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摘要

波动是金融市场的内在特征，无时不在，无处不在。相关的实证研究也发

现，时变波动率、波动聚类、“杠杆效应”等是金融市场的“典型事实”。在

多个金融资产或者市场的背景下研究波动，可以考察不同资产或者市场之间的

波动溢出效应，揭示不同资产或者市场之间的动态相关关系。研究波动对于揭

示金融市场的运行规律，指导市场参与者的投资决策具有重要意义。另一方

面，在各种宏观和金融模型中考虑时变波动，可以丰富和完善模型设定，提高

模型刻画现实世界的能力。

不同金融资产、市场之间的时变相关性和波动溢出效应对资产配置和风

险管理至关重要。多元GARCH模型和多元随机波动（MSV）模型可以有效

地刻画时变相关性和波动溢出效应。Philipov和Glickman (2006b)和Gourieroux等

(2009)对Wishart分布进行动态扩充，用来描述多元收益率波动序列之间的动

态变化。这种建模方法自然保证了波动矩阵的正定性，在减少模型参数的

同时并没有削弱模型的表达能力。但是，鉴于波动率不可观察的客观事实，

对Wishart分布进行动态扩充所产生的复杂的条件概率密度函数使得此类模型往

往难以估计，常规的计量方法不再适用。针对上述问题，本文从两个方面进行

讨论，1）如何对现有基于Wishart自回归过程的多元随机波动模型进行参数估

计，尤其是波动率未知的情况下；2）如何在保持Wishart分布既有特征的基础

上构建具有一定表达能力而又易于估计的的多元波动过程。其中，第二、三章

主要讨论如何对基于Wishart自回归过程的多元随机波动模型进行有效的参数估

计，第四章是该模型在股市相关性分析中的经验应用。第五章主要讨论构建新

的多元波动过程。具体而言，本文主要做了以下工作：

• 利用非中心Wishart分布的定义，基于1阶Wishart自回归过程的等价表达方

式，提出了完整的参数估计方法。该方法可在波动率未知的情形下对模型

中的所有参数进行估计。

• 该参数估计方法首先在给定自由度参数时使用马尔科夫链蒙特卡洛
（MCMC）方法估计模型中其他参数，然后使用粒子滤波（particle fil-

ter）来计算后验模型概率从而确定自由度参数。

• 计算后验模型概率时，通过对MCMC参数估计时所生成随机样本的复用来

构造高效的粒子滤波随机生成函数，有效地提高了后验模型概率的估计精

度。
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• 基于等价模型表达方式，提出一种给定自由度参数时的模拟最大似然估
计（SMLE）方法。该方法使用期望条件最大化（expectation conditional

maximization，ECM）算法最大化可观察变量的边际似然函数，使用马尔

科夫链蒙特卡洛（MCMC）方法抽取随机数据。

• 使用抽样调整（schedule）策略和平均化（averaging）策略提高估计精

度，降低运算的时间复杂度。模拟估计结果证实了策略的有效性。

• 使用基于Wishart自回归过程的多元随机波动模型来研究中美股市之间的动

态相关性。

• 提出条件中心Wishart自回归过程的概念。该过程保持了Wishart分布的良

好特性，并可描述相当广泛的序列相关模式。

本文针对基于Wishart自回归过程的多元随机波动模型 1©所提出的参数估计

方法为该过程在以利率期限结构模型、衍生品定价模型和具有时变波动率的动

态一般均衡模型为代表的金融和宏观模型中的广泛应用创造了条件；同时，本

文所提出的条件中心Wishart自回归过程也为丰富和改善上述模型设定提供了新

的选择。这些都是本文后续研究的重要内容。

关键词：多元随机波动，Wishart自回归过程，蒙特卡洛方法

1©为了描述的简洁，“基于Wishart自回归过程的多元随机波动模型”在本文中有时也表示为
“Wishart自回归随机波动模型”，或者简称为WAR-MSV模型。该简称在后面章节极为常见，
敬请注意。
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Abstract

Volatility is the intrinsic characteristics of the financial markets. Just as empirical
studies have shown, time-varying volatility, volatility cluster and “leverage effect” are
the stylized facts of financial markets. Moreover, incorporating time-varying volatility
in macroeconomic and financial models can refine the model specification, improve the
model’s forecast ability, and reinforce the empirical performance of the model. Explor-
ing the impact of time-varying volatility within the dynamic stochastic general equilib-
rium framework in macroeconomics, as well as derivatives pricing model and interest
term structure model in financial economics, is becoming more and more popular. The
processes in those field is exciting and encouraging.

Multivariate volatility model is just a multidimensional extension of univariate
volatility model, which can investigate the volatility spillover effect and dynamic corre-
lation between more than one assets and markets simultaneously. And it is well known
that the knowledge of volatility spillover effect and dynamic correlation between dif-
ferent assets and markets is critical to understand the financial markets thoroughly, and
beneficial for market participants to make investment decisions more correctly, allocate
assets more efficiently, and manage risk more effectively.

Time-varying correlation and volatility spillover effect between different financial
assets and markets are usually discussed with multivariate GARCH model and multi-
variate stochastic volatility Model. Gourieroux等 (2009) characterize the dynamics of
volatility with (non-central) Wishart distribution, which naturally guarantees the posi-
tive definite of volatility matrix, reduces the number of model parameters without the
loss of flexibility.

However, it is difficult to estimate the model parameters owing to the complex
probability density function arising from the dynamic expansion of Wishart distribu-
tion, which includes multidimensional Gamma function and hypergeometric function,
especially when volatility is unavailable. Actually unobservable volatility is the rule
rather than the exception. The conventional estimation methods such as MLE and
GMM are not applicable anymore. This paper is to answer the following two questions:
1) how to efficiently estimate the multivariate stochastic volatility model with Wishart
distribution, especially when volatility is unavailable. 2) how to characterize the dy-
namic behaviors of volatility in a simply flexible way, while maintaining the excellent
properties of Wishart distribution. Chapter two, three and foure are to discuss the es-
timation method and empirical application of multivariate stochastic volatility model
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with Wishart distribution, while chapter five is to discuss new theoretic approach to
characterize the dynamics of volatility. Generally, the contribution of this paper in-
cludes:

• Based on the equivalence between first order Wishart autoregressive process and
non-center Wishart distribution, an equivalent model representation is proposed,
which effectively avoids obstacles in parameter estimation owing to the compli-
cated conditional probability density function of Wishart autoregressive process.
• Based on the equivalent model representation, a complete estimation method

is discussed, which estimate the parameters in two steps: given the degree of
freedom, the rest of parameters are estimated with a Markov chain Monte Carlo
method, and then the degree of freedom is determined through the comparison
of model posterior probability. The method still works even when volatility is
unobservable and unavailable.
• Model posterior probability is computed with particle filter, and the sample data

generated by MCMC method is reused to select a more efficient and accurate
random generating function.
• Given the degree of freedom, a simulated maximum likelihood estimation

method based on the equivalent model representation is proposed, which max-
imizes the marginal likelihood function of observable variables with ECM (ex-
pectation conditional maximization) algorithm, and take random draws from the
conditional distribution with Markov chain Monte Carlo method.
• Sampling schedule scheme and average strategy is used to make the estimation

more accurately and efficiently, the effectiveness of which is confirmed by the
simulation exercise.
• The dynamic correlation between China and U.S. stock market is first empirically

analyzed with multivariate stochastic volatility model with Wishart distribution.
• The concept of conditional center Wishart autoregressive process is first used,

which is simply flexible, covering a wide spectrum of serial dependence patterns
without loss of the good properties of Wishart distribution.

The method proposed in this paper makes the estimation of multivariate stochastic
volatility model with Wishart autoregressive process not problematic anymore, which is
favorable to embed the process in financial and macroeconomic models such as interest
term structure model, option pricing model, and dynamic stochastic general equilibrium
model. Meanwhile, the conditional center Wishart autoregressive process provides an
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alternative to make more realistic model specification with time-varying volatility. Both
are important works in the future.

Key Words: Stochastic Volatility, Wishart Autoregressive Process, Monte Carlo
Method
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