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A.  Description of the program:
The following participants of the Geophysical Fluid Dynamics program

have been wholly or partially supported by National Science Foundation funds:

Peter J. Bryant, Emmanuel College, Cambridge, England

Arnt Eliassen, University of Oslo, Blindern, Norway

Raymond Hide, Massachusetts Institute of Technology

James Holton, Massachusetts Institute of Technology

Robert H. Kraichman, Institute for Mathematical Sciences, New York
Willem V.R. Malkus, University of Southern California at Los Angeles
Leon Mestel, Trinity College, Cambridge University, England

Derek Moore, Bristol University, Bristol, England

Eric Mollo-Christensen, Massachusetts Institute of Technology
Joseph Pedlosky, Massachusetts Institute of Technology

H. Thomas Rossby, Royal Technical University, Stockholm, Sweden
Pierre Souffrin, Institut d'Astrophysique, Paris, France

Edward A. Spiegel, Institute for Mathematical Sciences, New York
Alar Toomre, Massachusetts Institute of Technology

Roger Williams, University of Southern California at Los Angeles

The six pre—doctoral-students included in this 1is£ were expected,
through their discussions with the senior participants, to formulate a
research problem of their own and to communicate tﬁis to their colleagues
in a one-hour, lecture at the end of the ten-week period. The printed
manuscripts have beén included herein. These are by no means finished
products but in almost all cases we believe the students will either
continue ﬁhese investigations or else call on the tools acquired in their
current research.

In addition we have had two formal lecture seriés, each one given
once a week for a period of an hour and a half. Dr. Robert Kraichnan
discussed his work on Thermal Turbulence. (See the preprint "Mixing-

i3
H

length Analyses of Turbulent Thermal Convection at Arbitrary Prand:cl

‘Number'. - R. Kraichnan (1962). N.Y.U. Research Report No. HSN-5.)



Some of the problems of large scale circulations in the sun were
discussed by Dr. Leon Mestel in his lecture series, This departure from
our standard scope was found to be stimulating by those on our staff
interested in the general circulation of our own atmosphere, Copies of

Dr. Mestel's notes have been included in this report.

B. Other Seminars. ' T

In addition to the talks mentioned previously, we have had
occasional seminars by staff participants and visitors as listed below:

1. "The Effect of Slight Incompressibility on a Highly Rotating Fluid"
by Dr. Alar Toomre.

2. "Boussinesq Approximation and Energy Integral in Convection"

by Dr. W.V.R. Malkus.

3. "Discrete Vortex Models of the Ocean Circulation"

by Prof. Henry Stommel.

4. Y"Wave Propagation in an Anisotropic Atmosphere'

by Dr. Derek Moore.

5. "The Hydrodynamics of Jupiter's Atmosphere"

by Prof. Raymond Hide.

6. "Generalization of Mixing Length Theory of Turbulent Convection

by Dr. Edward A. Spiegel.

7. Y"Two Year QOscillation in the Atmospheric Circulation"

by Prof. Glen Brier, M.I.T.

8. "Observations of a Wake Vortex"
by Dr. Eric Mollo-Christensen.

9. "Solar Convection"

by Dr. George Veronis. .



C. Plans for the future.

Dr. George Veronis of this institution plans to submit a proposal
to the NSF for continuation of the Geophysical Hydrodynamics Program in

1963,
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INTRODUCTORY, SURVEY

The theoreticel equipment required for this course consists of
Maxwell's equations to the electromagnetic field, and simple spprox-
imations describing the flow of fully wund partially ionized guses.

Beiore procecding, we have to estimate the conditions of veiidity of

the ‘sagnetohydredynamic” &ppzh:/:ximeﬂ;:n‘;wn = defined by the use of a

nesrly isotropic pressure, possibly with small viscous terms included,
to represent the meterial stress tensor. Well-known ideas of msgoeto-
nycrodyasmics msy be taken over: for example, the "freezing of the
field" into highly comducting metier is 1ikely to hold far better in
most astrophysical then in most terrestrial situations. As & consequens,
the dynemical coupling between the valocity and magpetic fields will
often be well Gescribed by Aifvén or magnetohydrodynamic waves.

Howaver, the infinite conductivity spproximation, though often
adequate, is not tie only case we shall treat. Findte resistivitvy
implies a steady loss of energy from & magnetic field. If perfect
conductivity were always a good approximastion, there would be no
difficulty in supplying this energy from the kinetic energy of the ges,
which would in turn be supplicd from nommagnetic scurcas - e.g., from
thermal convection. But Cowling's "anti-dynamo theorem” shows that &
magoetic field of simple symmetry = e.g., & dipole-type field - has
si.ﬁgular regions in which the perfect conductivity sapproximstion always
bresks down, unless the condictivity is literally infinite, or unless
there is & source of matter in the singular region. Buch fields cannot
be maintained by dynamo action against spontanecus decay. However,
fields of lower symmetry do not suffer from this defect, and after recent
work - both analytical end mmerical - we can feel confident that dynemo
sction can and probably does msintain the earth's magnetic field with its
strong dipole component, against Obmic dissipation.

But while sufficiently complicated motions can prevent decsgy of an
existing field, dynemo action 13 in itself incapasble of genersting a

field from nothing: magnetic field lines cannot be convected if none exist.
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We mut therefore study the spontaneous generation of "sead” mmgnetic
£i21ds Wy the cosmical anslogs of technologlical batteries. It turms oub
that the plasma eguations used do contain & term corresponding to flux
generation, so that it is plausible to expect dynamo action to start in
the zarth’s ligquid core and in stcllar convective regions. However, the
theoretical dynamos discussed in detail emply laminsr motions -
nonuniform rotation and large-scale circulation. The interaction of 8
random, turbulent velocity field with & seed magnetic field, in the
absence of strong large-scale motions, is a more difficult provlem,

gtill unrescolved. It has possible important applicetions te the generation
of & galactic magnetic fleld. The different authorities are divided as

to whether the field is always ulitimsiely increased by the turbulence,
vhether the dissipative mechanisms that cccur at small wave-lengths are
fmocr tetor not; and whether, in the cases for which spontaneons growth
occurs, the magnetic and kinetic fields reach equipartition of cnergy, or
whethor the magebtic field is always substantially weaker than the kinetic.

Given a stellar megnetic field, one can study its intersction with
the stellar rotation field; under simple symmetry assumptions. If
the only motion is one of rotation, the freezing of the field at once
demands thet in & steady state the'angular veloelty be uniform along a
pololdal fieid line - otherwise a torsionsl hydromagnetic oscillation
will result. This is known as Ferraro's law of isorotation. However,
the sul is observed to rotate more rapidly at the equabtoey than ab the
pules. Furbher, the external general poloidal magnetic fleld is limited
te the poles: in the region ef sunapot sctivity, vhere we have some
evidence for internal large-scale circulation of matter; any general poloidsl
fieid lines seem to be confined beneath the surface, presumably by the
cireulation.

If we postulate a meridian circulation of matter ia the sunspot zones,
then we cau look for the steady-state generalisstions of the law of |
isorotation. For a certain parsmeter-range, the theory dues predict
equatorial accelergtion. However, the solar cycle demands a periocdic
rather tha@ a steady solution of the equations; further, the recently

discovered reversal of the aun’s genersl field suggests that & periodic dynamo

e



process Is at work. Qualitatively, it does not seem impossible that a
nearly steady equatorial acceleration may be associated with fluctuating
poliidal and toroidal fields; but the mathematicsl treatment is likely
to he difficult, even in the axially symretric approximatioa,
supplerented by & dynamo hyyothesis.

The thermsl generation «f magnetic rields - the "battery” process
referrad to above - ecan, if left to operate, build up very large
toroidal magnetic fields imsice rotating stars. Biermann estimated that
in the sun, with its low rotatimn rate, fields of about 1,000 gauss
(comperable with sunspot fields) could Ve built up during the solar
lifetime; in rapidly roteting O and B stars, much stronger fields should
arise. Unfortunately, if the ste- has even a very weal poloidal field =~
e.Z. & slowly decaying primevel field - then it can be shown that
Biermarn's field is reduced far below his estimate. Further, if there is
a meridian circulation of matter, vhich necessarily generates nonuniform
rotation and hence a torcoidal field, it is found that the battery term
plays &n insignificant role in detsermining the asymptotic structure of
the magietic and rotation fields. Except as an initial creator of flux,
the ba:btery term is probably ignorurle.

If & magnetic field within & s:ar is not too strong, the poloidal
forces it exerts can be balanced by non-spherical perturbations to the
density and tempersture fields. 1n a convective zone, however; an
externally generated strong magnetic field may in addition seriously
interfere with the transport of energy. The existence of sunspots is
plausibly explained in this way. A4 nore-or-less vertical magnetic field
cubs down the convective traneport, o lowering the temperature locally.
The thermal pressure outside the spo;zgégegja,gghghus compresses the field,
increasing its strength, and so alsgythe magnetic inhibition of convection.
An approximately steady state is ultimesely reached; with internal thermsl
pressure and lateral magnetic force balancing external thermal pressure.
We have tentative explanstions of the sharp change between umbra and
penumbre, in terms of differing i;as motions; but there remains & large
phenomerdogical element in the theory, because of our lack of an
adeguaté ‘theory of convection, witi, or without a magnetic field.

%=
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Magnetic fields in regions of low pressure play a much more active
role than deep inside stars, where the magnetic energy must be rather
less than the thermal. If the nommspnetic forces are weak, the field may
exert strong pinching forces, leading to violent discharges, perhaps to be
associated with fleres. I the pinched state is hydromagnetically
unstable, or if there is an unreplenished loss of the pinched matter (eogo,
through plesuma recombination) the fleld may adjust itself to a partislly
force~free state, with curremts flcwing parallel to the fieid lines in the
low-density region. Sometimes, th: reverse process nay occur. Thus a
contrazting clowd with a strong frozen-in field msy attempt to break
contact with the galactic magnetic field, by formation of a neutral ring;
but the gravitationsl 44 of the cloud may distort the field until the
neutral ring is mlled into the cloud, with a zone of strongly pinched
matter outside, mainteined by gravitational flow from the galactic mstter.

Mapnetic forces probebly pley some role in galesctic gas dynemics,
Chandrasekhar and Fermi suggested tihat a longitudinel fleld along a spiral
arn stabllised the arm against its self-gravitation. However, it is by
no nmeans certain that & spiral armw field is of this structure - recent
work suggests that it is in fact helical rather than longitudinal,
inplying & pineching vether than s disruptive force.

In fact, "spiral arms" are cbserved by different technigues, and it
"is mot obvious that unique results should be obtained. The neubrsal
hydrogen observed by its radio emission near 21 cmg may very well define
gpiral arms different from the bright stars with their zones of hot
hydrogen; and the nonthermal radio emission, associated with supernova
remnants mey define still ancther set of arms. Observations are not yet
conclusive, and different results are cleimed by different observers.
Should significant 'd:Lff‘erermes be obtained, one may get valusble information
on the galsctic magnetic field. ¥For only the gas feels the magnetic furees;
once stars form, they breask loose and move undey gravitationsl and centri-
fugnl forces only. During its main-sequence life, a bright star defines
the btellar” spiral arms. If and when it has become a supernova remnant,

e



it has moved still further from the gaseous arm, though still & small
fraction of an orbit in the galactic gravitational field.

The radiel gas streaming observed by the radio astronomers invites
theoretical explanation bY magnetohydrodynsmics. Twisting of e galactic
Tield by nonuniform rotation genersies a toroidal force, which itransports
angular momentum from one part of the galaxy to another; gas which gains
angular momentum tends to move ocubwerds. The difficulty is to locate
the gas which is losing angular momentum, and so moving in. It may be
that there is a strong enough toroidsl gravitstionsl intersction between
gageous arms and stellar syms for & significant amount of angular momentum
to be exchanged -~ something that caonot happen in a smoothed out, axially
symretric galaxy. But slthough it seems unlikely that magnetic forces
are the only important factor , it is a plausible hypothesis that they play
& vital role., However, little convincing quentitative work seews to have
boen done on the problem.

Finally we have the effect of a strong galactic magnetic field on
the problem of star formstion. It is found that the field pubs a high
lower 1limlt on the mass of a diffuse galaciic cloud that can be
gravitationally bound; further, if the field is frozen-inp, this limit is
hardly reduced if the cloud contrects nearly iSo'tropicall;,', There are
‘probably éﬂg@gd;gdynmical reasons for non-isotropic contraction sometimes
to wccur: the nonspherical gravitational field due to the presence of the
magnetic Fleld itself, or the effect of a centrifugsl field. Aiternatively s
the difficulty may be got over by relaxing the freezing-in condition.
This demands study of the magnét@hydrodynmnics of & lightly ionized ga.s

Besides being a hindrance, the magnetic field may be a help, in that

it may act as an efficient means of transporting angular momentum
from & conbracting cloud. However, this reguires detalled study of the
structure of the field; in particulay study of the tendency of distorted
field iipes to break off from the galactic fleld: 4t is not certain that
the procees will be efficient enough.

Not all these problems are discussed in detail in Part IIX; but
it is hoped that enough are treated to convince the reader of the relevance
of magnetohydrodynemics for astrophysics, and of the importance of
attempting to find mathematical solutions of fairly precise models,; rather
then being frightened by the genuine difficulties into belng content with
8 merely qualitative trestment.
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CEAPTER 2 THEORETICAL BASIS

Maganetohydrodynanics (ora for brevity, "hydromsgnetics”) 1s based on
Maxwell's equations to the electromagnetic field, and the equatiors to the
Tiow of fully or partially ionized gases. Study of thé lightly ionized case
is postponed uptil leter. Maxwell's sguations are assumed-carrect = 30
fundamentel modification is proposed, e.g., to link up magnetism and rotation
hy a new ilav. We are con@efned with nonrelativistic problemsg so that as
usual in o metluw | of high conductivity, the displacemént cufrent may
be dropped in low freguency p%oblenga

The coupling between the electromsgnetic and dynamicsl fields is two-
way: the flow of the gas is affected by the electromagnetic forces while
Tiow of gas across a magnetic\field generates current, changés the magnetic
field, and so0 induces an electric field. The very iarge dimgnsions of
cosmical bodies makes self-induction especlally important, aﬁé is the main
regson vhy it is difficult o simula@e cosmical situations.inUthe lsboratory.

in this chapter we first discuss Maxwell's eguations as seen in different
frames, and the approximations that may be mede. Then we survey the genersi
properties of & cosmical plasmaj beling especially concerned to Justify our

using the simple msgnetohydrodynamic approximstion.

A, MAXWELL'S EQUATIONS

Iz a given frame of reference, the vectors E and H satisfy

V. E=bap_ , (2.1)

V.g=0 , (2.2;
1oy

ViBsom— | (2,3)
c af

by Y
R i (2.4)



vhere Pa and A_’}o are the cherge and current density. E , H, Pe and. }l
are "collective," "large-scale” vectors, averaged over regions large compared
with the scale of the random fluctuations present.

Under a Lorentz ‘bransfoﬁnatinn to a frame moving with velocity v

relative to the original, we have

[\
A
—e

o820 (2.6)

c
vt (2.8)

We are concerned only with nonrelativistic speeds, so that terms of order
(v/ ¢)  are dropped. Further, we anticipate a basic result, that the clectric

field in a frame moving with the bulk velocity of the gus is "small”, or
voH
B+ T—ma0 (2.9)
e v

if y 1is the local gas velocity, the termé on the right-hand side are small

comparad with |[E| and |v - Hfe| .
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Thus, if we drop terms of order f(v,"c:)g , we have from (2.6) and (2.5)

. :{}; PN E
B =t . (2.11)
= .
We maY talk sbou. a megnetic field without, however, specifying the frame
in vwhich it is measwr»d; the electric fleld is not invariant, but transforms
according to {2.11).
If B is a characteristic scale of varistion of the wvectors, the
charge density, by (2.1) and (2.9), is

5?;“;7 ~ &‘%"}i v H
Pe = V., [ o {eme |, (2.12)
bae ;¢ \dud .

The convection of this charge density by the fluid yields s contribution to
the total current-density:
v 2( cHY (v 2@% 4
et~ 2) S-G9 - (2
- ¢/ \baD) \ b
If the displacement ~urrent 2an be dropped from (2.4), then the total current

is
i given by cf hﬁ"% , and i3 therefore of the order cH/4xD ., Thus (2,13}

o
>

LS

&

implies that the convection of the net charge density makes o negligible
contribution to the total current, which must be due mainly to a "conduction

current” -- the drift of electrous relative to the ions. Further, we have

I —Y% vy J \AWA
€ sl | —={=]l=] > 2.1k)
n.e hﬁDnee ¢/ ne c/ \c

e

vhere ¥ dis the drift speed of electrons through the ions. In most cases,
we find ¥ << v , so that in a nonrelativistic theory the charge separation
is small. We shall see later that the electric force density is smaller
than the msgnetic force density by the same factor (v/ c)a o

S
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We must now Justify neglect of the displacement-current. If + .5 a

characteristic time of variastion of the Pield quantities, this reguirzs

el & , H ,
- EE’W;‘J R o g V “ E A i (2’15 )
¢ iétg o1 ’ D

The usual comdition for the "guasi-static” approximaticm is tiat 71 > Dfc --
electromsgnetic waves cross a region D in a time short compsred with the

time of veriebion of the Pisld cquantities. In the present vork, the condition
{2.16) introduces an extra small factor {v/e) .

Cuy bruncated Maxwell equations sve then

VoE=bmp_ (2.17)
V.g=0 , (2.18)
4 ¢ .
V. g = -»%‘:g , (2.13)
1 oH
v VE 7w e {2.20)
¢ ot

o=t (2.21)
provided E and H transform according to (2.10) and (2.11), and by {(2.7)

and (2.8}, p eand # transform like

&
v J
LY}
Pl =0, - g (2.22)
[ad
and
k- £
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The dropping of the term o ot compared with ﬁ,;ﬁ in (2.23) is forced on us,
because of our neglect of all terms of order (v/ c)2 s but in general
v~ 3 c2 is of the same order as o_ , end so must be retained ia (2.22) -
8 curious reiic& of relativistic theory in an essentially nonrelativistic
gpproximstion, |

Qur truncated Maxwell equations {2.17-2.20) contain cnly one time-
derivative -- OH/Ot . If ali the field guantities are kncwn st any time, then
(2.20) yields H an instant la"i:;ei{g, and the "Ampere equation” (2.19) gives
the associsted current density. Only one more equabion iz nseded for the

computati~n of the electromegnebic quantities to proceed. In a simple

stationary conductor, Ohas's law
L=k (2.24)

relates B to g and completes the system. In our ‘problem-‘s the anajog

of Ohm's law will be found to involve the velocity and pressurs of the fluid,
while the motion of the fluild is asffected by electromsgnetic faces-- the
coupling between dynamics and electromsgnetism already referred to. For the
moment, we wish to remark that neglect of the displacement current implies
that in a time depend nt problem Maxwell's equations fix OH/3t in verme of
@ s Which m:u: Dbe expressed from the analog of Chm's law in terms of the
othei' field vectorg~- :‘ , H , ete, -~ at the instant considered. The current
at a later instant is then given by the "’Ampe?*e - equation” appl“;é&. at the
later instant -- when H "determines” J , rather than J "determiniug” H .
Only in problems where the change in H is at most a small perturbation wey
one determine g directly withéut regard to Ampgre”s law,verifying after-
wards that the .f::harge in H 4w to the new ;3 is negligitle, This will ;be
further 41 scﬁssed in kagépter 5. Equally ve shall find that the charge density
will be determined by reading Poisson’s equation (2.17) from right tc left.
This procedure is familiar, for example, in wa\fe«guide theory. Maxwell’'s

10



complete equations are solved for the dielectric interior, subject to suit-
able boundary conditions; the charge-current field on the boundary surface

is then determined from the integrated forms of (2.17) and (2.19).

B. PROPERTIES CF COSMICAL PLASMA

The electric and megnetic fislds that appear in Egs. (2.17) and {2.20)
are, in the terminclogy of current plasma physics, "collective,” as compared
with the random fields present in a thermal plasma. 1f the gas is near
thermodynamic eguilibrium, the maximum length scale over which thermal fluctu-
atioms cause substantial separstion of positive and negative charges is of

the order of the Debye shielding length:

~1/e 1/ ‘ ’
wr Y T 1/e |
Ay = Z“““zﬂ ~ - ’ (2.25)
- & n
e e

whers e 1is the electronic charge, k is Boltzmann's consteant, T the
temperature, and n, the electron density. For problems involving length
scales > RD 5 ﬁe way divide the slectromagnetic field into two parts, with
1engthwscales respectively gresbter than or less than XD o  The large-scale
field appears in Maxwell's equations; and is relsted to the charge-current
field ag determined by thaking the zero~order and first-order moments of
the particle distribution functions. By the relation (2.9) the large-scale
magnetic field hes much more energy than the electric field., The small-
scale field 1s mainly the unshielded Coulomb field ofAindividual particles;
it is a random field, which tends to restore a general distribubtion function
to the M.axwellian‘forms and to inhibit the drift of electrons relative to
ions.

For = collective description of phenomens to be walid, the Debye length

muat be smell compared with the length scales of the problem. Consider then

1
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& typicel interstellar cloud of neutral hydrogen (an "HI" cicud), of tempera-
ture ~ 100° K s and number density n, = lO/cm3 . Intermingled with it is
e plasma component (metals with low ionization potentials) of density

o~ lomh n, . The Debye length is then ~ 2 X 102 em , as compared with the

19

cloud radius -- say 10 parsecs or 3 X 1077 cm (lparsec = 3 light years).

Hydrogen clouds near hot stars are largely ionized by the photo-electric

© 1/2

effect, and Leyf at a temperature near th K; but again, RD > TOO/ne is

far sualler than normal wecroscopic lengths. Inside stars we find XD 7 l0,6 “
as compared with scale heights which are not 1eés than 108 e,

We conclude that; in normal astrophysical contexts, charge-separation
ie smalld, and it is legitimate to think of the plasma as defining average,
macroscople quantities that can be fed into Maxwell's equations. However
problems can and do rise in which‘the region of in?grest is one with randon
groving space-charge fields -~ e.g., the unstable region between two
colliding ges clouds, studied by Kahn. The zero-order state is vi.olently non-
Hexwellian, and‘work based on assumed proximity tc local thermodyneamic
equilibrium is inapplicable,

In discussing the effect afbran&om, small-scale electric fields on
the partirle distribution function, it is customary to introduce & mean free
path |

1

Ae— (2.26)
nnb

vhere n  is the number density of the scattering particles; and b the
"collision radius,” by analogy with elementary kinetic theory. In fach, under
Couloub scattering it is the large number of slight deflections rather than
the few lzrge-angle deflections that make the largest contribution £¢ the

totel cross section: -- in fact the Rutherford cross section diverges

v P



iogarithmically unless the integration is cubt off at & moxdmum lwmpact
narametsr. In Cowling's original work this was taken to be the wesn inter=-
particle distance; howaver, Spitzer pointed out that a better choice is the
Debye length, beyond ~ich the Coulomb field of the scattering particle is
effectively shielded. Faor fom-electron collisioms, b is found to be
I..’,.. (:1) Q“t - o

t:3’ﬁié@ ;kT;y where e 18 the ionic charge -- somevhat larger than the
distatics whers the kinetic energy relative to the mass-center is equal %o

the mutusl poteatial energy. Thus ve have (taking 2 = 1 -- ionized hydrogen),

. -l TE
kire»x\b x 10" ;m s (z.27)

end similar dlengths for ion-ion and elsctron-electron scattering. Agoin we
find A soall compared with the mecroscopic lengths of interest in meny
problens {but not, for exampl:, in the theory of sclar-terrestrial relations,
where i is of the order of the redius of the earth’'s orbit .

The derivation of wacroscopic equations of motion from the Boltzmenn
eguation for » aonlonized gas dapends on A being small aﬁmparﬁd with
mucroscopie lengbh-scales, or alternatively, on the inbtervel bebtween ccllisions
maing short compared with Fregquencies imposed at the bourdaries. If this
is s0, then the distribution function for the molecules will aivays be clese
to the Maxwelllan, with small depariures, proportional to the mean free path,
thet yield transport phenomena (viscous force, thermal conduction, diffusion)
an coxrections to the ediabatic nondissipative equatiom to the molion of a
perfect gns, A problew such as, for‘eXﬁmple, the effect of striking the wsll

of a container with a frequency greater than the collision freguency VT/R

_(YT being the thermal speed) cannct be treated by these equations, but requires

one to return to the Bolltzmenn equetion: but otherwlse the usual mscroscopic

equations are adequabe,



fn e Tully lonized gas with a wagnetic fleld, the situation is compli-

cated by the enisotropy introduced by the field. 4 single particle of charge
it
Ze and massygyrates in a uniform field ¥  with angular freguency

2t

ZeH
e '

For ions of wass 'A@H » e have

e

l‘ﬁ

e8]
€&

~?
2 xR . {2.30)}
Nonumiformities in the field, of a scale wmuch grester than the moan gyration

radius .ﬁJw s ‘ superimpose on the gyration a

A component of force parallel to H conbinually accelerates s

P

without mny magoetic interference, but a component F, across H

yieldgydyift

S

(2.3

For the moment we ignore the drifts, and note thabt the field inbtroduces as

e leugth-scele the mean gyration redius {qTﬁm) y Where o is the

thermad speed of the specles considered, which must be compared with the mean

free path & ; or alternatively, = time-scale 1/ , to be compared with the
. 7 2o

sion time pdfvy, . 1If

mean coll

P
A
Ly

o e 1 ' (o)

theo the fisld introduces s microscoplic anisctropy: a particle perforas o

nuber of turns of a spiral befors "eolliding" with another particls

-

iving = random direction of motion. For electrons, the copdition (2.32) iz
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Tor ions, we have en extrs factor qznpﬁ@i :

Loy 2
@, T, & 4,2 % 10 (If;»i >» 1, (2.34)

vhare for simplicity we have put 2 = & = 1 (pure hydrogen), so that A is
approxiastely the same for ion~ion, ion-electron and electron-electron enccuniers.
Inside main sequences stars it is found that if the field is not to be

too eiroyy for mechanical equilibrium, is rather less than unity, whils

P15
Ty spproaches unity only at the upper limit for H. (It is not impossible

that in the diffuse envelopes of gilapt stars conditions (2.33) and (2.34) may

e mors sasily satisfied.) By c&ntrésta in diffuse gas clouds -- e.g,, a

: P
region of ioniééd hydrogen near » bright star, with T = 107K and n = 10 R
say, o1 >> 1 for both species if H > 10“9 -~ whereas a conservablve
estimate for the gslactic field is 10 ° . (The cr28s section for collisions
“betvesn a charged end a neubtral verticle is nmch smaller than that for twé
chargsd particlss. )

Thws dn cosmleal gas clouds we way expect thereto be mizreoscopic anisc-

oln

tropy due o the m&gnéﬁic field  Suppose then that the plasma has macroscopis
nommifcromities -- in density, magnetic fizld, eslectric ficld, ste. -- of &
s0sle smaii compared with A, but larger thar tue gyrsticn rsdius for <itbor
gpeclas; or altarnativeiy suppose that the externeily driven time varistim:
are wore rapid than /v , but less than @ . Then as seen from o freame

- moving Qith the lecal mean velonity of either species, the distriubtion
function will in general nct be aearly Maxwellian 1f one averegcs Ovey
o volume of linear iiaensions << A, In pafticular, thers is no Jusranhee
that the pressure perpendicular to H ~- averaged over a gyrstion period --

will we the same sz that parallisl o 1 (although it is known that toc jrest

a Gifference lesds to hydromagnetic instabilities that presumably tond Loverdes

isctropy!. Farther, the confining ~ffect of the magnetic field for 1w
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g e
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metion across it implies a wmuch shorter "quasi-mesn free path”
across H than parallel to H : equivalent to a much greater
"riscosity” along K .

If we are interested in properties of our system over such small lengbh-

scales with such short time- scales ~ , then the "magnetohydrodynamic
approximation” -~ involving & nesrly isotropic stress -- is dubious,

{(urless we can show that instabilities occur so as to restore systematically
approxisate isotropy). Such problems should e treated by the Boltzmenn
equation. Bub if we can be content with a fairly coarse-grained theory, ue
can oversge all guantities over volumes with linear scales of the order of
e

o mean fres path. The theory should then be adequate, tubt strictlx%i%plicablc
to such problems as the interaétian of the tenuous solsr wind with the
sarth‘s field {though even there it is probably a useful first approximatica).
BEqually, though the theory will predict ordinary hydronsgnetic skocks, it will
be ungble to deal with the steepening of a compression wive withi; a8 regpion
of scale muck less then A . Bome workers have suggested thaﬁ the steaponing
will e halted when the thickness of the pulse is of the order of the ion
grration radius. Hydromagnetics 18 nc more capsble of discussing the
addustnent of the particle distrivution function as gss flows through such
a shock,than ordinary ges dynamics is of dealing with the structure of wn
ordinary shock; both problems reguire treatment frorm the particle polut of
view. |

The microscopic anisobropy shows itself up vhen we discuss the analog
of Ohm's law -- th2 equation Tor the drift of elettrons relative to the louns,
under the influence of wmacroscopic fields, aversged over a measn free path.
The resulting snisotropic conductivity has been the source of some confusicn

in the pust, 1t does not in fact glve rise to any real difficulties.

16



| The simplification gained by taking the mean free path as the basice
- length is evormous @  instead of having to deal with the Boltzmenn equation,
~ depending on Shree velocity components as well as space and time varisblaes,
. we have essenbially modified equabions of zas dynamics. However, we wish o

et cur coke and have itias well as wanbing s moderately short mesr fres path,

to keep the stress tensor nearly isotrople, we vant a longish mean free path

26 thet the resistance to the flow of current is not too great -- the electrons
'aan travel & good distance before having their arift velocity randomized into
heat., VWe shall see later that these reguirements are not mubtuslly inconﬁistanﬁ'wm
the critericn for high conductivity iovolves not only ﬁhé meen free path, bus

macrescoplic guantities as well.

17



electric field, and no mean motion of the gas, It is in fuct found thab

CHAPTER 3 MACROSCOPIC BUUMIIONS F?g COSMICAL PLASMA

There are two ways of deriving mecroscopic equations. Coe can sclive e
wicroscopic equetions for individual particles, under the éssumgti@n that =1l
quantitiesn vary slowly over a gyration redius and in & gyration pericd, 3o
That the motlon of each particle is expressed as a gyration round the fi=ld,
with drifts supsrimposed. Macroscopic equations -- e.g., the current dersity
uwnder given electric end magnetic fields ~- can be derived by aversging rer
il the perticles present, The difficulty is to be sure that one has s
coyrect density in both physical and velocity space, especislly ir view of
the complicated trocholdal trsjectories of particles in nonunifors megnst o
fields. For exémpieg it is possible to "show" that a nomuniform wagnehis
tield caunses motions of charged particles in a direction opposite to that
required by Ampg}eﬁg law, The fallscy 1ies in neglecting the nopuaiform:

density impiied by the particle motions in the nomuniform fiald,

hgain, from {2.31) we see that a uniform electric field 5, appli

sorose s unifora H , yields o drift of H,E/H“ independent of chargs,
. A e

superimposed on the gyrestions (which have opposite senses for nositive nné

unifors
negative charges;. But in s neutral lasma, there z2an be no net macroscoiyic

o

.

correct averaglug over the orbits of the two species does yield a wvenisbing

meant veloclty at each point of space,

How

ever, the resclution of these parsdoxes reguires rather subfle

-

1t ode far simpler to derive ascroscopic equationz

uandon s, drnetord of flrst finding o

of wotion of individ particles, apd then sumeing. B takine

Aoaerbs of the Bolbzmono sguation for the distribvution funchtion of each

3

specles, one arrives at o set of cguations in physical space., In gensrzl the

18



system is not closed; but in the magnetohvdrodynamic approximation the
distribution function is ﬁearly isotropic, and so odd moments are small.

Bach species can be described by an isotropic pressure with small transport
terms invthe dynamical and thermal equatioms. Collisions between 1ik? parti-
cles do not change the mean drift of the component, but me%gly isotrébises
the stress; but collisions between electrons and ions impede the flow of

current, apd account for electrical resistance,
‘9 r

A, EQUATIONS TC THE FLOW OF THE WHOLE GAS
The mutual friction between electrons and ions disappesrs when we
consider the flow of the whole gas. FExcept when discussing turbulenc: in

Chapter ©, viscous force snd dissipatica will be ignored in what follows.

The electromagnetic force density is

5, \
- vy ~ 2 [ x o~ BY J~H K
niz@ E-%ﬁinwwwa)~ n.e E 4+ & et (32.1)
: 4 c c

vhere Byos By s vy , V., are dersities and mean drift-velocities of emch
+ RV ,
The guesi-neutrality of the plesme is assumed Lere, so that {niﬁe RO

=p B&G , Strict there iz an electrical force densiby, of order
e~ ? i

_ o ,
vﬁ% vH ¥\ pE? j~H
PO, U N el B
] / \ #mch/ “ YxD e

in the notation of Chapter 2; again it must be neglected in the nomrelativisitc

spproxination.

The equation of motion to the gas as a vhole is then

d J~H
Py = VD + g+ X (3.2)
as o

o ]9:



vhere v = mean veloclty of pgas = ¥
because of m_ 11 om,
e i

¢ = mass density o~ oM,

© = +total pressure = By TP, s

£ = egravitational field
4; f=

é:*m total bime derivative .

We have 2lso the conservabion of mass (in a nonrecombining plasma):
4 3;

. .,
A (3.3
&t

e thermal equation is sometimes yequived. Por rapid mobions inside opague

stars, the adisbstic approximetion is good enough. In the intersteller medius

@mbﬂa
the heating of the gas by galactic radistion and its cooling by collisionnl

iopization followed by recombindtiog, by radiation from dust grains, znd by
maleculer excitatdon sand rediation -- often dominates over compressionsl,

viscons and sheok heating, so that the izsothermal spproximation is & bebiar

B, THS AALCG OF OMM'S 1AW

T complete the systom of equntions; we peed to consider the rift of

grmctrons thy vugh the imns under the infiuence of the mecrosconic fislds E

mad H o, snd impeded by collisions with the ioms. The following traatmeonh

-

¢'1.0w closely that given by Uowling,

et v be the amcan velocity of the gas -- essentially thrt of the jonn

and (v + V) the electron mean velocity. In accordance with the tasic

assurpptions discussed above, we again represent the sffect of the slactyron ra

[ S

dom velcocities by an lsotropic pressure P, - Then the forces acting on the

electrons per unit volume are:
{3} the partial pressure gradient 3o
(i1} the gravitationsl force density -~ neglected, Uzcavse of the

small elsctronic maze.

=70



{1i1) the electromegnetic force density
- n_e [;5 + (v + 1), g/c} .
(iv) the frictional drag due to ion-electron encounters.

Having introduced a "collision-time" T, -~ computed from the theory of non-

-

wiform gases -- we may idealize this force by considering the drift velooibty

¥ of an electron to be completely randomized at intervals ﬁé ¢ thus the menn

A

o~

rabe of loss per cm” of electron momentum is -+ ﬁ‘m.VfTﬁ .

The aguation te e motion of the eiectron is therefore

g i v~ H neV «H nnV
Ny spelp s 2T L 8D LB (3.4
p:« P ¥ - 7 A

X‘A & /A . [ T

whore we ignore &he el Pvtron inertin.  This amounts to ﬁroppinﬁ ther gyrstion

o
3
4

in the field H , and assuming hh$ macroscopic time- %uﬁlﬁs are long coupnyod

with the plasma oscillation period (see following)

Following Cowling's notation, we introduce the “equivalent elechris

-8 Vp
B e I e 4 g 0
g =&+ + » QPN
c ne
and write {32,4) in the form
4 ~ F
L (5.0

] n 2
o

#loce by definition J = - ngeV . The scaler
Ay - R




mzy be written

!

'2‘;

»
2t
_. ,ﬁ"'aa""‘“h,
s

®
£
i
:
b

sqa
LE——

a0

Zy defirivion, 2" ie the

{3

"patbery term.”) If B is pay

e e
s T
8w
e = C} .‘,Jv 3
o

g3 Peyemd
L ANARS XV N

Lar forem of Ohm's law. The currend

~

alectric fleld; the accelerating force mn the ele

™

Aiowlar te H , one can introduce Cowlin

3 TF
& B i #
ey bt o A
ﬁ RNl Ny O ——
P i
q
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and

If @7 << 1, then we have o w2 v , and ¢

o s whatever the direction of 5 , This i
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flows

1zed by the decelersbing frictionsl forece jJ
i

Lz velocity of the gas, plus the extrs fterm

arailel %o

ﬁyﬁﬁ/néé

conduc

lectric field as seen in s frame aoving with She

(which ws

H, {2.6) reduces to

parallel to the

cotrons (BY)

fo . 1r B

ng's anlsctropic condue

<0, o that

5 the case for

tiv*ty, wrlhi

o

(3,10} pred

high donsily
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i

> and wenk fisld: the electrons do not have time to take cogpnizance of the

snisobropy »f ﬂae nmedium (due to the presénce of the field ¥ 1, becauss a

- collision oceurs before the electron has traveled far along its clrcle of

The fileld H  has an offect only as part of the definition of &' .

P ‘ . ¢ j i H . -
y vontrest, A % H/ on ﬁ T “5:" &sém 50 that ﬁw*n e =ogr T e Lo
I

¢ T o << g, This is ‘izhe case of "free spiradling «of

ehectrons botwesn oollisions;” the drift of the electrons acrnss the field

Ty
z . ) . . 5 1 2 . . . fach p
is iy dupeded.  In the Limlt ~ e, o c#e Oy =0, ond o v

5
. Fer o, &3 S " - P 1y
poacfd § the current acrosz I

' e

e et e

Ao
B
Prani N
5
5
¢
P
&
D
bd<s)
=™

Foard

e the current Jue to electrops drifting acress the £ield with the
|
veloolty o HA B !“ 3 . In the sbsence of Iriction s component »f 27
~ parallel Lo B continuelly accelerstbes eleckrons, and yields en Infinite

—»@i"‘~

x.(' fack, Ll

zonduchi

vhereas a component B

PR T T % el 4 = , Ly . ) 4
sendioular to both B, and ¥ . When (v ) oo 1 5 snd BT
P mka A tﬁ F“/ E 2
. ¢ .
sub waen {7 ) 5,

dewzver, 1t shoald be emphbacised that this reduced condurtivity &

& cmaN e v g o P
UL LALTCh zad disand

D2 the order of the procant thesry, the

is wnalizcted Ly the presence of sl the
N’ !
volums vate of dlssipetion is given Yy 37 /o, vhere § i spein 2
R Ry Ao
- and ¢ She woreduced conductivity [%.7). A mors accurats Sheory besed o
Bodtemonn enuetion dose yield an ;
) the Aiw‘}"‘f’ﬁ. e in dissipation up to a factor tve for currents | |, &8 compryod

o

with This is due to the difference in the distribution functions,

iz far swoller than the enormous Inereases that would be given by writing

" -
it nd

¢ or o instesd of ¢ in




fiter pointed oub that s redefinition of the equivelsnt alectric

#1eld enables Cha's law 4o be written in isotrople forw, whatever ths valus

of 0Ty o For on «liminating the nonlinesr term J - H/c vetween {73,8)
o PN

Y

and the egquation of motion (3.2), we have

] T
:} &2 Gg 3 14

Whers

T }{
R s

[ S -

" Boe s at 44

i
5
et
g %,
i
3
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i)
i}
26
45
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e
S
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3
ko
:
=
{2
g
b
PN

¢

involve § . This is sometimes z wore conveniand O

aed by Cowling, it is derived from 19,00

as emphss;

an used in any sarticuwlar problem with the eguation of

{(%.15) in-

% yield precisely similar results, Bquation {

valves the unreducsed conductivity, even for components perpendicular o ¥

then (E"), wmust be less than g“}i , and rotated relative to It.
. 5 e " » 4 e 3
= sr remarks that hiz sguation {2,178), with g/ substitun

S Cbe usefully regarded as an alternative to (3.2}, determind

. IR . o R, B, J P s . 1 . B . % 41 . ! Aup F 58 Y
the metlon of the gas, even though 1t can be re-writbon go that pldv/dn;

i oplven i Serams of field vectors, The electric field E  is not

T

prdoxiy it consists of an lrrctational part, related to the distribution of

E SRR

space charges, and a solenoidel part, related to the change ip the s

eld. Dven in provlems of "low uagrelic Reynolds number” {sen following!,

wiere the change in the mepgnebtic fileld can be ignored, in gensral thewrs will

oy

be a space-charge field, On the conbrary, it iz (3.8} or (3.1%) that wo

met use bo find afo E= hmpp ~~ Jusht as we used the spproxiumstion {4.0) t

. £ oo, oy b - 3 a 5 Ty . ,
gstimate  p  (<.12). In a conducting medium one cammot proscribs o chrrge

distribution apd so determine the sssociaied elsobric

24



equation; cherge is mobile, and adjusts itself to satisfy the analog of
Ohm's law. [In elementary eléctrostatics, one is accustomed to reading
Poisson’s equation from left to right (for insulators) and from right to
left (conductors).]

By neglecting the displacémen*:. current and electron inertia, we imply
that the space-charge field associated with a varying E is built up

instantaneously. IPf we retain the linear electron inertia term, Ohm'’s law

becomes
m, 9] v~B ¥p, J~EH\ J o
5—=E+ + - -= . (3.186)
n e ot e ne cne o
[ e e

Consider for simplicity the case of n, and ¢ uniform. Taking the

divergence of (3.16) yields

(]
oo 6] . v ~ H <?P j ~ H
e e it o ¢ 1 e o e
- 5 Py ™ hn’pe * o vb + - p, (3.17)

n e G C ne cn e
e e 2

vhere as wsual the inclusion of the displacement current in (2,4) allows s
nonvanishing v :j, to be consistent with Poison's equation and conservation
of charge. BHquation {3.17) implies that the charge density oscillates with
the plasma frequemcy wp = (hmeeg/me)l/ e for a time of order C»w/cung

{e= in esu), after which electron-ion collisions demp out the oscillations,
and the charge demsity is given by the divergence of the normal form (3.8)

of Cm's law. Although 8:to/wp2 is loﬁg compared with the plasma frequency
(see below), it is far shorter than wacroscopic time-scales. Subtle effects.
such as Landau damping can be predicted only by detailed consideration of the
non-Maxwellian nsture of the electron distribubtion function: the explicit use
of an isotropic pressure automatically removes this effect. Equally, electrc-

static instabilities -- the feeding in of macroscopic kinetic energy



3

: inke rendom space-charge waves -- cannod be included in sur theory.  Such

frects, however, requirs electron drifis of the order of the thermal velocity,

i

- and 5o would not normally be expeoted.

Tre “upreduced” conductivity o 1s by (2.7) and (2.27 }

Y
3 3\
ne *’ 1 2 % 1072¥/? _
, | e (3.15)
| e A z
- : - éwm ]
a n, | f j

?’ Tar donsity disappears, as the number of carrviers of current n_  increasas

srbionately to the pumber of vesisters o . Insids & stey where

W, the conducbivity ies like that of copper; in the photosphere o

+3
rnd

. = - O, N . B . . .
- the sun, vhere T ~ G0O07K, it is lower, being like thabt of ses water. The

rabic of the dacay time of plasme cacilletions to their pericd 1s

-~
P,

I Sqa
V e o/
'{ w b 1 N\V#E
- O I B B i
. ~ 1/3 o
/ on Y n g
] it 2
[ -
]

S
. A, ¥ L. 5 . 2 o N * -y . v
dnore b i sgain the collisiom radius ~ e7/KP . As b is always mach

‘e . -1/3 ;
sualdley than the ipter-particle distance o 77 in an wncondensed plosamn,

vt i

T wz see thet the description of tha process in terms of slowly domped planms

caeiilation s walid.

¢, THE ZNERSY BQUATION FOR A FULLY IONIZED GAS

- ‘ (3.9),

The soolar product of "Chm's law™ in the f erhv..‘.tu the current denzity

i ;‘u".n..:
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a~ }
N 2
2 .
}34. @ Py L »{f Y
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Now 3 . B dis the rate of working per cw” of the slecks onagnetic foroas:

Fw A
L
( + V} . “t
N L&.'/ . ’ ” ﬁ’
~ e | B Ao AR f. (2 + V) + n e j
€ ~a A P P 1
o -
=|nZev-nely+V) |.BE=J  E
17 PARA A A

o

2

{(Mhis well-known resuit does not depend on the quesi-neutrality of the tlaswus.

In feot, the truncated Maxwell equstions {2,17-2,20) yvield

K fe
fos o [ i 23 DA -
fg. Birw (W ~ E) . Bar

A
[ ¥ « fye ¥ Er R
- £ s A s ¥ NV AP o
&,(EKQE H)dﬂr+ [“21 g%_},;ﬁga"[
T T
N LA
. EEAD .- | Hear 1,20

€y

vhers D + the surface bounding the wvolume + , and sutwerd-lrawn

DOLTARL..

- {3 . B)lr is =qual tc the rate of incrosss oF the wagnetic

snersy Lo o1 bogether with the cubtward Poynting flux. Becsuse off our

digplacement curvent therve 1s no elsctrical encrsy densi

whic field due to o current distribution of MMoite ASmenst:

cording %o the inverss sguare at infinity, and zo yicids e

wwiishing Poyating integral at infinity -- the system dosz not lozse ry enevgy

This [3.19) giver the energy balsnce for the field: the

clectpromsgnetic forces is the sum of three terus:

& \“ g— . 3 ‘
eV} -y m ¥
(-?"“ € e

o
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- snal drag density oo the electrons drifting 4 rowgh the ions
i . ! 3 . .
-1 m‘;; T, » 80 thab the loss of energy ver cn” por see , due o randomizati
. G )
of the clectron drirt velocity, is (m }1@310/1’5??% - ¥ o= 3o . Tris is the
“ wel ey
Terdllar Joule hest tarm, Note that o is the crdinary "unreducss
Ltivity:; in fast the Hall field ~- which we saw vielded the ani
o P 50 i i 2 1 2 -
copduetivity -~ has disappeared from {3, ‘-g} s wecause it is poerpendiculiar b
¢ - Thus glven a megnetic field H , "maintained” by a current density
~
g, tae wolime vabe of dissipation of its energy
celiisions is 5 /o .
[ e
: -4 u} &
% y g 2 ks
% ﬁf'ﬁ?\
-~ mioue the rate of woerking per om
the 4 red elentric Pield.” s
) it energy ivte the systen; if anti- -parallel, energy 1z going oubt of tne
) magnetin Tield -~ $hs "batbery i choyged,”
{5~ nh
t 114 R S e
5 i\‘ i ¥
Y
with bulk velocity ¥ . This s positive 1F {3 . 3’(* ie
~
¥ ; the megpetic Lorce drives the £luld mgni
B mressure, ravity, wiscous force, ete. Some of the work dono
be dissipobed Ly viscosity or by nonadisbatie ¢ compressio N FAA
some Lo contribute to the kinetic and potentisl energios of tie

i the analog of the eleetric motor, On the other & Eas N

is negotive, then the nonuagnetic forces acking on the Fluid

magnetic forece: energy is pumped into the Pield at

~28-



1 encerry sources of the foro

dyneamc,

In considering

1, end the babter

“ w

=5 driving the fiuld -~ the

4 the heating of the gas, nobt only the

heating should be included but also the

v term (117,

-29.-
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CHAPIER 4
COUPLING OF OHM'S LAW AND MAXWELL'S EQUATTIONS

For the moment we ignore the thermal and Hall fields, and use the

simple form of Chm's law

1 x-¥
o g E e ( h*‘ l}
o e

~Y
(h':r’}

gECJo
#

bt

©

g

valid et a point of the fluid st rest in the frame in which 2 is meassured.
Fen

Bguation (4.2) mst be used also when dealing with w ving solid conductor, 2.8,

a rotabing dyname.

N .
From {(4.1), Ampere’'s law and Faradey's law, we have

SH Y e (U H

,-f . \ [ g ;o KL

\;:: = o= W A E = VV\ (’Yq' » ;}} - Cv &(\ = 5 = "‘(‘;‘? S (;}: ES 5} e v £ Y - é

&t o/ ’ hx o 7
2

r ¢ 2
%3 S.,‘ . (V’ A ;\%) [ S— T‘;Pmb}é . {230

bywa

where for simplicity o has been tsken comstant, and the condition Hom

) ) 73
hes beer used. The operator Y/ inm {L.3) must be applied only to Cartesisn
cemponents.

We now consider special ceses, IFf the second term on the right of (4.3

is hegligi‘izjfg s then

e Vw,ﬁ (v A H) 3 "l‘;‘»}:";’
a-‘b % (o
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rot conduchor approximetion., With D a typical scale of variation

XA
g
@

'{

he field, we have that this is a good approximation if

2
by
v§ﬂv
;‘.3‘

Bgers

e——"
- 3

o 2 A , {h.=)

o4

2
H
?

Bguation (4,%) iz similar to the equation to the vortielty gy dnoan

incompressible £inid, vith J veplacing @ eand 1/{dmo/c”) the kipeuwotic

P

viscosity ¥ , & resemblance explolted by Batchelor. For this reason

fien ealied the Yagnetic Beyncids Number.

3; is puwrely kinematic -- the velocity is prescribed, and

the maznetic Pield studisd. As & well known, the approxing-

518

plies the "freezing of the field” into the meoviag fluld: as

texts on olassical electromagnetism, the rote of change of the

e o D
Sl of

across & noving clroult is

s

(an
fgﬂ -V sl | .omas . 4.6

2
- ! ot
[ -
e

o

he surface eloment ndS  has velocity v o More simply, we mey o
R Rt &

a

to Frosadoy s inw relsting the rate of change of the fluax across a oirmiib fo

romobive Torce round the olrvcuit, velid vhether the olreult is a%

redlt in an infinitely conducting medium the e.m.f. must vanislh,

vpences the conserveblon of the flux., Io fsct, the exyression

Vo H
. poa ~
B = B 4 o
At L%
< )

that keeps Paraday's lav invorisnt wnder s Gelilean transformation.
Qarditatively, we way sey that vhile fluld Llow parzllel to the £i=18

no dirent olsctradynamic effect, fiow across the field drags the field winh

31

for the slootric fisd4 ) in & meving frame 43 just the condition



3l nl

~

3

Lf vy

A%

b
L

slly, 1

S
. L

the

o

o

(4a)

gome

R

Fhik

]

L

22



- 4 P 1 S 5% e
173 ds perpendiouwlar H o, we oy il A R 51

"\f: ¢

B+ St = 0
e

where
C ‘} éd» H w“
V“ - ;r = e __,J:{;f:,: 5 (}.ﬂ,’ 1(‘}}
s K
with 2 cpeed ~ Dfv through the fluid, ia the direction

Let us now put in some numbers. For a large-scale field ia a star, we
[¢]

oy e o o s » { % o - 10 ’ 4 .

207 esu (corresponding o T~ 107 Ki, and D ~ 1077 em -~ {one

seventh of the soler redlus); + is ther ~ 5 x 197 years -- zbout ths zge

of the s0

system, A more socurate teeztment by Cowling yields LO yaars

for the

fing sime of the alowsotdeczyving wmode, It 1s thus not impossi

genarol wegne bic fizlﬁ" are "fossils” -~ slowly decaying rcl

4

[}
Surs
[
“3

. .
that shel

of the primersl fields present when the stars werc formed, [Buch an explons-

; . ‘ . Z
tion iz not possible, however, for the sarth's fleld -~ the factor D7 o
the age of the 7arth, and n
e o

aopsider s friviy swall sunepot, with D~ W07 om, snd o~ 30

porrecponding to the lower temperature nesr the surfese, {We assume thet the

eurrenbs maintelining the s Tlow deep onough oy the mabier 4o e

sdmost fully iomized, so that the present theory is sppileadle.) Then we have

o S0 vess -- much longer than the time In which a spot

o

nthe ab the mest). Cowling concluded that th. obhserved diz

ance of a spot must be due to hydromsgnebic dregging of the field below the

surface, and not through dostructl on of the fleld by Ohmic dissipatio



T

3

esnorpous time-scales are due Lo the factor D7 . A deocwny

field induces enormous electric Lields that tend 1o keep ths ourrents

flowing; or, aiternatively, Ly Ampere g law the currents regulre to nmalin-

tein a large-scale f£ield are weak, and so the dissipation [/ 1s sm
The difficulty of simulating astrophysical phenomens in the lsboratory ic
due umainly to the regquirement that D be large.
that

Jwev“, on2 must beware of assuming automaticelly in &ll cases D is
a "large” length -~ e.g., comparasble with the radlus of a star. In some
problems hydromagnetic distortion of the magnetic field, with sither megoeltic
or nonmagnetic foeces driving the fluid, may force the field to changs 1tz
dipection sharply over a narrow region, lmplying a loyger Ohmic dissipsiion

than normel. Also, some simple fields have singular reglons in which the

Chmic field must dominate over the motionsl induction field -- D becosmes

q
17
17

] . oy A0 -
ol brarily small. Thus if we put D~ L0 cm and o ~ 10 'esu , condition

,S’q

(.3} recuires v > 1077 emfsec ~ 3 omfyesr , & trivially slow motion; but

R

an arbitrarily smell U regquires an arbitrarily large ¢ . This will e

further discussed in onne%‘i:.,v th the dynamc problom.
Let us now ses the effect of the Hall and babttery terms.  Assuning
snfinite conductivity, we have &s o replucement for (4,7}
£ 8, %
3 1 L PRy

whors we hoore wrltten the Hall term In its origined form ¥V - H/ oo, ¥

e

tha Arift of the olectrons relabive to the fons,. Withoob the Labiery Lern

¢

this equation implies that the flux is fovarirnt through o clrcult movieg

i

¥y

P

with the electron velocity (v +

recombining plasmwa), o is magnetic £l

-;34,-



Vool v, bhe chmnge is of little lmportance. However, the thermal tern
can gensrabve magnetic flux -- whence our calling it the "battery” term.
The rabe of change of the flux &7ross & surface S spaasing a circuit ©
moving with the electrons is
{ {'?p \i ~ f_:Qp :‘:,‘
[.a8 = § ~w~%j . ds = "emf™ of battery
& 2

tal

scting round C .

j\7

The gensration of magnetic flux by the thermal {ieif ls important, because

the "wotional induction” or hidromagnetic term v ~ Hfc and the Hall terw

do not create new flux -- they merely drag existing Pleld lines sbout {though

ax we shell see in connecticrn with the dynsmo problem they con couse Dield

»-Jl

lipes to be used more “efficlently”). For dragging of the ficld to occur ab
gll -= &,g., for enerygy to be pumped into the magnetic field from the kinutic

L_AS

fiedd «- apn initisd £ield is requ
% will be moted that once Obm’s Law i coupled with Faraday's law,
attention iz forussed on the freezing of the fleid into the matter, and

3

devistions therefrom, Thus although with o iafinite, the component of
seross  Hoowist be perpendicular to the corresponding componant of the
"aoudvalest electrie £ield" [E + (v - Hfe) + ?g fm e}l , this resuds 10 of

I ° LI
§

soedl sigdficance compared with the excellent {cosmical) opproximation
B4+ v s T;/ o = 0, {the battery term will often be small compared with Vot
Howewver, 41t cen happen that v W/' ¢ has a zere component in a particular

divection, so that the Ysmall" terms become sigrificant, This will be
» &

disassed further in Chepter 7.



CHAPTER 5

DYNAMICAT. COUTLING

® I

So far the interaction bebtween the magnetic and kinetic fields has been

~

one~way -~ v hes been prescribed, and the consequences for H and  J

exmmined, We now discuss the affect of magnetic forces on the flovw

A, FLOW UNDER L FIXED MACGNETIC FIELD
We begin by supposing H  to be prescribed, and ignore any chenges in

¥ due %o penerabion of new currents. This H ®wuel be a curl-free fleld,

wainteined by currents external Lo the region of interest. Then if there

is a flow acvoss H , Uw's law {irmoring Hell and thermal tarms) must be

satisficd, and the current field J dis glven by

f y P II \
Ky ?*7‘1 - ~
Je=gq i‘, IR T }
' c

where [ 1s by hypothesis purely “electrostatic” -- we are ignoring O/ ot

- ) R . X : 2y or o T s
and 82y . & = 0. Thus at any instant we may write by Helmholbz's

4

i
=g +¥-~ &

c

Then iF E’ﬁ%a’ 0, there is sn offectively instantaneous adjustment of the

Byri

caargs density to malutain an electrostetic or polerization fizld ¥ - i

:«
]

k4
vhile tha pact ‘:7 .. a 18 left to drive currents, If we have
& ~

v

L]

(7 B =8B .V~ 3y -v. (¥

~4

eurl-free, and v vortex-free -- thon V“'éw 0 evernvhers,

Sada

7]

"'G,g., if :xj
i

50 that ‘1??9 « 0 (with sulteble bowndery comditions at iafinity): then 221 ¢

v o yc is available ito drive currents, provi'ied the hypothesis that oolf-

induction may be ignored is valid. Supyose Athnt

’Y“~ﬂ\"1
3=o{=—]. (5.2)
~ J
[+ §




The mpenetic force due

e, . - o3 v 2 & P x
whiere v o= velocliy agross o
e
seress H  is

~

NPURE U
F Sp

4t

wvhere F  is the component across

soting on bhe fiuid,

with a time constamt pf(of ca}}fj )

éonrity 5 ayproaches

to the flow of

\
3
wa
»\_‘w e
L1
v

across H O is then

]

e

1 s
i -ev-m;f“vj" (5,2}

5' (v, wiL

The quatgum to *cha motion of the mabter

ﬂx?v

a\

o
L

& of the density of the other forces

impiles an exponent:dl decay of V.o

PN e
fem i The curreuat

to the value P /(¢
M

“5 :%f i ~ 1{ E) e LI
- - = C P °
[#] Ao . o
e il H
(: [

F ey ~ 3 1 } L £ 17,
that specifies 3 . Oh's law {2,

independent of the condnctivity; in fact 1t is the dynamical

” r’m ‘w\in& Lo .

8- - fo b
Po=0 Ry

1} merely fixes the wvelocity of drift sercss

the ficld, odloved by the finlbe conductivity or the work done on the fluid

reguired to offset the ¢

lew fetermdning the cwrrent snd the squation
s

the roles are reversad,

It should be smmlasised that

thet v, o« 1fo is

being bigh, L

For example,

warface gravity on the sun,

Thwic dissipation of coergy.

Instead of Ohe's

£ motion the v Eoci’fy

this ~onclusion depends on the conductiviiy

smell, and the nonlinesy inertias tevrm in
3

if H~ 1 gouss, and T - pg , whers o

g 2 »-8 2 9 g '?g
a

and.  gfc” ~ A0 7 {correspunding o T~ A0

JE

B

T



then v, ~ £ x 1077 p . With p < 1C f {the photospheric value) this is

Pt
.’3
31
f’(‘

wmuch less then the thermal speed; while the time constant p/ (a/@ )Hﬁ is sh
compared with the time of gravitastional free-fall over a scale height., If H
becomes vary small -- @.g., near neutral points -~ 1t may aot be correct to

]

Magnetohydrostetic equilibrium will

"

e discussed Turther in Chapters? and 10,

the approach to equilibrium studied sbove depends on seli-

; - ? - N .
induction being necligivle, The flow of currents olv H/ ¢) in a regicn ot

]

seate B generates a fiedd I, satisfying

H' b

11
H
i
. P
s s (5 s
§
1

o«

L3
s

S
By Amperc’s law, A characteristic time for the bulld-up of this field is

oy % PR T 3 3 - a 3 3 & E
Div 5 so that by Feraday®s law, the induced electric fisid is glven by

= . vH ;
i 1 == Do P LS Lo SN
e e e e vt e v‘—"ﬂ .
LF o o
s
{ g 3 S g
§”§ hecones comparable with ﬁv’ ~ Hfe 5 if
¥ ~ M " -
e

B 1

ol . v T}

N

-~ Jus® the megnetic Reynolde nusber condition again, When i%zfu/ e 1, we
i

mint use, as 8 zero-order epprovimation, neot (5.1} but

vl
B+ o 2 O (5.5
o
«ﬁ

that st any tine

n
at

-3



. *
The current density is then given by Ampere's equation, snd so the magnetic

force density (§ -~ H) » Hfbe is fixed by (5.6). The dregging of the field

§

by the moving fluid -- implied by (5.6) -- generates a magnetic force which

does not automatically vanish when the fiuid is at rest, as is the case with
{2,0). "he magnebic force may be represented as the divergence of the Maxwell

oot

2 ¥ <
stress tensor, consisting of a uniform pressure H /B , and o tension H /lw
along the direetion of the field. With matter moving with the field, we may
regord s2ach £ield line of infiniltesimal area A as an elastic string under

o o
a tensile force (H flix)A , and with a line density (ph) , where p 1is the

volume density of the filuid. Thus a disturbance to a uniform fizld will not

S

< . s . ‘
be damped cub, bubt will generate & set of Alfven or apgnetohydrodynamic waves,
1/2 : o c .
traveling with speed (E / Y ) / . ‘There is a conbipuous interchange of energy

batween the kinetic and magnetic filelds.

B. ALEVEY WAVES

Consider a perfect conductor, incompressible and of uwniflrm density o .
There are no nonmagrnetic body forces, and thers is g uniform field 50
pervading the medium, its direction parailel to the s-axls., All quantities
ere assuned Lo depend only on & and b .

Then from {5.6) we obtain

oH ) )
oo Hz —jy- v, .
ot g oz 32 / ’

whoere use has been mede of the incompressibility condition
V.yv=0 . (5.8)
This last implics that Jv, /Bw = 0 , sc that there exists a frawe with v =0 3
. \f¢7
the fluild metion ie transverse, From - =0, ve have that H  is a
function of + at the most; from (5.7}, OH /c%tf = 0 , s thal we may write

3 Yot S

+ h (e, 5)
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- g Y
R ) e .
W s b

EY £ el 3 o 3 oy o S -, ey L9y 47 . .
the initlel scouwspbtions of ¢ infinite and p uwaliorm. Uae

the stretched string is imperfect, in that only small oscillabions sabisfy

c:@

. " ’! el
{+.15) in the string case; in the lfven wave problem, both the megnetin

zouwre and the tension in the disturbaed state contribute to VLrsdﬁ the

yuo? y g £ e ey g o
SHELINS 2 TEstoTing Loree,

T TRt
Poon (5.20)

. Y \ 4 LI 4 -
v=ylz £Vt)  aml  heh{z V) . {5.16)
T 5T e Py YT} = oy hY e (o A .
el e WS LT Yy 2, Ju\t)!, ,,Ja,},-“éj anes “,;e.—L{;) that
g $
ix ¢ ; \ .
e AV F HY) = {(Vh # Hyvl =C
™ e £ o e Fit 0
3% S

Ao B
o theb

P

ap - p . . . % my %
z\}; H(;{ =5 or ¥ =i oo (5.37)
- S }*:’t{\
as n» and v vanish together. Thus we have
R Lo s y
£ O D & S 3,
I T D
o oy = - o s
[ §] LAl
Ha ¥ e

s = O in o L1fven weve theve is cquipartition of energy 1
Sl Lo field snd the disturbance in the magnetic izid,

L
L5 P R oy w4 & - - 2 Fs . - " -3 L%t
Wate: generalized Alfven’s work, Still sssumdlng ¢ o nstant end I

seint exact solublons for which (5.1

:3,
L
£
2
§a
=
%
d
&
iy
3

- LY s oo 3
ansfome, he 8

My g FE & 55 - " % " o 'y DT oo ¥ »
gt withoud requiring that &k depend on the space varisbles in sny perii-

o~ o < o 4 g by ’\ ) W N .“f A - o £ "‘& 3
eulsr woy, With (9,17 holding,the terms ﬁ/ AV vy ond "i PN 8 PN

ey ¥ ~ o~ o ot T o Y i g TS <L I
shhinr i the oguation of meblon, and rgnin only o linesy magratis
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Chandrasckhar showed that there exist solutions of the steady state

hydromagnetic equations (for a perfect inviseid conductor) such that

H
- Y
¢ % E e (5.20}
Trp
provided p is constant along the field-stream lines, and
i
st =p 7. {5.21}
O

If p is uniform everywhere, and we write H = EO + h, then it follows that
a nonsteedy solution of the equation is given by a Gelilean transformstion to
o frame moving with velocity g@f’ﬁ'ﬁ;«? relative to Chandrasbhar's frame; in

thils frame

g ey
()o [l

Yo

i.e., we recover Watex's solution.

By including dissipative terms -- the Ohmic field in Ohm's law, the
viscous force in the equation of motlon -- one can demonstrate the prograssive
damping of Alfven waves., Neglect of dissipation, but inciusion of the Hull
Field makes a further small change., With ¢ infinite, we have seen that Uhe
magnstic fleld moves with the electrons rather than the ions. Conseqguently,
the modes behoving 1ike exp [1 {wt - kz)] are circularly polarized, and
have phase velocitles which differ slightly for right-handed and left-handaed
nolarizations.

The Aifven speed is less than ¢ provided that
HO‘:'/ Yot < pc2
w= %.2,, the magnetic energy density is less than half the mabterlal encryy

density. As the two energles approach, the neglected "inertia of the sther,”

ag represented by the disvlecement current, becomss important as well as the
+ p 9

Ny



the inertis of the matter tied to the lines of force. I the provious

calowlation is repeated with

c I” 138 ¢ 13

i o~
Je—~IYaB-——lz—lVil+—-—(v.H}| ,
o kg e dt 1l by * ot |

- - o

{cubstituting from {(4%.5) ), we find that transverse waves are propegated withk

spead o' , where

#

(e ‘,3":‘ > A 0" ir ¥ 2 > @

A5 on exsmple, a wave traveling along a field of strength - 100 gauss,
R ' 3 ,
in o mediue of density 1 gram/ cm” , has a speed of - 28 c:m/ sec. This is
Par less than ¢ , and also Jess than the sound speed inside a star, thus
Justilying the negiect of compressibility. If the megnetic enecrgy is conmpar-
able with the thermal energy, then coupling occurs between sound and

wavres, 1t cap be shown that in the presence of a2 uniform field K, , thore

0

mro three waves of gnall amplitude in any direction in a wniform medium}

v
-~y

> o,
Y ) i s r . 4%, x a o
{3} the "Alfven” wave, of speed c 5 » vhere c,.;' = H_ "/l , 5, el
2% Fi A fa

the component of H‘,, in the direction of propagetion z , and p the

undisturbed density. In this mode there are no motions along the field wnd
no density variations -~ the wave consists of the provagation of a twist
wlorg the field. |

(i1

slow and fast mixed sound and hydromagnetic waves of speeds o

and, cz§ s such that

> depending on the dirvection of propagation,

gl ]
with valus

3



CHAPTER 6
MACNETISM AND STELLAR ROTATICN
A, IBUROTATION
Consider a ster with a rotation field {rot necessarily uniform), bub
with no "poleidal” motion ~- i.2.; no circulation of maetter in the meridian
planes defined by the rotation uxis. Det the star possess a magnetic field
K, symmetric sbout the rotekion axis; we write

' H = B + R . 3 "‘“}
at gip k 2 (6.1)

where the suffices p apd * refer respectively to "poloidal” and "toroidal”

e ol b

=« the boroidal direction being that of the rotation velocity. Then if we

agswne The fleld Yo be frozen loteo the gas, 1t follows that in a sieady-stats

ooy oty

ey

Q3 campst very along a field line; for nonuniformities in 2 would continueily

"atroeteh" the T1eld lines in the toroidsl direction, We thus have, as a

s

tate, Ferrarc’s law of isorotation -~ a

E

noecessery conditicn for a steady

simple snd indeed obvicus deduction from flux freezing; though when Ferrarn

e

doduced 1t 1n 1997, before the ideas of megnetohydrodynamics had become

commonplace, it was sanything but "obvious”.

e o

Az & dypamicel condition for a steady state, we require that there

megnetic torque on the matier,

' X /
I {5 H
% zzii;zé S| RAZRY 20 (5.2)
N
L3

a8 thers is no poloidal clrculation, there is no Coriolis force, and we igiore

the smell viscous force on nonuniform robation. Condition (6.2} is sstisfied

i ‘gp = O, so that the fleld is purely poloidal; more generally, we regulirs

that' poloidsl currents  J flow parsllel to the noloidal field E@ , B0 that
BT b

the total field iz torque~free,



A formal proof of Ferrarc's law is as follows:

consider two neighboring poloidal field lines
distance 3, and S, from each other at AB and

oD, with the segments AR =and D distance o,

snd @, from the rotation axis, and with angular

>

veloeities 0, and 02, respectively. The cone
ha [

ditton V. H = C implies

{in an exially symmebtric state, any toroidel component does not contribute

+5 the divergence condition). Alsc, in a steady state we find

~ A ]
SN g (6.4)

where f is the scalar potential of the space-charge field. Thus we have

1’1
A % . 3 i T e {l €
Plr, ~B) gm0, (6.5)
ABCL
there being no poloidsl motion; whance
2 @ES, = afs, . (6.6
A R R T~ 6

Dividing (6.6} by {6.3) ylelds Ferrarc's law

A less primitive treatment, e.g., using spherical polar ceordinates, will ylaid

(. .Vin=0 .
Thus & unlform rotation of a complete £ield line does not affect the megnetic

Tield; tut merely generates sn irrcotational electric field

~ H
m'f; ey
E= -t | (6.7

c

O~
—

o DG



- meintained by a charge Jdensiby Po ™ V ( Ve Al H / bywe . If Ferraro's

isw does pot hold, the anommifcorm rotation will generate a torcidel magnotic

somponant bt the expense of the rotatiomal )
and 2 complicated hydromsgrnedic oscillation will be set up. Bgually,

if Ferrarc's lev holds, dbut the msgnetic field is not torque-free, the magneiins
Tores will oet vp & nonundform  3-Tield, which in turs will veasct on the

megnebic field, sgein generchbing waves along the lines of Torce,

=B S (4§
I B is pweely poloidal, the Chmic fi=ld ¢ -- neglected so far -
2] E (%
ka4
i toroldal; herce Ferrarc's Iaw still holds, as the motional induction fizid

g A g?;& is & pololdal vector. But if H is partly toroidal -- necessarily

torguae-free o & sheady stete -~ then Ferrarce's law must be modified hecmuse

o

of Bhe terwm & ?/ g, Obther corrections to Ferrerc's law sre discussged in

B, THE BFFECT OF MERIDIAN CIROULATION
. Consider for simplicity e star without meridien cireulstion, bub with =a

purely poloidel field, symmebtris aboubt bhe axis of rotation., Tnitislly

fzorobabion holdsz, zo that copditicns sre steady. How imogine thab

pivonlation of matter is stearted up., Such clreulistion insife stars is

Yo Bo he due to tho effect on the thermal 1ield of nonspherizsl perhurting
- centyritugal and megnebic, The completely self-aonsistend probles

iz difficuit; for the momens we postulate the cirenlation, and examine its

consoquemaeea - for the megnebtic and rotatlon fields., The comvection of angulor

momentun by the circulation immediabtzly causes 2 vardation of anguler wol-o
) slong field lines, which in btwrn gencrates g toroidal field.
- maemedic torgue changas the sopulsy womentum of cirodating eloments,
“ tha change the torcidal field at any point depends nwot only on ths uon-

wiiform rotation tut also on the convection of the torsidel £ield by the

sivoulabion. Fisally, the madntained meridion f£low will convect ond distort

AN ] E)

- Y



the poloddel £ield. The complete time-dependeunt problem is difficult; we
suppose that a steady state has been reasched, affter some dissipation of energy,
and lock for the distribution of & and gt s

4 -
~ 5

fnsdogous to 1 0.1}, we wribte

+wa {6.2)

~airy =t : 'Ep
vhera % 1s the wit Sorcldal vector and ® 1s again the axial distance.
We spain use the simple perfect conductor approximation, so that

¢ re w3 £
v’! ook KXP + a{t b il

\Yi /

Folotdsl =0 toroldsl compopents of this are

4
~
B
ey
<2
by
et
g
3
o
=
Pl
My
e
P
<3
L.

Thus from (6.10) we obstain

P -

o
E = - (V@)
vpeﬂ ~7 i‘%‘-

ct
3
P

It dn e axielly sywmetiic system, the gradient of & single-valued scalar

pobential cammst have a toroidsal compoment, so thnt (5,12} fwplies
= ki (6,15

B
e Ty

. . -y \
whers X is & seslsr. Introducing cylindrical polar coordivates (o, q;, =3

with origin at the center of the star, and the rotation axiz ac the z-axip,

™
5
e

) { kg y 3 o ¥ i
- kﬂﬁﬂg3 - -~(ng§¢ ~ @i ) o= \Q el b U sl B —= (e
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As 1

} 19 _ 3
Vo HEe o= @)+~ (@H )| =0 , (6.15)
' » {dw N dz J

(6.14) reduces %

@
oy
vt
D om = O, 16,16}
@
where O 4s constant on a particular field line. When k = 0 {no circulstion;,

{£6.16) reduces to Ferraro's lew 0 = ¢ , 7This generelizetion of Ferraro's law
is simply interpreted as follows. One special sclution of the steady-

shabe hydromagnetle egustion

.
Vo oAy~ H =D
iz
vo= KH ¢ fe.31)
2 £

-- the Lobal velocity parallel to the hobul msgnetic field. This corresponds
to pubbing o = O in {§.16). HNow give a poloidsal field line an arbitrary
vub wilfora rotailon: then as shown by Ferraro,bthe motibnal inducticn ficld
g“ ~ g?fc neraly polarized tﬁe pedivm and {6.17) contioucs to hold.

[A conseguence of {6.13) is that a steady stade is possible only slong
£123d lines that be within the star, since the stream-lines of the ciroulatica
are all within the shar, Thus if the initisl poloidsel field is of » dipole
type, with some fleld lihas leasving anﬁ,%ntering the stellsr surface, = lnex-
orable, meintained cireuwlstion within the star would continuousily distort the
£1eld until the internal and external parﬁs gre separated by Chumle AdfTuslion

{which necesserily becomes locally large if the fi=1d lines are progressively

distorted), The external part of the field couwld thepn be biown away by a

ue



steller "wind,™ snalogous to the mich-discussed solar wind, and one could
not deduce the nonexistence of a large-scale ordered field within the star,
from 1ts sbsence oubside, Perhaps it is significamt that the polar plumes
in the sun -- indicators.of a genersl dipole-type field -~ are confined to

the poles, while in the latitudes that show sunspots and th: solar cycle,
there is no evidence of a general megnetic field above the surface, ]

The conditiorn of mess conservation ylelds

Ve =Y. () =1 . §/ (ox) = 0

—~
.C?\
b
G

N

or
ek o=, {6.12)
<
? veing & comstapt on a field line., Finelly, ve have the toroidsel equation
of motion: the magnetic torque is belanced by the transport of angular
momentwa by the eirculation, or alternatively, the torcidal wegnetic force

balanced the @Cﬂr:.l;s foree:

3
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L E-z¢ miust be nonzero, otherwise G~ would need to be constant on a
£ield line, and this would be inconsistent with (6.16). With

1
(V ~ )= = 9 @”Fé)

C.) &

1 .
(. 1) =- 9 {(mEQ)

& On
then (., i) cooowes, with the belp of §5.373,
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or

Y e 8
o — ok " = - = (6.22)
bt bt

vhere £ 1is constant on a field line,
Equation (6.22) is easily interpreted. The flow of metter parallel to

the poloidal field transports sngular momentum

-2

"’2 4
v am A = {pkha “YH_A)
PV el

per second along a poloidel flux tube of inPinitesimal area A. This guanbtity

is not conshant slong the flux tube, but 2 steady distribution of angular
momertum 15 meintained througk the trensport by the msgnetic stresses of

ular momentum
el

{oem 3
[
3 4 Y
o= {H_A)
[P

33

-- g particuiaer case of a more general result due to Tust and Schifiter.. 04

(HDA} ig constant slong a flux-tube, we arrive at (6.22)

We now combine {6.16), (6.15) end (6.22) to yield

~ % 7 5,
B X ; no
R e £ Y + s B (6,23
o /N o ~
P ;
. hﬂ id i wars 2B
wﬂ@ 1 - = B+ bsookn “j . (6,24
kS £ /
We note first that for a steady state to be pessible, the quantity
- 2 2
b v v ©
= = o E = : (6,25
2 e & <l
P E{ > (JAlfven'
b

-50-

P

s
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must be @ither less than unity or grester than unlibty all the way round a
o e 2
poloidal joop; for if U, ]p = 1 at a particulsr density, a nonsingular

r-

golubtion is possible only if

cwas £
B+ o™ =0 {6.25)
. _ 2y .
simuitaneously. Bub in 2 nearly spherical star, b fp = 1 at a particular

a

radial distance whilte (6.26) holds at s perticuler axial distance. Unless the

torted from the npproximstely spherical -- e.g., by the

centrifugal and magnetic forces becoming comparsble with the gravitetional --
these htwe condiiions cannot be satisfied simulteneously 2t htwe points on a
poloidal Joop. (I is true thabt an iafinite rotational shear is incopsistent
with the neglect of viscous forces in#{éaﬁo}; vut shellar vizassit s 1 890
small that a stendy state that included viscous forces would still result
in lmﬁai’centrifugei and poloidal megonetic forces far larger than the egul-
Librivm of the star could tolerate, )

We thus require that in a steady state the circulation be sither "sub-

»
Alfven” or "super- Aipvént et anl points of a poloidal loop. The paremter

{vp/v%) is the natursl one to turn up; for v@ is the rate al vhich the
. £

cirewdabion 18 destroying isorctation, snd v the rate at vhich hydromagrnet]

A

waves tend teo restore isorotation.

Viith v pr@ssrlbed by the maintalned circulation, there are two degrees
of freedos left. One parameter is removed by requiring that the angulear
momentum in 2 flux tube be fixed: varying - or the other parameter mevely
redistributes the agguler momentum along the flux tube, but in the absencs of
viscous shear thers can be no transverse transport. The remeining indsoter-
minacy in the solution is the analog of thé one degree of freedom let't In the

solunion wvith n = O (mo circulation):

akete}

i



thoe last equation beipg just the torgue-free conditigg;”any amount of torque-
free field may be imposed on the star (provided the poloidal magnetic force
does not become too lerge for the thermal and gravitational fields). However,
we have postulated thet in the absence of circulation the magnetic fisld is
vurely poilvidal, with field lines necessarily closed loops. If we assume the
Treezing of the field to hold strictly, then the toroidal hydromagnetic
distortion that generates H¢ vill not alter the topology of the field. The

field lines are given by

dn  odf 4z
e B e 5 e

B M

s (6.27)

so that the condition of closed loops ylelds

dz (B + b0 =)
Q(d,jf q§ =0 , (6.28)
) R, (? Eﬂlg '
P

on substituting from (6.24) and (6.27). This fixes B/ in terms of n , £

end H . If 10, B =0 - 80 motion, no toromdal field (in =2 oteady stata)
3 or super~Aifwen
As azXHy 0 , we mey write (6.28), in elther the sub-Alfven cases
12 SN
B + hﬁﬂi% “ =0 , (6.29)

where 5%' is the axial distance of at least two points on the loop (there
may he 5ore than two 1f the equation 2 = zﬂﬁ) to the loop is more than
doubly-valued). By {6.24), H¢ changes sign at 525_—~ as H? has arisen
vy toroidal distortion of Hp s Clearly Ig§‘ cannot have the same sign all
the way round a loop. Because of the factor E? in the denominator of
(6.28), the points 5%‘ will be near the axis if the loop considered comes

close the the axis.



Substituting (6.29) int> (6.23), we have

’ {6.30)

Suppose now fmx;d/ Bl , and a’:onsider a field line with o segment nesrly
parallel to the stellar surface, so that p 15 constont along this segment,
LR e &
Then as long as {1&5(3 ,/’;;Xa; fw)” <1, {6 30) predicts that /% is
\ 3 ,

v

poaltive, snd that it ipersases with @ . As b, ;’p <1, :.z/b. is certainly

~e

positive for &6 3 and if b fp << 1, vwe may expect nfo positive
along the whole of ~he horizontal segment, <4 Eic is likely tc be a point
near the axis,

If 4w fr > 1 slong 2 whole loop, then {6.30) 1s best written

191 §

b p v & oAy
- 5 gy s {5.31)
[0 ‘ ‘-37"’" ) i .

IR |

i
[

: - oy
predicting o decrenge in R/a ong » horizontal segmert. If hw /¢

——n o i §
P {wmﬁi“ a’ {:} s !Qi decraases alumj: he whole lem;;t}s. 3 ctherwise bhere i 2

point ol zero rotation on the ocgment with 0 increasing on elther cids,

When sy T/e 2 1, then (5.31) yields 74) = constank, a5 expected; for ii

!\‘

the cirewlation is fast, the mognetic foreces ar: negligible.

/”
Thue surprising predictl m far the sub-Alfver case, of eguatorisl accelsrs-

tion is of speclal interest in view of the observad 1 5 acoeleration In the
o ; ,\"? o ’?‘\ o
sum, AF we pub for o a sub-photospheric valus {10 ' gragica ), and for .
H
¢ :’3 3
the velonlty of migration of thz sun m}ii’ zones (w2 % 107 emface), the A

2".—« 4l p CQ ety A;:

, i \ o P T 51 e, &
slong e horlzontal segment, whick iz ~ he™fo , s



numeically = 5 % ;1,0’“13,/51; , vhich is 0.1% if HP ~ 0.6 gauss., This 18 of
the same order as the general field cbserved at the poles, and so presumably
of the suophotospheric general field kept bene.th the surface by the
circulation, &8 suggested above.

Howevar, no magnetic theory of sclar rotation can be considered
aatisféctory‘until the solar cycle iz included. It may be possible to derive
an approximastely steady equatorial asceleration from a variable megnetic
stabe -- aos Ohapber © on the dynamo problem. For the moment we note that
the mepunpbion of olosed £ield lipes 1s nob necessary for equaborial

secelerstion. Most fi2lds will be ergodic, with lines covering the toroidal

g &=fined by the poloidal loops. Bub if 5'3,"05 is negative, we asy
iefine o distasce E,: vy {6.29), so that 0/ is given by (A.30). FProvided
fo - is not boo large, S,['O- will he positive slong the whole of o horlzontal

sagment, and will incrsase with o,

o3
The existence of a range of lwm“/ ¢ for which there ars no steady stale

oy
s

ial to the understandéing of the phenomenon., For hﬁ:;“/’ I8

{'i‘

subions s essen
we expect O uniform  the circulstion is unable to upset the msgpetic

2 LD
ctiffening, For bmwn™/ >> 1, 2o = const -~ in a steady state each

;
Loement has the saee angular momentum, If there were a continu m‘:\ solutiong,

one would expect for Intermediate values of ’ma /p that o would decreass

o - e
cWith « , though less strongly than o “ ., The :ap allows equaborial accelsy

atiocn on one side and deceleration on the other. It is tempiting to link up

magnetic variebility with the necessarily nonsteady psrameter range. Agoin,

gsuch an identification will not be satisfactory until the velocity Tield hns

ween deduced from the theory, as in principle 1% cen be, instesd of belng
that

postulated, Eit is known theoretically, in turbulent convective weglons, sus

an thet Yomenth the solay surfece, there is a large-scale lomine

imposed on the small-scale 'turbu;baxs,ce,n\g
—
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CHAFIER 7
THE THERMAL GENERATION OF STELLAR MACNETIC FIELDS

The work of the last chapter assumed perfect cenductivity and an imposed poloid-
al magnetic fleld., Such a fleld could be a relic from the time of formation of the
gtar; in which case there is no obvicus reason why the sbtar’s primeval field shouid
not have o toroidal component as well, torque-free in the absence of circulstior:
the effect of cireulation would be to generate an extra toroidal component, exerting
a torgue. The finite eonﬁuctivity of the star impliea that the field will decsy -
less energy is supplied to offset the Q%mic losges. The discussion naturally uifur-
cates &t this point. In this section we consider primarily the thermsl generation
of magnetic fields; but include dynamical and hydromagnetiec interactions with any
pximeval fields present. The self-exciting dynamo probliem--the supply of mégn&tig
energy from a dynawical field--is discussed in the next chapler.

The introduction of both energy-supplying and energy-dissipating mechanisms is
of particular interest, in that we left the problem of Chapter ¢ in an unsatisfactory,
arbitrary state. It will be of interest to know whether the magnetic state of & star
shouvld approach a steady or quasi-steady asymptotiec state, depending on fts structure

and angular momentum; or vhether a degree of arbitrariness remaius.

&. 'THERMAL GERERATION IN AN INITIATLY NON-MAGNETIC STER
Censider a non-magnetic, nom-rotating, fully lonized star, necessarily spheri-

cally symmetric. Its equations of dynamical equilibrium are

.0 _ 1)
V, = oVv (7.1}
and
V& = s, (7.2)
with the equation of state

. R .\
P = -II 9’1’ © (233)

In thermal equilibrium the energy lesk down the temperature gradient le balanced
by nuclear energy generation; otherwise, the star contraets, the gravitational ensrgy
released supplying the energy loss and also heating up the staer.

Equation {7-1) trests the stellar material as one gas. In fact, there are



separate eguations for the ions and electrons, that for the electirons being just
Ohm's law (395}, with redundant terms dropped. As local thermodynamic equilibrium
holds very cleosely, the partisl pressures of the iong and the electrons will be

of the same order, but the gravitational force on the electrons is much smaller;

in faect, it is neglected in (3.8). In equilibrium, then, there must be an electric
force acting on the electrons, equal and opposite to their pertisl pressure grs-
dfent: from (3.8),

E L eemnd = G 3 (?02*)

The electron partial pressure causes a small charge separation until the reguired
space-charge, "electrogtatic” field is built up, equilibrium as ususl being reached
in & time of order c§7mp2 (¢.f. Chapter k). We write, assuming very close tharge

neutrality;
p, = (2/2+1)p,

n, = (2/Am

where Wiy is the wass of the hydrogen atom, A the mean ionic welght, and Z the
mean ionie charge; then the potential of the space-charge fleld is, from {Yul)g
(?JE’) and (7°5)s

-3

8 = (Am,/(z+ 1)) V. (

The net density of charge is

Pe = "5 T (ZF Ve Ik T (Er i) ° (7-7)

'4
. (7.3}

This is short by a factor mH/me =~ 1840 of Eddington's magic mmber. Equation
{7.8) is roughly the ratio of the gravitational to the Coulomb forces between two
protons, instead of between a proton and an electron.

5



This space-charge field--the Pannekoek-Fosgeland Tleld--is o glight impor-
Lanes @ven on a cosmelogliceal scale; the charze excess required by Bondl and Lottls-
13
ton in thelr receut cosmology is one part iu :m . Its smallness justifies our

plesting slectrostatic foreces in {7.1)}: effectively the same Foree density, with
5 A 3 o p

acte on the ions as on the slectrons, so that the purtial eleciron
pregeure is transferred to the ilons. However, it was pointed ocut by Blemmenn that
in non-spherical sters, such equilibrivm may not be posgi‘bie-~7ﬂ e need not

have a vendshing carl. In a rotating star, { 7:;) is replaced by

\Vi ary: N
Vo = gV ¥ D
s that ‘(7?
4 v A, 3 2
Bor ot U  (WeFD . 7.0
v ne T LY H
& (& o+ 1)e

e weostor @' = ;;;f may be divided into an irrctational part; snd a sclencidal part
written zf &, which vanishes when f) is a function of ?3 ﬁm?" and not of 41

placement parallel to the axis. In gerersl, ve may em@ug Q *Z to be of fle

o
game Order as EQ‘ ar! . The total irrctational part of 2»1 again merely reusrates

L

& small spaee~chargs Tield, in a time @“j‘éwggz ; but flfi acte like z technolomical

watbery; in which non-electric forces continually drive electrons relotive Lo the

g, 80 generating poloidal currents with an associated toroidal magnetic Tizglid.
The energy supply comes ultimetely from the nuclear sources thet meintain the sbar's
thermal and gravitational energies sgainst redistive loss.

At any time., the current density 3 Is ziven by (hm's law,
Fav

p ..n—n -—i ' )
& = (z+E) , {7.21)
. o ~oow
with
7 . .
VAE = bxf § . {7.123
R

e Ball Pield is temporarily dropped from {7.11); meridisn ecirculation is ignoraed.
The induced electric field :%2‘ satigfies

Ug - -1 3

57 - (7.13)

0l
=
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As long as f ;:;/Cf 1 < i,ﬁii ; We have that ;ﬁ 2 - A%i , and the magnetic field rrows



|

I

Tinearly with time; in order of magnitude, If B iz a typical scale of variation
N

o b o T
& dn ik 3
v

~1
. e B R { 58
oo Same %, L7.2%)

Vher the mainteining eurrents

2
S, s gwmmm Eid« S
;J 2*31( B {,: & PECI
by O
S
£
g e

are large enough for the Chmie field sk to be comparsble with E , f.e., when

i@j‘tﬁ"- 2 w %
t e {7.36}
o :

+he asymptotic steady state is reached: +the dissipation of magnetic energy by timic

resistance balances the gupply of energy from the battery, and a fleld

g 3G 4o (7.17°

ig resched in the btime (7.15). More sccurately, the approach to the semptotic Tield

i3 exponential. If E5 = 0, an initisl toroildsl field would deesy, with the usso-

¢t

ciated electric field satisfying

7T bxo a0 rer 4o
’VA (‘Z‘ gl o= == 3% . , AT
e
uancrmalized ~T /T -
This equation mgAeigen-sOlutions E g s with g' ant T Pixed by the condi-

tiong of Pfiniteness at the center of the gtar saod at infiaity. If we wrile

B s Z?}T , . (7.15}

At o~

T

it is easy to see that the current field hehaves like

Fln a; a-e¥NE . (

o}
s
0o
Q

¥ach part of the field is built up in the same time that it decays if the "batbery”

is switched off--analogous to simple resulis in cireuit theory.



' -6 1 ‘
As #n exampls, consider the sun, with ﬂ ~ 3 ox 10 O" e~ 10 7 ezyu; and
$4 2 3
- a i i Y _ .
Toew ¥ ox 10 say. Tuking E- o~ BN, and A= 2z = 1 (pure hydrogen), {7.17)
10 ,
wiplds an asvptobic field of about 500 gauss; built up in 1077 years. This fiel
£ of

18 comparable »with sungpot Pields, and i far larger than the sun’s poelar field.
r {7.17) predicts 8till larger fielde for more rapidly rotating sburs;

"~ , 8o that centrifugal fores ab the surface eguator is comparable

sty {about as large &8 1t can be without causing surface ingtability),

iy 2
v . ; . N
¥ 107 gausse, and the magnetic Porces sre comparable with the gravita-
)
rismal. The mapgnetic force then alfents ggpe/n@e s and the Hall term wust be Inclu-

ded in Che's law, which now becomes

[

] .
> ‘ B
dépnzvt (1.21

v foe g)'” ,
Rl M*A% o ?@Z '

The time of approsch to the asymptotic state is also modified somewhat. However,

.

it i1s found that the nonlinsar term in (7.21) becomes comparsble with the Chmic
onty when the star is rotating with the maximum sngular velocity; otherwise the pre-
vious the@“y is adequate.

“ha theory should be completed by inclusicn of meridian elreulation, which
will convect the Pield lines. Such g low is determined by the rotational and mas-
netic digstortion to the thermal field; in the absence of a pocleidal field, no tovgue
aghs on the matbter, znd in a steady state the angular momentum would need to be
eonstant on esch stream line. However, this difficult problem need not be pureusd,
ps we ghall now show thet the conditions for Bisrmam®s mecvhanism to work are ua-

Iikely to be Pulfilled.

%, HE EFFECT OF AN INITIAL PCLOIDAL FIELD

The magnetic forces exerted by Biermsrn's field are negligible except when the
star's rotation is very high, énd in any case they act in meridian planes, and are
absorbed by the thermal field. But if the star has s primeval field, with a pololdal
éamponent that is not tco weak, then the toreidal force due to the flow of Blermann's
currents across #gp reacts on the rotation Ffield, and in the time-geanle defined
by the ﬁfzvel of hyﬂ?amagnetic waves along the poloidal field. I Hp is grenter
than 10  gasuss, the time-szcale of sdjustmernt is shorter than the induetion time-
seale in vwhich Blermann's currents grov. Thus, in the sbsence of meridlan circuis-
tion, we must fmpose us a dynamical congtraint on the problem the condition that ;ép
is parallel to ’gﬁ --the Pield allowed must be torgue-Trse. This iz achisved by &



sum of the
alight departure from the Isorctational stete: the non-irrcetstionsl part of

&Agp/e s the Hall terws 2nd the component of Vpefn@e 4cTOss g}p i 2% all
times a curl-free vector, sc that Olm's law is satisfied without a component of
current across H_ .
~P
The gbtrength of the poleidal current fleld that is bullt up, floving parallsl
to E’@ s is given by inte r-ilaw Chm's law round a poloidal loop {(fgncring the do-

eay of the poleidsl Pield--see Chapter 5). There results
b ° a@
é) Bp " A Q (7.0
J o (‘“‘#1‘ 2 g&?ﬁwm-ﬁv(!

with the left-hand side essentially positive, jp ie parallel to &e R
thers were no departure from isorotation; Q' W . ds would vanish identiesily,
end there would be no toroidal field built up at sll. _A.s it is, the very siighi
departures from isorotation brought about by the extra terms in Ohm's lav--neslected

when Ferrar ¥s law was deduced in Chapter (  --which effectively cancel cut fle

I

cumponent of gk across 1}3 5 80 lead to a non-vanishing integral of Blermunn®s
"sattery® around the loops in' }gp . However, the toroidal field s built up %s

much smaller than Biermann's estimate--1it g reduced by order of the ratic of the
macroscopie angular velocity Q to the grration fregquency of an lon iu the figid

ﬁrg . Instead cf gbout 500 gouss, the Tield ir the sun would be ~ 10 ',-*’H,p 3

with
éy a8 low us m«}% esuss, it is still € orders of magnitude smaller.

The mechaniem here is essentially hydromagnetic. In a solid conductor; the
Tiew of poloidal current across a peloidel field apgaln generstes s torgue, and mey
affect a8 trangfer of angular momentum between; e.g.; the liguid core and the solid
shell of the esrth. But the condition of sclid body rotation is a gero-vider gy
namicael constraint that must be put latc the problem; the magﬁetic torgue generutes
& stress in the solid; snd consequently small elastic distortions; which have small
bhydromagnetic consequences that can be considered in a higher order approxmammm
In a fluid, bowever, the torque cannot be balapced, and the eorrect zero-order
equilibriun state ia with a zero torgue, which cen be and is schieved through the
) mi&tion cfQ ; this is impossible in a rigid body; but aslsc is not required for

dynamical equilibrium.
¢. THE EFFECT OF MERIDIAN CIRCULATIONW

The problem is altered somewhat ify, =28 is most likely, the star has a poloidal

eirenigtion fieid, as well za a primeval maznetic field. As discussed in the last

£0.



reulation necepsarily generstes a torcidal Pield foom ap initisl

;,Ja

,a“;&”"’he;y the‘
poloidal field; if the star's field is purely poloidal in the absence of eireuls-
tion, and perfect conductivity is assumed, then the sieady state in the pregance

of & preseribed circulation f£1eld is described by (6.23). However, there is nc

3

fead e
eireulation. Further, although hydromagnetic effects nearly always dominate in
non-steady situations; once a steady stete (satis"ying the simple hydromapgnetic
condision (6.17)) ); has been achleved; the slower acting Chmic, therms]l ard Hall ef-

¥

reagon for assuming no primeval toroidal component, even in the shsarce oFf

Taets can play a role.

Lot us suppose thet a hydromagnetic steady state, defined by {£.13), (5.73),
and {5.24) has been schieved, with again one linear relation between o and E
holding, preseribing the total angulsr momentim in a flux-tube. We now congider
the effect of the terms neglected in deriving (6.13), {5.23), amd {A.24). Piroes,
there 18 the inevitable decay of an axially svmmetric poloidal f’iel&; we shell ses
in the next chapter that meridian circulation does not prevent this. A4is s howewer,
we sre interested in the toroidal field; we shall temporarily ignore this embar -
ragsment; and regard 5? as Tixed. In discussing the effect of the poloidal
components of the neglected terms, we agsin distinguish between components sercss
;@p and those slong 4t. Both Vt
are perpendicular to H ; henee the components scross Ep ©f the neglemcobed Lerwm
simply lead to very ali;:s:ht ﬁ,epartures of Q and ,gg from the simple laws {0
{5.28)-3ust us, in the sbsence of meridian eireulation, their effect i{s to alter

/\Hpi@ and the zero-order component of Fandy S

glightly the law of isorotation. But parallel to ‘gp the "large” motional indus-
tion terms vanish to gero-order, and sc the neglected terms ure not "oeglisitle
when one considers current flow round rgy « If there iz & net e.m.?. round o loop
of ,gp s the current flowing round »gp will slowly change, and slong with it the
torgue-free part of é%h . Simultanecusly, the ;Q and gt filelds adjust thewselves
to satisfy (6.23) and (6.2h4) with slightly differing parsmeters & and B ; fov
the dynamical condition and the very nearly securmte hydromsgnetic conditior must
hold at all times--the time-scale for adjustment being very much shorter than the
induetion time-scale in which the neglscted terms show their effect. B5ti1l aspw-
ing & sbteady E field, we conclude that the asymptotiz relation between o and

B is given by *"’he vanishing of the integrsal round ’{i’p of Ohm's law. This oo

straint on ¢ and B s

& & P2
- = 5E - OF




--the Hall term being cancelled by t,he noﬁuzez"w part of vp Ht'/ ¢ . The term in -
bxug e
;, AL ﬂj ¢ does not vanish iﬁertiamly theéfieald exerte a torque; so that jﬁ is
Ll

not parallel to H

. On s'e;bstitat, on of Q and H, from (6.23) and {6.24), 1t is Pfound that the
A

?}«;ﬁ v <& ég 2 ¢ --the thema1 field makes no eontribution to the constralnt,

windah reda.ﬂes o

e dg = 0 . (702%}
, P i

Suly 1P we use the corrections to (6.23) apd (6.24), due to the Fall, thermal and

. Ohmic terms, will the right-hand side of (7.2%) not vanish; and except for siars

with abnormally slow circulation fields we can be sure that (7.2%) ie un adague
soproximation to the asymptotie relation between O and B .

- This work is of value in showing that the them&l field is of nr imporitance
whether or not there is meridien cireulstion; as long as the gtar has even a ey
wenk poloidal field. Thus if, for example, we start with the Tield of the laat
shapser, with closed field lines; generated by hydromagnetic disbtortion, then thers
i3 no tendency of the thermal field to pump more enerzy in fcrﬁf’ Vp / B ds £ 0 .
However, the time-scele of approach to the asymptotic state {7.24) 38 of the mawe
crder ag the e-folding *tme of décay’ of the poloidal field; thwus, even if we use

ety &
{7.24), at best only a moderately good epproximation to the instantenecus -0 re-

for ¥ a time-dependent fleld, given by the decay equation for ’g‘;‘n ; we bhave, i
¢
lation. Further, evea if we ignored the decsy of 'gp ; and improved the theory by
computing the dependence of the cireulation on Q and H , there would still be-~
gpesking rather loosely--two degrees of freedom in any steady state; bhoth the rofta-
tion field and the poloidal magnetic field would be swllsble for cholce. T™hia is
due essentially to the abgence of feed-back, in an axially symmetric system, Irowm
the torcidsl o the poloidal Pield. This will be discussed further in connecticn
with the dynamo prcblem.

{A detailed treatment of the work of this chapter gppears in mcma\re Labhora-
tory Report No. 837 s August 1901, by L. Mestel and I. W. Boxbuiyk. This will ap-

; during 1962.)
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| CRAPTER 3
THE DYNAMG PRORBLEM

A megnetic field in a medilum of Tinlte conduetivity decays through Olmlic dis-

ation, unless enersy is pumped iote 1t from an external source. We have seen

m

thst the enerzy equation to a moving conductor has the term {3 Al /€Y . Y which
represents supply of energy to the Fleld 1P the fluid veloeitles sre driven bty non-
magoetle forces sgainst the magnetic foree. The self-exciting dynemo problem is
te find eonddtions for s suoply of kiretie energy to meintain the fleld sgeinsgt
Chmic losses, withoui help from a "pattery.” We thus look for steady sclutions of

the equation

3F \ 1
5‘{5 = V&(Xr‘ﬁg} * 2"“@“" ’ ‘%yb.:% 3 (33}‘

e
vhere again o isg teken ag constant for slaplieity: the flow of maitier acrossy
the fie..ri H generates currente which maintain the Pleld E , by satisfying the
;wmpa,r@ eguation.
A% Pirst sizght the problem seems trivially simple. We have our Mapgnetic Huy-
nolds Number condition
.5:*33‘?.- v D 1 (8.2}

e i 3.

:;
e
e

far the induction term in (3.1) to balance the Olmic term; we Ffound that ineids
stars, very smell circulation speeds are sufficient to satiefy (8.2}, 1iFf we take
for D s length that ig even a smsll fraction of the stellar radius. However,
the length D is the "scale of varistion” of the Pield--the distance in which
the field substantially changes in direction or strength, and it is not obviocus
that, for an arbitrary field structure, 0 i finite at all pointa of the field.

Thus. eongider an axislly symmetric, poloidal fi@ldﬁ with components in ¢ylin-
drieal polars (&, ¥, =)

1 AP -1 QP
5, =858 % T 5 R CAE)

By use of the "stroas-function™ P , 7 H : 0 I8 aubomaticaelly setisfied, and
(H V) P=0 P is congtant un field- in%, which thersefore have sguations
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Hoasross & elrele fn o 8, ©) vploss, and gente the
wud

Field dg purely local--l.e., not pari of

we chooge P = 0 on the axis. IfF

a2 Pleld malnteined %y cuwrrenss ab Inficite--vhen the lwdt of the total flux =g

9% oo muad vanish 1 the Pleld lins P = (¢ consigte of the zxis and the

streie at infinity. ALL the other #ie1d linen asre <hen closed loops within 2 » 0,

o iy - N 5 R o g gl 7 3 :
which must therefors surround at lesst ope J-iype neubral point O . {The

ey have some Tield lines of fine form of flrures of elght, suwrovading Twe or mwurs

G-type neuvtral pointe.) In the meighborboced ¢f 0 the fisld chenges directiosn 1+

pibe veloo

a distanece wvhich can be mede arbitrsrlly swell; with o Findte, we O
Field can make the condition (8.2) hold, sc that the 3isgipation term must domi
neay O . Tt is impossible to restriet the zone of dveay to 2 pmall repglon surrs -

ing O 3 for this wonld lsad to an arbitearily large grodient of the field stoe

T3

sl g0 extend the reglon of arbltrarvily swelil I .

In Pact, we xnow thel 497 3 ls perps sular 1o g s Dhmts law can be wviiter
Sd o~

?

¢ , (3.0}
{-’&
L Vg e .

with ¢ 3; . 3 | n
¥ om e '"**';:*\w 5 {8“”{‘ }
~s o d 0““’ I {:;
implying that the field drifts through the fiuid. Vith v = 0, the ield decsys
Wy loops disappearing into © ;with J finite near 0 , the drift is ifnfinibe at © ,
b
and only a source of fludd at O could offset the decey, by creating magnetic flux
at the rate that the Ohmiec fleld destroys 1t.
This thecres--Cowlipg®s antidynamo theorem--was proved originally as follows.

I¥ the neutral point 0 18 a slpnle extremun
gg N %mg?: = 0, with W?_ P }‘l' a . {8.5%

Mae’e law has a toroidal componsn

4




s

{tn an axially symmetric sbabe, can be no toroidel electroptatic fleld,

Widle the Hall and Sl ;‘@.E,ai Substitoting for 3 from Am.

s equaticn, (0.9} becomes

Jooare finite. DBesentislly, the spall

1ah

toidel loopes near O Mwuim by Fity taw a finite Toroidel current, wh

suomet be driven by motiensl inducetion, since ¥ aE/e vanishes with £ .

e proof is inspplicebhle 1F \ vanighee oi

&
L the theorsw o fMelds wiil

2 3 bowever, Chundrasekhar. and Backns
nigher order exXtirsses.

In generel, the simple form of Clm's

o
frod
&
]
<
]
il
€3
o

H ¢

' , Tal » e
S w B EEEEG (8.17)
W

where # is the poterntial of the space-charze Tield. Cowling's theovem may then

be gimply extended to Plelds vwhich bave 2 1haiting closed curve © , such thetb -

sedghboring Field lines sulral round it iz the some sense 211 the way roud U

)

bt
it

general, € is & fleld line; in Ths degeoerate case vhan the loweal Tleld 11

ire cloged loops, id is & pull Line. Then the integral of {8.11} round this
vields

£

3 f oy A
?m -5,3 wd 7 b
G o= Pla—) 3 = 0, (8.17)

either becsuse H = 0, or because (¥, H} is perpendicular to H . (For similer
reagons, the Hall rield, dropped in 5 3. N }, would make no contribution 4o (8.12%)
But by Ampemﬂg law, the currents meinitzining the field near C , if tThey are noxn-
zero, must flow in a fixed sense round ( , so that the left-hand side of (8.1%)

is non-gzero, vwhence a contradiction. Thus, une ecsn show that a toroidal field
{recessarily axially-gymmetric) cannot be meintained by dynsme action, as e curve
2 can easily be found, meeting the axis either at ¥ oo , or at consscutive points

where the neighboring loops reverse their sense. Agaln, the decay of the fields

way be pletured ap the c‘ii&canpui rance oF closed toroidal loops iato the axis, Wi

a3 finite velocity field is wmabkle to prevent.

A



If Biermamn's "battery” 1s operating, it will determine the amount of toreidal

mebic flux in the Pield:  the creabion of Plux along the axis will ssymptoticall]

iy

ralanece the destrueblion by Chmie diffusion, but the eirculation of meitter merely

v them.  No boreddsl "battery” is known,

sk poleidal

aoavects loops of fleld, vithout creati:

and ag we have seen;

Jele So aild up awy bubt sn ewbremely we

-

cxially. symmetris motion will merely dragz the field lines sbout, but does not pen

wrate new Fleld lines.

e conclusion i that we must conslider fields that are more complicated in
shmebure than those discussed. Analytically speaiing, we must svold fields which

save singular closed curves of type C obova, Yopologieaily, we must look Dor mo-
tisns that convest the field lines in such & way as 4o regenerabte the dipcle com-
=onent of the pcleidal Tield: dynamo action does not create new Pield lines, so
wush a8 use the same fisld lines move “efPiciently.” '"There iz a "topological as -
wetry” (in Elsasser's words) between axially symmetric yoleoidal and toroidal fielids.

Trom o poleidal component non-uniform rotation generstes a toroidal component, bt

w0 axially symmetric cireulatlon can generate a poloidsl component from a boroldst.

It we relax the condition of axial symmatry, it is poasible to construet velocity

e

Tields that do sppear to be able to regenersie a poloidal Pield. Bullard, folicw-
2ng earlier work by Blsasser, has developed o technigque for numerical treatment o0
the problem on an eisetronls aomputefa The Fluid wotion adopted--a simple lemirss
thermal conveetion (Ariven by radicsctive hesting) and a resulting non-uwniform ro -
tation~--are phyaically plaveible, but attention is concentrated on the kinemstica
vroblam: vpart of the justifissation for the particuler laminsr motion aﬂopte& 1%
that ik is able 4o maintain s field with a large dipole component. Dvnsmical supplrd
Tor this type of dynamc comes from work of Parker, who showed that Coriniis force
sceting on convection currents would tend to twist the toroidal component--generabed
by non-uniform rotetion--sc generating z poloidal component that acts in the correct
sense for reinforcing the original poloidal field.

The Elsasser-Bullard techniqﬁe is unsuited Por proving an existence theorem.
Lesentially, the magnetic field is expamnded 28 a series of elgen-sclutions of %the
decay equation {(7.18); the resulting infinite set of algebraic equations contains
18 a scale factor the strength of the vzloclty field, which is fixed, for a sieady
dynamo, by the vanishing of the infinite detemminant of the system. Unfortunately,
the matrix of the determinent ls non-symmetric, 80 it is not obvious thet the elpgen-
wplues ave veal: in simple symmetries, for vhich dynawmo maintenanee iﬂ impogaiblie,

he eipenvalues ure In feot fmsginery. Bullard’s ltersilve process yieids an aifev




proved by Hersenbery,

proved o rigorens existence thecrem.

A apd B, rotate with snoo-

wostel . Two eonduckh

and @, about inelined aves. Both are placed eccentrically
T

O, and thee distaonges

CERYRI e nos

the Pield a1 sach

walal deorssge wmos with distance,

e rmenbery Fiads thet for about half the posaiblie relatd

the spheres one oun Jind a wvelue Tor {(wm, 2., that weictaineg a
- ) i

his spberes

Ted 4o 8 model of dromagnetic turbolsnes.

hvdyodynamic edd

we arm convinced that a stesdy dynams

-

enp offset the patursl deoay

1ty Pield above the shre-wid

typamical problem. Iners

field prows, until she fTorees 1% exerts ou the motion

more suergy in than

-
3

weing diesisated, 80 tiaed

copnds e R a2
camnol pe lgnored .

srd eptimsted the gﬁ:r&ng;&zh wf the field in the eserih’s Fiuld oo

tae mesn Soroidsd eomponest of meagnetic Poree Lo the mean Joriolis
e

T 4 snuss, and 3, o BOO pauss. He le nov plaonisg 1o age the whole

+
iom, Xinematica. ard dyuumical, i electronis compuistion.
F 3 ;

e methematics of non-sxially svmmetric sveteme iz so complicated thelt 1v is

X

the axially symmetric theory of Chapters 4 and T, regardisg

vempting Lo 8t
4 as a smoothed -out approximation 4o the acetugl state of affalirs in & convective
region. For this to be an adeguate simulation, we need not only 4. ) relation

in nesus

which {7.24%) may suffice--but aise o feedbusk relation that Fixs

&
2]
ZA

iy

o ke

e

%,

3P
. In & complete dynamce theory, ﬁp will be Pized ase well as 32 and
with *«f debermminad oy the magnetic and centrifugsl perturbation to the therwal

tion —p (441 toroids:

Peld, the prele 7{ 21 zirculation -3 (11} non-valform ot

field generated from voicidal ~» {iv] feed-back from the toroidsl to the

&

ghould det

rmine evarvihing in ferms of the anpuiar momentu of the

srgeléed both the toroidal eguation of wmotion and the hydrumsgnetic eqgustlion |
o s aatlsiied.
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. i . - . - ~oon Y
--ggsentinlly eguiveiesnt o ’r‘) Y

<

pose Shet the velooity £ield v is turbulent. By deflinitica, 1t ip

wyerwieiningly probable that two

ma more and more sevarated.

be eoxtinually lengthened hy the turbulence; 1f the fLudd
s, o 4F the volume oocupled by the yas is constant, we can be oel

turbulent Piow will bepin by incressing the evergy of the

Stmelbanecusly, the field structure cbanges radieslly--the f eld

s tas led some subhors (Zlssesser, Sweet) to argue thet the Lo

nasten the natural deesy of the Tield. The tanglipg-up ol the Tield
wreted 40 mean that the leasth-scale of the largest magnetic loops present systam-

oyl &
£& éo»f?&r;

e ly decrenses with time. Thus b twoe sesments of the seme field Iine, o

site directions, are brought tosether by the turbulence, rapid (hwde diffu-

sin tzhes plaze, and 3 loop bresks off. Thus the Fleld becomes o seb

§

whish decsy Far more Tspidly than the original £ield, becsuse o the

whie apgument foplieitly lgnwres the poesibility of dyuemse regeneraiion

gver, L1f wne restriets the "turbulence” to be #x%ally symmetrice-smell-sisin
wotions oo the azimuthel direction--then the daugiing of the fleld withls

voctive zone does accelerste the decay of the lntermsl Ileld. IDut, se ;zs«;ri:';ﬁmﬂ et

v 3uitzer, 1t does aot follow that the decay-time of the ewberasl dipads

Jeerensed substantislly. For ewawple, within a Dully convective star, thoes

1ines with exbternal narts are foreed by the counvestion tz he eloge fo tie

e
K
o

axig, o Just below the surface. In these reglons the convective mollong are BLow,

g
ks

the work they do jupt ccmpensates for the lucally incressed Ohmic
e dazey time of the exbernal field is not altered in its order of ms

RPULENTD DEYNAMOS
Bo Par owe have seenm thot s turbulent, h:ﬁ.égﬁ";lﬁf“@&“ﬂ‘:;ﬁ:uw’!:im}; £1aid shov

ineresge the strength of o Yseed” msguetic Tisld. (ALl dyname theories

Food B o e .y - e, R | ¢ P v n
Toitial metie Pleld, dus o a "battery,” or a relic of & previcus fleld;
M U 4

wos weblon eonvects megnetie £lux, but does not create ft ? The receant SuCTEESTH

A T e ® e
e AR R SE R

vuame theory suggest that "rurbulent &ynemon” wmay sometimes exist; l.e.,

& pontisuous supply of turhulent kisetle energy csn msintaln epalnst Uhwie loss =

stodiotiesily steady “turbalent” wmagretic field. f:}“vm iT the turbulence is stal

A £

hoBorens: symmetrie, W
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" Fr . P R Y AR ] gy r Y e R .
are sure 40 bhe copnliex enoueh for the peculisr diffieulties of

ol o

there are ne SLfPieulti

Km&at@m}a attention is

the megnetic feld finelly acqulr

is ﬁmpi:ssih;‘:e 5 the exwplanstion 18 in terme of

the medlom rather than the detailed strmiebure of

Askl 1o Peet uesrly 31l treatments ¢f the prehlen sp-

- 3
O CaGBe gluimac

e Timilt the discussgion to lncompresgible, bhomogeneous, isobroplie Lurtmlence,

2 dndtizl weslk, larpe-sesle fleld. E‘n@rgy iz fed inbo the tuy

2t o8 Tived xste ot the large wavelength e

casendes o smaller and smalier wavelengths until it is destmy@d, Ejay visooeity,

vg coree thet the field is indtially strengthened and tangled up, huk
where are diferences of opinion as to whether there will ziways be uldimete anpl

TEestion of the fisld. It is szreed that the Fourier components of the v

#2018 annmot have grester energy than the corresponding components of the ki:

thelr opponente assert thet equipsrvition is 2t the best limited Lo

For then the motion would be guppressed, snd with it the eagendivg of

uitimete equipertition of energy bebtween the Kinetic and megnetic fie

n oeours onlv through the veloeity field); but one sehool asserts that there

ki
TR, 4o

fermonn and Schluter srpue in favor of squipsrtition by denying that the

Jensths,  Thev arcue that 5111 wavelengths lucresse in eneryy, the small Jo¢

sws 1l wnvelengtlis; but odce the twisting oFf the rield i{s slowed up by .th

of the wornetic stresseg on the wotion, the larger wavelengths catel up, un

til

p oF the Lield imylieﬁ that energy is fed dnto smellier and smwller wive.
TEMOTe
than the larger ones, 80 that equipartitiocn of energy is reached [irst st

reavtiong

prstition is reached at zll sesles. Further gupplies of energy cascadse dows Lo he

Geatroyved v viseosity, sl to meintain the field agalinet Uhwie losa,

A AAfParent type of argment v squipartition was used by Elsasser.

giile fluld can be cabined intc z palr of strikisgly similsr eguations in

";'s

. Al
P, 6 = v PR
Pl e o °
I o ARG

T

e
e
it

wwed that the bhyfieomsgnetic equation and the eguation of motion of an lucoupres-

L vax-
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Y
ey i
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~; 1l the kinematic wiscoslty,
Jtui nE ﬁa‘:: ‘QW %F i’; '"‘}J
A e -
i~
.,} (9“ @af
A E e -
e B o cempopme ?
o

st ¥ 1s the density of nommagnetic body forees. Bguabtions (9.5) are formelly

similiar %o @m\mtm@ ol m@tu n;, with Q, and P taking the psrt of LA Tols s~

LAY BE ,aww batween B4 img f23a'e) AR i these vectors behsve gimil:

-

e o

e . 7 ¢
n VD e B {o,8)
L e

s

o sowipertition c:f engrgy. Hovever, no unambiguous conclusions can be 4z

the behavicr ¢f B and ¥ seperetely from that of their combications P amd o

N i Y
For exempie, 1if P& Q , we have F = 0 . Withoul deteiled solutlons of the eque-
™ '\.a

tiong, such sypments from their &tm@tum are uneonvinei:
dlfferent argment from analogy 1s due to Betehelor. The hydromsgretio sous-

s o g R W o e 3
sion of Chapber 4

%= U v B~ Aoz

5}“}; ) Ed
where
* = Llsao/le") V383

ig sowiogous B0 the equation to the vorticity in an incampressible viscous Tiuld,

ffected by megnetic forees:

55 0= Vg e oV (.11}

Whis e

LY o= ?j 7 g

) A -
and VYV 2s the kinematic viseosity. PFarther, both H apd w are divergense-Iree
L " M



veetors. Batchelor therefore expects E o behave like o, ra ther than v o

Jertalinly analogous processes are aceurring in the two eages: the mesgnetic field
iines and the vortex lives are convected with the fluid, except for a degree of

rgiative dilffusion determined by the parameters » and ¥,

The first question asked is: when will an arbitrary seed field be & mpliiied
by homogevesus turbulence? Because of the similarity of (9.9) amd {9.11), Butch

elor sreues that the initial field ’g is rapidly transfommed £ a structure sta-

tistieally similar to the vorticity field--i.e., W oand H become essentielly

the same wwetor,. Oranted this, then the motion increases the two fields at the

same rave. Now in steady turbulence, we find 45wﬂ9t 0 --the convection term is
%

belanced by the diffusion term; hence, if the motional induction term n (9.9} is
b %Jmia&teg 8¢ that the field grows, we must have

NS W

¥

haw‘a)i’er" - ‘ {=,

Le2
S

Fot

This Botchelor number ig the ratic of the magnetic to the ordinasry Reynolds mumber.

When 1t {5 greater than unity, then the Ohmic dissipstion reduces the enersy of =
magnetlic loop at a slower rate than viscous dissipation reduces the energy of on

eddy of @mmgawable gcale. Inside stars, the short mean free path ensures that
%uﬁ*u/c < 1 ; but in fully ionized interstellar gus, the inequality (9.13) heids.

?In iightly ionized gas;, the magnetic dissipation is anisotrople-=currents Tlowing

é’”

zcross the tield are destroyed far more rapidly than by Ohmic dissipation {see Chap-

+

ter 11). A more complicated equation repleces {9.9). One can represent the change
a8 reguiring a resistivity for currents asoross the field that inereasses stronply

with the rield strength. If {9.13) holds both for the Olmic (parallel) resistivity,

=nd 2lss Zor the much greater cross-resistivity, perhsps Batcbelor's sromments may

be sppiled to the lightly lonized case; but if (9.13) holds only for the parmllel

registivity, the analogy with W, seems too tenuvous for any plausible conclusicns
T be draws.

Accepting for the moment Batchelor’s criterion (9.13) for spoutanecus srowth
51 the field, we may ask what asymptotic state is reached. Pursuing the ‘Eig arud -
ogys Batchelor sroues that the magnetic spectrum is similar to that of vorticity
{ggg'velo@ity) in ordinary nonmagnetic turbulence. As most of the vorticity is in

the small eddies, vhersas the large eddies contain most of the energy, it follows



that equipartition between the kinetic anl magnetie ficlds existe at small wave-
lengths, but the total megnebic energy is much lens than the kinetie.

Batchelor's arguments mey be critieised oo a jumbeyv of prounds. His eriter-
1on (9.13) for spontaneous growth does depend on his ssowmption that the initial
" repidly acguires the same s*@a‘bm‘tical propesties ag U <-a difficult postulate

@
to pleture or to Justify. The anslogy beitwoen w and 'jJ is Imperfect, beciuse

s
Wwos VA ¥ , wheress E is independent of ¥+ HBe K. Mollwtt has argued that this
does noet affect the applicstion to turbulence, as the distortion of one Fouwsler
component of the vorticity is performed by a Fourder cumpinent of the welouity of
gmaller wavelength. his, however, leads to the strongest criticism of gli. In
oxdinary turbulenece, both energy and vorticity wre fod ia at large wavelsagths,
Trom which they cascade down to the small eddjes; thore Lo bo destroved by viscous
action.  If, th@n, one accepts the w«E analogy, logically one reguires i supply
of magnetic energy as well as kinetic energy to be fud in et lurge wavelengths--
i.e.; there should be a permsnent batitery in the syutesn, coutimeslly at work pumo-
ing in magnetic energy. Such & system would not be 4 true dynume: LT the hatter)
vere gwitched off;, the field would decey, 8t a rate sccelersted by the twrbulencs
(see the earlisr discussion). -

I do not wish to claim that s true turbulent dyrems 13 Impossible. On the con-
trary, I feel that the recent successes with the laminar &jnaxo problem enuowrige
one to believe thet in a highly conducting turbulent ¥luid, in vhich motionSk: sll
symmetries are present; dynamo meintenance should sometimee be possible. Z«i«,: wodat
is that the w-1 analogy is actuslly misiseding at this primt: 1f & strict turon-
lenl dynamo is possible, it is more in spite of rather thin becsuse of the analogy
with vortieity. ‘ |

However, Batehelor's arguments may be put ian & fomm riore easily folloved by
astrophysicists. Let us imagine & large-scale seed field, and suppose that the mo-
tion congists initially of a large-scale component, which subsequently breaks up
into smaller and smaller eddiee. The field is then simulitanecusly streagthened and
tangled up. Kinetic energy iz continually fed in ai the largest wavelength; sgul-
partition is first reached at the smallest v?avelengt-}z, which we agsuise 1z Zar sbove
the level at which either Olmic or viseous dissipation ie important. The problem
is then, how does the system adjust {tself to a conmbinuing supply cf kiietic emwryy’
As slready mentioned, Biermmnn and Schlﬁtes:’ expect & nubsequent extensica of @@ui*
partition up to all wavelengths. If, however, one feels intuitively that "tangling

of the field” implies a treansfer of energy from large luops to small loops, then the



Ead

caseading down of rore kinetle energy will heve the effect of veaerating smeller

o8 -wd .., the wavelength ot whieh the msenetic energy is of the oxder of $he
e (5

oyl e T T g
o soutinuails ¢ s

Rinetle eneryy continually decresges. A% this point the Htehelor ev

somen reiavant, IF A > W thern 28 the size of the i
F

will e recchel at which the destruection of magnetle energy by

somes comparsble with the suppiy of magnetie enercy f1om the kinetls

cwg the destrueticon of kinetis energy by viecous diselpeticon le still

suse ¥ < A . As cogcading eontinues, the fiz1i loovs axe bvigh

W R

o dominates, and the seed field is destrouved. {IT the "battar ™

original seed field is still cperating, there will of couves re-

oz owenk field, but its energy will stay nesiipible. )
n the other hand, i Y then cascading of energy and twist

F4eld sontinuve, untll viscous uissipatinn hzlts the casculing. This ooew
sezie D glven by

v?"i : N
¥

=%the ordinery Reynolds mmber Is unity. ZEgquation (. ) defines the sesle oF the

- Pein

rm&liy@st ‘“’Mi@% in opdinary ’@m%mlemea The magnetic Remnolds mmber st senle
R %
is wg— 2~ “*.3 = v/ > 1 a8 A< V. Thus we should sreive st m

of & sanle ;:,,w@z;. by (goﬁ&) s With magnetie and kinetie enersies oo

metle energy is far less than the kinetic energy in the fluid ss 2 v
An attempt to glve n detailed description of these mosnetic eddles has recently

vesn made by T. K. Moffatt. He points cut that the time J/ W for which the

seallaest turbulent eﬁﬁ@s persist is again e‘“:aowte.r thaun the d,ama,; tlme <

r\ r 5

s mmatric magnetic eddy of the same Atmension ;(4@: G‘/’c“"z} > .J"zﬁ by
14 Ls consisbent to telk of magnetic eddies, with a nearly permanent masnetic Ife
@tiszg;; for the natursl lifetime D°/) of the smallest turbulent eddy. Tue s

L Al

2Eifipaltyr 18 to convince onegel? that aPfter s magnetic eddy bns been fesbtroved by
the shearing effect of the larger eddies; the new addies that zre formed

)
e

nerubed magnetic field. Moffabt's eddies are awxially symmetric, =nd wouid
&

te -’3@«:1 ng's theorem, 1f they persisted. As it is, some magnedis oy fa 2
tovpred during the lifetime of an individusl eddy: o complete thecry would show how

Lty the reformeation; the existing Pield lines are used more "efficiently®--us in
the lawinar dynswe problewm--30 a8 to cansel out the previcus joss of Flum, Hut

aithough this has not yet been done, Moffati's work is ploveerinvg, ix

L be Yhe first o abtespt to produce s detslled theoyr of the strochuze of $he

5



ntrate on the dynamieal aspects of the pro'lem.

To wum wp: 1% does not seen thot the protomnents elther ¢ ganersl

goede sguipertition bave pirvwed thelr case. A Wi step forwar.

eoaeent of tangliing=1p of the indiial Fleld. Fo a humosenecus Lsc-

nee oF

2

- wedium, does 1t imply an lacresse in small-sesle enersy et the sxoe

the wer loops, or are all vavelengths ircreased in energy? I the former, then

we can understand the Batchelor eriterion, and how o dissipatie mecheniss cun fix

the scule pod strength of the field; if the latber, then cne wuld expest peneral

whiticon 0 be approsched. One would in ary case like mo-e debtailed work on

the gtrugture of the ssymptotic £izld.
sber 21l this inconelusive discussion of incompressible, \omozensous, Lo

e, hrdromagnetie turbulence;, one is hasd put to £ind g res ly convinelns o

ewtlon. Batehelor's eriterion would imply no spontenesus pgener tion inside etars;

<,

vut the stellar dynamo theory depends strongly on the departure: from homosenelty

isctropy. The pravitetional field defires a preferved diredion, and the lars

sele nenuniloms rotation plays an essenvial role. In Pact, Poier's discussing of

the Teed-back process is in terms of the statistical regenerstiec. of mmall nolo
o

weense; or eonclusions drawn from terrestiriazl experiments. Wish this slrovs

vessivetion, one notes that the figure of 10 7 gauss sometimes gquoted for tie nl-

sotic megnetic fieid yields an energy comparable with the turbulent enermy, thoum

somewkat less. Believers in equipsrtiticn ean elaim this in faver of the firbulent
» theoyy for the origin of the galactic megnetic field. "heir uppomentls would

sasexrt thwt the field mwat have been built up by large-scale Lamdner moblous. ia

soder to aggudre both its streagth and its large sezle. The figure of 10 7 causs

gurted by others implies an energy much mester than the é&,ﬂ%’g{gﬁn’t enersys e
- i
#4e1d would have to v a gonle larger than that of the 4 and would strong v

repist distortion by clouwd motion. It is Aifficult to ses how the burbulsad ( ruame

aleinism Z be responsible for sueh o strong field: 1% ir more likely that the

€3

6.



energy has come from the galaetic rotaticn field.

¢, THE SFFRCT OF A STRONG MAGMETIC FIELD ON TURBULENCE

Suppose now thet, instead of the turbulense beginning by acting on & wesk mes-
netie Iield, a strong Pield is Porced intc & turbulent medium. Because f the ap-
piization to sunspots, we think here of turbulent convection, #.82., in the sun’s
sub-photospheric convection zone. A super-sdiabutic tempernture gradient would be

pived 4o transmit rsdiatively through this zone all the enerpy coming from the

1o

solar eore; the consequent instability leads to convection currents which reduse
somewhat the super-adiabaey.

; We adopt the following elementery description of gomvection. An element of
mutber rises o distence z s exgaﬂﬁing%ﬁiaﬁngm@any 80 a5 to stay in yré@mm gguiii-

vriuwm with the swbient medium. Its tempersbure, initially T@ s is now

Ty * (}af.iﬁr}a&e z {o.15)

In & conveetively unstable region, the element is hotter than ite swroundings by
an zmount of approximately

—
" ‘ ] 4 g '
(ar/as) , - t{dT;'dr)ambj 2 o= (AT)z . {g.27!

It is therefore less dense than ite surrcundings, and experiences a buoyancy Ivrce
denslty,

“—o% (V’Ig )z, (9.13}

vhere g is the loeal value of gravity. According to Prandtls pieture of convec-
tion, the element travels a distance 4 , the mixing length, before mingling with
the suryoundings: £ is a sort of meecroscopic mesn free path. The turbulent ele-
ments therefore have a mean kinetic energy

v

e § & T E 7 3

517 () (9.19}
o be owlTected oy She this



rust eveeed the mopnetic enscgy density. Taking for A the scale helpht, It is

fourd dn the sun thad

ERN

A Tield moh 2 iens than this will be forced aside by the zomveotion; ctherwise the
fieid will irSeyfere with the convection. |
nforbanately, it is if0icult to cumpute the precise reduection in the =075
siesey of comveetion. It is wilikely that the energy transport will
pencme completely radfative. Although eddying motion is suppressed,

metber can rise and fa and exchange heat laterally. This problem will evme up

45 the nexd chapber in connechion with the structuwre of gunspots.

TR



CHAPZER 10

MAGNETORYDROSTATIC EQUILIBRIUM

A, THE BUILIERIUM OF MAGNETIC OSTARE
In Chapters 6-8, we cons idered various aspects of stellar wmagnetism, In
particular, the squation of poloidel eyuilibrium was written down incliuding

gmasnetic and centrifugal force:

h

Ay

Vp = o(V7 + 2"g) +(—'”
\ C

e Ap'
vhers the suffix p sgain means "poloidal component.” We now wish to remark
thet the pressure £1eld in a star is able to absorb the perturbing, non-

spherical forces, because of the extra degree of freedom in the temperatin

.‘3

There exists a systematic expamsion proceduxe for finding the spherical

snd nensphericsl parts of the perturbations to p , T and p , assuming
the cenbrifugsl snd magnetic forces are not too strong. To do this one needs
Poisson's equabtion raﬁating r end V , and the equation of stabte p = T .
The egustion of radistive equilibrium in general canuot be satisfied except
when averaged over a sphere: to presefve thermsl equilibrium one requires &
gysben of circulating materiel currents which carry the required ensreyv.
funalogous resulds follow for convecbive zones: there is & large-scale
lemlcar flow superimposed on the smalijécale turbulence, To be fully self-
comeistont, the velocity field used in Chapters 6 and 7 should be computed
in terss of the perturbing 2 and ¥ flelds.]

However, the time-scale of radiative adjustment of the temperabturs fis14
i very long -- of the order of the Kelvin-Helmholtz time-scale. In the
course of the normal evolution of a star, or during the induction time-scnle,
we may oxpect the temperature fleld to adjust iteelf steadily to changling

conditions., But if, for exsmple, the star is undergoing btorsional oscillatlons,

‘1‘7qm
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sgy with the period of the sclar sunspobt cycle, the temperature changes of the
star will be nearly adisbatic -- there will be no time for radiative wransier
to take place to balance the fluctuating perturbing forces. This mesns that
there will be induced poloidal oscillations with their own natural frequency,
superimposed on the slower oscillation that keeps pace with the toroidal
oscillations.

By contrast, suppose the star were liquid, with ¢ constant. Then

the curl of (10.1) yields
= 0 {10.2)

-~ i.2,, the conditions of equilibrium (10.1) imply a comstraint on the 2
end H fields, A similer conclusion holds if p = o(p) . We thus see thab
the incompressible and barytropic simplifications are bad when considering

equilibrium, as they remove one essential degree of freedon.

B. THEE EQUILIBRIUM OF SUNSPOTS

We have seen in Chapter 9 that sn externslly maintained, strong magnetic
field, forced intc a convective zone, can interfere with the normel convective
transport of encrgy. As a tentative model of a sunspot pair, we lmegine tast
part of a toroidsl megnetic girdle is drsgged up to the photosphere, the
nscending and descending field lines defining a pair of "spots" of opposits
nolerity. We now coneider just one such "spot.” Following Bieruenn and
Hoyle, we accept that the magnetic field is the basic cause of cooling;
through its interference with convection. The temperature cutside the spot
is that defined by the normal convective transport; thus the spot regian is
compressed, with an increase in H because of flux-freezing. This cuts
down further the convective trenepnrt  causes more cooling, with more

compressin, unbil quesi-equilibrium 1s reached.,

Wgom



ough first approximation, we write

.
7
{10,

Ao

where H  is the axisl magnetic field, and suffices refer to external and in
ternal pressures respectively. The gu 35-equilibrium of a spot is dus 4o

ne irterference with convection, which sllows {10.3) to be satisfied, because

1?!517 P 'i';q“ L}

e e

abttempting a detailed theory, one is up against our lack of en

i}“}

atad

jequate theory of turbulent convection, and even more, a theory of it:

irhibition by a magnetic field. One can experiment by assuming first complete
(4

inhibition {only radistive equilibrium in the spot), and then a convective
oosarred

transport reduced by a verisble efficiency factor. Stearting with the o

face temperature and radiative flux, one can then integrate down-

TR

spot ©
comparing all the time with the normal T-p field well outsids th

wards,
spot. ALl workers agree that the assumption of complete suppression lsads
Yoy gy e

to implausible results. The radiative temperature gradient is so high thst
s e,

5t“'335 S‘”‘"” and H rlwergfs w:("l- et
¥ W somagioniiin: It is simpler, but less convincing, o

P,

1
e
of the spot will be where B /8x i

p. from (10.3); the "base"

“1
5 the order of the turbulent ensrgy density.

Zenliiter and Temesvary have produced a model which allows the £ield lin

cougiibe

Their field has o monopolic

yoiay oubwards with decreasing depth.
By means of a simple similarity asssumpbtion,

As e
Sl N s

&L

(2SR

strusture above the surface,

reduce the horizontal equation of equilibrium to an ordinery differentds 1

g habween

a dnvolving A p ., the horizontal thermal pressure differenc

e oy e
HTIIET
EXGUN
-y 3 ey

08 ke

Again they are forced to compute A D in berms

fleld, rather than the reverse a little way below the surface they find thatb

£

I \ E
AR/ becomes small.



Tha Schifiber-Temesvary wodel does not allow for auny sherp changeover

from wnbra

to pepumbre. A wodel that attempts to include such a feature is
beine studied by €. X. Chites.  The wibra is thought of as a region of
reduced convective efficiency, =ns before ., The limiting field live between
wanbrs and perumbrs 1s -iéfine(l 85 that line along which material; rising from
the levsl of the sunspob base, has enough energy bto flovw continuously all the
way up unbil the field line becomes horizontals the observed Hvershed
velorities lend tenbzbive support e this picbure. As a8 boundary condition
ah the base, we assupe this "Bvershed” flow starts with e speel equsl to
Cthe crdipeary turbulent speed; again the field energy st the bvase is taken

to be bhe same as the turbulent energy. Along the limlbting Ticld iine the

condition of o mtin 1ty, and Bernonlii's equetion for approximately aliabatic

d"‘°

D 3 in terms of the shape of the field line:

together Tix the {p, T) ¢

» is beleacad by the discontinuity io { H‘i/&z} , vhenoe

wn deduse the structire of the peruabrsl fleld in terms of the umbrsl,
wagnebic
properiy estimated, the A{_i’iez‘}éi

g
S
&

if the umbral {p , T) Tic

shrucbiyes should be given by the condition that the {p , T fisld

id, unaffected by the local megneotic disturbance, It is

we shall be forced o work backvards., We can periiaps sxpsct

&

sonable modal, ylelding Evershed velocities of the cboerved

order, nd defining urdbral and vemubral zones according to ocur suggestoed

{2
it
e
T
[e]
5]
£
5
@
Fede
o]
o

consistent with lateral equilibriuwm provided again ﬁap/p <L
below the surfoce. How the wmbral turbulent field is able to ndjust iteelf
g0 as Lo ¥eep the magrnetic lnterference very low is still a difficult GuaBtion

so ansver guantitatively., There iz in fact strong cbservational supnort for

convectlive motions inside the umbrs.
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TF mabter is addsd to the horizontel parts of the field lins, a ssg wiil

tic fores balances gravity. At the sume

develope, so that the verticsl manx
time the T results s horizontal pinching foree which increases p , glving
rise to the filsmentary structure. The magnetic force mmst balance the non-

magnetic, but balence is achieved by adjustment of both the magnetic and mater-
ial fi=lds,

A similar structure arises vwhen we conzider the field outside & denze

graviteting globyle ; supposed to have condensed from a region with a unifors

E

magnesic field. If the density is 1low outside, one is tempted to write {(10.4)

V. H=0 16,5

2

a0 that the Tield has the structure oz in Fig. o, with a neutrel point X .

,’.

- But il the density 1s not zere, the gravitational force inwvesdds at X must
exceed the magnetic force, which venishes. As there is
o copbiancus supply of matter from infinity, the field

gtructurs is dlstorted, until X ds5 pulled futo the

sbar. The shargy bends in the field Llines aorr@;po&d

to o strong g “t~rial discharge: the radisl magnetic

Torce balapcas the inwerd gravitational pu%l while

the lateral magnetia force builds wp & pressure sble’
to withstand ik,

The hydromegnetic stebility of such pinching :::j:>
fields has not yet been adequataily discussed.

presence of g field component across the pinched S TEIN

zone probably has a stebilizing effect compared with a simple pinbh,
Tne gravitational distortion of the field of Flg. 2 is zn example of the

iimitation of the force-free field. It has been argued that with H  large.

i
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s
- eguidibriws ie achieved only 41f the currents maintaining the field«iliow
) perediel to the field, so thot J g/c: =0 . The field of Fig, 2 is the
) : o The argument implicitly assumes that balance avrwf
£isld's bullding up s sufficiently high materisl by
that such 2 stabe is unstable. Bub in any cass, I the
l-free assupption results in a field that, so far from
strong everyvhere, Is actunily zero st or itlcal points, the bagin
soumption is self-contradictory,
{ Compdebely force-free flelds ~- defined by
S = ®H {10.6)
. — .
with
.
Ae
studied by Ihist and Schllte
- Chy linked 1l;x~tuu@s:? the tendency of one tube to
. fory rragsure of the enclosed tube., They also possess neubrsl poiunis, and
SO stortion by o locnd gravitatiomel 4234,
i It is, however;, difficult to see why the whole of a wegnebtic fisld
% gnould acguire o mich wore energy than its force-density suggests. me's
; cxpostation 15 rather that the energy would be fed into a kinetic field, aven
é 15 the woberdlald density is low, However, 1£ part of the field is suchored
j . fons where the pormsgnetie forees are strong, then b Le gulite
|
% plansitde that dp low density regions outside, the field should adjust ltsell
| e-{ree wien the rest of the field is distorted. TFor example,
’ 3 axilelly-symmebric systen, with field lines linking a cenbtrsl
N
- {1} votating sbout the smxis, sod a ring (2} with
ion sbout the same axis, The -

twisting of the fleld gererates o toroidal

component which exerts poloidsel force., In the

s ssm




Low density resion, this must be belanced by a poloidal forece Cue 4o the

]
%]
s
Q
!
ety
=3
fa
E“’G

zid -= 1.e. the poloidal field adjusts itself so that the whole
fiedd in this regicn is forece-free, [In so doing, some of the poloidsl
loops mm% snep; bresking magnetic conbact between {1) and (&)1 Further, the
2 in {3) most be torgue-free ~- in the notation of Chapter &,

?ﬁi@fﬁﬁ « constant on cach poloidel loop. Within (1) and (2) the field

exerts poloidal forees, which will be absorbed by the pressurs field. Also

axerts torques, tending to slow up the faster rotating pert and

scceizrate the slower. This is consistent with our interpretation of ¢ .o

In Chapter ¢ ac a trensport of angular momentum along the field 1.v @ ldakings

() ani {2}



CHAPTER 11
STAR FORMATION AND THE GALACTIC MAGNETIC FIELD

In this chapter we conﬁiﬂer the effect that & falirly strong, large-scale gal-
actic magnetic field has on the problem of the condensation of stars from inter-
ghellar gas. There is strong evidence, from different branches of astrophysical
theory, thet star formation has occurred at all épochs since the formation of the
geloxy itgelf (2 % 1@1® vears ago?). Conditions were undoubtedly different whsn
the galaxy was voung; €.Z., there was probably more random kinetic energy, perbaps
a complete sbsence of dust grains and molecular radiators. However, there sesms
ne good reagon for assuming the magnetic field to be a feature only of the galaxy
ag observed today, and not of earlier epochs. We therefore consider the problewm
in as general a way as possible.

| e diffieulties introdueed by the field are first cugsed, followed by an
outline of how they may be got over if the freezing of the field into the matter
remaioe & good approximation. We then discuss in detail the magnetohydrodynamics
of & 1ightly ionized gas, with special reference to the star formation problem, but
in suPficiently general terms for application to cther problems. In particuler,
we darive a rate of dissipation of magnetic energy, when there is a component of
current scross the f£ield, much greater than the ordinary Clmic dissipation.

A. PEE MECHANICAL EFFECT OF A MAGNETIC FIELD

fonsider o cosmical gas cloud. If it is not to disperse into the general baok-
ground, but instead is to collapse to steller densities, its self-gravitation must
dominate over the disruptive forces. A necessary integral condition is provided
by the virial theorem, proved in generality by Chandrssekhar and Fermii:

-{l >w+ 2T , (12.1)
where
£ = the {(negative) total gravitational energy of the system,
s = the total magnetic energy;
T = e totel kinetic energy (thermal, rotatory, turbulent, ete.).
Strietly, there .ould be included in {11.1) a surface term, the effect of the ax-
ternal therms® pressure and Maxwell stresaes, v lch as&ists‘self—gravitationo Ir
the magnetic Iield were force-free, the magnetie surlace term wculd.cancel W dir

(11.1). However, under the nscessarily r.n-uniform = ruct’on, an initial

. ?—’,J\
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force-Tree field would not remain so; the parts of the field well within the »losd
would be amplified more rapidly than the outer parts. Condition (11.1) %s #fus a
satisfactory order-of-magnitude estimate, and shows that magnetic energy ig dip-
ruptives the isotropic magnetic pressure more than compensates for the one-dimen-~
sional tension that acts in the loeal direction of the Field. The magnetic Poree
is, of course, aniscotropic: a large-scale field as in the Aiagram tends to
straighten itself, and so exerts a net force in the equatorial direction, but not

slong the axis of the field.

Suppose that the cloud is roughly spherical. Then we £ind

112}

PaanN

02 - afR,

where G  is the gravitational constant, M the mass, :nd R the radiuc. Intro-
ducing a mean density j) 5 satisfying

M = Wx/3 p R3 5 (11.3)

we have

N W33 (12.5)

Farther, we have

m (B/8x) (4a/3 B) = FER e Byp (11.5)
- and the thermal component of kinetic energy is
’ U = 3rM@=n , (11.5)

where R is the gas constant, and @ the absolute temserature (u igs taken as
unity).
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For simplieity, we ignore rotatory and turbulent encrgy. Then Ffor a cool
BT clouﬁ.—-—wl.%@ K -~and with H Qlo"é gauss, associcted with a density
? as 10 mH s ( 11.1) yields a minimum mass for gravitations’ binding

M, 103 ® (O = solar mwass) . (11.7)
With the assumed parameter values, the thermal energy i: somewhst larger than the
magnetic; a higher ; associated with the same JO ani. H , requires a larger Mg,
by (11.4), (11.5), and (11.6).

The high value Pound for Mc is not due essentially to the magnetic field; it
would be not much lowered if JH were put equal to gzer:. We need to focus attention
on how such a massive, gravitationally collapsing cloui can subsequently break up
into smaller masses, i.e., we study the formation of ¢ star cluster. There is in
fact evidence that the general galactic stellar field is supplied by the slow dis-
integration of star clusters by "evaporation™ through the tail of the Maxwell dis-
tribution; it is entirely plausible that in general it is the cluster rather than
the individual star that is formed from diffuse gas clouds.

Consider fithnon—magnetic cloud; collapsing under its own gravitation. Then
if the temperature remains constant, stays constant, while -{) ineresses.
Thus the minimum mass M(2 decreases with incréasing density at constant temperature.
This suggests that the cloud may "fragment,” in Hoyle's terminology: smaller and
smaller masses separate out systematically as the cloui as e whole contracts. How-

ever, this will certainly not happen in a strictly wn'form cloud, as there is then
no reason for the density to increase more rapidly locally than in the cloud ag a
whole. DBut if one recognizes the existence of a field of "longitudinal turbulence,"
i.e., a system of pressure waves traveling through the cloud, then one can freme
the question: under what circumstances will a locel isothermal density increase
not "right itself,” but grow instead under its self-gravitation more rapidly than
the background density? The answer will certeinly involve both the length-scale of
the perturbation and its strength: for in a loeal fluctuation the thermal pressure
gradient will have the effect of reducing the local self-gravitation, so that only
& density increase greaster than a minimum will be able %o grow more rapidly than

the mean background density.’

Recent work by C. Hunter on the stability of a uniform contrac‘b‘ing, self-grav-
itating cloud has made the Pfragmentation pieture very plausible; but there remain
' many problems. In particular it is not essy to estimate how much of the gravita-
tional energy released is thermally dissipsted, snd how much r@maing ag meeroscopic
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kinetic energy of the condensed globules: i.e., is the ultimate star cluster
dense, like the globulare, or open, iike the young galuctic clusters? Probably
the answer depends on whetber there is an external sovrce of radiative coergy

followed by rarefactitn
maintaining isothermality or whether every c@mpresgiomkn@caegarily dissipaten
enersy .

As pointed out by Hoyle, the fragmentation process halte when the isothermal
econdition breaks down-~i.e., when the globules become %00 opaque for the compres-
sional heat generated to be radiated away in the time o gravitational collapse
of the globule. If such a globule continued to @ollapsaat this rate; its temper-
ature would increase adiaba‘bically»—- .acf’z 3ac l/R' -=50 that by (11.2) and
{11.6) U would increase more rapidly than -4L , and the ccllapse would be
balted. The globule is now a pro%%fgﬁfr, its thermal fin :1d ig in cleose mechaniecal
equilibrium with its gravitationa;? and the contraction rate is fixed by the en-
ergy leak down the temperature gradient from the center “o the surface. However,
it is difficult to estimate accurately the final maesses, or to determine their
statistical distribution.

Ty sum up:s & non-magnetic, non-rotating clowd; contracting isotbermally, will
witimately break up into a star cluster, but theory so far gives nc adequate predic-
tion of the detailed properties of the cluster.

Now let us suppose the cloud has a frozen-in large-scale field; e.g., as in
Fig. 1. Initially, the field energy in the cloud considered is somewhat less than
the thermal. Under approximately isotropic comtraction, the density is again given
by {11.3); by conservation of flux,

)
=4

ER™ = constant ’ {11.8)
g6 that V
g < P 2/3 {11.9)

The magnetic energy 1s again given by {11.5}, aud so increuses like 1/R 5 8% the
gams rate ag -£{L . Under isothermal, isg§cpia contraction; the thermsl enexrgy
becomes negligible, so that the minimum mass is reduced--for our parameter values,
to about 500 &) ; but no smaller mass can separate out. The mixed sound and hydro-
mignetic waves traveling across the field, which in the sbsence of the field would
{1f sufficiently intense) lead to small local zondensations separating out, are
kept stable by the magnetic field.

{The difficulty does depend on the field belng large-scale and not tangled,



so that (11.9) holds. A =smell-scale field could straighten itself out under con-
traction, so trat the field lines cross the equator a smaller number of times; flux
1g then conegsrved without H inereasing at the rate (11.8).)

Mhere sre two possible ways out. First, we may challengs the assumption that
the contratticn is nesrly isotropic. The virial theorem shows that fsotropic con-
tragation- whizh lesds to (11.9)--18 not ineconsistent with flux conservaticn: the

manetic Jorczs do not increase too rapidly for the gravitational. However, sup-
pgg@ +hat in.tiglly the lateral magnetic force just balances the gravitational and
£hat the gas 18 at rest; the unopposed gravitationsl forece acting down the magnetie
fird liner immediately causes flow down the Tield; so incressing §  without siml-
;aneousiy Jnereasing H . But as soon as :? changes substantially, the gravita-
tional force density scross the field far outweighs the unchanged magnetic fédrce
density;, and lateral contraction starts. It is, however, possible that a cloud
with an initislly oblate structure wey, by its non-isotropie gravitationsl field;
allow enocugh preferential flow for jD to increase more rapidly than HSjg
ting over the difficulty. To demonstrate this conclusively is difficult; it cer-

s B0 gete

tainly requires finer tools than the virial theorem.

I? the clouwd is rotating rapidly ebout the same sxls as that of the field,
then aum-igotropie flow will result if the centrifugal field becomes comparsble
with the sravitationsal.  The magnetic energy problem is then reselved; but one Is
ieft with the problem of the formation of stars from a cloud with high angular momen-
However, to treat this properly, one must consider whether in faet all the

1 will conserve its angular momentum, Or whether thogse magnetic Pleld lines
Tiaked with the zalaxy are sble to transport angolar momentum efficiently encuzh
to wrevest the centrifugal force beccoming high. This in turn demands study of the
structure of the magnetic field; in particular; the times at which individeal cloud
vield Iises detach themselves from the galactie field must be estimated. An at-
temet =t thie problem is in preparation.

It ghould be noted that if the problem is resolved by preferential flow, we wmay
expect the smsll condensetions that arise to have fairly strong internal mesgmetic
“fleldis, This is in the spirit of the fragmentation picture, discussed sbhowve for 2
wble ¢loud. Density fluctuations that initially ecamnot grow, because of
the strong magnetic fleld, are able to grow once enough preferential flow has oe-
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eurred; [furtber, even if the cloud as a whole is contraeting--i.e.; there is no
geatrifuessl field holding it up~-~we may again expeet that a sufficiently strong den-
gity fluctuation, of mass rather greater than the minimum set by the virisl theorem,

sadense more rapidly than the general background. A moderately high Interaal

st un stellsr structure an

rey eould bave 2 aoticeable «F



The other way of resclving the magnetic energy difficulty is to challenge

the sssumption thet the field is frozen into the matter. We have in faet spplied
the freezing-in concept--derived as an excellent approximation for a plagma--to

a lightiy-ionized, HI ecloud; where in fact the bulk of the matter is neutral
hydrogen, and the plasms component conaists of a small proportion--1 part in =4,.@ o
of metals with low ionigation potentials. The star formation pr@blem provides
ocur first opportunity to generaiize the work of Chapters 3, h, and 5 to a lightly
sopized gas. {(See Mestel and Spitzer, M. N., 1956)

B. TVE MAGNETOHEYDRODYNAMICS OF A LIGHTLY IONIZED GAS
We define
= puzber density of electrons,
= nunber density of jiomg, = ne/Z (quasi-neutrality of plasms ),
= mmber density of neutral hydrogen,
mesn drift of electrons
= mean drift of ione
= mean Grift of neutral hydrogen, .
mean force on an electron due to collisicns with fons,

2 .
é@ %;: m«: tﬂ” o5 o
&

&
o
i

mean force on an electron due to collisions with neutral hydrogen,

by

m"zi

(=]
[

by = mean Force on an ion due to eollisions with neutral hydrogen,
p_ = partial pressure ol electrons,
partial pressure of lons,

hes
to
@

=  partial pressure of neutral hydrogen.

e condition of momentum balance for the electron gas is

E
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where as in Chapter 3 we have dropped gravitation and inertia. For the loale ges,
we have similarly

pi 4 v
mi/\ i
" - - s
Zeni(ﬁ+ )+ n oo - BFoy V“nm \VA'4 nm
A11.11)
vhere V 48 the gravitational potential; the law of action and reaction is used
when we write -~ (n@g‘e i) for the force density due to ion-electron encounters.

Adding (11.10) and (11.11), we have



S;E;AE a};:i
e ngEy v aFy) - Vipg «3) + amVV = am =3 .
(12.1
For the motion of the neutral gas, we have
V i
i N ' it 11.13)
(n,g AT 4 n Py + VY = ngmﬁ S {11.13)

e sus of (11.12) and (11.13) yields the equation of motion of the gos as a whole,
“with all the muitual frietion terms cancelled. The magnetie force acts directly on
the plasma--hence it sppears only in {11.12); ite effect on the neutral gas iz through
the friction terms, which appear with opposite signs in both equations.

For application to our problem, we simplify a little; a full trestment is gliven
by Cowling ("Magnetohydrodynamics”). As by bypothesis we are concerned with a
1ightly ionized cloud in vhich the magnetic force is comparable with the total grev-
{tational force and perhaps with the total pressure, we may drop V(p 4 + -pe} and
oM, T¥ from (11.12). For Fyp ond F.g » ve again use the good approximation
that after o collision the motion of a light particle relative to a heavy one is

purely random: thus

ler = "m0 ("e}T m, (vg - ¥,) (11.1%)
and :

sey. Here O g and o" are collision cross-sections, and (v ) and (vw}

thermsl spesds. As in geneml Fop <Py, {the electrons and iogs as usual geimgf
strongly coupled by electrostatic forces) we shall drop 3“ g 28 well from {(11.13).
e may Purther approximate by dropping the inmertia-term from {11.13), as the frie-

tional and magnetic forces rapidly approach balance. If the ion velocity e is

ot

not equal 4o ¥y o where

hPN.S — .
( e ) + ni X(}\YH ",Xi) = 0, (l}-”it")
then e alters according %o the eguation
A
}f\wi /vi = m -3F - {(11.17)
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> plasms, anl bence the ield, moves closely with the neutrsl gas . Then by (1.2}
b ? ; . }

frietional i a&ﬁ,aﬁ,m@n, though much larger than the Jhwie aissipaty 0%, 8

el with the ‘gn@ggamwp} work done on the n@u‘tr&l gas by the magnetic body
' 1z omgative; and some of the gravitationzl ecerpy relessed bHecones
g ‘th@ regh becoming mainly kinetic enerey of mass moticn. When

;,;% = amd the fleld energy is &‘St@&dy; the flzld lines znre statioaavy,

the neu’tz“az, gas drifie scross. The gravitatiomss_ enerry that weuld have become

magrietie energy in the Yropen-in cese is all dissipated. Finmally, 7 , Xg " N‘b)l ,;yuf

B

and the fbasmmp?%«fmw moves back through the cloud, the mugnetic ensrgy decreases,
part is used up in decelerating the cloud, but most of it goews into hest.



