "  
Note: va r i ance  about C IS  - Z 

( l a r g e  and independent of N!) (N = sample s i z e )  

This  i s  a  periodogram, be fo re  averaging,  and, periodogram = power spectrum, 

Imagine bu i ld ing  ensemble of M r eco rds ,  ( t h i s  Chi-squared w i t h  2 M deg rees  

of  freedom). 
,U u ' Then va r i ance  = - 

2/M 
M - CM) < I $ C S ~ ~ > =  it, x n-. I f 

*ff Csp) 

\ 
a l t e r n a t i v e l y ,  average neighbors t oge the r : :  say  t h e r e  a r e  M neighbors  

averaged, then  aga in  have Chi- square d i s t r i b u t i o n ,  '#,,,,, . For h igh ly  

tuned phys i ca l  process  (e .g .  w = f )  keep r e s o l u t i o n  h igh ,  M smal l ,  The 

s t a b i l i t y  of t h e  spectrum t r a d e s  o f f  a g a i n s t  r e s o l u t i o n .  Chopping t h e  

record  i n t o  s e v e r a l  p i e c e s ,  t ransforming,  and averaging ,  g ives  equ iva l en t  

i nc rease  i n  s t a b i l i t y .  

The c o r r e l a t i o n  method i s  equ iva l en t :  

c o r r e l a t i o n  theorem: -&! or = f 

then  ( t h e  Four ie r  Transform l t ] )  = <-f(s) p(5)) 
n 

Calcu la t ions  of  p,  f o r  l a r g e  T ,  with  f i n i t e  d a t a ,  a r e  s t a t i s t i c a l l y  

poor,  j u s t  l i k e  c a l c u l a t i o n s  of power s p e c t r a  f o r  small  s .  



I f  we t r u n c a t e  t h e  au toco r re l a t ion ,  i t  i s  equ iva l en t  t o  u s ing  a  

s p e c t r a l  window 

TI (t/pl) = i: 

which i s  t h e  averaged periodogram, using a  s i n ( s ) / s  window: n o t  a  good 

window, s i n c e  s i d e  lobes can g ive  negat ive  energy dens i ty ,  8 f f  
The advantage of  t h e  c o r r e l a t i o n  method i s  t h a t  a f t e r  t r u n c a t i o n  t h e  

Four ie r  Transforming i s  qu icker .  The FFT is  s o  e f f i c i e n t  a s  t o  make t h i s  

method old- fashioned.  An advantage of c o r r e l a t i o n  func t ions  i s  t h a t  

-&rn 7 (s) doesnf t e x i s t ,  
n -300 

b u t  & 65 does e x i s t  (qy i s  an  e s t i m a t e  of 
/V-> a, - 

<+-- f, +, 
(The Wiener Khinchine r e l a t i o n  9 (6) = f a  (<-ftftrc))) 

S f  

(Notes taken  by Pe te r  B. Rhines) 

Wunsch Lecture  # 4  

Note from l a s t  l e c t u r e :  

The Power Density Spectrum 

= b l - )   IT@)\^> (= r" i f  process  i s  whi te )  

= t h e  squa re  of  t h e  Four ie r  ' coe f f i c i en t s  d iv ided  by t h e  spac ing  

used,  Thus i f  M c o e f f i c i e n t s  a r e  averaged spac ing  i s  M / N .  

Coherence 

There a r e  many ways i n  which t h i s  concept can  b e  expla ined;  t h e  

fol lowing i s  one of  them. Suppose t h e r e  a r e  two random processes ,  Zt (an 

inpu t )  and Y t  (a  s i g n a l )  r e l a t e d  by t h e  l i n e a r  convolu t ion  

p= -03 

where nt r e p r e s e n t s  no i se .  

Simple, p e r f e c t  case:  n+ = 0. In  t h i s  c a s e  $(s )  can b e  eva lua ted  a s  
b 

A 
y ( s ) / 2 ( s ) .  But t h i s  can always b e  done wi th  any two s e t s  of d a t a  - wave 

he igh t s  on Bondi Beach and examination r e s u l t s  i n  a  Cambridge Mathematics 



examination, f o r  example - even i f  t h e r e  i s  no r e a l  phys ica l  r e l a t i o n s h i p  

between them. We hence wish t o  examine 3 ( s )  c l o s e l y  and determine if it 

i s  of t h e  s o r t  t h a t  could come from a  phys ica l  process .  

Suppose x+ and y+ a r e  Gaussian random v a r i a b l e s  wi th  

Then OX($) and $ is) a r e  random v a r i a b l e s ,  uniformly d i s t r i b u t e d  i n  

w i l l  have a  phase Yk (3) = ( 5 )  - ( 5 )  which i s  randomly d i s t r i b u f  ed , 
CC Y 

i n  - )  We now a s s e r t  t h a t  i f  - a  comes from a  phys i ca l  system t h e  

phase of - a  i s  a smooth func t ion  of frequency. 
n 

What does "smootht1 mean? Consider $ Op) 7 * ( s p  ) and compare it 

"(5 * ) $ * ( ~ ~ + . i ) t m  L = k  . . w i t h  y p e ~  

A 

The vec to r s  9 .= l-j ( ~ ~ + i ) f  * (s?+ i )  - 
N 1 

Define 
icp,C5,+,') 

Y X  
I f  ad j acen t  65 have c l o s e  t o  t h e  same phase $ w i l l  be l a r g e  wh i l e  

l t P  
i f  ad jacent  g ; ' ~  a r e  un re l a t ed  3 % w i l l  b e  comparat ively sma l l e r .  An 

';1 
appropr i a t e  normal iza t ion  i s  in t roduced  by d e f i n i n g  

where 

and t h e r e  i s  a  p a r a l l e l  d e f i n i t i o n  f o r  $ x l ( ~ p )  , c o R q X ( s P )  i s  c a l l e d  
V 

t h e  coherence of yt and x  a t  f requency s ( s u i t a b l y  averaged over t h e  M 
t P  

ad jacen t  f r equenc ie s ) .  Using Schwar tz l s  i n e q u a l f t y  we can  show t h a t  



dyx I I 
A A 

Now, f o r  $ = Q X  ( p e r f e c t  case)  

a, 
= $ < 2 %  > because a  i s  not  random, 

Thus coh has amplitude 1 and phase equal t o  t h e  phase of  a .  
Y x  

Case with noise:  n  # 0 

Suppose t h a t  $, = *a$ + A, where 3 rep resen t s  t h e  n o i s e  which, by 

assumption i s  uncor re l a t ed  wi th  2 .  Then 

and $,, = t 

Thus I* 

(sP) = 
a. 

- tz ' 

1 4 gnh7>$Lp$rr- - ' grin <<gas gKX 

Thus we have a  complex valued q u a n t i t y ,  t h e  coherence, whose phase equals  

t h e  phase o f  2, and whose amplitude approaches one i f  t h e  power i n  t h e  

no i se  i s  s u i t a b l y  smal l  and approaches zero i f  t h e  power i n  t h e  no i se  i s  

l a r g e .  I n  t h i s  s ta tement  l i e s  i t s  u se fu lnes s .  

Having c a l c u l a t e d  t h e  5 ' s  and t h e  coherence, we can e v a l u a t e  

and hence - a  i t s e l f .  And from a ,  s i n c e  we have x  and y  we c a l c u l a t e  n, t h e  - 
no i se .  In  t h i s  c a l c u l a t i o n ,  us ing  t h e  r e l a t i o n s h i p  



we f i n d  t h a t  

which f s  c a l l e d  t h e  incoherent  no i se  and 

which i s  c a l l e d  t h e  coherent  no i se .  o f t e n - i h e  no i se  i s  of  more i n t e r e s t  

than  t h e  s i g n a l  i n  t h a t  i t  can g ive  you an i n d i c a t i o n  a s  t o  what e l s e  is  

happening. 

In  p r a c t i c e ,  how do you average? This  was d iscussed  i n  t h e  l a s t  

l e c t u r e  and we decided t h a t  e i t h e r  ensemble averaging  o r  frequency band 

averaging was poss ib l e .  Such f i n i t e  methods l ead  t o  coherences which 

themselves a r e  random v a r i a b l e s .  Goodman showed t h a t  t h e  sample coherences 

follow a complex Wishart d i s t r i b u t i o n  which i s  now ex tens ive ly  t a b u l a t e d ,  

From t h e s e  t a b l e s  e r r o r  b a r s  f o r  t h e  coherence amplitude and phase d e t e r -  

minations can be es t imated .  These e r r o r s  w i l l  depend on M and t h e  pre-  

v ious ly  d iscussed  p layoff  between r e s o l u t i o n  and accuracy i s  aga in  en- 

countered.  I t  can e a s i l y  be shown t h a t  sample coherence i s  b iased ,  i . e .  

i f  Y i s  t h e  t r u e  coherence, then  '\d i s  l e s s  than  (coh) f o r  any f i n i t e  N. 

Notes taken  by 
Herber t  E. Huppert,  

Wunsch Lecture # 5  

Model of  an Instrument: -8 

t / k  = s p r i n g  cons tan t ;  xCt) = mass p o s i t i o n ;  ~ ( t )  = fo rc ing  of s p r i n g  

then  m j i t ~ i  + kic =m?(c) &j-+\ 
(model of  a more genera l  s imple l i n e a r  system) 

Use Green's func t ion  approach: 

m j  + Y j  i k 9  = m g(t) , t a k e  F.T. 



phas e 

Then s o l u t i o n  of o r i g i n a l  problem i s  

x^ (s )=  FCs)g ( 5 )  

Suppose t h e r e  i s  noise:  you measure y = x + n 
t t t 

then 2 ( 5 )  = p ( 5 )  9 (s)+ 8(5) ,  

power spectrum 

A "K 
= 6j$*<wy + {nn  > s i n c e  ( h e * )  5 0 

so  $yais) = 499 ( 5 )  gPp ( 5 )  + E,,(s) . 
Look a t  c ros s  power between inpu t  and output  . P 

; can f i n d  g ( s )  o f  your instrument  by 

p u t t i n g  a known inpu t  5 ?, (5 )  and 

measuring t h e  c ross  spectrum 3u,(~). 
Rewrite : n 

. , 
Knowing g ( s )  of t h e  instrument ,  you can, i n  p r i n c i p l e ,  f i n d  9 pp once you 

know & ( e a s i e s t  t o d o i n t e r m s  of  z t ransforms) .  
'd 3 

For example above: 

Suppose 
ft 

i s  wh i t e  noise :  

$?; (3) = e 

a l s o  assume ?&, CS) = 
4 "  I Define 13 1 = nT- , s e t  m = 1 f o r  convenience 

cs 

Then $ 3 

m%$'s)i ( & - ( 2 i i 5 ) a ) c + ~ ( ~ n ~ ) a +  rn 



Z 'L can s e p a r a t e  no i se  6, from inpu t  i f  you know response of 

instrument  . 

Looks l i k e :  

' e -  
( I t  'k 

depends upon Y 

For l a r g e  s, t h e  coherence i s  low due t o  no i se ,  Near resonance, t h e  

r e l a t i v e  n o i s e  power i s  low. A l l  in format ion  about t h e  system i s  con- 

t a ined  i n  t h e  power spectrum and coherence. 

Exercise  ( f o r  t h e  r e a d e r )  : given 2 waves 

3 I = A e m ( k r - w t )  , '3% = B m ( k ' x -  w i t )  

k't k + A k '  
/ u ' .d+nw compute coherence 

between 2 p o i n t s  x = 0 and x = A x, where y ( t , x )  = y1 + y2  

Assume A - B  and 

t h e  r e s u l t  i s  4% I - (A* ?(A It? , 
2. 

Example: r e l a t i o n  between sea  l e v e l  f ( t )  and atmospheric p r e s s u r e  p ( t )  

f ( t )  = a * p ( t )  * n 

n ( t )  = f ( t )  - a ( t )  * p ( t )  



The no i se  i s  what was of i n t e r e s t .  Car r ied  ou t  i n  d e t a i l  i n  Wunsch, 

Rev,Geophys. 1972. 

S igna l  e x t r a c t i o n  ( f i l t e r i n g ) :  

A l i n e a r  f i l t e r  is  any opera tor  a  such t h a t  y  = a  + x .  
P  t 

Spec ia l  example given: = m t 

d i : a l  (mess age n o i s e  
(known) 

rt 
We want t o  suppress  t h e  n o i s e  a s  b e s t  poss ib l e ,  by u s e  of a  convolut ion 

f i l t e r .  
l e t  m+ = P a, x ~ - ~  

t h a t  i s ,  we want (mk- ap y, +)C 2 e; t o  be a s  smal l  a s  p o s s i b l e  
P , 

( ec i s  t h e  e r r o r ) .  Can we f i n d  such an a  ? What i s  t h e  b e s t  (opt imal)  
P  

f i l t e r  a- f o r  r e a l i z a t i o n s  of  t h e  ensemble? Use l e a s t  squares  approach 

ap < Y k - $ c - p >  = (ht-pt) where < )deno te s  an ensemble average 
P 

For s t a t i o n a r y  process ,  < X t - C ~ ~ - b )  = R (8-p) 

and <x,- m+) = Q (%) ; a R (q-p); Q(g) ( l i n e a r  s imultaneous equat ions  f o r  a  ) 
b P e P  

Take F.T. : (s) s X & ( s ) =  sxmtsj 

then t h e  b e s t  f i l t e r  i s  t o  suppress  f requencies  where 

5 nn - - no i se  power i s  high, and t r a n s m i t  f requencies  
gmrn message power 

P where A i s  low. 
hl, 



Wiener F i l t e r  Problem: a  = 0 f o r  p  c= 0 
(causa l  ope ra to r )  

I 

can then  s o l v e  mat r ix  equat ion R e A  = Q where aD # 0 f o r  p  = 1 , Z  ,..., N 
A 

( t runca t ing  a t  p  = N is  O . K .  because response of f i l t e r  should d i e  away 

a f t e r  long time l a g s ) .  Now cons ider  a  p r e d i c f i o n  problem: suppose we have 

x x x  . with <xt} = 0. What i s  t h e  bes t  e s t ima te  we can make t-2'  t-1' t '  
f o r  x 7 

t+lS A N 
x = .E $ p  X C  
t t /  p:o Can determine q by l e a s t  squares  a s  above. 

c c a u s a l  ope ra to r .  P 

A more i n t e r e s t i n g  approach: suppose x+=Z a q-p where '1P i s  a  white- 
P=o P 

no i se  process:  

(can always do t h i s  f o r  a  s t a t i o n a r y ,  r e g u l a r  process ,  i . e .  no s p i k e s  i n  - 
2 spectrum) Spectrum o f  x i s  & x 8  (s) = gaLcr. 

t CP 
Find a  by f i rs t  f ind ing  19; : Suppose ?g;=r b p ~ t ' P  ; 

P p: 0 
t h e r e  is  a  b which t u r n s  x  i n t o  whi te  noise ,  i n  a  l e a s t  squares  sense .  

P t 
n/ 

<('& -Z bp Y t . p ) $  - { e t j  t o  be made a s  small  a s  p o s s i d l e .  
yco 

r;O a* ; 0 gives  5 bp  ( ~ t - ~ x t - ~ )  = < K t 3  4) 
2 bp. PsO 

go 

what i s  < %  fi) ? Use X + = ~ Q ~ ~ - ~  S C I < X ~ B ~ C ) = ~ ~ ~ { ~ - ~ - ~  
*-% + pzo P 

i . e .  = 0 un le s s  -q = p = 0, s i n c e  q Z  0 and p 3 0. 

a* cr?' 
So mat r ix  equat ion i s  

R .  = [  1 where R(.) =<$+Xb+p> as  be fo re -  

Normalization: a  = 1 
0 

t h e  x t ,  x  
t-1' e t c ,  a r e  known. 



Thus one can f i n d  b  f o r  p  = 0, . . . , 
P ' 

N, where ?Pt = f bp 'X* - 

A 
do t h e  long d i v i s i o n  (a  causa l  impl ies  no p o l e s ) .  Can g e t  a ,  hence a  

D P ' 

we know % 1 Q-,) cTL* because = boxt+ blxb-, , e t c .  and 

'tP t h e  X h ,  q-, , e t c .  a r e  known. The only  th ing  we do no t  know i s  t+ l  > 

b u t  on t h e  average we have %+, = 0 So t h e  b e s t  p r e d i c t i o n  i s  

k@ ++I = a, ++a29, - ,+ .  * . . 
f o r  which 

i s  t h e  expected p r e d i c t i o n  e r r o r .  Best e s t ima te  says  t h e  system j u s t  

79- i s  pu re ly  unpred ic t ab le .  "rings",  where t+, 

a  i s  minimum phase o p e r a t o r  
P  

b  i s  p r e d i c t i o n  e r r o r  f i l t e r .  
P  

Note 

@ r *  = gaQrZ because 181 = I 
I 
cr 

I f  e s t ima te  $,$ by f i r s t  g e t t i n g  gbb , then  have what i s  c a l l e d  t h e  

maximum entropy spectrum, Can sometines g e t  a b e t t e r  f requency r e so lu-  

t i o n  than  t h e  normal Rayleigh l i m i t .  

(Notes taken by Andrew P. I n g e r s o l l )  
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ABSTRACTS 

LONG WAVES 

David J .  Benney 

Consider t h e  two dimensional time dependent motion of an i n v i s c i d  

homogeneous f l u i d  under t h e  a c t i o n  of g r a v i t y  g.  Let y  = 0 be t h e  r i g i d  

bottom and y  = h(x, t )  t h e  f r e e  su r f ace .  With u(x ,y ,  t )  and v ( x , y , t )  t h e  

ho r i zon ta l  and v e r t i c a l  v e l o c i t y  components, t h e  equat ions f o r  long waves 

a r e :  

u  + v  = O ,  
x  Y 

U + UU + VU = - ghx, 
t X Y 

v = o ,  y = o ,  

A s p e c i a l  nonl inear  s o l u t i o n  t o  t h i s  system, meaningful i n  t h e  

l i n e a r  l i m i t ,  i s  r e a d i l y  found by asking f o r  a  decomposition of t h e  form 

Ll = u I Y , ~ ) ,  

where 

ht = -. c  (h)hxr 

s o  t h a t  t h e  f r e e  s u r f a c e  deforms and propagates  with speed c ( h ) .  I t  f o l -  

lows t h a t  
Y 

v  = - h x j  uhdy, 

and s u b s t i t u t i o n  y i e l d s  0  

where 

The laws of  conserva t ion  of mass, momentum and energy a r e  wel l-  

known f o r  i n v i s c i d  f l u i d s .  I n  t h e  p re sen t  ca se  they  a r e  



I t  i s  p o s s i b l e  t o  prove t h e  system has an i n f i n i t e  number of  conserva-  

t i o n  laws. 

A SIMPLE MAGNETOSTATIC MODEL OF SUNSPOTS 

Fr i ed r i ck  H. Busse 

Bas i ca l ly  t h e  r educ t ion  of temperature i n  sunspots  can be explained 

by t h e  i n h i b i t i n g  e f f e c t  of a  s t rong  magnetic f i e l d  on t h e  convec t ive  hea t  

t r a n s p o r t .  Concurrent ly t h e  cool ing  of  t h e  sunspot  g ives  r i s e  t o  t h e  den- 

s i t y  d i f f e r e n c e s  which produce t h e  mechanical s t r e s s e s  capable  of ba lanc ing  

t h e  Lorentz f o r c e s .  Thus an equi l ibr ium can be a t t a i n e d  which al lows t h e  

establ ishment  of  a  sunspot  a s  a  r e l a t i v e l y  permanent s o l a r  f e a t u r e .  

Since t h i s  explana t ion  was f i r s t  proposed by Burmann (1941) a  number 

of t h e o r e t i c a l  models based on t h i s  i d e a  have been i n v e s t i g a t e d  i n  d e t a i l  

(Schlu ter  and ~ e m e s v i n ~ ,  1958; Deinzer,  1965; Dicke, 1970),  However, t h e  

mathematical s t r u c t u r e  of t h e  problem has no t  been i n v e s t i g a t e d  h i t h e r t o .  

Biermann's i dea  sugges ts  t h a t  t h e  problem i s  s i m i l a r  t o  an eigenvalue 

problem. In  c o n t r a s t  t o  l i n e a r  boundary problems leading  t o  s o l u t i o n s  a t  

d i s t i n c t  e igenvalues of t h e  r e l e v a n t  phys i ca l  parameter,  t h e  magnetos ta t ic  

equat ion 

leads  t o  a  nonl inear  problem which permi ts  s o l u t i o n s  only  i f  t h e  phys ica l  

parameters s a t i s f y  c e r t a i n  i n e q u a l i t i e s .  An a n a l y t i c a l  s o l u t i o n  f o r  a  

t h ree- l aye r  model i s  der ived  i n  t h e  case  when t h e  h e a t  t r a n s p o r t  i n  t h e  

middle l aye r  depends on t h e  square of  v e r t i c a l  component of  t h e  magnetic 

f i e l d .  The i n e q u a l i t y  which i s  t o  be s a t i s f i e d  f o r  t h e  e x i s t e n c e  of t h e  



solution indicates that sunspots beyond a certain size cannot be realized. 

The closeness of the limit to the observed size of large sunspots suggests 

that a condition similar to that derived in the simple model may be the 

limiting factor for sunspots on the sun, 
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TRANSITION TO TURBULENCE 

Friedrick H. Busse 

For a number of reasons convection in a layer heated from below is 

the best example to study the transition to turbulence. The gravitational 

mechanism of instability is the simplest among the causes for hydrodynami- 

cal instability. The physical conditions of the problem depend only on one 

dimension; with respect to the horizontal dimensions the problem is iso- 

tropic if lateral boundaries are sufficiently far away. No mean flow exists 

which would carry the convective eddies by the observer as in the case of 

pipe flow, thereby reducing observational difficulties. 

Four distinct transitions have been investigated in detail as a 

function of Rayleigh- and Prandtl number and a few more are indicated by 

kinks in the curve of the heat transport as a function of the Rayleigh 

number (Malkus, 1954). The first transition is, of course, the instability 

of the static state leading to the onset of stationary convection in the 

form of rolls. The second transition introduces bimodel convection at Ray- 

leigh numbers below 22,600 if the Prandtl number is large. (Busse, 1967; 

Busse and Whitehead, 1971.) The third transition introduces non-stationary 

convection for the first time. For Pr L 5 this transition occurs below 

the second transition. The oscillatory instability of rolls is caused by 

the nonlinear terms in the equation of motion and has been investigated 

theoretically only for low Prandtl number (Busse, 1972). At high Prandtl 

number it is modified by the three-dimensional structure of the bimodal 



cells and by the boundary structure of the convective layer. Hence at 

high Prandtl number the wavy oscillations transform gradually into blob 

oscillations which resemble the mechanisms discussed by Howard (1966) 

and Welander (1967). The oscillatory transition is followed by the col- 

lective instability which leads to large wavelength cells with a star- 

shaped convection pattern. 

The importance of carefully controlled convection experiments 

with prescribed initial conditions originates from the fact that the com- 

plexities of normal turbulent flow are caused by the inhomogeneities of 

initial conditions and noise in the experiment as well as by the increas- 

ing complexity of the structure of the flow pattern at higher transitions. 

In fact, flows and other inhomogeneities in the convection pattern affect 

average properties like the heat transport as much as the transition to a 

new pattern. Convection experiments starting with random initial condi- 

tions do not allow the separation of these two effects. From this point 

of view the study of turbulence is similar to the study of solid matter in 

which effects due to phase transitions in the crystal lattice compete with 

effects of dislocations and other lattice impurities. 
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BIOCONVECTION 

Stephen Childress 

In the process of studying liquid cultures of swimming protozoa, 

biologists have frequently observed the formation of regular patterns 

of increased number density, reminiscent of classical ~Gnard convection - .  

 cell^^,^'^ For a survey of the literature see winet4 and also Winet and 

~ahn', who have carried out a systematic study of pattern forming by the 

ciliate Tetrahymena pyriformis. The phenomenon is observed for typical 
6 concentrations in the range lo4 - 10 organisms/cc (the volume concentra- 

tion of the organisms being only about .01) usually in suspensions whose 



Fig .  l 

G~rodinim a t  l o 6  organisms ~ C C  

i n  a  t i l t e d  p e t r i  d i s h  ( d i m ,  

20 cm.), The depth of t h e  

l a y e r  v a r i e s  from 1 nm. a t  

t h e  t o p  t o  10 mm, a t  t h e  

bottom, 

depth exceeds 1 - 5  mm, With obl ique  l i g h t i n g  a g a i n s t  a  black background 

concent ra t ions  (o r  swarms) o f  organisms a r e  seen a s  whi te ,  and t h e  r e g u l a r -  

~ t y  of  t h e  p a t t e r n s  is  o f t e n  s t r i k i n g .  F i g . l  shows t h e  v a r i a t i o n  of t h e  

p a t t e r n  wi th  l a y e r  depth f o r  a  c u l t u r e  of t h e  d i n o f l a g e l l a t e  Gyrod<niwn, 

The p a t t e r n  is i n i t i a t e d  toward t h e  top  of t h e  p i c t u r e  a t  a  c r i t i c a l  depth 

of  about 1 . 5  mm, i n  a  "polka-dot" form, In t h e  deeper  p o r t i o n  of  t h e  d ~ s h  

t h e r e  is evidence of  t h e  so- ca l l ed  " r e t i c u l a t e "  p a t t e r n 3  In c l e a r e r  cases  

t h i s  l a t t e r  p a t t e r n  c o n s i s t s  of  i r r e g u l a r  bu t  wel l -def lned  polygonal c e l l s ,  

s epa ra t ed  by v e r t i c a l  s h e e t s  of descending swarms o f  organisms, A s teady-  

s t a t e  con f igu ra t ion  of  t h i s  t ype  must then  involve  an upward f l u x  of t h e  

organisms over  t h e  i n t e r i o r  o f  t h e  c e l l s ,  Indeed, f o r  T. pyrifomis 
5  Winer and Jahn have e s t a b l i s h e d  t h a t  t h e r e  i s  a  p r e f e r e n t i a l  swimming 

aga ins t  g r a v i t y  (nega t ive  geotaxy) ,  which i s  presumably due t o  t h e  p o s i t i o n  

of swimming e f f o r t  r e l a t i v e  t o  t h e  mass d i s t r i b u t i o n  and t h e  Stokes drag  

c h a r a c t e r i s t i c s  of  t h e  organism. A r e l a t e d  mechanism f o r  p r e f e r e n t i a l  

swimming i s  a v a i l a b l e  i n  pho to t rop ic  organisms. 

p l a t t L ,  no t ing  t h e  s i m i l a r i t y  t o  c l a s s i c a l  convect ian,  r epo r t ed  an 

experiment of R,Donnelly i n  which t h e  r e t i c u l a t e  p a t t e r n s  p e r s i s t e d  i n  a  

p e t r i  d i s h  on i c e ,  t h e r e f o r e  presumably overcoming a s t a b l e  mean temperature 



g r a d i e n t ,  P l a t t  suggested t h a t  t h e  p a t t e r n  represented  a  dynamical i n s t a -  

b i l i t y  and could be  v i s u a l i z e d  as  an i n s t a b i l i t y  i n  a  cloud of small  

"hovering he l i cop te r s1 ' .  

There appear t o  be a t  l e a s t  two p o i n t s  of  view leading  t o  models 

of  t h e  phenomena of t h i s  kind, both of which r e q u i r e  t h a t  t h e  mean d e n s i t y  

of  t h e  organism exceed t h a t  of  t h e  suspending f l u i d ,  and t h a t  t h e  organism 

be nega t ive ly  g e o t a c t i c ,  The p r e f e r e n t i a l  swimming can manifest  i t s e l f  

as a  mechanism whereby a  r e l a t i v e l y  heavy upper l a y e r  of organism f l u i d  

is e s t ab l i shed  over t h e  l i g h t e r  suppor t ing  f l u i d ,  a  process  t h a t  was 

a c t u a l l y  observed f o r  T. pyriformis by Winet and Jahn.  The heavy l a y e r  

w i l l  then  go uns t ab le  by a  v iscous  ve r s ion  of  a  Rayleigh-Taylor i n s t a b i l i t y ,  

A theory along t h e s e  l i n e s  has r e c e n t l y  been worked ou t  by P l e s s e t  and 

Winet (unpublished) ,  They r e p o r t  agreement between t h e  h o r i z o n t a l  wave- 

length  of  maximal growth r a t e  (and i t s  harmonics) wi th  t h e  peaks i n  t h e  

d i s t r i b u t i o n  curve f o r  t h e  node-to-node d i s t ances  observed i n  deep c u l t u r e s  

forming r e t i c u l a t e  p a t t e r n s ,  

A second p o i n t  of  view t r e a t s  t h e  v e r t i c a l  swimming and downwelling 

due t o  heavy l o c a l  concent ra t ions  s imul taneous ly ,  (A Rayleigh-Taylor i n -  

s t a b i l i t y  could r e s u l t  from t h e  organisms swimming t o  t h e  top ,  then  dying; 

t h e  only r o l e  of  swimming i s  t o  s e t  up t h e  heavy l a y e r . )  Recent ly t h e  w r i t e r ,  

i n  co l l abo ra t ion  w i t h  M. Levandowsky and E.  A ,  Sp iege l ,  has examined a  

model of  t h i s  second type ,  We f i n d  t h a t  such a  model does p r e d i c t  an in-  

s t a b i l i t y  of t h e  type  envisaged by P l a t t ;  a  given p l ane  c u l t u r e  of f i xed  

concent ra t ion  w i l l  b e  s t a b l e  below a c e r t a i n  c r i t i c a l  depth,  wh i l e  c u l t u r e s  

of  t h e  same depth w i l l  be  s t a b l e  below a  c e r t a i n  c r i t i c a l  volume concentra-  

t i o n  o f  t h e  organism, While t h e  model does thus  g ive  wel l- def ined  c r i t i c a l  

values (an analog of t h e  Rayleigh number is  involved) it does n o t ,  i n  t h e  

s imp les t  form, g i v e  a  f i n i t e  ho r i zon ta l  wavelength a t  t h e  onse t  of  i n s t a b i l -  

i t y ;  d i s turbances  of zero wave number a r e  i n i t i a t e d  f i r s t ,  We comment on 

t h i s  d e f e c t  below, 

The formulat ion i s  s t r a igh t fo rward  and involves t h r e e  main assump- 

t ions :  ( i )  t h e  momentum d e n s i t y  and t h e  s c a l a r  v i s c o s i t y  of t h e  mixture 

and t h e  suspending f l u i d  a r e  approximately equal ;  ( i i )  t he  e f f e c t  of i n e r t i a  

d r i f t  o f  t he  organism is  n e g l i g i b l e ;  ( i i i )  t h e  equat ion of  t h e  p a r t i c l e s  i s  

taken t o  be 



Here u = f l u i d  ve loc i ty ,  c  = volume concent ra t ion  of t h e  organisms, and 

U(c) and D(c) a r e  r e s p e c t i v e l y  t h e  v e r t i c a l  swimming v e l o c i t y  and d i f -  

f u s i v i t y  f o r  p a r t i c l e s  a t  a  concent ra t ion  c .  Here ( i i )  has been used 

s i n c e  t h e  f i r s t  convect ion term i n  J r ep resen t s  convection by t h e  f l u i d .  

The equat ions o f  motion a r e  then  

(2) 

where oC - 1  i s  t h e  r e l a t i v e  excess d e n s i t y  of t h e  p a r t i c l e s .  

The boundary condi t ions  on t h e  l a y e r  boundaries z = 0, H a r e  obtained a s  

i n  t h e  Bknard problem, except  t h a t  we must s e t  t h e  v e r t i c a l  f l u x  of t h e  

organisms equal t o  zero the re :  J3(0)  = J3(H) = 0. Since  c  i s  a  rough 
r 

analog of temperature i n  thermal convection, t h i s  l a s t  boundary cond i t i on  

r ep re sen t s  an e s s e n t i a l  depa r tu re  from t h e  f a m i l i a r  convect ion problem, 

Inso fa r  a s  t h e  condi t ions  on t h e  v e l o c i t y  f i e l d  a r e  concerned we t r e a t  

t h e  boundaries as  p lanes  even though they may a c t u a l l y  be  f r e e .  

The l i n e a r  s t a b i l i t y  of t h e  equi l ibr ium s o l u t i o n s  of ( I ) ,  (2) ,  

( i . e .  s o l u t i o n s  wi th  u _ =  0  and c = C(z))  can b e  c a r r i e d  o u t  r o u t i n e l y .  

The exchange of s t a b i l i t i e s  holds f o r  a r b i t r a r y  p o s i t i v e  U(c) ,  D(c), and 

a  v a r i a t i o n a l  formulat ion of t h e  s t a b i l i t y  problem can be  given. For 

t h e  s p e c i a l  case  U(c) = Uo = cons tan t ,  D (c) = Do = cons t an t  [ t he  exponen- 

t i a l  case)  t h e  n e u t r a l  s t a b i l i t y  curves,  which always have t h e  form 

a r e  cha rac t e r i zed  by 

s o  t h a t  pe r tu rba t ions  of  i n f i n i t e  wavelength a r e  f i r s t  u n s t a b l e  a s  R i s  in-  

creased.  These curves a r e  shown i n  Fig. 2 .  

For a r b i t r a r y  choices  of U(c),  D(c) it i s  a l s o  t r u e  t h a t  t h e r e  i s  

i n s t a b i l i t y  i f  R exceeds a  va lue  computable by d i r e c t  expansion i n  powers 

of a ,  corresponding t o  growth a t  zero wave number. I t  i s  n o t  known whether 

o r  no t  t h i s  va lue  i s  s m a l l e s t  c r i t i c a l  va lue  f o r  a r b i t r a r y  U(c), D(c), and 
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Fig.2 C r i t i c a l  va lues  of R, exponent ia l  case .  

?, . Reasonably good agreement with t h e  experimental  va lues  of R, f o r  

T. pyriformis have been obta ined ,  us ing  i n d i r e c t  means t o  compute a va lue  

of Do and assuming t h e  constancy of U and D*. 

The polka-dot p a t t e r n  c l e a r l y  r e p r e s e n t s  a f i n i t e - a m p l i t u d e  phe- 

nomenon. I f  t h e  flow f i e l d  is  taken t o  be s t e a d y- s t a t e  and two-dimensional, 

and i f  t h e  d i f f u s i o n  of  t h e  organism f l u i d  i s  neg lec t ed  (D z 0 ) ,  a p o s s i b l e  

flow model can be  drawn a s  i n  Fig.3. 

Taking U t o  be cons tan t ,  one sees  t h a t  t h e s e  s t r eaml ines  and organism 

1 

paths a r e  r e l a t e d  by t h e  a d d i t i o n  of a uniform c u r r e n t .  The r e g i o n  of 

\ I \  

c losed  organism t r a j e c t o r i e s  i s  a reg ion  where t h e  organisms may be  

- ya 0 Ir/, -%A 0 
(4 ( b )  
Fig .3  Two-dimensional d i f f u s i o n - f r e e  p a t t e r n ,  

(a)  S t reaml ines .  (b) Organism t r a j e c t o r i e s .  

placed wi thout  i n t e r s e c t i n g  t h e  boundary. We can, f o r  s i m p l i c i t y ,  choose 
* 

A s  h + 0 ( t h i n  l a y e r  l i m i t )  it can b e  shown t h a t  t h e  model becomes a math- 
emat ica l  analog of  ~ 6 n a r d  convect ion between wa l l s  of  zero thermal  conduc- 
t i v i t y .  I n  t h a t  c a s e  our  r e s u l t s  f o r  Rc(A , a )  ag ree  wi th  those  of  Hurle,  
Jakeman, and pike6. 



t o  make c  cons tan t  t h e r e .  This reg ion  then  w i l l  a c t  a s  an " impeller"  

t o  d r i v e  t h e  flow, shown. The r e s u l t i n g  s t reamfunct ion must t hen  b e  

compatible wi th  t h e  reg ion  over which t h e  organisms a r e  d i s t r i b u t e d .  

Another p o s s i b l e  conf igura t ion  f o r  t h e  s t r eaml ines  (obta inable  from 

t h a t  of Fig.3(b)  by a  deformation) i s  shown i n  Fig.4. The three-dimen- 

s i o n a l  ve r s ion  of Fig.4 gives a  t o r o i d a l  swarm of organisms. We have 

observed, i n  dense c u l t u r e s  of  Gyrodiniwn, "polka dots" which were 

both sphero ida l  and t o r o i d a l ,  i n  e i t h e r  case  arranged i n  a  near  hex- 

agonal a r r a y ,  pos i t i oned  roughly midway through t h e  l a y e r  and having 

a diameter  of perhaps a  h a l f  of t h e  l a y e r  t h i ckness ,  

F ig .4  Al t e rna t ive  con f igu ra t ion  f o r  s t r eaml ines ,  

Mathematically,  c a l c u l a t i o n  of d i f f u s i o n- f r e e  s t eady  s t a t e s  i n -  

volves  a  free-boundary problem f o r  Stokes '  equa t ions ,  i n  which t h e  do- 

main over which t h e  fo rc ing  term a c t s  depends i n  a  h igh ly  non l inea r  

( s t r u c t u r a l )  way upon t h e  flow f i e l d .  Truncated e igenfunct ion  expan- 

s i o n s  app ropr i a t e  t o  t h e  biharmonic ope ra to r  have been used t o  gene ra t e  

some h ighly  approximage r e s u l t s .  Somewhat s u r p r i s i n g l y  t h e  observed 

packing d e n s i t y  of polka d o t s  i s  c l o s e l y  p red ic t ed  by minimizing t h e  

app ropr i a t e  Rayleigh number (no longer  R )  wi th  r e s p e c t  t o  wavenumber, 



assuming hexagonal c e l l s  and two s t r e s s - f r e e  boundaries .  The r e s u l t  how- 

ever  depends upon t h e  assumption t h a t  t h e  experimental mean p a r t i c l e  den- 

s i t y  w i t h i n  t h e  dot  i s  independent of  i t s  s i z e ,  and it i s  no t  known whether 

o r  no t  such a  l i m i t i n g  d e n s i t y  i s  a c t u a l l y  obtained.  

We now cons ider  t h e  ques t ion  of  s ecu r ing  a  f i n i t e  c r i t i c a l  wave- 

length .  I n  t h e  f i r s t  p l ace  t h e  expansion i n  powers of a  p r e d i c t s  t h a t  

t h e  mode of  maximal growth f o r  R above Rc  does occur a t  p o s i t i v e  a, 

t ending  t o  zero a s  R t ends  t o  R c .  However t h i s  only sugges ts  t h a t  a  

small  modi f ica t ion  of t h e  model may be s u f f i c i e n t  t o  make a, smal l  bu t  

p o s i t i v e ;  it does not  exp la in  t h e  onse t  of  i n s t a b i l i t y  i n  a  t i l t e d  

p e t r i  d i s h ,  a t  t h e  c r i t i c a l  depth ,  a s  a  p a t t e r n  with f i n i t e  wavelength. 

I t  would appear t h a t  one o r  both of t h e  fol lowing enlargements of t h e  

model may be  necessary: (Note t h a t  i f  a, remains smal l ,  t hen  c r i t i c a l  

curves of F ig .2  should remain v a l i d  i n  t h e  modified model.) (1) No con- 

d i t i o n s  have been incorpora ted  which t a k e  i n t o  account t h e  presence  of 

t h e  upper boundary on t h e  swimming (and hence on t h e  v e r t i c a l  d r i f t  and 

d i f f u s i o n ) .  A reasonable  r e p r e s e n t a t i o n  of  t h e s e  e f f e c t s  would r e q u i r e  

t h a t  U depend upon z a s  wel l  as upon c ,  and t h a t  d i f f u s i o n  should be  non- 

i s o t r o p i c  with d i f f u s i v i t i e s  depending upon z .  (2) When t h e  upper bound- 

a r y  is  f r e e ,  t h e  c o r r e c t  cond i t i on  i s  not  exac t ly  w = 0. The c o r r e c t  

l i n e a r i z e d  cond i t i on  i s ,  once h o r i z o n t a l  dependence i s  s epa ra t ed  ou t ,  

a " v ~  3 % ~  + a  w = O m  t =  a3w +aga-- 
a t9 t a t a  a t a - r  ' 2  H, 

which in t roduces  a  q u a d r a t i c  dependence upon t h e  growth r a t e .  Incorpora-  

t i o n  of (3)  br ings  wi th  i t  an a spec t  of t h e  Rayleigh-Taylor i n s t a b i l i t y  

and may t h e r e f o r e  be  r e l e v a n t  t o  t h e  wavelength a t  c r i t i c a l .  

The au thor  wishes t o  thank Melvin S t e r n  and John Whitehead f o r  

comments, 
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PERTURBED TURBULENCE AND EDDY VISCOSITY 

Russ Davis 

The pe r tu rba t ion  of  a  t u rbu len t  shea r  flow by an organized wave- 

l i k e  d i s tu rbance  i s  examined using a  dynamical, r a t h e r  than  phenomenol- 

o g i c a l ,  approach. On t h e  b a s i s  of t h e  assumption t h a t  an  i n f i n i t e s i m a l  

p e r t u r b a t i o n  r e s u l t s  i n  a  l i n e a r  change i n  t h e  s t a t i s t i c s  and t h a t  t h e  

turbulence  is  e i t h e r  weak o r  t h a t  t h e  t u r b u l e n t  pe r tu rba t ions  a r e  quas i-  

Gaussian, a  method of p r e d i c t i n g  t h e  p e r t u r b a t i o n  t u r b u l e n t  Reynolds 

s t r e s s e s  is  developed. The novel a spec t  i s  t h a t  t h e  dynamical equat ions 

a r e  solved be fo re  t h e  informat ion- los ing  process  of averaging i s  accom- 

p l i shed .  

When app l i ed  t o  long wave dsganized d i s tu rbance  i t  i s  t h e  p e r t u r -  

b a t i o n  t u r b u l e n t  shea r  s t r e s s  which i s  of primary importance and t h i s  

s t r e s s  is  determined p r imar i ly  by t h e  p r i n c i p a l  component o f  mean shea r  

&,,/a 2 where t h e  primary mean flow i s  U l  ( 2 ) .  The shear  s t r e s s  i s  

r e l a t e d  t o  t h e  v e l o c i t y  shea r  through a  r e l a t i o n  which depends on t h e  
A 

spectrum of t h e  t u r b u l e n t  v e l o c i t y  component p a r a l l e l  t o  Z. The con- 

s t i t u t i v e  equat ion  r e l a t i n g  t h e  shea r  s t r e s s  and mean shea r  i s  v isco-  

e l a s t i c  i n  n a t u r e  and depends on how we l l  t h e  t u r b u l e n t  components obey 

Taylor ' s  hypothesis  t h a t  phase v e l o c i t y  equals  t h e  mean flow v e l o c i t y ,  

Theore t i ca l  and experimental r e s u l t s  a r e  used t o  e s t ima te  t h e  spectrum 
A 

of t h e  t u r b u l e n t  components p a r a l l e l  t o  Z and t h i s  leads t o  a  c o n s t i t u t i v e  

equat ion which i s  i n  agreement wi th  t h e  known behavior  of a  cons t an t  s t r e s s  

boundary l a y e r .  



DUST DEVILS - Movies and S l i d e s  

Daniel E. F i t z j a r r a l d  

Movies were shown which were taken  i n  t h e  Mojave Desert  of 

southern  C a l i f o r n i a  t o  i l l u s t r a t e  t h e  q u a l i t a t i v e  a s p e c t s  of  flows 

w i t h i n  atmospheric thermal v o r t i c e s .  A g r e a t  number of examples of 

t h e s e  flows were seen,  and s e v e r a l  d i s t i n c t  f e a t u r e s  were noted.  

Correspondence of t h e  n a t u r a l  flows with f i lms  of an experiment 

designed t o  s imu la t e  thermal v o r t i c e s  was shown. I n  p a r t i c u l a r ,  s e v e r a l  

of t h e  q u a l i t a t i v e  a spec t s  of t h e  l abo ra to ry  f lows,  inc luding  r eg ions  

of p o s i t i v e  and negat ive  v e r t i c a l  v e l o c i t y  and t h e  t u r b u l e n t  v o r t e x  

s t r u c t u r e ,  were seen  t o  be q u i t e  s i m i l a r  t o  r e a l  d u s t  d e v i l s .  

Based on measurements of  v e l o c i t y  and temperature,  ( F i t z j a r r a l d ,  

1973), dynamic s i m i l a r i t y  was ind ica t ed  between t h e  experiment and 

n a t u r a l  v o r t i c e s .  The na tu re  of t h e  d a t a  a v a i l a b l e  precluded any exac t  

comparison, bu t  t h e  agreement was good w i t h i n  reasonable  l i m i t s .  
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PLANE WAVE SOLUTIONS TO REACTION-DIFFUSION EQUATIONS 

Louis N .  Howard 

The temporal evolu t ion  of  t h e  concen t r a t ions  C; i n  a  chemica l ly  

r e a c t i n g  system wi th  d i f f u s i o n  i s  u s u a l l y  modelled by equat ions  of t h e  

form 

The ( t y p i c a l l y  non l inea r )  func t ions  Fi desc r ibe  t h e  chemical k i n e t i c s ,  

o r  an approximation t h e r e t o  a p p r o p r i a t e  t o  t h e  t ime s c a l e  under cons ider-  

a t i o n ,  and t h e  ma t r ix  K ; ( k , . )  of d i f f u s i v i t i e s  i s  symmetric and p o s i t i v e  ' J 
d e f i n i t e .  

Under c e r t a i n  cond i t i ons  such equat ions  can have wave- l ike so lu -  

t f o n s ,  and these  appear t o  be  of i n t e r e s t  i n  connect ion wi th  t h e  a t tempt  



t o  understand t h e  formation of c e r t a i n  s p a t i a l l y  heterogeneous concentra-  

t i o n  d i s t r i b u t i o n s  which occur sometimes i n  t h e  Belousov-Zhabotinskif 

r e a c t i o n ,  This  r e a c t i o n ,  an ox ida t ion  of malor ic  ac id  by bromate ca t a lyzed  

by cerous ions ,  proceeds when s t i r r e d  i n  an o s c i l l a t o r y  manner wi th  an 

o v e r a l l  du ra t ion  of an hour o r  more bu t  exh ib i t i ng  r e g u l a r  n e a r l y  p e r i o d i c  

v a r i a t i o n s  i n  c e r t a i n  concent ra t ions  having a  per iod  of t h e  o rde r  of h a l f  

a  minute,  Thus i n  a  mathematical model of t h i s  r e a c t i o n  l i k e  ( I ) ,  appro- 

p r i a t e  t o  t ime s c a l e s  of t h e  o rde r  of t h e  o s c i l l a t i o n  per iod ,  one would 

expect t h a t  t h e  autonomous system 

approximately desc r ib ing  t h e  s p a t i a l l y  homogeneous chemical k i n e t i c s  

would have a  s t a b l e  l i m i t  cyc l e  among i t s  s o l u t i o n s ,  [Unfortunately t h e  

chemical k i n e t i c s  of  t h e  Belousov r e a c t i o n  i s  not  y e t  completely known, 

bu t  t h e  a v a i l a b l e  evidence suppor ts  t h i s  c o n j e c t u r e , )  N o  Kopell and I 

have r e c e n t l y  found methods f o r  showing t h e  ex i s t ence  of p lane  wave- like 

s o l u t i o n s  t o  (1) under t h e  assumptions e i t h e r  t h a t  (2) has a  l i m i t  cyc l e  

s o l u t i o n  o r  t h a t  i t  has  a  c r i t i c a l  po in t  which i s  u n s t a b l e  by growing 

o s c i l l a t i o n s ,  These methods, which a r e  adaptable  t o  numerical computation 

of t h e  p l ane  wave s o l u t i o n s ,  were sketched i n  t h e  l e c t u r e ,  

By a  plane-wave s o l u t i o n  o f  (1) we mean one i n  which 

c ; ( ~ , t )  = y c  (6t - @ * X ) )  _ - 
t h e  vec to r  !-.J being a  2 5 - per iodic  func t ion  of  i t s  argument, Such so lu -  - 
t i o n s  e x i s t  i f  t h e  o rd ina ry  d i f f e r e n t i a l  system 

has 2'ij:  = p e r i o d i c  s o l u t i o n s ,  Using t h e  Hopf b i f u r c a t i o n  theorem we show 
2- 

t h e  ex i s t ence  of  a  one-parameter family of such s o l u t i o n s  yc,b(€), ( E )  

[where t h e  parameter € may be regarded a s  a  measure of t h e  ampli tude of 

t h e  o s c i l l a t i o n s ) ,  This  i s  done assuming k i s  s u f f i c i e n t l y  c l o s e  t o  

a  s c a l a r  mat r ix ,  and i n  t h e  neighborhood of a  c r i t i c a l  p o i n t  of 12) which 

has an uns t ab le  conjugate  p a i r  o f  complex e igenvalues ,  Such weakly non- 

l i n e a r  waves can be computed by expansions of t h e  so lu t , i on ,  i t s  frequency 

and wave number I CK I i n  powers of t h e  ampli tude,  

With t h e  assumption t h a t  (2 )  has a  l i m i t  cyc,le,  and no s p e c i a l  

hypotheses about t h e  d i f f u s i o n  matrfx,  we can show a l s o  t h e  e x i s t e n c e  of 



such a one-parameter family of s o l u t i o n s  i n  a neighborhood of t h e  l i m i t  

cyc l e ,  This  i s  done by proving t h e  convergence of an i t e r a t i v e  process  

(which appears well- adapted t o  numerical purposes) f o r  t h e  cons t ruc t ion  

of  t h e  s o l u t i o n ,  which i n  t h i s  case  may be a l a r g e  amplitude wave of 

h i g h l y  non- sinusoidal  form. I t  appears t h a t  t h e s e  p lane  waves a r e  un- 

s t a b l e ,  as  s o l u t i o n s  of ( I ) ,  when they  a r e  of small  amplitude and near  

t h e  uns t ab le  c r i t i c a l  po in t  of (2 ) ,  b u t  a r e  s t a b l e  i n  a neighborhood of 

t h e  l i m i t  cyc l e .  

(Fur ther  d e t a i l s  can be  found i n  t h e  paper "Plane wave s o l u t i o n s  

t o  React ion-Diffusion Equations rr by N. Kopell and L.N.Howard, which w i l l  

appear s h o r t l y  i n  S tudies  i n  Applied Mathematics.) 

THE EFFECT OF BOTTOM TOPOGRAPHY I N  ROTATING STRATIFIED SYSTEMS 

Herbert  E .  Huppert 

Three model problems were d iscussed .  The th read  l i n k i n g  t h e s e  

problems was t h a t  t h e  i n t u i t i o n  gained from I could be coupled with I1 

t o  examine c r i t i c a l l y  111. 

I .  Flow of a S t r a t i f i e d  F lu id  over  A r b i t r a r y  Bottom Topography 

i n  a Rota t ing  Channel with V e r t i c a l  S ide  Walls (Huppert and S te rn ,  1973),  

V e r t i c a l  wa l l s  a r e  an  e s s e n t i a l  f e a t u r e  of t h i s  problem and a r e  

t h e  n a t u r a l  c o n s t r a i n t s  f o r  a l abo ra to ry  experiment.  While t h e  oceans 

have shal lower s lop ing  wa l l s  s i m i l a r  e f f e c t s  a r e  t o  be expected t h e r e ,  

though maybe s l i g h t l y  l e s s  dramatic .  The problem i s  e s s e n t i a l l y  ageo- 

s t r o p h i c ,  even at van i sh ing ly  small  Rossby number, and i n d i c a t e s  t h e  

ex i s t ence  of e f f e c t s  t h a t  can not be i n v e s t i g a t e d  by t h e  usua l  small  

Rossby number expansion procedure,  

The geometrfcal  s e tup  of F ig .1  was f i r s t  considered f o r  t h e  s i m -  

p l e r  case  o f :  i )  non- ro ta t ion ,  when s t eady  l e e  waves e x i s t  because a 

quiescent ,  s t r a t i f i e d  f l u i d  has  wave motions whose upstream phase v e l o c i t y  

can equal  t h e  downstream flow v e l o c i t y ;  and i i )  n o n - s t r a t i f i e d ,  shallow 

water flow down a channel wi th  v e r t i c a l  wal l s  s epa ra t ed  by a d i s t a n c e  L 

f o r  which t h e  non l inea r  conserva t ion  of p o t e n t i a l  v o r t i c i t y  equat ion  



Fig. 1 

can be integrated exactly. Here 7 is the relative vorticity, H the 

channel depth for upstream and H-h channel depth at any particular posi- 

tion, with H-ho the final downstream value with ho), h. The integration 

indicates that the flow will be blocked somewhere, in the sense that no 

streamline originating upstream enters this region if 

2~ + Y R %  CR-+ o) ,  
where the Rossby number I?= v / ~ L .  

The full problem was then analysed by linearizing about the mean 

flow V .  The solution is a combination of: a modified quasi-geostrophic 

flow incorporating many of the features of the flow discussed in ii) 

except that the modified flow decreases like e -nNe/(fL) ; and a Kelvin 

wave trapped to the left-hand wall with decay e -v3L/e and vertical wave- 
length 2 n  V / M  . The strength of this flow was discussed by two ex- 

amples: a) Suppose R = 0. Then the statement u = 0 at the wall implies, 
2 

assuming quasi-geostrophy, that P = 0 at the wall. But since PZ = -N  M 

at the bottom of the wall, if M is non-zero there PZ # 0 there. This 

paradox can only be broken if the assumption of quasi-geostrophy is in- 

correct, i.e. the quasi-geostrophic calculation is singular, leading to 

infinite velocities. b) From the analysis the normalised maximum height 

of the topography can be calculated for which blocking will not occur. 

The result is shown in Fig. 2. 



I I I 1 t I 1 

0 0,2 0,'f 08- 
OJ R 

0.6 0.1 

Fig. 2 

Fig.2 The c r i t i c a l  va lue  of  Nho/V ve r sus  Rossby number f o r  s t r a t f f i e d  

flow i n  a  r o t a t i n g  channel 

a ) M  ( ~ ~ y )  = k, + ( ( E  y) /~T] - ' ,  0 

I n  ca se  a )  and b)  t h e  blocking i s  due almost e n t i r e l y  t o  t h e  modified 

quasi- geostrophic component of  t h e  flow f o r  R < R, and e n t i r e l y  t o  t h e  

Kelvin wave f o r  R 7 Rc with Rc = 0.048 f o r  ca se  a )  and R = 0.135 f o r  

case  b ) .  The blocking occurs a t  t h e  bottom of  t h e  right- hand wa l l  f o r  

R c= Rc and a t  t h e  top  of t h e  le f t- hand wa l l  f o r  R > Rc ,  For ca se  c )  

t h e  blocking i s  e n t i r e l y  due t o  t h e  Kelvin wave f o r  a l l  R and occurs  a t  

t h e  t o p  of t h e  le f t- hand wa l l .  

11. The I n i t i a t i o n  of a  Taylor  Column over an  I s o l a t e d  Obs tac le  

i n  a  Homogeneous F lu id .  

The approach of I n g e r s o l l  (1969) was reviewed and t h e  s t a g n a t i o n  

cond i t i on  

was de r ived  f o r  a  c i r c u l a r l y  symmetric o b s t a c l e  of shape hoh(r,/L). I t  

was argued t h a t  whi le  a  top-hat [ h ( r )  = ~ ( 1 - r ) ]  o b s t a c l e  gave an ade- 

qua te  r e p r e s e n t a t i v e  s t r eaml ine  p a t t e r n  f o r  non-stagnant cond i t i ons ,  i t  

may be  very  s p e c i a l  when ho exceeds t h e  va lue  given by (11 .1) .  This i s  

because once a  vo r t ex  l i n e  has been compressed t h e  amount ho, i t  can move 



over a  f l a t  p l a t eau  without  f u r t h e r  compression. This  w i l l  n o t  be  t r u e  

f o r  genera l  obs t ac l e s .  

I t  was ind ica t ed  t h a t  each c losed  s t r eaml ine  shape corresponded t o  

a  d i f f e r e n t  o b s t a c l e  shape and t h e  problem of determining some s t r e a m l i n e  

p a t t e r n s  when s t agna t ion  occurs was suggested a s  a  u s e f u l  summer p r o j e c t .  

111. The I n i t i a t i o n  of a  Taylor Column over an I s o l a t e d  Obs tac le  

i n  a  S t r a t i f i e d  F lu id .  (Huppert, 1974) 

Adding s t r a t i f i c a t i o n  of cons tan t  N t o  I1 and assuming t h e  o b s t a c l e  

t o  be  of i n f i n i t e s i m a l  he igh t  leads  t o  t h e  s t a g n a t i o n  cond i t i on  

where T = H/f L and ,. I 

$(+)= ( r  h (k ) J .  (tr) d r  

In  c o n t r a s t  t o  ( I I . l ) ,  (111.1) can y i e l d  ho/H = 0, and does s o  f o r  a  top- hat  

obs t ac l e .  That is ,  a  Taylor column i s  always formed over a  top- hat  and t h i s  

i s  hence always an a t y p i c a l  o b s t a c l e  i n  a s t r a t i f i e d  f l u i d .  
A 

Evaluat ing (111.1) f o r  t h e  l ens  8 ( ~ ) =  ( 1  -pa)  14 ( l - ~ ) ~  & (t)=~t-*r~(t), 
we o b t a i n  Fig.  3. 

F ig ,3  The c r i t i c a l  va lue  of  h o ~ - . l  ve r sus  cr f o r  s t r a t i f i e d  flow over 
t h e  c y l i n d r i c a l  l ens  h ( r )  = ho (1-r2)  
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JUPITER'S GREAT RED SPOT: A FREE ATMOSPHERIC VORTEX? 

Andrew Po I n g e r s o l l  

The Great Red Spot (GRS), l i k e  a l l  o t h e r  v i s i b l e  f e a t u r e s  on 

J u p i t e r ,  i s  a  l a r g e  cloud system. On t h e  e a r t h ,  such cloud systems a r e  

e i t h e r  migra t ing  weather systems whose l i f e t i m e  i s  1- 2 weeks o r  quas i-  

permanent f e a t u r e s  d i r e c t l y  forced  by t h e  d i s t r i b u t i o n  of con t inen t s  

and oceans. Since t h e  GRS has e x i s t e d  f o r  a t  l e a s t  100 yea r s ,  i t  i s  

tempting t o  assume t h a t  i t  i s  t h e  r e s u l t  o f  d i r e c t  fo rc ing  by t h e  s o l i d  

p a r t s  of  J u p i t e r .  However, t h e r e  a r e  d i f f i c u l t i e s  with t h i s  explana t ion .  

First,  J u p i t e r  may not  have a  s o l i d  su r f ace ;  any s o l i d  s u r f a c e  must be 

thousands of km below t h e  v i s i b l e  c louds ,  and it  i s  no t  c l e a r  t h a t  a t -  

mospheric motions can couple over such a  g r e a t  range of depth. Second, 

t h e  r o t a t i o n  r a t e  of  t h e  GRS i s  l e s s  than  t h a t  of t h e  magnetic f i e l d ,  

which might be expected t o  r o t a t e  wi th  t h e  s o l i d  p l a n e t .  Moreover, t h e  

r o t a t i o n  r a t e  of t h e  GRS v a r i e s  e r r a t i c a l l y  on a  long time s c a l e ,  whi le  

t h a t  of  t h e  magnetic f i e l d  appears  t o  be cons t an t .  While t h e s e  d i f f i -  

c u l t i e s  a r e  not  insurmountable,  they  l ead  one t o  cons ider  models i n  which 

t h e r e  i s  no i n t e r a c t i o n  wi th  t h e  s o l i d  p a r t s  of J u p i t e r .  I s h a l l  c a l l  

t h e s e  f r e e  o r  unforced flows, a s  opposed t o  forced  o r  d r iven  f lows.  

The new r e s u l t  presented he re  i s  t h a t  f r e e ,  s t e a d y- s t a t e  so lu-  

t i o n s  of t h e  governing hydrodynamical equat ions  e x i s t  wi th  many of  t h e  

flow f e a t u r e s  of t h e  GRS and t h e  neighboring c u r r e n t s .  I f ,  a s  assumed 

he re ,  t h e  GRS does not  have a  s p e c i a l  f o r c i n g  mechanism, it should have 

many dynamical p r o p e r t i e s  i n  common wi th  o t h e r  major flow f e a t u r e s  i n  

J u p i t e r G s  atmosphere. Accordingly, I a l s o  d i scuss  t h e  observa t ions  which 

bear  on t h i s  ques t ion ,  and show t h a t  t h e  GRS i s  dynamically s i m i l a r  t o  

t h e  zones, which, t oge the r  wi th  t h e  da rke r  b e l t s ,  comprise J u p i t e r ' s  

axisymmetric banded s t r u c t u r e ,  



RAY THEORY OF WAVE PROPAGATION 

Joseph B .  Ke l l e r  

The ray  method of  analyzing wave propagat ion i s  presented .  First 

s t r a i g h t  rays i n  homogeneous media a r e  in t roduced ,  followed by r e f l e c t e d ,  

r e f r a c t e d ,  edge d i f f r a c t e d ,  v e r t e x  d i f f r a c t e d ,  s u r f a c e  d i f f r a c t e d ,  and 

complex r ays .  Then t h e  phase on a  ray i s  descr ibed ,  and i t  i s  eva lua ted  

i n  terms of t h e  o p t i c a l  l ength  o f  a  ray .  Next t h e  amplitude on a  r ay  i s  

introduced,  and i t  i s  shown t o  be  determined by a  conserva t ion  law i n -  

volving energy flow i n  a  tube of  r ays .  In  a d d i t i o n  c o e f f i c i e n t s  of r e -  

f l e c t i o n ,  r e f r a c t i o n  edge d i f f r a c t i o n ,  v e r t e x  d i f f r a c t i o n  and s u r f a c e  

d i f f r a c t i o n  a r e  in t roduced .  Furthermore t h e  o r i e n t a t i o n  o r  p o l a r i z a t i o n  

of  t he  f i e l d  a t  each p o i n t  on a  r ay  i s  def ined .  By combining a l l  t h e s e  

q u a n t i t i e s ,  t h e  f i e l d  a t  each p o i n t  on a  ray  of  any kind can be  found. 

Then t h e  t o t a l  f i e l d  a t  any p o i n t  is  determined as  t he  sum of t h e  f i e l d s  

on a l l  rays  through t h e  po in t .  This  f i e l d  i s  t h e  sum o f  t h e  leading  

terms i n  t h e  s h o r t  wave asymptot ic  expansion o f  t h e  f i e l d  on each r a y .  

For wave guides,  o r  waves i n  layered  media, each mode of  t h e  c ros s  

s e c t i o n  can be descr ibed  by a  r a y  theory o f  t h e  type j u s t  descr ibed .  

This i s  t h e  case,  f o r  example, f o r  i n t e r n a l  waves i n  an ocean o r  atmo- 

sphere .  The rays a r e  then  curves i n  t h e  h o r i z o n t a l  p l ane .  
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ASYMTOTIC THEORY OF WAVE PROPAGATION 

Joseph B .  Kel le r  

A method f o r  ob ta in ing  t h e  s h o r t  wave asymptot ic  expansion of any 

problem of l i n e a r  wave propagat ion i s  presented .  The method is  based 

upon a s u i t a b l e  asymptotic r e p r e s e n t a t i o n  of t h e  s o l u t i o n  i n  terms of 

waves. Each wave i s  cha rac t e r i zed  by a phase func t ion  and an  ampli tude 

vec to r .  The phase i s  shown t o  s a t i s f y  a f i r s t  o rde r  p a r t i a l  d i f f e r e n t i a l  

equat ion of t h e  Hamilton-Jacobi form. I t  i s  s o l v a b l e  i n  terms of  charac-  

t e r i s t i c s  o r  r ays .  The ampli tude i s  shown t o  s a t i s f y  a t r a n s p o r t  equa- 

t i o n  along t h e  r a y s .  Ref lec ted ,  r e f r a c t e d  and d i f f r a c t e d  waves of va r ious  

kinds a r e  a l s o  in t roduced$ The leading  terms of  t h e  r e s u l t i n g  expansion 

a r e  found t o  ag ree  with those  given by t h e  r ay  method. I t  i s  a l s o  shown 

how t o  avoid t h e  s i n g u l a r i t i e s  of t h e  expansion a t  c a u s t i c s ,  s h o r e l i n e s ,  

e t c .  by means of  uniform asymptotic expansions. 

FORCED PERIODIC VIBRATIONS OF NONLINEAR SYSTEMS 

Joseph B,  Ke l l e r  

A response diagram of a v i b r a t i n g  system i s  a graph of t h e  ampli- 

tude  of some p a r t i c u l a r  mode of v i b r a t i o n  a s  a func t ion  of t h e  v i b r a t i o n  

frequency, f o r  a f i x e d  fo rc ing  ampli tude.  When t h e  fo rc ing  amplitude i s  

zero, t h e  graph shows t h e  f r e e  v i b r a t i n g  amplitude a s  a f u n c t i o n  of i t s  

frequency. A method i s  presented  f o r  f i n d i n g  t h e  fo rces  v i b r a t i o n  curves 

f o r  a nonl inear  system i n  terms of t h e  corresponding f r e e  v i b r a t i o n  

problem i n  terms of t h e  modes, o r  nonl inear  e igenfunct ions ,  of t h e  non- 

l i n e a r  f r e e  v i b r a t i o n  problem. Thus it i s  analogous t o  a procedure widely 

used f o r  forced  l i n e a r  v i b r a t i o n  problems, and is  an ex tens ion  of  t h a t  

method t o  non l inea r  problems. 

When t h e  fo rc ing  occurs  through a boundary condi t ion ,  a s l i g h t  

modi f ica t ion  of  t h i s  method i s  used. I t  i s  i l l u s t r a t e d  by applying it 

t o  f i n i t e  ampli tude sound waves produced by a p i s t o n  i n  a t ube  of f i n i t e  

o r  i n f i n i t e  l eng th .  The cases  of fo rc ing  frequency near  t h e  cu t- of f  f r e -  

quency and near  a f r e e  v i b r a t i o n  frequency of  a c losed  tube,  a r e  examined 



i n  d e t a i l .  The r e s u l t i n g  ampli tude i s  shown t o  be  l a r g e  and f i n i t e  i n  

both cases ,  and not  i n f i n i t e  a s  l i n e a r  theory  would p r e d i c t .  

AN EXPERIMENT ON !'HEAT ISLAND" CONVECTION 

Ryuj i Kimura 

1. In t roduc t ion  

The average temperature near  t h e  ground i n  c i t i e s  i s  u s u a l l y  

h igher  than  t h a t  of t h e  r u r a l  a r e a s ,  This i s  caused mainly by a r t i -  

f i c i a l  h e a t  product ion i n  c i t i e s  and i s  c a l l e d  t h e  "urban h e a t  i s l a n d  

ef fec t" .  

A l abo ra to ry  experiment which is  s imple enough f o r  a  G.F.D. 

approach was made t o  observe convect ive motions due t o  t h e  h e a t  i s l a n d  

e f f e c t .  

2 .  Model and problem 

Consider a  viscous f l u i d  l aye r  s t a b l y  s t r a t i f i e d  (with c o n s t a n t  

temperature g rad ien t )  and bounded below by a  h o r i z o n t a l  p l ane  which has 

an i n f i n i t e  thermal conduc t iv i ty  (Fig.1) .  

Fig. 1 



Problem 1: What kind of  motions do we have i n  t h e  s t eady  s t a t e ,  

when t h e  boundary cond i t i on  f o r  t h e  temperature a t  t h e  lower boundary i s  

given by 

T r=T  (const . )  f o r  - 4 s  9 ~ f ?  K 
T* = T, (const .  ) otherwise? 

Problem 2: How does t h i s  flow p a t t e r n  change, i f  a  b a s i c  c u r r e n t  

w i th  v e r t i c a l  shea r  i s  added i n  t h e  s i t u a t i o n s  s t a t e d  i n  Problem l ?  

3 .  Dvnamical ~ r o ~ e r t i e s  f o r  Problem 1. 
A I 

The b a s i c  equat ions s c a l e d  by e , AT(' 

show t h a t  t h e  flow dynamics is  c o n t r o l l e d  by t h r e e  non-dimensional para-  

meters : 

(square r o o t  of  Grashoff number) Re = 

- 3 (P rand t l  number) pr - ,K 
and r E r* where r* i s  t h e  temperature g r a d i e n t  of t h e  b a s i c  

A T  
s t a t e .  

Non-dimensional temperature i s  expressed a s  

where T1 i s  t h e  temperature d e v i a t i o n  from t h e  b a s i c  s t a t e  due t o  hea t  con- 

duct ion  from t h e  "c i ty"  and Tr  i s  t h e  temperature d e v i a t i o n  which accom- 

panies  t h e  convect ive motions. From t h e  equat ion of h e a t  conduct ion we 

ob ta in  

Notice t h a t  we have an uns t ab ly  s t r a t i f i e d  r eg ion  above t h e  t t c i t y"  
a when r is  smal l ,  bu t  ( T3 +x) , 0 everywhere when T exceeds a  

c r i t i c a l  va lue  ( -  0.63).  

4. Experimental arrangement.  

A c i r c u l a r  channel wi th  a  r e c t a n g u l a r  c r o s s  s e c t i o n  is  used a s  

t h e  f l u i d  con ta ine r ,  The s c a l e  of t h e  con ta ine r  i s  shown i n  Fig.2.  

The s t a b l e  s t r a t i f i c a t i o n  of  t h e  f l u i d  l aye r  is  maintained by keeping t h e  

temperature of  t h e  t o p  and bottom of  t h e  con ta ine r  cons t an t  (TtOp>TbOttOm). 



Fig.  2 

A flow wi th  a  v e r t i c a l  shear  is  produced by r o t a t i n g  t h e  top  boundary 

of t h e  con ta ine r .  The convect ive motions a r e  generated by p u t t i n g  a  

h e a t e r  a t  t h e  bottom of  t h e  con ta ine r .  

5. Resu l t s  ( q u a l i t a t i v e )  

( fo r  Problem 1 )  

We have two kinds of flow r#gimes by changing r a s  sketched 

Fig. 3 

When T i s  l a r g e ,  t h e  c i r c u l a t i o n  i s  most i f i tense near  t h e  edges of t h e  

l lc i ty" ,  and t h e  c e n t r a l  p a r t  o f  t h e  "c i ty t1  i s  s t agnan t  ( a ) .  When i s  

smal l ,  a  narrow v e r t i c a l  j e t  i s  formed a t  t h e  c e n t e r  of t h e  " ci ty"  (b) .  

The he igh t s  of  t h e  maximum p e n e t r a t i o n  a r e  p l o t t e d  a s  a  func t ion  of r i n  

F ig .4 ,  

( f o r  Problem 2)  

1) When we add t h e  v e r t i c a l  shea r  flow wi th  moderate i n t e n s i t y ,  

t h e  flow p a t t e r n  remains s t a t i o n a r y ,  b u t  

i )  t h e  p o s i t i o n  of t h e  j e t  a t  t h e  ground s h i f t s  downstream, 

i i )  t h e  j e t  a x i s  i n c l i n e s  downstream, 



i i i )  t h e  overshooting of t h e  j e t  i n c r e a s e s .  

2 )  When t h e  v e r t i c a l  shea r  exceeds a  c e r t a i n  va lue ,  t h e  i n t e r n a l  

waves a s soc i a t ed  wi th  t h e  overshooting of t h e  j e t  a r e  no longer  s t a -  

t i o n a r y .  

3) We have a  reg ion  where t h e  flow i s  very  weak (blocking reg ion)  

i n  t h e  upstream s i d e  of t h e  j e t .  

CUMULUS CONVECTION AND EQUATORIAL WAVES I N  THE ATMOSPHERE 

Richard S. Lindzen 

CISK (condi t iona l  i n s t a b i l i t y  of t h e  second kind)  i s  examined 

f o r  i n t e r n a l  waves where low l e v e l  convergence i s  due t o  t h e  i n v i s c i d  

wave f i e l d s  r a t h e r  t han  t o  Ekman pumping. 

I t  i s  found t h a t  CISK induced waves must g ive  r i s e  t o  mean cumulus 

a c t i v i t y  ( s ince  t h e r e  a r e  no nega t ive  c louds) ,  and i t  i s  suggested t h a t  

t h i s  mean a c t i v i t y  p l ays  an  important  r o l e  i n  t h e  f i n i t e  amplitude 

e q u i l i b r a t i o n  of  t h e  system. The most uns t ab le  CISK waves w i l l  be  asso-  

c i a t e d  wi th  very  s h o r t  v e r t i c a l  wavelengths ((O(3 km)) i n  o rde r  t o  max- 

imize ( i n  some crude sense)  subcloud convergence. Thus t h e  v e r t i c a l  

s c a l e ,  i n  t u r n ,  determines t h e  d i s p e r s i v e  r e l a t i o n s  between h o r i z o n t a l  

and temporal s c a l e s .  I t  i s  found t h a t  t h e r e  e x i s t s  a  wave-CISK mode 



which i s  independent of longi tude ,  and hence independent o f  t h e  mean zonal 

flow. Because of t h i s  independence, t h e  per iod  of t h i s  o s c i l l a t i o n  should 

form a prominant l i n e  i n  t r o p i c a l  s p e c t r a .  This  per iod  t u r n s  o u t  t o  be 

about 4 .8  days which i s  indeed a  prominant f e a t u r e  of  t r o p i c a l  s p e c t r a .  

I t  i s  shown, t h a t  due t o  l ong i tud ina l  inhomogeneities i n  t h e  t r o p i c s  (such 

a s  land- sea) ,  t h e  above o s c i l l a t i o n  must be accompanied by t r a v e l l i n g  

d i s tu rbances  whose per iod  with r e s p e c t  t o  t h e  ground w i l l  a l s o  be 4.8 days 

and whole long i tud ina l  s c a l e s  w i l l  t y p i c a l l y  be from 1000-3000 km depend- 

ing  on t h e  mean zonal flow. I t  i s  f u r t h e r  shown t h a t  t h e  e x i s t e n c e  of t h e  

above o s c i l l a t o r y  system has two a d d i t i o n a l  imp l i ca t ions :  

i )  The above system i s ,  i t s e l f ,  uns t ab le  wi th  r e s p e c t  t o  g r a v i t y  

waves wi th  h o r i z o n t a l  s c a l e s  on t h e  o r d e r  of 100-200 km. Such 

waves may be a s soc i a t ed  wi th  cloud c l u s t e r s .  

i i )  The above system leads t o  maximum low l e v e l  convergence (and 

hence, a  tendency toward mean cumulus a c t i v i t y )  i n  r eg ions  cen- 

t e r e d  about + 6 - 7' l a t i t u d e ,  thus  provid ing  a  p o s s i b l e  explana-  

t i o n  f o r  t h e  p o s i t i o n  of  t h e  ITCZ. 

MACRODYNAMICS OF PLANETARY DYNAMOS 

W. V .  R .  Malkus and M ,  R .  E .  P roc tor  

Abs t rac t  

Past s tudy  of t h e  l a r g e  s c a l e  consequences of forced small  s c a l e  

motions i n  e l e c t r i c a l l y  conducting f l u i d s  has l e d  t o  t h e  ' cC-e f f ec t t  

dynamos. Various l i n e a r  kinematic a spec t s  of  t h e s e  dynamos have been ex- 

plored ,  sugges t ing  t h e i r  va lue  i n  t h e  i n t e r p r e t a t i o n  of observed p l a n e t a r y  

and s t e l l a r  magnetic f i e l d s .  However, l a r g e  s c a l e  magnetic f i e l d s  wi th  

global  boundary cond i t i ons  can n o t  be f o r c e- f r e e  and w i l l  cause l a r g e  

s c a l e  motions a s  they  grow. I n  t h i s  paper t h e  f i n i t e - a m p l i t u d e  behavior  

of  g loba l  magnetic f i e l d s  and t h e i r  induced l a r g e  s c a l e  flows i n  r o t a t i n g  

systems i s  i n v e s t i g a t e d .  I n  gene ra l ,  both v iscous  and ohmic d i s s i p a t i v e  

mechanisms have ranges of importance i n  determining t h e  ampli tude and 

s t r u c t u r e  o f  t h e  evolved flows and magnetic f i e l d s .  In  circumstances 



where ohmic loss is the principal dissipation, it is found that determin- 

ation of the zonal flows is an essential part of the solution of the basic 

stability problem. Nonlinear aspects of the theory include meridional 

flow amplitudes which are independent of rotation and a total magnetic 

energy which is directly proportional to rotation. Constant cC is the 

simplest example exhibiting the various dynamic balances of this stabil- 

izing mechanism for planetary dynamos, A detailed analysis is made for 

this case to determine the initial equilibration of fields and flows in 

a rotating sphere. 

Reswne 

Many large scale features of planetary and stellar magnetic fields 

may have their origin in geometric and rotational constraints. Even the 

periodicity of field reversals may be insensitive to the structure of the 

underlying motions responsible for magnetic regeneration. In this study 

an exploration is begun of the finite amplitude balance of large scale 

fields and flows in rotating fluid spheroids based upon the ideas of mean 

field magnetohydrodynamics (Steenbeck, Krause, and Radler 1966, 1969, 1970). 

Related to earlier work by Parker (1955) and Braginskii (1964), mean field 

electrohydrodynamics supposes that the magnetic and velocity fields in a 

conducting fluid may exist at two widely different length scales (L and 

4 say, where d K  L). Then the induction equation for the large scale, 

or mean, magnetic field, - B, may be written 

where - U is the mean velocity, A is the magnetic diffusivity and - U' and 
B f  are small scale velocity and magnetic fields. The bar denotes an - 

3 
average over volumes large compared to -e The principal problem ad- 

dressed in past work has been the determination of small scale fields 

which would lead to regeneration of the large scale field - B through the 
interaction term - U' x B t .  A recent successful study by Moffatt (1970, - 
(a,b), 1972) restricts attention to forced quasi-linear processes (e.g. 

small amplitude inertial waves). Moffatt concluded that to a first ap- 

proximation 



where o C i j  is a symmetric tensor which is a function of the spectrum of 

the mean 'helicityt (Z u'- - 98 - v ' )  of the small scale flow. At large am- 

plitudes oC$ * will depend also upon the mean fields B and U in a compli- 
L J  - - 

cated manner. In his 1972 paper, Moffatt finds a finite-amplitude equili- 

bration for - B in a homogeneous unbounded medium due to this dependence of 

J 
An alternate mechanism which can restrict the growth of unstable 

magnetic fields is the concomitant development of large scale velocity 

fields. In a global geometry such velocity fields must exist because all 

finite magnetic fields compatible with global boundary conditions will 

produce Lorentz forces. The dynamical equation for the mean fields in an 

incompressible rotating fluid is written 

3~ a - 
UP - ax, / a), ~ + - u e v y -  ~ P - V E +  2 . R x  !J + O P ~  ~ V I U  -----;(u: u;- - f i e  L J (1 o 3)  

where $I - is the angular velocity of the frame of reference, i) is the 
kinematic viscosity, (IA us the magnetic permeability, is the density, 

p is the effective pressure, and the mean terms on the right are the 

Reynolds stresses due to the small scale process. Anticipating that the 

principal balance of forces for the evolved fields will be the magneto- 

strophic balance between the Lorentz force, the Coriolis force, and the 

pressure, we will scale the variables so that these are the leading terms 

in Eq.(1.3). To satisfy the fluid boundary conditions, the viscous term 

must be retained as a singular perturbation. The determination of a 

finite-amplitude solution consistent with this scaling justifies the 

magnetostrophic balance, if in addition it can be established that the 

Reynolds stresses (and any other large scale body forces) are small com- 

pared to the Lorentz force. 

Hence we visualize an equilibration of the growing magnetic field 

by "back e. m. f . s" (i.e. U x B) and increased ohmic dissipation result- - - 
ing from the magnetostrophic velocity field. 

The basic stability problem posed in Eq.(l.l) has been solved in 

a kinematic sense for a variety of assumed OC;j . Recent numerical work 

by Roberts (1972) explores the (linear) structure of growing magnetic 

fields compatible with global boundary conditions for 0c;j and - U prescribed 



as  smooth func t ions  of p o s i t i o n .  However, we w i l l  f i n d  t h a t  t h e  so lv-  

a b i l i t y  condi t ions  f o r  magnetostrophic ba lance  impose condi t ions  on t h e  

f i e l d  - U which markedly a l t e r  t h i s  e n t i r e  c l a s s  of  kinematic  problems. 

The complexity of g loba l  magnetic f i e l d s  as  exemplif ied by Roberts '  

numerical models sugges ts  t h a t  a n a l y t i c a l  s tudy  of  t h e  mechanisms of  

f i n i t e  amplitude ba lance  w i l l  b e  p o s s i b l e  only f o r  t h e  s imp les t  choices  

f o r  c C i j  . However, t h e  f i n i t e  amplitude problem f o r  a r b i t r a r y  K ;j i s  

formulated and c e r t a i n  genera l  conclusions a r e  drawn concerning t h e  r o l e  

o f  d i s s i p a t i o n  and t h e  condi t ions  f o r  s u b c r i t i c a l  i n s t a b i l i t y *  I n  o rde r  

t o  e s t a b l i s h  t h a t  f i n i t e  amplitude s o l u t i o n s  wi th  and wi thout  f i n i t e  v i s -  

cous e f f e c t s  indeed e x i s t ,  t h e  example of cons tan t  07. ( i .  e .  d ~ j  = asLj 
i s  then  s t u d i e d .  The l i n e a r  e igenvalue problem has been so lved  by Krause 

and Steenbeck (1967) . Here c e r t a i n  s e lf- ad j o i n t  aspec ts  and degeneracies  

o f  t h e  l i n e a r  problem a r e  o u t l i n e d  be fo re  proceeding t o  t h e  non l inea r  

problem, I t  i s  found t h a t  t h e  f i r s t  e q u i l i b r a t i o n  of  t h e  u n s t a b l e  mag- 

n e t i c  f i e l d  i s  achieved by viscous d i s s i p a t i o n  o f  t h e  induced flow, 

Ohmic d i s s i p a t i o n  and 'back e , m , f . ' s l  f i n a l l y  determine t h e  ba lance  i n  

t h e  next  o rde r  of t h e  f i n i t e  amplitude expansion. Most s i g n i f i c a n t l y ,  

t h e  appearance of zonal flows due t o  zonal Lorentz torques r e q u i r e s  t h a t  

' p a r t s  of  t h e  problem be  reordered  t o  t r e a t  t h e  important  ca se  of  small  

v i s c o s i t y .  This r eo rde r ing  i s  done so  t h a t  t h e  f i n i t e- ampl i tude  f i e l d s  

and flows become independent of  t h e  v i s c o s i t y  f o r  vanish ingly  small  v i s -  

c o s i t y ,  I n  genera l  t h i s  i s  p o s s i b l e  only i f  a zeroth-order  zonal flow i s  

determined s o  t h a t  t h e  i n i t i a l l y  uns t ab le  magnetic f i e l d  produces no 

mean zonal to rques .  For tuna te ly  t h e  cons tan t  oc case  leads  t o  no zeroth-  

o rde r  zonal flows and t h e  f in i t e- ampl i tude  problem can be approximately 

c losed  a t  t h i r d  order .  To do s o  r e q u i r e s  t h e  de te rmina t ion  of t h e  merid- 

i o n a l  flows from which an upper bound on magnetic f i e l d  amplitude i s  found 

without  r e q u i r i n g  s o l u t i o n s  f o r  t h e  magnetic f i e l d  d i s t o r t i o n s  o r  second 

o rde r  zonal flows, 

The i n t r i c a t e  i n t e r p l a y  of  f i e l d s  and flows needed t o  achieve a 

nonl inear  macrodynamical dynamo ba lance  i s  reassessed  i n  a conclusion,  

A f i n a l  t o p i c  d iscussed  i s  t h e  parameter range i n  which t h e  macrodynamical 



r e s t r a i n t s  on dynamo growth a r e  l i k e l y  t o  be  more important than  r e -  

s t r a i n t s  on dynamo growth due t o  t h e  r educ t ion  of  KCj  by t h e  mean 

f i e l d s .  

WIND-INDUCED INTERNAL WAVES IN A STRATIFIED OCEAN 

Martin T. Mork 

Using l i n e a r  dynamics and an eddy v i s c o s i t y  c o e f f i c i e n t  which 

i s  i nve r se ly  p ropor t iona l  t o  t h e  s t a t i c  s t a b i l i t y  t h e  response i s  

der ived  wi th  a i d  of  s e r i e s  expansion i n  e igenfunct ions .  The eigen- 

func t ions  which conta in  t h e  v e r t i c a l  dependency a r e  t h e  same a s  i n  

t h e  nonviscous case  of f r e e  i n t e r n a l  waves. The i n t e r n a l  response is  

weak i n  a  l a t e r a l l y  unl imi ted  ocean wi th  f l a t  bottom, but  i s  increased  

by a  f a c t o r  of  10 when a  l a t e r a l  boundary i s  introduced.  When t h e  

ocean i s  made up of a  deep and a  shallow reg ion  t h e  i n t e r n a l  modes a r e  

e f f e c t i v e l y  e x c i t e d  as  a  r e s u l t  o f  t h e  t ransformat ion  of t h e  forced 

s u r f a c e  mode. I n  a p r a c t i c a l  exaMple t h e  displacement i n  t h e  i n t e r i o r  

i s  found t o  b e  more than  1000 times t h a t  of t h e  s u r f a c e .  

MODELS OF EDDIES AND WAVES 

Pe te r  B. Rhines 

Computer experiments wi th  a  two- layer ocean (or  atmosphere) 

show what happens when two-dimensional tu rbulence  i s  subjec ted  t o  a  

number of geophysical  e f f e c t s :  s t r a t i f i c a t i o n ,  /3 ( t he  northward gra-  

d i e n t  of C o r i o l i s  parameter,  f ) ,  i s o l a t i o n  ( in t e rmi t t ency ) ,  and bottom 

topography. The tendency of geos t rophic  eddies  t~ c l u s t e r  and inc rease  

i n  s i z e  (and t o  avoid t u r b u l e n t  d i s s i p a t i o n )  wi thout  l i m i t  can be de- 

fea t ed  by any of t h e  above e f f e c t s :  h a l t s  t h e  migra t ion  t o  l a r g e  

s c a l e ,  L ,  when L* reaches 2 u /3, where U i s  t h e  rms p a r t i c l e  v e l o c i t y ;  / 
i s o l a t i o n  of a pa tch  of eddies  h a l t s  t h e  cascade when L approaches t h e  

s i z e  of  t h e  pa tch ;  rough topography causes a  cascade t o  small  s c a l e s  i f  

6 > V/+Q,~ & being t h e  rms roughness he igh t  s c a l e d  by t h e  ocean depth,  

Lh i t s  dominant s c a l e .  I n t e n s i f i c a t i o n  of t h e  c u r r e n t s  can then  occur  



near  

P 
t h e  ocean bottom. Smooth topographic s l o p e s  l i m i t  t h e  s i z e  a s  does 

F i n a l l y ,  s t r a t i f i c a t i o n  allows a  cascade from l a r g e  s c a l e s  t o  

small  v i a  b a r o c l i n i c  i n s t a b i l i t y .  I f ,  however, one s t a r t s  wi th  a  f i e l d  

of b a r o c l i n i c  eddies  smal le r  than  t h e  i n t e r n a l  deformation r ad ius ,  t hey  

evolve i n t o  l a r g e r  eddies  coherent  i n  t h e  v e r t i c a l :  t h a t  i s ,  t h e  turbu-  

lence  can quick ly  convert  energy from b a r o c l i n i c  t o  b a r o t r o p i c  flow, 

while  i nc reas ing  L. 

Estimates  show t h a t  both t h e  atmosphere and ocean a r e  i n  s t a t e s  

near  t o  t hose  occurr ing  i n  t h e  experiments.  

ARCHIMEDEAN INSTABILITIES I N  TWO-PHASE FLOWS 

Edward A. Sp iege l  

The equat ions f o r  two-phase flows c o n t a i n  t h e  d e s c r i p t i o n  of a  

number of  i n t e r e s t i n g  n a t u r a l  phenomena i n  d i f f e r e n t  l i m i t s ,  The pro-  

to type  of  such flows is t h e  f l u i d i z e d  bed f o r  which a  l abo ra to ry  demon- 

s t r a t i o n  was given. Such beds a r e  f r e q u e n t l y  uns t ab le  a s  a  r e s u l t  of 

d i f f e r e n t i a l  buoyancy fo rces .  The r e l a t i o n  t o  s o l u t a l  convect ion,  

Ch i ld re s s '  bioconvect ion equat ions ,  and t h e  flow of r a d i a t i o n  through 

mat te r  was d iscussed  s t a r t i n g  from t h e  b a s i c  two- f lu id  equat ions .  

Under app ropr i a t e  condi t ions  each o f  t h e s e  flows e x h i b i t s  an Archimedean 

i n s t a b i l i t y  and t h e  nonl inear  development of such i n s t a b i l i t i e s  i n  t h e  

d i f f e r e n t  ca ses  was specula ted  on. 

DIABATIC AND WIND STRESS ADJUSTMENTS OF ROTATING CURRENTS 

Melvin E.  S t e r n  

There a r e  many s t u d i e s  o f  t h e  i n f l u e n c e  of s p a t i a l l y  vary ing  

wind s t r e s s  and h e a t i n g  func t ions  upon t h e  ocean, t h e  most f a m i l i a r  

being t h e  Sverdrup c i r c u l a t i o n  and t h e  theory  of wind-generated i n -  

t e r n a l  waves. But a  h o r i z o n t a l l y  uniform wind s t r e s s  o r  s u r f a c e  cool-  

ing  can a l s o  gene ra t e  i n t e r e s t i n g  i n t e r n a l  motions, provided they  a c t  

upon a  "pre-exis t ing1 '  v o r t i c i t y  i n  t h e  ocean. A mot iva t ing  example 

f o r  t h e  d i scuss ion  of  t h e  l a t t e r  e f f e c t s  i s  provided by r e c e n t  (MEDOC) 



observation of the formation of Mediterranean bottom water when the cold- 

dry mistral blows in winter. Here the preexisting vortex has a relatively 

high surface salinity (and relatively low static stability) at its center. 

With the onset of the mistral the thermocline at the center of the eddy 

is eroded, and cold water is eventually supplied to the Mediterranean 

abyss. Convection from the surface to the bottom only occurs, however, 

in such isolated regions, whereas the major portion of the sea does not 

overturn in winter. 

Thus the question is raised as to the geostrophic adjustments in 

the vortex during the cooling process, but prior to the time of mixing 

from top to bottom of the ocean. 

Various models have been explored in order to parameterize the 

diabatic effects and to examine the resulting dynamical consequences. 

For example, we have considered a two-layer model containing a geostrophic 

jet in the upper layer. We then allow the density of the upper layer to 

change in time, these density changes being (somehow) related to the ther- 

modynamic effects produced by surface heating or cooling. If the heating 

function varies rather rapidly (diurnally) in time then inertia oscilla- 

tions can be generated and resonantly amplified (at the inertia frequency) 

by interaction with the undisturbed jet. With regard to the slower geo- 

strophic adjustment problem, we plan to devise a model for a uniform rate 

of surface cooling, and in which horizontal variations in density will be 

allowed in a modified two-layer system. From such models we may determine 

the vortex conditions, such that the internal interface surfaces before 

the entire thermocline becomes gravitationally unstable. 

THERMOCLINE IN A ROTATING ANNULUS 

Melvin E, Stern 

We investigate the steady, laminar, and axial symmetric circula- 

tion in a semi-insulated annulus of height H and width L, when a uniform 

radial temperature gradient AT/L is imposed on the rigid upper surface. 

The rotation rate f/2, the viscosity 7 )  , and the conductivity X are 

restricted to a range such that all of the radial heat transport is 



'L 
accomplished i n  an  upper Ekman l aye r ,  t h e  th ickness  (I)/~) of  which i s  

small compared t o  t h e  v e r t i c a l  s c a l e  depth h of t h e  thermocline.  The 

ho r i zon ta l  v e l o c i t y  i n  t h i s  r eg ion  of t h e  thermocline i s  geos t rophic ,  

and t h e  downward d i f f u s i o n  of  h e a t  i s  completely balanced by upwell ing 

from a lower Ekman boundary l aye r .  We f i n d  t h a t  t h e  maximum depth  of 

t h e  thermocline i s  equal t o  a  numerical cons tan t  m u l t i p l i e d  by 

The thermocline regime i s  s i m i l a r  t o  t h a t  which H. T. Rossby 

found i n  a  nonro ta t ing  experiment,  i n s o f a r  a s  t h e  co ld  s ink ing  motions 

a r e  confined t o  an  i s o l a t e d  r eg ion  of very  weak s t a t i c  s t a b i l i t y ,  b u t  

t h e  d e t a i l e d  s o l u t i o n  f o r  t h i s  s idewal l  boundary l a y e r  is  not  considered 

he re .  Our s o l u t i o n  d i f f e r s  from previous oceanic  thermocline t h e o r i e s  

because meridional  b a r r i e r s  and f - v a r i a t i o n s  a r e  absen t .  Moreover, 

t h i s  r e l a t i v e l y  s imple thermocline theory i s  a l s o  c r u c i a l l y  dependent 

on t h e  r i g i d  upper boundary, a  condi t ion  which is of course  absent  i n  

t h e  r e a l  ocean, Nevertheless  t h e  regime is  exper imenta l ly  r e a l i z a b l e ,  

and such experiments should complement r e l a t e d  work i n  a  heated r o t a t i n g  

annulus (Hide),  The l a t t e r  employ hea t ing  and coo l ing  a t  t h e  s idewa l l s  

of  an annulus,  whereas we want t o  i n v e s t i g a t e  t h e  case  where t h e  hea t  

sources and s inks  occur on t h e  same l e v e l  ( top)  su r f ace .  Despi te  t h i s  

d i f f e r ence  i n  boundary condi t ions  we expect  t h a t  t h e  symmetric thermo- 

c l i n e  w i l l  become b a r o c l i n i c a l l y  uns t ab le  and geos t roph ic  eddies  w i l l  form, 

a s  i s  t h e  ca se  i n  Hide's experiment,  I t  would be most i n t e r e s t i n g  t o  ob- 

s e r v e  t h e  e f f e c t  o f  such eddies  on t h e  va lue  of t h e  thermocline depth ,  

MODEL OF WORLD OCEAN CIRCULATION 

George Veronis 

I n  p repa ra t ion  f o r  a  more comprehensive s tudy  t h e  p re sen t  a n a l y s i s  

develops a  p i c t u r e  of s teady  g loba l  ocean c i r c u l a t i o n  a s  i t  would appear 

i f  t h e  ocean were d r iven  only by t h e  wind s t r e s s  a t  t h e  su r f ace ,  The 

s p h e r i c a l  geometry i s  r e t a i n e d  b u t  bottom topography i s  neglec ted  and 

t h e  l a t e r a l  boundaries  of t h e  d i f f e r e n t  bas ins  a r e  segments of p a r a l l e l s  



of longi tude  o r  l a t i t u d e .  The observed zonal wind s t r e s s  i s  zonal ly  

averaged f o r  each bas in  and t h e  s t r a t i f i c a t i o n  i s  represented  by two 

homogeneous l aye r s  which a r e  dynamically uncoupled, i . e . ,  t h e r e  i s  

no s t r e s s  t r a n s f e r  across  t h e  i n t e r f a c e  o r  thermocline, 

Outside of boundary l a y e r s  geos t rop ic  flow i s  modified only 

by wind s t r e s s .  The downstream flow i n  boundary l aye r s  i s  geostroph- 

i c a l l y  balanced b u t  t h e  momentum balance of t h e  c ros s  s t ream flow i s  

no t  s p e c i f i e d .  The requirement t h a t  t h e  n e t  t r a n s p o r t  ac ros s  a  l a t -  

i t u d e  c i r c l e  must vanish then  s u f f i c e s  t o  y i e l d  most of  t h e  gross  

f e a t u r e s  of  t h e  c i r c u l a t i o n .  

A s imple argument i s  p u t  f o r t h  t o  show t h a t  e a s t e r n  boundary 

l a y e r s  a r e  r equ i r ed  a s  p a r t  of t h e  genera l  c i r c u l a t i o n .  Several  types  

of  e a s t e r n  boundary c u r r e n t s  a r i s e .  A t  m id- l a t i t udes  t h e  C a l i f o r n i a ,  

Peru and Portugal-Canary Currents  form one c l a s s .  The Benguela s e r v e s  

a  d i f f e r e n t  func t ion .  The Norwegian, Alaska and Cape Horn Currents  

form a t h i r d  c l a s s .  The F l inde r s  Current ,  a c t u a l l y  a  zonal boundary 

c u r r e n t  i n  t h e  Great Aus t r a l i an  Bight,  a l s o  f a l l s  i n  a  s e p a r a t e  c l a s s .  

A l l  o f  t h e s e  boundary c u r r e n t s  a f f e c t  t h e  s e p a r a t i o n  of t h e  western 

boundary c u r r e n t s  from t h e  coas t  by imposing requirements on t h e  amount 

of  water  t h a t  must be c a r r i e d  by t h e  l a t t e r .  However, t h e  mechanism 

d i f f e r s  from c l a s s  t o  c l a s s .  

An a n a l y s i s  i s  presented  f o r  t h e  manner i n  which a  western boundary 

c u r r e n t  s epa ra t e s  from t h e  c o a s t ,  fol lows an open ocean pa th  and pene- 

t r a t e s  through t h e  normal " ba r r i e r"  formed by t h e  vanish ing  of t h e  wind 

s t r e s s  c u r l ,  The western boundary cu r r en t  ends up a s  a  r e l a t i v e l y  narrow 

poleward c u r r e n t  i n  t h e  subpolar  e a s t e r n  s i d e  of t h e  ocean. I n  t h i s  sense  

t h e  Norwegian i s  p a r t  o f  t h e  Gulf Stream, t h e  Alaska i s  p a r t  o f  t h e  Kuro- 

s h i o  and t h e  Cape Horn i s  p a r t  o f  t h e  East  Australian-New Zealand Current .  

The Agulhas s epa ra t e s  from t h e  coas t  a t  t h e  south  t i p  of Af r i ca  

and r e e n t e r s  t h e  Indian  a s  t h e  Return Agulhas Current .  I f  t h e  wind s t r e s s  

c u r l  i n  t h e  Indian  were weaker, t h e  Agulhas could round t h e  Cape of Good 

Hope and t r a n s p o r t  a  massive amount of warm Indian  water  i n t o  t h e  South 

A t l a n t i c .  I t  i s  suggested t h a t  t h e  t r a n s i e n t  winds i n  t h e  Indian  proba- 

b l y  lead  t o  per iods  when t h e r e  a r e  such l eaks  of Agulhas water i n t o  t h e  

Benguela Curren t .  



The (cold water) flow between South America and A n t a r c t i c a  appears  

t o  be blocked by meridional  b a r r i e r s  t o  zonal flow. The A n t a r c t i c  Conver- 

gence i s  i d e n t i f i e d  a s  t h e  eastward j e t  t h a t  forms because of  t h e  pres-  

ence of t h e s e  b a r r i e r s .  

A rough c l a s s i f i c a t i o n  of western boundary c u r r e n t s  is o f f e r e d  t o  

exp la in  t h e  d i f f e r e n t  behavior  exh ib i t ed  by t h e  s e v e r a l  c u r r e n t s .  F i n a l l y ,  

it i s  shown t h a t  t h e  d i f f e r e n t  Convergences se rve  very s p e c i f i c  func t ions  

and t h a t  t h e  p r e s e n t l y  used c l a s s i f i c a t i o n  a t t a c h e s  t h e  same name t o  Con- 

vergences t h a t  s e rve  d i f f e r e n t  func t ions .  

OCEANIC MICROSTRUCTURE 

Andrei S. Monin 

Micros t ruc ture  of t h e  ocean is  s i g n i f i c a n t  e s p e c i a l l y  because of 

t h e  importance of i t s  v e r t i c a l  s t r a t i f i c a t i o n ,  inc luding  i n  it t h e  presence 

of t h i n  quas i - ho r i zon ta l  l a y e r s  wi th  sharp  v e r t i c a l  g rad ien t s  of  thermo- 

dynamic parameters .  So mic ros t ruc tu re  appears ev iden t ly  t o  be  a  s p e c i a l  

p roper ty  of  s t a b l y  s t r a t i f i e d  l i q u i d s  i n  genera l .  

Micros t ruc ture  appears  i n  t h e  form of s t e p s  i n  measurements with 

f a s t  response probes of v e r t i c a l  p r o f i l e s  of temperature,  conduc t iv i ty  

and sound speed ( i n  t h e  l a s t  ca se ,  it appears e s p e c i a l l y  s h a r p ) .  I t  

appears a l s o  i n  p r o f i l e s  of s a l i n i t y  computed from temperature and con- 

d u c t i v i t y  and ev iden t ly  should appear on p r o f i l e s  showing r e f r a c t i o n ;  

bu t  on p r o f i l e s  of d e n s i t y  " steps"  i t  u s u a l l y  appears equal t o  t h e  ex- 

perimental  and numerical e r r o r  l e v e l s ,  

Micros t ruc ture  appears  sometimes a l s o  i n  t h e  so- ca l l ed  "mixed" 

su r face  l a y e r  of t h e  ocean, i s  more d i f fused  a t  t h e  thermocline and 

ev iden t ly  t akes  p l ace  i n  a l l  t h e  water masses t o  t h e  bottom. I t  i s  en- 

countered i n  t h e  ocean almost everywhere, bu t  apparent ly  i s  more i n t e n s e  

i n  t h e  zones of s i g n i f i c a n t l y  h o r i z o n t a l  non-uniformity ( f o r  example, i n  

c u r r e n t s ) ,  and ev iden t ly  should be absent  i n  reg ions  of w in te r  convection. 

The l i f e t i m e  of mic ros t ruc tu re  l a y e r s  has  a  lower l i m i t  of t h e  

order  of many hours .  Micros t ruc ture  l a y e r s  a r e  gene ra l ly  h y d r o s t a t i c a l l y  



s t a b l e ,  a l though d i s t i n c t  l aye r s  with inve r t ed  d e n s i t y  occas iona l ly  

appear (with l i f e t i m e  of t h e  order  of  1 0 ' s  of minutes) .  

The th i ckness  of mic ros t ruc tu re  l aye r s  v a r i e s  from 1 0 ' s  &€ meters 

t o  mi l l ime te r s .  Their  s t a t i s t i c s  a r e  s t i l l  inadequate ly  s t u d i e d .  Ex- 

amples e x i s t  of computed s p e c t r a  of v e r t i c a l  g rad ien t s  of t empera twe  i n  

mic ros t ruc tu re .  

The fol lowing hypotheses e x i s t  f o r  t h e  genera t ion  mechanism f o r  

mic ros t ruc tu re :  (a) double d i f f u s i o n ,  i . e .  d i f f e r e n t  c o e f f i c i e n t s  of 

h e a t  and s a l t  d i f f u s i o n  (however mic ros t ruc tu re  appears a l s o  i n  t h e  

f r e s h  water  l ake  Loch Ness; t h e  p o s s i b i l i t y  of double d i f f u s i o n  of h e a t  

and momentum i n  t h e  presence of cu r r en t s  has not  y e t  been i n v e s t i g a t e d ) ;  

(b) i n s t a b i l i t y  of i n t e r n a l  waves o r  t h e i r  breaking;  (c) l a t e r a l  cur-  

r e n t s  i n  t h e  cond i t i on  of h o r i z o n t a l  inhomogeneity, produced by i s o -  

p i c n i c  ( i s e n t r o p i c  flow) o r  i n t e r n a l  and i n e r t i a l  waves wi th  approximate 

v e r t i c a l  wave vec to r s .  

Measurements by a  s e r i e s  of au thors  of  mic ros t ruc tu re  have appeared 

a l s o  on t h e  v e r t i c a l  p r o f i l e s  of h o r i z o n t a l  cu r r en t  v e l o c i t y .  Evident ly 

i t  o f t e n  c o r r e l a t e s  with t h e  temperature mic ros t ruc tu re  and i n  it appear 

tendencies  t o  v a r i a t i o n s  with i n e r t i a l  pe r iods .  

Turbulence i n  t h e  presence of mic ros t ruc tu re  i s  weak, having a  

small  Reynolds number Ci,e. no t  developing and not  having a  u n i v e r s a l  

s t a t i s t i c a l  s t r u c t u r e )  - f o r  f l u c t u a t i o n s  of conduc t iv i ty  t h e  l a s t  i s  

t r u e  down t o  t h e  minimal s p a t i a l  s c a l e  and does not  show any kind of 

c h a r a c t e r i c t i c  dependence on depth. 




