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Theoretical Analysis of Control Propertiesfor the
Brushless Doubly-Fed Reluctance Machine

R.E. Betz Member, |IEEE and M.G. Jovanovic Member, |IEEE

Abstract— The brushless doubly-fed induction machine (BDFIM) has
been extensively researched over approximately 30 years, but a related
machine, the brushless doubly fed reluctance machine (BDFRM), has not.
This was mainly due to the fact that reluctance rotor designs were not ca-
pable of generating saliency ratios large enough to make the BDFRM com-
petitive with other machines. However recent developments in reluctance
rotors, spurred on by research into synchronous reluctance machines, has
resulted in high saliency ratio rotors that are economic to build. This, to-
gether with the promise of higher efficiency and simpler control compared
to the BDFIM, means that further investigation of the BDFRM is war-
ranted. A relatively limited amount of work to date has been published
on the BDFRM. This paper attempts to fill this void by presenting a the-
oretical analysis of some of the important control properties of the ideal
BDFRM.

Keywords—brushless doubly-fed machine, self cascade machine, reluc-
tance machine, electric machine control.

I. INTRODUCTION

HE Brushless Doubly Fed Reluctance Machine (BDFRM)

belongs to a group of interesting machines that include
the classical cascaded induction machine (CIM), the traditional
double fed slip ring induction machine (DFSRIM), and the
Brushless Doubly Fed Induction Machine (BDFIM).

The CIM, which forms the philosophical basis for the BD-
FRM and BDFIM, is a very old machine. Papers outlining its
basic principles appeared at the beginning of the last century
[1-3]. The next step in the development of this machine did not
occur until approximately 50 years later [4-6]. Essentially the
two machine cascade system was collapsed into a single frame.
The two variants developed, the BDFIM and the BDFRM, used
the same stator but the BDFRM replaced a special cage rotor of
the BDFIM with a reluctance one.

In the last 10 years there has been a renewed interest in the
BDFIM and the BDFRM due to the slip recovery nature of their
operation. This means that if the speed range of operation is
limited about a “synchronous” speed, then the inverter can be
fractionally rated. Even though the machine needs to be larger
for a given torque output, this fact means that the total system
cost may be lower.

In many respects the BDFRM and the BDFIM are very simi-
lar, however the BDFRM has the potential for greater efficiency
(since the rotor losses are much smaller than the BDFIM), and
should be able to operate at higher speeds because the cageless
rotor can be more robustly constructed. In addition, it is easier
to model and control than the BDFIM.

BDFRM based drive technology may find application in such
areas as turbo machinery (where the rugged nature of the ro-
tor and the synchronous machine mode of operation can be ex-
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ploited), variable speed constant frequency (VSCF) hydro and
wind power applications, commercial heating and air condition-
ing, as well as in large pump drives.

The tendency of the BDFRM control literature [7-11] has
been to focus on particular applications or control aspects, and
not to carry out a complete parameter independent analysis of
the machine. The purpose of this paper is to fill this void with a
theoretical study of the following BDFRM control properties:
1. Conditions for maximum torque per secondary winding am-
pere.

2. Conditions for maximum torque per total primary and sec-
ondary winding amperes.

3. Power factor control and trade-offs with
amperes.

inverter volt-

Il. PRELIMINARIES

In the limited space available in this paper it is not possible to
consider the detailed operation and modelling of the BDFRM.
The interested reader is referred to [12,13]. This section will
therefore briefly present some definitions and expressions used
in the remainder of the paper.

Fig. 1 shows the basic structure of the BDFRM. As can be
seen, the machine logically has two windings wound on the
same stator. The primary winding is connected to the grid,*
and the secondary to an inverter. These two windings always
have different pole numbers, and therefore with a round rotor
there ideally wouldn’t be any magnetic coupling between them.
However, if the number of salient rotor poles, denoted by p,.,
satisfies the following condition:

Pr = Dp + ps (1)

where p,, and p, are the primary and secondary winding pole
pairs respectively, then there is coupling between the windings.
It can be shown that the degree of coupling is dependent on
the rotor angle. This implies that there must be a change of
co-energy with the rotor movement, and the machine can con-
sequently develop torque. The other key relationship that must
exist for a resultant torque to be produced is [12, 13]:

Wy = PrWrm = Wp + Ws (2)
where w, £ the electrical angular velocity of the rotor; w,,, =
mechanical angular velocity; w,, = the supply frequency of the
primary winding (rad/s); and w, £ the supply frequency of the
secondary winding (rad/s).

It is beyond the scope of this paper to develop the complete
space vector model of the BDFRM, and relevant expressions, in

1The fact that the primary winding is connected to a constant voltage and
frequency supply means that the primary flux linkage is constant.
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Fig. 1. Conceptual diagram of the BDFRM
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Fig. 2. The reference frames and current angles used for the BDFRM (dg frame
is stationary).

a general reference frame rotating at w, will simply be stated [9,
12,13]:

o,

Uy, = Byly, + — + JwA,, 3)
dA

v, = Rgig + ;;T +j(wr —w)A,, 4)

APT = Lpl‘pr + Lps@.:T (5)

AST - Lszsr + Lpsz;T (6)

where L,, £ the primary inductance, L £ the secondary induc-
tance and L, £ the primary to secondary mutual inductance.
The space vector notation used is as follows: z,, and z, de-
note generic space vectors, x, for the primary and secondary
respectively in a rotating reference frame.

Remark 1: One of the most distinguishing features of the
space vector equations for the BDFRM is that (3) and (4) are in
two different reference frames — (3) is in the w reference frame,
and (4) is in the w,. — w frame.

If one integrates (2) then a similar relationship between the
reference frame positions for the primary and secondary wind-
ings (denoted by the sub-subscript “f” in Fig. 2) can be ob-
tained:

Or; (t) = Prbrm (t) = b, () + 05, (2) (7

The angles defined in Fig. 2 are used later in the paper.

Remark 2: The equations for the flux expressions are a little
confusing at first sight. Consider (5) for example. This ex-
pression appears to contain currents in the primary reference
frame (i.e. i, ) as well as currents in the secondary reference
frame (i.e. i ). However, i is a referred secondary current

(but in a frequency not turns ratio sense) to the primary ref-
erence frame, and its components appear as AC quantities of
wy —ws —w = w, —w angular frequency. This is the same fre-
quency as the primary reference frame quantities with respect
to the w reference frame. Therefore the components of the i
vector are the same as those of the complex conjugate of the sec-
ondary current, but they are in the primary flux reference frame.
Note however that the referred and original current vectors ro-
tate at different velocities with respect to the stationary frame
- the referred vector at w, — ws = w, and the original one at
ws. Similarly i, in (5) is a referred primary current rotating
at w — wy, in the secondary reference frame [12]. The terms
Ly,i; and Lpsg';;r can be interpreted as representing the mutual
flux that is linking the two windings via the modulating action
of the rotor. It is this modulating influence of the rotor on the
stator mmfs that results in the previously mentioned frequency
conversion.

If we choose the reference frame angular velocity, w, to be
the primary frequency, w,, then given (2), the original voltage
equations (3) and (4) become:

oAy,

Up, = Ryl + — = +jwpdy, ®)
S A,

vs, = Rsig, + dtr + jwsA,, 9)

Using a change of field energy technique, it is possible to
derive a number of different expressions for the torque of the
BDFRM [12]. The most important one for this paper is:

3 Ly . .
T, = _pr_p()‘pdzsq + )‘pqzsd)

e (10)

where the dg components are with respect to the primary and
secondary reference frames, the p or s subscript denoting the
particular frame.

Remark 3: Equations (8) and (9) are in their “natural” refer-
ence frames, with the primary equation in the w,, frame, and the
secondary equation in the w, frame. Remark 2 still holds in this
new reference frame with the exception that the secondary cur-
rents are no longer AC but DC, and as such are much easier to
control.

Remark 4: Equations (8) and (9) are of the same form as the
equations for the double fed slip ring induction machine (DFS-
RIM). This, at first, is a little surprising given the different un-
derlying operation principles of the two machines. It should be
noted that the dynamics of the BDFRM are not as fast as those
of the DFSRIM because of the higher leakage inductances.

Remark 5: Equation (10) is very similar to the dq expression
for the torque of the induction machine with rotor flux orienta-
tion. This again serves to highlight the close connections be-
tween the two machines.

The other main property of the BDFRM that is of interest is
its power. The standard space vector power expression [14] has
been be used to derive the PU power expressions in Appendix-
A.

I1l. CONTROL PROPERTIES

The subsequent analysis assumes an ideal machine without
saturation. In addition, in most cases, the stator resistance is



ignored in order to simply the development of the analytical ex-
pressions. This approximation should have little effect on the
accuracy of the analysis. For simplicity the primary and sec-
ondary windings are assumed to have the same number of ef-
fective turns per pole i.e. the same inductances (L, = L).?

A. Maximum Torque Per Secondary Ampere

A desirable property for a BDFRM is to maximise the torque
produced for a given inverter current rating — i.e. maximise the
torque per secondary ampere (MTPSA). Using (10) and align-
ing the reference frame with the primary flux vector (which ef-
fectively means that \,, = 0 and \,; = );), the torque can be
written as: -

T. = iprprisq

Remark 6: The primary flux frame alignment used in (11)
makes it obvious that one can control the torque in the BD-
FRM independently from the flux. A, is fixed by the grid supply
voltage and frequency applied to the primary winding, and the
torque is controlled by the secondary winding ¢ axis current
(isg)-

From Fig. 2 one can see that is, = 4,sina,, and conse-
quently the torque per secondary ampere can be written as:

(11)

T._3 Ly

, 12
i 2", (12)

Ap sin oy

which is clearly a maximum when oy = /2.

Remark 7: Examination of (12) indicates that the torque per
secondary ampere improves with increasing the L,,s/L,, ratio.
It can be shown that this implies a larger saliency ratio for the
rotor [15]. Therefore, the machine should be designed with the
highest possible rotor saliency. The use of an axially-laminated
rotor would be a preferable solution from this point of view, but
it would also have high iron losses and be costly and difficult to
manufacture. Recent radial laminated flux barrier rotor designs
have nearly the same saliency ratio of the axially laminated de-
sign, are economic to manufacture, and have low iron losses
[16,17].

Remark 8: Note that this control strategy only minimises the
secondary current — no consideration has been given to the cur-
rent or the power factor of the grid connected (primary) wind-

ing.
B. Maximum Torque Per Total Amperes

An alternative strategy for controlling the BDFRM may be
the maximum torque per total amperes (MTPTA) of the ma-
chine. The total amperes refers to the sum of the primary and
secondary current magnitudes. In other words this strategy is
essentially trying to share the current more evenly between the
windings for a given torque output.

The problem to be solved can be stated mathematically in
normalised terms as®:

. . . ¢ sin a4 sin agg
min Gg, = tpp +isn = ——————
sin(as + o)

(13)

as,0p

2This choice of inductances may not be optimal in the sense of obtaining the
maximum torque for a given amount of active copper and iron in the machine.
3¢ is defined in Appendix-A.
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Fig. 3. as and oy, angles for maximum torque per total amperes.

subject to a specific torque output 75,.

Remark 9: The «, and oy, variables in (13) are not indepen-
dent due to the primary flux frame alignment condition implicit
in (13) [18].

Equation (13) can, after considerable manipulation, be put
into the following form [18]:

B CTp\/1 4 tan? o, + /(2tan a, — T;,)% 4+ T2 tan® a;
o 2tan o

itn
(14)

Theoretically one can differentiate (14) with respect to
tan a, and then equate the obtained expression to zero to solve
for the tan a, that will minimise 4;,. However, in practice the
resultant derivative expression is very complex and cannot be
solved analytically. Therefore the optimal angles have been cal-
culated using a numerical minimisation procedure.

The plots developed from (14) are for the case where L, =
L and the rotor has an equivalent synchronous reluctance ma-
chine saliency ratio of £ = Ly/L, = 8, which can be shown to
be equivalent to ¢ = 9/7 [15, 18]. The plots are all developed
for ws, = 1 and torque levels ranging from 0.1-pu to 1.5-pu.

Fig. 3 shows the current angles required to achieve MTPTA
operation.

Remark 10: One interesting feature of Fig. 3 is that a; does
not change as much as c,. In addition the o, angles are larger as
compared to v, for all the torque levels. This result is expected
as the primary winding is mainly responsible for the machine
magnetisation as opposed to the secondary which is torque pro-
ducing. One can see from the same figure that at the low torques
the primary angle approaches zero, indicating that it is supply-
ing almost all the flux for the machine. The angle of the sec-
ondary current in this torque region, at first, would seem to in-
dicate that it is also supplying significant flux to the machine.
However, as we shall see in a subsequent plot the magnitude of
isn, @pproaches zero under these conditions. One could antici-
pate that this would be the case from (12).

Remark 11: The values of the individual winding current
magnitudes can be found from (20) and (21). Notice that i,
and i, don’t explicitly contain the torque level T),. However,
as T, varies, the o, and «, vary as illustrated in Fig. 3.
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Fig. 4. Current magnitude components under maximum torque per total am-
peres.

It would be instructive to break down the total current mag-
nitude into its primary and secondary components under this
condition. Fig. 4 shows the individual current magnitudes.

Remark 12: Fig. 4 demonstrates that the change in the total
current magnitude, with respect to torque, largely results from
the variation in the magnitude of the secondary current com-
ponent. This is not unexpected, since from (11) one can see
that the torque is directly related to the secondary ¢ axis cur-
rent. From Fig. 3 it is evident that a; does not change a lot
with torque, therefore the i,, must be changing to effect the
increased 4,4, cOmponent and hence torgque output (see (19)).

Remark 13: The other relevant remark about Fig. 4 is that
the primary current magnitude is relatively constant with torque
variations. From Fig. 3 one can see that «,, increases consider-
ably with increased torque, therefore one would conclude that
the primary current is contributing less to the primary flux with
rising torque levels, as opposed to the secondary current which
is increasing its contribution to the flux (since A, is constant).

The statements in Remark 13 lead naturally to consideration
of the power components for the primary and secondary wind-
ings. Fig. 5 shows these components under the MTPTA condi-
tion, developed using (24)-(27).

Remark 14: Examination of Fig. 5 sheds extra light on the
comments in Remarks 12 and 13. One important observation
is that the real power contributed by the primary and secondary
windings are the same. This is a consequence of the w,,, = 1
assumption as follows from (24) and (26). If ws, < 1 then the
power contributed by the secondary winding becomes less. At
the extreme, if w,,, = 0 (i.e. DC) then the secondary power is
zero, since the secondary winding is now simulating the field
winding of a classical synchronous machine.*

Remark 15: The reactive powers in Fig. 5 show that the pri-
mary reactive power decreases with increased torque, this indi-
cating that the primary winding is participating less in the flux
production (as noted earlier). On the other hand, one can see
that the opposite occurs for the secondary winding, with the

4Note that under this condition there will be enough real power to supply the
resistive losses of the winding. This does not show up in the analysis since we
are neglecting resistances.
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Fig. 5. Real and reactive powers under the maximum torque per total amperes
condition with the secondary winding being supplied at the mains frequency
(note that the real power of the windings is the same as wgsn, = 1).

corresponding reactive power increasing significantly with in-
creased torque.

C. Power, Power Factor and Volt-Amperes

In order to understand the power relationships for the BD-
FRM we shall look at the power performance of the machine
under constant torque and constant secondary frequency.

Consider (19), which we can rearrange to give:

F(oyp, as) =2sinagsina, — Ty, sin(a, +a5) =0 (15)
If we choose a value of « in (15) then we can solve for o, for a
specific value of T;,. In the following analysis we shall assume
that the torque level is T,, = 1 and the secondary frequency is
wsn = 1. Atthe end of this section we shall briefly discuss what
happens to the results as the torque and frequency are varied
from these values.

The «, and o profile resulting from (15) can be used to
generate the magnitudes of the primary and secondary currents.
This analysis gives one a good feel for the trade-offs that occur
in relation to the inverter size to achieve particular power factor
outcomes. Using (20) and (21) one can develop the plots shown
in Figs. 6.

Examination of Fig. 6 immediately reveals that i,, is at a
minimum when «; = 0.46 radian. This point corresponds to the
angle when the secondary winding is developing all the primary
flux for the machine (via the mutually coupled flux), which in
turn implies the «, = 7/2. This means that the primary cur-
rent is orthogonal to A, and hence the primary current by itself
does not produce any flux. One can see from Fig. 6 that the iy,q;,
component of the current is zero at this angle, further confirm-
ing the analysis. The other relevant aspect of the figure is that
ipgn 1S CONstant over the whole range of o angles. This is the
component of the primary current that is in quadrature with A,
and therefore is the torque producing component i.e. the cou-
pled secondary ¢ axis current [18]. Given that w,,, is fixed by
the winding grid connection, the real power contributed by the
primary is constant too.

Fig. 6 also shows the secondary current components. The
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Fig. 7. Primary and secondary real and reactive powers, Ty, = 1, wsp, = 1.

most significant feature is the very high secondary current mag-
nitude for low values of a;. One can see that most of the in-
crease in i, is due to the increase of the flux producing 7.4,
component. For very small angles of o the machine can be-
come over-excited and the primary winding begins to look ca-
pacitive. Notice, similarly to the primary winding, that the ¢
axis component (is4y,) Of the current remains constant over the
whole angle range.

Fig. 7 shows the power components under the same condition
as Fig. 6.

Remark 16: In Fig. 7 note that the power factor of the pri-
mary is unity when o, = 0.46 radian and that the real power
component of the primary winding is constant.

Remark 17: Fig. 7 graphically shows the significant change
in the reactive power supplied by the secondary winding when
as < 0.46 radian. As oy — 7/2 then the reactive power of the
secondary also approaches zero but does not reach zero at oy, =
7 /2. This is due to the fact that the secondary reference frame is
out of alignment with the secondary flux, therefore there is still
a secondary flux producing component of current with 7,4, = 0.

One of the most interesting properties of the BDFRM is the

Primary Power Factor
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Fig. 8. Primary winding power factor when 73, = 1 and wsy, = 1.
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Fig. 9. Secondary winding volt-amperes (VA) with 7, = 1 and wg, = 1.

ability to control the power factor of the primary via the sec-
ondary winding currents. Fig. 8 shows the primary power factor.
This plot shows that the power factor of the primary does indeed
become zero at oy = 0.46 radian. If one plotted the secondary
power factor one would find that it is very poor for o, ~ 0.3,
monotonically increasing with «, and nearly reaching one at
as =m/2.

The comments in the previous paragraph are further rein-
forced if one examines the volt-amperes (VA) absorbed by the
secondary windings under the 7;,, = w,, = 1 condition. Fig. 9
shows the secondary VA.

The discussion thus far has concentrated on the trade-offs as-
sociated with the control of the primary imaginary (or reactive)
power. However, in the power plots one can notice that the real
power delivered by the primary and secondary are equal (un-
der the w,, = 1 condition). If one examines (26) one can
see that for a given non-zero torque the real power delivered
by the secondary is related to the applied secondary frequency,
whereas the real power delivered by the primary is indepen-
dent of the secondary frequency (see (24)). If ws, > 1 in (26)
(i.e. high speed operation) then the real power contributed by
the secondary will be greater than that of the primary, else (for



wsp < 1) itisless. Clearly if wg, = 0 then the secondary power
is zero and the BDFRM operates as a synchronous machine.

If the phase sequence is reversed then wy, < 0. This al-
lows the machine to operate at sub-synchronous speeds i.e. at
wrm < wp/pr. I ONe considers (26) one can see that negative
wsn COrresponds to a negative Pg,,. Therefore power is being re-
generated from the secondary back into the supply. Note that in
this mode the inverter must be capable of regeneration for sus-
tained operation. When operating at speeds below synchronous
speed the machine is very inefficient since energy is being taken
from the supply via the primary, and then returned to the supply
via the secondary. Therefore, some of the input energy is circu-
lating from the primary to the secondary, incurring losses on the
way.

All the previous plots were for the case of 7,, = 1 and
wsn, = 1. If these parameters are varied then the following
further observations can be made. For the case of varying ws.,:
o The real and imaginary current magnitudes flowing in the
windings do not change.

« The current angle profile remains the same.

« As a consequence of the first two comments the maximum
torque per total amperes does not vary.

o The primary real and imaginary powers are secondary fre-
quency independent and therefore are unaffected by its varia-
tions.

« The secondary real and imaginary powers, and VA decrease
at all o, angles in proportion to wy,.

o Under the w,, = 0 condition the «, angle effectively be-
comes the torque angle of a synchronous machine. It corre-
sponds to the initial phase of the secondary current relative to
the secondary reference frame (which is now stationary). The
latter is initially aligned with the high permeance axis of the
rotor.

If the torque level is varied at wg,, = 1, then the following
observations can be made:

« The primary and secondary current angles both approach zero
as’T, — 0.

« The real power is still evenly shared between the primary and
secondary windings.

o The o, versus «a, current angle profile changes with varia-
tions in 7T,.

« The optimal torque per total amperes change, although only
by a small amount.

D. Control Scheme

The BDFRM can be configured into a drive system employ-
ing vector control techniques [10, 11]. In case of primary flux
orientation discussed previously, then a drive control system of
the form of Fig. 10 can be devised.> As the secondary winding
quantities are only controllable, the secondary reference frame
position, 6, should be determined for control implementation.
This can be achieved using the primary frame position, ¢,,,,
(which is the same as the primary flux angle due to the align-
ment condition and can be therefore estimated from the mea-

5Fig. 10 does not show the circuitry required for starting the system. If a
partially rated inverter is used then an auxiliary contactor is usually required to
short the secondary. This allows the machine to start as an induction machine.
Once the machine is near the synchronous speed the contactors are opened and
the inverter is connected.

4 Grid Supply ya

Bi-Dir
Inverter

Iy -
Torque &
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s Power
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Fig. 10. Block diagram of a BDFRM based drive system.

sured grid voltages®), rotor position measurement, Orm,;, and
(7). The desired inputs to the dq current controllers depend on
a control strategy to be implemented. For example, if the max-
imum torque per secondary ampere strategy is of interest, then
i34 and i3, is determined from (11) for a given torque command
T

IV. CONCLUSIONS

This paper has presented a number of properties of the BD-
FRM. The main feature of the machine is that it allows a smaller
inverter to be used if the output speed range required is relatively
small. However, as has been shown in the analysis above, if one
utilises the ability of the inverter to control the primary winding
power factor, then the inverter size has to increase, the amount
dependent on the power factor one wishes to obtain.

In addition to the machine attributes examined, the paper has
also introduced a number of per-unit (PU) based model equa-
tions for the BDFRM.

To summarise, the main conclusions that can be drawn from
the paper are:

1. The maximum torque per secondary ampere (MTPSA) is
achieved if oy = 7/2. This angle is independent of the applied
secondary frequency and the torque level.

2. Ifthe machine is operated with a5 = /2, the primary power
factor is poor (i.e. = 0.47). In many applications this may not
be satisfactory.

3. The maximum torque per total amperes (MTPTA) current
angles for the BDFRM do not equal the MTPSA current angle.
Furthermore, the MTPTA angles are dependent on the torque
level that the machine is operating at.

6Estimation errors can occur by ignoring the primary winding resistance, but
in most cases this error is negligible because of fixed 50-Hz supply.



4. The paper has highlighted the implications of primary power
factor control on the rating of the secondary winding inverter.

The analysis in this paper, due to space restrictions, is nec-
essarily limited. Nevertheless, it indicates that the BDFRM has
many interesting properties that can be potentially utilised in
many applications. The authors believe that the BDFRM de-
serves more investigation to determine whether it is industrially
viable in the target applications.

APPENDIX

A. Normalised Parameters

It is possible to derive a set of per-unit bases for the BDFRM
corresponding to an arbitrarily chosen a; = «, = /4 current
angle condition [18]:

3 A 2
Tp = va'Ll; Pp = ﬁTB (16)
P Pr
AB )\p UB
iB=7_ L, AB on Ap (7)
wpB zwp:27rf3; LB :Lp (18)

where vg and fp are the grid supply voltage and frequency.
These base values can be used to convert the main perfor-
mance equations into the normalised forms that appear below:

2sin a si 2. .
Torque: T, = w = —igpsina, (19)
sin(ap +as) ¢
. sin ag
Primary current: ¢,,, = ——— 20
y » sin(a, + o) (20)
Secondary current: i, = w (21)
sin(a, + a)
Primary flux: Ay, =1 (22)
1
Secondary flux: A,,, = Lsni,, + zg;n (23)
The PU real and reactive power expressions are:
L. sin av, sin o 1
Ppn = E'Lsnlpn Sln(o{s + O[p) = m = ETn (24)
Tsdn sin o, cos ay,
n=1- =—= 25
@p ¢ sin(as + o) (25)
P, = Ewsnisnipn sin(as + ap) = %Tn (26)
wWen SN,  sinoy, .
- + sin as cos(ag + @ 27
@ sin?(ovs + a,) | k2, ( »l - @0)

where ( = L,/Lys and kps = Lps/\/LpLs. The “n” sub-
scripts denote that the relevant quantity is a PU or normalised
quantity.
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