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0 Introduction

In recent years, the study of multilinear operators has been attracting many researchers.
Many results obtained parallel the linear theory of classical operators but new interesting phe-
nomena have also been observed. For details one can see [2, 4-6, 9] et al. Simultaneously
commutators of multilinear operators continue to attract much attention, many basic properties
can be found in the article121410 In this paper, we consider the LP-boundedness for certain
commutators of multilinear fractional integral operators.

Let R™, n > 2, be the n-dimensional Euclidian space, Kenig and Stein® studied the multi-
linear operators of fractional integral type, see also 4, 7]. For the following multilinear fractional
integrals

o b))
Ia,m(flv s fm)(z) = /(]Rn)m l(yl, Yo, - ,ym)l"‘"“" dyl dyma (01)

4

Kenig and Stein!® obtained the following result.
Theorem A Letm e N, % =%1+---+%—% >0 with0 < a<mn,1<r; <oo. Then,
(a) If each r; > 1,

Mam(f1, -+ fmdlze@ey < C [ 1fillms oy (0.2)

j=1
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(b) If r; =1 for some j,

Ham(f1s - fm)lLo@ey < C [ il ny- (0.3)

j=1

Obviously, I, ; is the classical Riesz potential operator I, which has many well-known
results (see [1, 3, 9] etc.). The corresponding commutators of I, were also studied extensively (see
8,3, 11] etc.). A natural problem is to consider the commutators of multilinear fractional integral
operators. Here, motivated by [14], we will consider the following commutator of multilinear

fractional integral operators I, 2:
[b1, b2, Ia,2](f1, f2)(z) = 01(z)b2(2)a2(f1, f2)(2) — br(2)a2(f1, b2f2)(2)
= ba(z) a2 (b1 f1, f2)(x) + La2(br f1, b f2)(2),

where I, 5 is as in (0.1) for m = 2, b; and b, are locally integrable function in R™. Our main

(0.4)

result can be formulated as follows.

Theorem 1 Let b; € BMO(R"), i = 1,2, 0 < a < 2n. Then [b1, b2, 52| is a bounded
operator from L% (R™) x L%(R™) to LY(R™) with 1 < ¢;, g2 < 0o and % = qil + qlz -

We would remark that our some ideas used in the proof of Theorem 1 are taken from [13,
14]. Throughout this paper, we always use the letter C to denote a positive constant that may

vary at each occurrence but is independent of the main parameters.

1 Proof of Theorem 1

Before proving our results, let us recall some relevant definitions and notation. For a locally
integrable function f, we denote by M f the standard Hardy-Littlewood maximal function, and
for § > 0 we denote by M; the operator

Msf = [M(fI°)]}.

Let M*f be the Fefferman-Stein sharp function of f defined by
1
M (@) = sup o [ 1) - ma(id

QR3z |Q| Q
where the supremum is taken over all cubes ¢ with sides parallel to the coordinate axes, and
mq(f) is the mean value of f on the cube Q. Similarly as above we define M, g f by

M}f = [MM(fI))E.

Also, for 0 < a < n, let M(®) be the fractional maximal operator defined by

M@ f(z) = sup |Q|( D! / | (9)ldy.
Q3z Q

In addition, as usual, a function A : [0, co) — [0, 0o) is a Young function if it is continuous,
convex, and increasing satisfying A(0) = 0 and A(t) — oo as t — 0o. The complementary Young
function associated to A is defined by

A(s)= sup [st—A(t)], 0<s<oo.
0<t<oo
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Given a Young function A and a cube @, the mean Luxemburg norm of a measurable function

f on @ is defined by
I fllaqQ = lnf{,\>0 IQI/ (lf )d <1} "

Associated to the average || fll 4,0 and 0 < o < n, we define a fractional maximal operator M4 o
by
Maof(z) = sup |QI* | f] aq-
Q3

The main example that we are going to be using is A(t) = t(1+log™t). The complementary
Young function is given by A(t) ~ e’. We then write

fllcogr.g = flaq and  [|fllexpr.e = [[fllaq-

We also need to use the generalized Holder inequality

= / F ey < | flaclgl 1o (1Y)

and the following fact!’!
MLlogL af( ) (Q)Mf( ) (12)

Lemma 1.143  Let b € BMO(R™), 0 < p < oo, there exists a finite positive constant C
such that

Q™ / Ib(z) — ma(®)Pdz < OB, (13)
Q
and
15 = mo®)lepr.q < Clbl-, (14)

where mq(b) = |Q|™* [, b(z)dz, [|b]l« denotes the BMO norm of b.
Lemma 1.214 Let 1 < py < 00 and 0 < § < 1. Then for any p with pg < p < oo there
exists a positive constant C such that for all functions f with M f € LPo(R™), we have -

IM5 ()]l @n) < CIMG () 2o wn)-

Lemma 1.3 Let 7 > 1, b1,bp € L°(R") and 0 < § < 5°— where a = o + o for some
a1, 07 € (0,n), then there exists a constant C' > 0 such that for all fi, f; € LZ(R™) and 2 € R”

M} ([b1, b2, Ta 2] (f1, £2)) (@) S [1Balle B2l M (a2 (1, f2))(z)
+ b1l Mo (b2, T 2)(f1, f2)) ()

(1.5)
+ (| b2l « My ([b1, La,2](f1, f2)) ()
+“b1 ”*“b2 ”*MLlogL,alfl (I)MLIogL,azf2($)] )
and
MY (b, Lo2l(F1, f2)) (@) S lballs [Mr(La2(f1, £2))() L0

+MLlogL, ay (fl)(m)MLlogL, asg (fz)(:l?)] y
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M} ([b2, Ln2)(f1, £2)) (@) S llbells [Mr(In2(F1, £2))(2)
+Mpiogr, o0 (f1)(@)MLiogL, o5 (f2)(2)]

where

b1, La,2](f1, f2)(z) = b1(2)La2(f1, f2)(T) — La2(b1 i1, f2) (),

(b2, Ia2)(f1, f2)(2) = ba(z)Ia,2(f1, f2)(2) — In2(f1, baf2) ().

Proof By the definition of M, g, to prove (1.5), it suffices to prove that for any € R™ and

a cube () containing z,

(ﬁ /Q b1, b2, T ) (£)(2) - hal“dz) U S Ul el M 2) @)

+ [|b1lla M- ([b2, L 2 (f1, f2)) (=) + balls Mr([b1, L2} f1, f2))(z)
+ b1l l|b2|l« MLiogr,§ f1(2) ML 10g L5 f2(2)),

where hg = mq(la,2((maq(b1) — b1)fixre\2q, (M2q(b2) — b2) faxrn\2q)). Obviously

|[b1, b2, Ia,2](£)(2) — haql < |(b1(2) — maq(b1))(b2(2) — maq(b2))]a,2(f1, f2)(2)|
+{(b1(2) — maq(b1)Ma,2(f1, (b2(2) — b2) 2)(2)]
+ |(b2(2) — maq(b2))a,2(b1(2) — b2) f1 — fo)(2)]
+ La,2((b1 = m@(b)1) f1, (b1 — m@(b)1) f2)(2) — hql
=1(z) + II(2) + II1(z) + IV(z).

We obtain
M[by, b2, Lo 2)(f1, fo) () S [T+ 11+ 1T+ V],

where I = (|Q|™* [, I(z (2)%dz)#, and II, III, IV are defined as the same.
To estimate I, by Holder’s inequality and (1.3) we obtain

(G o)
<IQI / [b1(2) ~ maq(b1) lT‘dz)Ll
<IQ| / [b2(2) — magq(bs)| 2dz)

X (@/Qlfa,z(fl,fz)rdz>-
S ballliballe M (Lo 2( 1, f2))(2),

ul"’

wheren>1,T2>1and—i-+;1l-+%=%.
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Next we estimate term 11 by

= <|22[ / 11(69) dz)i
(IQI/ b1(2) ~ maq (b1) d)
(lQI/ |[b2, Lo 2]( f1,fz)|’dz)1

S 1o fl« M- (bz, a,2(f1, f2))(@),
wheres>1and%+$=%.
Similarly, we have

1T S flball« Mz (b1, Lo 2(f1, f2)) ().
Finally, we estimate IV. Set f = f;x2q and f; = f) + f§° for j = 1, 2. Then

IV(2) < |la2((by — maq(b1)) f7, (b2 — maq(b2)) f3)(2)|
+a2((br — maq(b1)) 7, (b2 — maq(b2)) f5°)(2)|
a2 ((br — maq(b1))f7°, (b2 — maq(b2)) f9)(2)]
HIa2((br — mag(b1)) £, (ba — mag(b2)) f5°)(2) — hq)

= IV1(Z) + IVz(Z) + IV3(Z) + IV4(Z),

and so we have IV < E;:I IV;, where

IV, = ( /IV()‘;d)% j=1,2,3,4
J lQ[ Z a.]“?aa‘

To estimate IVy, by (0.3), Kolmogorov’s inequality with p = 1, ¢ = , the generalized
Holder’s inequality (1.1) and (1.4), we have

5
= [ ors)
S 100l = mag )2, (= maa B A

<o 6= mag () 0,y

2 .
S [T1QIF 11 — mag(bs)lexp .20 il L r0g L2
j=1
2

S TT 1ol Mriogr o f3(@).

Jj=1

For term IV,

o i i)

(b1 — sz(bl )2 11(b2(y2) — maq (b)) £5° (12)]
IQI / /n\zQ/ A dyadz

(z =y, z—ya) P
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< ra/ / |(b1(y) — mag(b1))f7 (31 ldw /Rn\zQ (bay2) —m2Q(b2_))f§o(y2)|dy2d2

’Z _ yZIZn a

|(b2(y2) — mag(b2)) f2(y2)l
\2Q ‘Z — y2|2n—a

= (ba(y2) — maq(b2)) fo(yo)|
< “bIH MLlogL oufl 'Ql ;»/2’°+1Q\2’°Q 2k _ 1)2n—al(Q)2n—a dy2

< b1 — mag(51)expi 201 follogz.20 / / dyadz

o

S 1]l Mriogt. o0 f1(2) (Z He—in| Q| /2 g (2(88) — Mo (b2) fava)l e

k=1

+ Z 2k(a—2n)|m2k+1Q(b2) — sz(b2)”Q[ Enz—l / |f2(y2)|dy2
P 2k+1Q

S Nb1ll+ MriogL o, f1() (Z 2K =261 Q15 by — Mg g (b2) lexpr,ot+1q
k=1

x| f2l| L1ogt, 2'°+1Q+22k(0‘1 ™ |ba |+ Ma, fo(z ))

k=1
S lb1ll«MLiogr, oy f1 () (”b2“*MLlogL,a2f2(-T) + [|b2[|+ M, f2(z))

2
S T 1Bl Meog £, o, £3()-

j=1

Here we used the fact

and

[max+1q(b2) —mag(be)| < Ck|lbz|ls

Mo, fa(2) < Muiogr, op fo(z)  (see(3]).

Similarly,

2
Vs S H 1951+ ML 10 £, o f5()-
j=1

For term IV4, we have

IV, < @ /Q L2 (01 — mag (b)) 32, (b2 — mag (b2)) ) (2)

~I4,2((b1 — maq(b1)) 17, (b2 — mag(b2)) f2°) (o) d2
1 1 1
: @/Q/MQ I e T

z—y,z—~y)=*  |(z0 — 1,70 — )2
2

H(b (¥:) — maq (7)) £7° (y5)

X dy1 dy2 dz

z|1 N (oY da
\Q\ ‘/QJ 1/1‘R"\2Q lzo - yJI"_a+l 163 (8:) — maq (b)) f5(y)ldy;d
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STIY 2t et ™™ / 103 u5) — maq (b;)115(u)ldy;
e 2k+1Q
2 o . nta
S H DR (/WIQ [b3(y3) — mawraq ()] 13 (ys)ldy;
tlmassglt) ~maalb [ 11t )

LT Merog 1, a; £5(@) + 18511« Ma, £5())

-1

-~

2

N

2

STl Mriog 1, o, £i(2).
j=

This finishes the proof of (1.5). Similarly, we can prove (1.6) and (1.7) and we omit the details,

which completes the proof of Lemma 1.3.
Proof of Theorem 1 By the Lebesgue differentiation theorem, we have that

—

“ f@)| < Mf(z), ae zeR™

Suppose by, by € L®(R™), by f1, fo € L¥(R™) together with Lemma 1.2 and Lemma 1.3, we

obtain
(b1, b2, Ia2)(f1, fo)llLamny < | M([b1, b2, I 2] (f1, f2))ll Laqmr)

< || ME([by, ba, Ta2](f1, f2))ll omm)
S (1ol [1B2 | M (T2 (fry f2))ll Lo ()
+ [[b1]l« || Mr([b2, Ta,2) (f1, f2))ll Lo (mn)
+ [1b2 ||« || M- ([b1, Ia2) (f1, f2))ll Lagrm)
+{[b1 ]|+ 102 ]|« | ML1ogL, 0 f1(2) MLiogL, 0z foll Larn))
S ballalibzli (1M (Ta2(f1, f2))ll La@n)
+| MLiogL a1 f1MLiogL 0z f2 La(n))
S o2 llallb2fl« (Ha,2(f1s f2)ll Lagrm)
+|MLiogL,as f1ll Lo (&) | M LiogL 0 f2 || L72 v7) )

S 1oall« |02l f1ll ax (mmy | f2ll L0z (73

where pij = Elj" - ‘:l',j = 1, 2. Here, in the last inequality we have used (0.2), (1.2) and the

(L% (R™), LP (R™))-boundedness of M{%) and L% (R")-boundedness of M, j =1, 2.
By the same arguments as in [13, p. 686-687], we easily derive the inequality

[b1, b2, Ia2)(f1, f2)ll Lamny S B1llullb2llll f1ll Lax (e | f2ll Loz Ry

holds for b1, b belong to BMO(R") and f1, f2 € L(R"). Since L (R™) is dense in L#(R™), 1 <
g < 0o, we can extend [by, by, I, o] to the whole L7 (R™) x L%(R"). This finishes the proof of

Theorem 1.
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