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On Blow-up Rate of Solution of Semilinear
Parabolic Equations System

Zhang Kenong
(Dept. of Maths. Xiamen Vniversity)

Abstract In this paper we carry on the literature [5], to study the Blow-up rete of solu-

tion for some semilinear parabolic equation in the cases of the single point Blow-up near the Blow-

up point.
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Introduction

In [5] We had discussed Blow-up phenomenon of solution for some semilinear parabolic
equations system. Now we shall study the Blow-up rate of solution in the cases of the single
point Blow-up t—=T where T Blow-up time.

We Consider the following problem
u, — Au = uf,(v)

v, — Av = vfy(u) (2.0) € X 0, 1) =Q; L
u(x,t) = 0,v(x,t) =0 (x,t) € a2 X [0,T1) @)
w(x,0) = §x),0(z ) = P(z) Xean 3

Where & is a bounded domain R" with appropriate Smooth bouundary .
And f1,12,¢, ¢ satifies that

H(x) =0, Ygx) =20, E€ ' ¢ € . infd
fisY=0, f1:s)>0, [is)>0, fors>0,1=1,2

In order to discuss the Blow-up rate of soluution of eguation system, We give the definition

4

of Blow-up point and Blow-up time as follows.
Definition If a unigue solution {u,v} of (1)-(3) exists on QX [0,5],Set T=Sup{o]| (u,
v)exist in [0,0)}. And either

limmaxu(x,t) = oo or limmax v(x,t) = oo (5
—T =T

or Both of (5) holds. Then we call the Blow-up to the solution and time T is called Blow-up
time of the solution.

Lemma O In problem (1)~ (3),set Q=Bg={X|XE€R", | X|<R} r=|X]|, if (4) holds and
¢,<0,¢,<70. And assume that There exist two positive functions F,, F, such that
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[ () — 2eF" \(v) =0, fi(w) — 2eF,(v) =0
o[ (F, () — F' (o) f,(u)] — 2e[Fi(v) + F' \(v)F,(w)] =0
S a(u) — 2eF" (w) = 0, fo(w) — 2eF,(w) =20

ul f' 3 (WF,(v) — F' (u) L1 (v)] — 2e[Fi(u) + F' ,()F,(v)] =0
hold, then the point r=0 is the only Blow-up point By the theorem 2.5 of [5], We can ob-

(6)

tain that proof of lemma.
The estimate of Blow-up rate
As above, We assume that {=Bg and the point r=0 is unigue Blow-up point for the solution
of the problem (1)~ (3) then{u,v} take positive maximum is r=0, thus we get Au(0,t)<C
0,Av(0,t)<0,when t<T. Set
U(t) = maxu(x,t) = u(0,t) V) = maxv(z,t) = v(0,£)

n a
then we have
O <vfiw
7
dv
D < v (8)

U0) = ¢(0),V(0) = ¢0)

Theorem 1, For the problem (1)~(3), Suppose that (4) holds, Assume that ¢<{0,¢,
<0. f1(s)=s""", f,(s)=5""7 and the Blow-up of solutions of the problem (1)~ (3)occurs in
_T1, then we have
U@y <o, (T, — 1)

] (9)
V) <o, — 1)

where a>0, >0

Proof. Consider thet the follwing equations system

T =@+ +
_ (10)
‘;—Y =WV + DO 4 pw'+?

1D
U0) = ¢0) — . V() = ¢(0) — A
by (10)~(11),we can get
V + 0dV = (U + »)*dU 12)
Integrating (12) with respest to t from 0 to t, we get
v+ DT U + #)""l,
T+ea 7 148 7
namely
V@) + a1 — (g0 [UGW) + p]'™ — [0) ] (13)
1+ «a 1+ 8
If
1+a - 1+ 4
[¢€0)] < PO (14)

l+ea — 1458
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then
(V) + AP+ < 1 T ﬂ[U(t) + pJtf (15>
By the first equuation of (10), we get
d—%<%i§<v+p)z+ﬂ (16)
integrsting (16) With respect to t from o to t ,we have
1 1
— > —_
[T+« = [y~ 1+
1
=0+ az)[(1 FO[gO TP t] an
2 (1 + [T, —¢]
It follows that
O + o< eI, — D™, ¢, =+ a) (18)
By the second equation of (10) and (18) we obtain that
dV 1
a <V + 2 A+ T, =0 a9

Integrating (19) with respect to from o to t, we get

W+ <o e =T[p]*

thus we conclude that

VAo, (T, — D™, ¢ =T,""[¢(0)] (20)
We Compare the Soluuution {U(t),V (1)} of the problem (7)~ (8) with the soluution {U
),V ()} of the problem (10)~(11), easily prove that.
. Ue) <UW, V) <Vae)
thus we hhave
U <o, —m, V) <o, — 1) 1)

The following, We wish to obtain an estimates of the solution {u,v} near r=0 for the
non-symmetric domain.

Lemma 2 For the problem (1)~ (3). We suppose that the condition (4) hold, and Ap

+ oL (P =0,A0+ ¢ f,(9) =0, But non-identidy with zero. then the solution of the problem
satisfy

u, > 05 (& > 0. (I,t) E QT (22)

proof. differenting the equation(1) with respect 1o t, we get

U, — Du, = u fi(v) + uf' [ (v)v,
V. — dv, =v,fo(u) + vf' ,(u)u,
u,(x,0) = Ap+ of (¢) =0
v.(z,0) = Ap + ¢f2(p) =
u(x.0) =0, vx,£) =0

(23)
(24)
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because the right side of equation (23) and initial boundary condition are non-negative.
Hence by the lemma 1.1 of [5] we have
ulx,t) 20, wvl{x,,t)=0.
Further from Ap+of, ($)F0,and A+ ¢f,(¢)ZO0,it follws that
u,(x,t) >0 and v,(z,t) >0
this completes proof.

Lemma 3 For the problem (1)~ (3), Suppose that (4) holds, and the Blow-up point
set S is a compact subset of Q, and Ap+-¢f, (¢) >0, ,¢+¢f:(@)>0. and there exist positive
functions F,,F, such that (6) (7) hold, Then there exist >0 such that

u, = 6uF,(v), vt 22 0vk,(u), (x,8) € A X (3,T) (25)
proof. We introduce fuunction
J, = u, — SuF (v)
J, = v, — 6vF,(u)
Passing to the compunction we get

(n—1) (n—1) (n—1)
r

Ju—Jir————J=(u—u.— )= 0w k' 1 () (O~ v, —=—"0,)

— 0, @) =ty — E A0y 4 288, (0,4 Suk (v

:fl (U)J|+uf’ ,(v)Jz+5uv[f' 1('11)1"2(“)_1'" 1(1’)fz(u):|

+28F, (vuv, +6uF| (v)V].
By (6) we can get

Jll—‘-’ln—

("+1)J1, — L), Zuf (),

Similarly we get that

JD-—JZN_ -(n—:_l—)JZr_fz(u)Jz>vf’z(u)Jl

Since Blow-up point set is a compact sudset of £, thus when 7 is small enough, uF,(v)
and vF,(u) are bounded. and by Ap+¢f,(¢)>0 and Ag+¢f,() >0 and
u,>0,v, >0 in Qp
Then we have
u=c>0,v,2c>>0 on parobolic boundary of 2"X (3,T")
thus when & small enough, we have J1>>0,J2>>0 on the parabolic boundary of 27X (7,7°).
from the {5] lemma 1.1 again. it follows that
Jhy=20,J,20in X (3,T)
namely
u, = 0ul | (v),v, 2 dvkF,(u) in " X (,T)
The proof is complete.
Where (¥ = {z|x € Q, dist(x,,H2) > 7}

For the F1, F2 in lemma 3, we introduce the function
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Glu,v) = 1 J"“ ds 1 = ds

w+ ). .6 Tt o). F6

where

>~ ds ® ds
.o <% ). Fio <%
thus we have

u, v,
(v + DF,(w) + (v + p)F,(v) >
so that, by integration with respect to t from t to T. we get

Gu(z,t),v(z,t)) — Gulz,T),v(x,T)) = 206(T — 1)

20

— {Glu, )], =

thus have
- G(u(z,t),vlx,t)) =2 26(T —¢)
we choose that
Fiw)= @+ """, F,(u) = (u+ )'"**,1>a, >0
thus we have

1 + 1
(w+ D+ p)? " (w4 p)w+ )

In view of estimate when t—T, we can assume that u, v>>1. thus we have
1 1
v+ A + (v + A)°

2
(v + 2m)*

1
v << & (T — )+
It is similar to that above mentioned, we can obtain
1
u << SF( —1)F

Using above lemma, we further follow that the estimate of

= 20(T —¢t)

=228 -1

= 20(T —t)

the Blow-up rate.

We consider following the initial value Problem of equations system
'
du,

7{' = 3(“] + #)P]('Ul -+ A)

d . ..
<%=3(UI+A)I‘Z(U,+#) 0<t <1

U, (0) =¢0) —
V,i(0) = ¢(0) — A

A’/‘>O

Q@n

assume the solution of (27) {U,V,}, we again compare the solution {U,,V,} with the solu-

tion {u,v} of the problem
u, = 0ukF,(v)

v, == 0vF,(u)
u(0) = (0
v(0) = ¢(0)

28
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We easily follow that
Ulzx,t) 22U, + p, v(z,t) 2V, + A4

Now we consider f,(s)=s'"", f,(s)=8""*,F, (s)=s"*", F,(s)=s5""% and a;,<a,$,<B. In

view of (27). We get

d
WU, + % = (v, + ) %
by integration from o to t, we get
1+8, __ 1+8, — I+e __
ﬂl+1(U + ) T ﬂ[¢(0)+y] 1+ (Vi + 4 I
(Dif
_1 _ 1+ 8, 1 1+e
T3 gL + p™h = - [9(0) + 4]
then
1+e, 14 aq 148,
WV, + S;l +_ﬁlQJ,+-ﬂ)
thus
U 1+
& SOGERI WL+ o

by integration form t to T, we have
1 - - o ;
U+ p= [m—)]#ﬁ(l — 1), A CT — £)TTE,

Uusing (27)(29) We get

dv, P
p7 =2 (v, + A 3(1-{—01)(1 t)

by again integration we have

(Vl + A)J(l+-|) >’ ¢

T —1t
Let t=0 we have c=T[¢(0) "+, it follw that
Vo4 A= o (T — )msep, ¢ = $0)TFH

thus we have

U Z a2V, +p> Cn('l'—“’ﬁ'-fl:[sﬁa,)l

V@) = v(x,0) 2V, + A2 (T — )5 ,¢, = $(0) TR

@) 1f
1 1+8,
then
7 1+ 8, l + Bl 1+a
W, + p) 1+ (V1+A)

thus we have

l l+al
T ale© +4]

(29

7,

(30)
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dy,
dt

by integration from t to T, We get

1+B,
1+

< ¢ )( A

Vit A2 g i (- 0 Aa — 07y
and from (27) we have that

U, + 2= ¢, (T — ) 5585 ¢, = @(0)THTHES
thus we get ‘

c (T — t)'I(Hl—?,)

U@ Zu(z,t) 22U, + ¢
3
=V, 4+ 4

V(@) =z v(x,t)
where (30)(31) hold for 0<<t<{T.

=
=, (T — t)'ﬁ-‘n

1

References

1 Protter M H and Weinberger H F. Maximum principles in Differetial Equations, Prenttice-Hall. 1967
2 Friedman A, Mcleod B. Bolw-up of positive Solutions of semilinear heat equations. Indiana Univ. Math,
1985,34(2):425~445

3 Caffarrelli L A and Friedman A. Blow-up of solutions of nonlinear heat equations. J. math. Appl. 1988,
129:409~419

4 Pao C V. On nonlinear reaction-diffusion sysrems ]J. math Anal. Appl. 1982,1987,(1):165~198

5 ZHang Kenong. Blow-up Phenomenon of Solution for Semilinear Parabolic Equation system. J. Math.
Res Expo. 1994,(4)

Tt E 12 RF R0 R 3R

ko %

(HITREHSZR.E 361005)

B OE AXKRAE-XIEHRDY T RAERNEEIRBHEAT, . Git S ASHHE
WS R RAE.
XEiE BAMA L BHEETE



