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Abstract Lewn, <7, < -+ < n,be some positive iﬂtegers. D= C’.l X E,’ X e X C’.‘ is the cartesian
product of directed circuits. In this paper, we prove that D has hamiltonian circuits if »; |7 (1<{i<Ch—
1). When n,=n;=+=n;, we confirm that D has | k#/2 ] arc disjoint hamiltonian circuits. As a by-
product, we deduce that I' X I'is an hamiltonian digraph if I is an hamiltonian digraph. )
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Let G be an abelian group with operation “+ ”and zero element 0. For every subset S C G,
the Cayley digraph C(G,S) is defined as follows. All the elements of G are the vertices of C(G,S)
and, for eachs € S, (u, u + s) is an arc of C(G,S) which will be called the s-arc. An arc se-
quence M on S is a listing of some elements of S like that M = [a,,a;,+*a,] » where q;(1 <1<

n) are some elements of S which are not necessarily different. Define S,(M) = z:_la.-(l_< I
n). For convenience, we set So(M) = 0and S(M) = Sy, . IfS,l(M) #* S,’(M) forl, # 1, ,
then M corresponds a directed path P(M) = (0,S,(M),S,(M),+-,S,(M)) traversing from 0
by the arcs a,,a;,+** ,an successively. We call M an hamiltonian sequence on S if P(M) is a direct-
ed hamiltonian circuit of C(G,S) . Thus by definition, C(G,S) has an hamiltonian circuit if and
only if there exists an hamiltonian sequence on S . If there are  arcs appearing consecutively in M
» we abbrevate them by 7z * a. Similarly, ¢ # M denotes the sequence of £ consecutive copies of M
. Forexample, M =[2 * a,,a, ] = [a,,a,5a,]and 2 ¥ M = [M,M] = [a,,a,,4:,a,,4, 16, ] » and
so on. Denoted by (S(M)) the subgroup generated by S(M) and o ( S(M) ) is the order of
SM)mmG.
In this work, we state our results in the following way.

I.Letn <n,<- <{n;be some positive integers and 5,.- be the directed circuit. If n;{n,(1
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< i<k . then 6,,.: x a,z X oeee X 6,.‘ has a hamiltonian circuit.

I.n=n =n,=--=mn,. then 6,, X a, X osee X 6,, = acontains L k/2 | arc disjoint hamil-
tonian circuits.

I. Let I'be a digraph with a hamiltonian circuit. Then the cartesian product I' X I" X -« X
I' = I’™contains | £/2 | arc disjoint hamiltonian circuits. In particular, I X I'is an hamiltonian di-
graph.

First we introduce a lemma which takes another form in [6]. Here we give it a little gener-
alization.

Lemma 1 Let G be an abelian group and M = [a.4,,**,a,] the arc sequenceon S.
o(S(M)) * M is an hamiltonian sequence of C(G,S) if and only if 0(S(M))n = |G| and S;(M)
- S5;M) & SMNfor 1<<i#j<n.

Proof. Set7 = o(S(M)) . For the sufficency, we need to show that P(M) = (S,(M),
S, (M), .S, (M), S,.(M)) is an hamiktonian circuit. Since m = |G| and S,.(r* M) =
rS(M) = 0. it suffices to check that S;( * M) and S;(r ¥ M) are distinct for 0<Ci % j<<mm. To
the contrary, suppose that S;(r* M) = S;(r * M)(iF j). Leti=mn + pand j=m'n+ p',
where 0 << p.#' < n. Then by definition, Spt,(r ¥ M) = Sppyp (r * M)=>mS(M) + S,(M) =
m'S(M) + S, (M)=>S,(M) — S, (M) € (S(M))=>p=p'. This impliesm = m’ , and soi =
7. A contradiction. The necessity is obvious by the above disccussion.

Let Z, = {a;) be a cyclic group of order n; , where? = 1,2, ,k. SetG =Z, X Z, X -
X Z,, . Since Z, = {(0,*,a;5++,0)} |a; € Z,;} is a subgroup of G isomorphic to Z,; , we can re-
gard Z, as Z,. Thus S = {a,,a;,*,a;} is a generating subset of G. It is easy to see that C(G,S)
is just the cartesian product D = (-f,] X 6,.2 X wee X a,‘ . Let M be the arc sequence on S and M be
the arc sequence obtained from M by deleting the last element of M . For instance, let M =
[2%a,,a;,0;] , then M = [2 %a,,a,] .

Now we define inductively theé arc sequence H,,H,,*,H, , as follows. H, = [(n, —
D*aa,],H, = [(n, — ) *H,, _P_I_Hasija = [(n, — D*H,, HyaJyH,y =
() * Hy_pyHyysa,] . Tt is not difficult to see that

"Claim 1 H,(1 <<i<k) is an arc sequence on S which contains precisely n,7,***n; arcs and
there is only one g; lying on the last position of H, .

Claim 2 SH) =nS(H,_,) — a; + @iy, » and s0 S(H,) = n;o++n,(n; — 1)a; + n;o>+n;(n,
— Da, + - + (m; — 1a; + a4, » wheret = 1,2, — 1.

Claim 3 Letn << n, << - <<mand n;|n, for i << k. Theno(S(H—,)) = n,.

Theorem 1 Under the assumption of Claim 3 n, * H,_, is an hamiltonian sequence on S,
and so C(G,S) has the directed hamiltonian circuit P(n, x H;_,) .

Proof By Claim 1 and Claim 3, H,_, contains exactly nm,*--m_, arcs and
o(S(H;_,Dnn,n_, = mn,+n; = |G| . Thus according to Lemma 1, we need only to check
that S;(H,_,) — S;(H;-)) & (S(H,_,)) for 0<<i # j < |G| . We will do this by induction on
the index /of H,(1 Ik —1).

It is obvious by definition that S,(H,) — S;(H,) & (S(H,-;)) for 077 j <{m, . Suppose
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we have established that S;(H,) — S;(H,) & (S(Hy- ) fori<k—1and 0<Ci 5 j <mn,--en,.
To the contrary. assume that there exist 0<C7 7 j. <mmy*++m_ such that S, (H,,) — S, (H,_,,
=mS(H;-,), where 0 < m <n,.

By Claim 2, the right side contains a term ma;. But the left side contains no such term.
Hence m = 0, and s0 S;,(H) = S (Hi1) . Letiy = pmnyesm_; + rand j, = p'nnyeeomy_, +
r ,where 0 << 7, < mmeem_,and 0 < p,p < m,. We have pS(H,..,) + S,(H,_,) =
P SH ;) + S,(Hy_p)=>(p — pISH_p) + S,(Hip) — S, (Hy—p) = 0. Set

u=(p— pPISH—p) — (p— par + S,(Hy3) — S, (Hip) =— (p — pay,.
Thenu € (Z, X - X Z, ) N Z, _, . This implies that p — p' = O(modn,_,) , and so p = p
. Thus S,(H,—,) = S, (H,_;) . By induction hypothesis, » =~/ . But then it contradicts with 7,
# jo. So we complete our proof.

_Corollary 1 Let n, <X 7, << *** << m; be some integers with 7 [m(1 <<i<<k) and D = 6,,1 X
6'-; X e X 6,.‘ . Then D has a directed hamiltonian circuit.

Example 1 Let G = Z, X Z; X Z, be the cartesian product of the cyclic groups. Seta, =
(1,0,0).a, = (0,1,0) and a; = (0,0,1), whereo(a,) = 2,0(a;,) = 3and 0(a;) = 6. Take H,
= [a,,a,,@,,a55,a,+a;] . Then 6 * H, is an arc hamiltonian sequence which conrresponds to a di-
rected hamiltonian circuit in the cartesian product of 62 x C 3 X 6'3.

In this section, we further consider the problem of the hamiltonian decomposition of D = C,
X E',. X oeee X 6',.. Let Z, = {(a) be the cyclic group of order nand G = Z, X Z, X =+« X Z, X =
Z* . We again regard a; ya;,***sas as (@,0,°++,0), (0,@,°*+,0) -, (0,+++,0,a) , respectively. Set
S = {a,,a,,->"ya;} . Then S generates G.

Let # , be the symmentric group on {1,2,+-+,2} . Then for each r € ® ,,nderives an auto-
morphism of G like thatz; j1a) + f2@; + ** + jids = j1@xqy T+ J2axzy + *** + ji@ery. Denote by Aut
G and AutC(G,S) the automorphism groups of G and C(G,S) respectively. V

Lemma 2 %, is the subgroup of AutG ,and so is the subgroup of AutC(G,S) .

According to the above lemma, for each 7 of ® ;, 7 maps an arc sequence to another. For
example, set H, = [n*a,,a,]. Thenn(H,) = [n* ar)+8x2 ). Commonly, if M is an arc se-
quence on S , Then 7(M) is the sequence got from M by replacing each g, in M with a,, . By
Theorem 1 and Lemma 2, we have

Lemma 3 For every # €% ,,n * x(H,—,)is an hamiltonian sequence of C(G,S) .

Let u and #' be any two integers with 0 <C u,u4’ <n*. Setu =t " + 47" + -- +t;n
+toand e =, A+t e+ n+ 1, where 004y, <mand 07 << k.

Lemma 4 Suppose S,(n* H,_\) =S,/ (n*xx(H_\)) form €R .. Thent, =1

Proof Byv definition,we have

Suln*x Hi_)) = 6 S(Hyw) + tiepS(Himy) + = +6,5(H D + S, (HD. D
Saxa(He ) =20 S(rHim)) + teaS(mH ) + -
+ ¢\ Sx(HYD) + S (x(HY)) . (2)

By Claim 2, we have
S(H) =n2""(n— Da, + 7" (n— Da, + +- + (n — Da; + ay, = (n — Da; + a4,y
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S(r(H)) =" (n— Dagg, + 77 n — Dagy + - + (0 — Dayy + arn
= (n =~ Daxy + vy
where? = 1,2,--.k — 1. Return to (1) and (2). we have
S.(nx Hy_)) = 4,,((n — Dy, + @) + a1 ((n — D@y + aimy) + 26-3((n — Day_,
+ aip) + - + 6,((n — Da, + a) + t0ay
=@+ Gy = Da, + oy — L)@ + o0 +

(Zl - tz)a;- + (to bt t])a” (3)
Senxw(Hi 1)) =t 1aeay + iz — Usm))aea—1y + iz — 'ip)ra-s)
4 e + 1 =)y + o — D). )

Let ¢ and ¢’ be the sum of the coefficients of all terms in (3)and (4),respectively. Thenc = ¢,and
¢ =1, .Because of G being the cartesian product of £ Z,'s , for each term of a;in (3) there is pre-
cisely one term of ap~1¢y in (4) such that they are equal to each other, and so the difference of
their coefficients can be devisable by n. Thusn|c — ¢/ = ¢, — t'¢. This gives¢, = ¢',.

Lemma 5 If there sxists 1 €%, such that 7(a,) # a,and 7 ({a;,a;}) ) {a2,a;} = J, then
P(nx H;_,) and P(nx n(H,_,)) are two arc disjoint hamiltonian circuits.

Proof For convennience, we also use [s,,55°*»5¢] and [s';,5 55 +**,5' 2] to present the arc
sequence 7 * H,_, and n * n(H,_,) . respectively. Our aim is to prove that 5,4, 7 5.+, whenever
SnxH, ) =S8 mxn(H,_)).

By Lemma 4, we havet, = ¢',. Two cases will be considered bellow.

Case ] 0<t,=1,<n—1.Inthiscase, according to(1),(2)and the definition of H;_,,
have 5.4y = @, and 5’ v 4, = ay, . It immediately follows our consequence by the assumption of .

Case 2 ¢, =t, = n — 1. In this case, for the similar reason as above, we have

- apfty=n—1landy, <n—1, | Qs fty=n—1land?, <n-—1,
Sub1 = an, iftp=n—landt, =n-—1, AL Gy fto=n—1land ¢, =n—1,
It is clear that 5.4, 7 5’4 since #({a;,a;}) N {a2sa;} = . Thus we finish our proof.

For every i € {1,2,+,k} , define 7;:i =1 + 2j(modk) , where 0 < j <<k . Clearly x; €
% ;. Then by Lemma 3, P(n * n;(h,—,)) is an hamiltonian circuit. If jis confined t0 1 << j <
Lk/2] ,one can simply see that 7;(a,) # a, and 7({a;,a;}) N {a:a:} = J.

Theorem 2 LetG=2Z, X Z, X =+ X 2Z,=2Z%Z,= (a))and S = {q; = (0,--,a,+,0) |¢

= 1,2,-k}. Then C(G,S) contains | /2 arc disjoint hamiltonian circuits.

Proof We need to prove that {P(n* n;(H;_1))|j = 0,1,-, k/2] — 1} are arc disjoint.

By Lemma 2, P(nx*n;)(H,.,)) and P(nx x;(H,_,)) are arc disjoint if and only if
P(nx H,_,) and P(n % m;(H,_,)) are arc disjoint, where! = j — j'if j > j or{ = j' — jother-
wise. Since the action of m,0n {@,,8;,a;) is {@142Qsenr8s4u» } and 1 << | /2 |, 7, satisfies the
condition of Lemma 5. Hence P(n ¥ H,_,) and P{(n * m;(H)_,)) are indeed arc disjoint. It readi-
ly follows our result.

Corollary 2 6,. X 6, X eee X 6,, = 6: contains | £/2 | arc disjoint hamiltoinan circuits.

Let I'be a digraph with hamiltonian circuit C, . Then the cartesian productC, X C, is the
subgraph of I'. The following result is a by-product of Corollary 1 and Corollary?2.
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Theorem 3 Let I" be a digraph with an hamiltonin circuit. Then the cartesian product I" X
I X ++ X I' = I' contains | £/2] arc disjoint hamiltonian circuits. In particular, I X I' is an
hamiltonian digraph.

In fact, the condition of the above Theorem can be extended to the different digraphs with

the same number of vertices as well.
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