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AT I IERAEER Sylvester 7%
AX — XB=GF* (0.1)

FIJ SRR Sylvester J7fe

R, R T MRS E TR (FIADI) 5%, ©J& FADI [7] #y
—FEH. %1% Sylvester 772 (0.1) # A F1 B WIMECTREARR], (BAEE )T
AR, HRAE ST A fl B FEHH RS A AR
BT SR T FIADL B T XFTEE, @ UMREREL R, XL
KRR SR 2B EA R AT, ASCGERES TREFIH FADI %
SRAGHIRRE Sylvester JTE—BIER: X + AXB = GF*, sl LAFI A ARk
Y, PRRFEA TR BT, WA R Sylvester J7E (0.2) SPRAAIX
P, FEICRTAA FADL RIS IR .

X8I . Sylvester 1#2, TN IEE (ADL), NP3 W B FEAR
(FIADI) , Lyapunov 5%, [ X Sylvester 772



Abstract ii

Abstract

This paper is concerned with the numerical solution of Sylvester equations
AX — XB=GF~ (0.1)
and generalized Sylvester equations
A1 X By + Ay X By, = GF™. (0.2)

In this paper, we present Factor Imbalance Alternating-Directional-Implicit (FI-
ADI) iteration for Sylvester equations(0.1), which is a variation of FADI [7].
Considering the different order of A and B but the same role in FADI, we present
FIADI iteration which breaks the balance. The method reduces the overall com-
putation by inverting the matrix of small order more and inverting the other less.
Furthermore, we discuss the form of generalized Sylvester equations, which can
take advantage of FADI and FIADI. They can usually be transformed into the
form of X — AXB = GF*. By analyzing, we find generalized Sylvester equations
(0.2) has this form. Therefore, FADI and FIADI can be applied to generalized

Sylvester equation (0.2).

Key words: Sylvester equation, ADI, FIADI , Lyapunov equation,

generalized Sylvester equation.
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AT M ERAIRER Sylvester 777

AX — XB = GF*,
(1.1)
AlXBl + AQXBQ == GF*,

Hrf A, Ay B0 Ag & mxm BYRERE, B, By fl By J& nxn BREFE, G J& mxr §y
HWRE, F 3 nxr BERE, 1= rank(GF*),r < min(m,n), f# X J& mxn {5
M. X RRAIRFIRTE L Z Lyapunov 772

AX + XAT = —GG7, (1.2)

HoAy A J& nxn B9RERE, HiZERERYRFEEROL T2 P, B re(Ni(A4)) <0,
G & nxr WM, < nX & nxn B

Sylvester Jife AX — XB = C(X € C™") N HEC#HAT IZHIN A, #
AR RERYRFIENTRE [15], 4R (12, 22, 29], BUHEERY [1, 2, 6, 32, Riccati J72HY
KA [11, 13] A EMRAERE [10]. [FRERER b, ST Sylvester JrRe M HAFRAEN
Lyapunov FFEEZH TRZ45E (9, 16].

SKA# Sylvester IFRCEH TRE L, BHREAESE R. H. Bartels f1 G. W.
Stewart [5] fil G. H. Colub, S. Nash 1 C. F. Van Loan [14], {48 2
I IEAA I B AR E=MArE, X A #ETRAR SR R =R
A, BRI Kronecker AT A B A TR S05 SRRl e Ber [l BT 505
fift TR F=AM0rRe, —F—SIEEIR. AR SRR b N R R
AR BARARL, TR RS, Sl Bt A fl B ARGl E =
eSS R MR,  PRIANIE & R BRG] .

XERBIRSA Sylvester 77,  Krylov TZ2EHIEIERIME 3, 4, 17, 18, 19,
28, 27, 30, 31] ARAZ, ENREEALESE “FEB 3. Sylvester JTERIMHES M\
T X = [[TetCeBdt, Fl P(A) 3rfl e FIFH Q(B) A e (Her P(z), Q(x)
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LRSI, WATUEs=) BT AEREeE. ENMF SRR AECT A
B fiEr AR5 R, EEMBUEM AR Sylvester JFERIMNER)S.

BUERT R AR [10, 22] BR T RBOERE A #1 B JXHEMHSN, A AW
CARBRAIIEIR. S5 RaaGE (ADD)([19, 20, 21, 23, 24, 26] RAFHIAIA T4
HRBRIEIR, = A M B BIEAYEBRENFRT (T8 A Ml B i34 B S AR B
L) , WEAGBA R (IK) or ADIALEESHL [24, 26], XIS B HBE k.
TERBSE T TR GEAORA# Lyapunov J7EEHf, J.-R. Li #l J. White [20] @i /7
SRk, EHRERE T MR, AEZLISE. Peter Benner Ren-Cang
Li #I Ninoslav Truhar [7] 7EX Z JEARASERFL AL EHE 5] Sylvester 7. 32
7 A T B M BUR R B BB R AU R AR T RBRY /D, T A fe i
P SEOE MRE RIS, EREME A M B #EWER, RER— MM
KIGE, *—fi ZEOERE A Fl B BB ESFR7p. Th HIEA MR E (0]
B, AR A B AR SR S 7 s A IR RO R 2R

R SCEFHR LI e FADIL [7] —FAE, FZARIERE Sylvester Jrfer)
P ZRBOERE A F1 B BrETREAE],  (BAESCE T s AU FARR At fr, 2R
ARIRIRCRERE. ASSCR I ST T XA T4, Sl T RBU MR LK, T
XBRORAI R R DoR R R p T, Pl BUE S R X Rk i T RE
PRI SCEIR RS TRER FADL SRR SUKRE Sylvester HRER, ©
IT—fBArREftb . X + AXB = GF* pbst, FAIE TAHSRAOIRRYE, P g
PRt ASTHIRII R 7. T KRR Sylvester 58 A1 X By + Ao X By = GF* 5EbR
REFLRGEAE, ATRAA FADI FIASSCHR G # IR

LI A BRI T Sylvester FREMHE R F_HAH
JLZE Sylvester HTEMBHIFEAEME—EMERIER B=F4HH T Peter Benner [JH
FEEITT (FADI) 2% (7] A& A FADI #) SRR Sylvester JrRErITER;
FEfiE Peter Benner RS TASCHISRE, FHFRBIFULH; SFHEER

p=y
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RN FAET XAKER Sylvester 52 A1 X By + Ay X By = GF*, FERIBIF-i A

TEWEE: A€ O™ g A REHOR 1 moxm ik F* 4§ F 3L
GT #5 G WyEEE. r = rank(C) #§ C BIBSE r. ® $§ Kronecker 1. # € € Cm»
IR [c1, ¢, -+, ], veeC $ C HFBIE, B (vecC)” = (a7, 7, e7).
cig(A) 1§ A RFFERHEENES. N(A) i = 1,2, n & A QSRR
HIFHIE(E.  re(M(A)) T8 A BIFHEMEST.  p(A) 15 A MRS, Al 5 A 8
TIFH.  |Clr 8 C /9 F- J58L.
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FTE  HEENR

§2.1 fEEVFEE—E

KT Sylvester JTFERIRHIFATEME—VER W T 4518

T 1. [16] 487542 AX — XB=C,A e C™™ BeC™ CecCm" H%k
— X e CV" AL ELZNR A de B BAAMEB6AFIEE, B

Ni—p; #0,i=1,....m, j=1,...,n
VIEEH WA 17 R s P R A i A2 TR R SR A5
(I, ® A — BT @ I,)vecX = vecC.

G AR AV ER MR REUER (I, @ A— BT @ I,,) WAEZFHHE.

ﬁn%& A E,J #?—I—-E{Eﬂg )‘17 )‘27 N >\m7 B(ﬁ BT) E’gfl%ﬁ[{fﬁj@ M1, 2, - ooy Un, %B
2 (1, @A—BT @ L,) BWEMEER N — (i =1,....m, j=1,....n), TRJFEHE
MEDTREAME— R S BRI N — 1y # 0, Bl A 5 B AMFEIRFRFMEE. O

Xt Lyapunov B AX + XAT = —GG", 4 A WFHEEIERE/ NFEN,

A5 — AT DEAMEIRIFHEE, WX MERE Lyapunov 5204 ME—f#.
[F L EE S AT AR

EIE 2. JEE A2 X — AXB=C,Aec C™" B e C" C e C™" A k—

X € OV MRS L RANR
Aipyj #1, 1=1,....m, j=1,...,n.
HP N,y 2FR% A B A LLA.

XT- Sylvester 7 AX — X B = C ¥t Ea:
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T 3. [16] »R A C™™ B e Cv",C € C™" HR

lim e~ *ACe!Bdt = 0, ﬂfow e tHACeBdtik sk, (2.1)

t—oo

A s4eles42 AX — XB = C ¢k H

— [ etcesar .
X /0 e e dt (2.2)
WEBA B8 e i
Ly = —ave) + Y(0)B,
dt (2.3)
Y(0) =C,

HA Y () J& mxn BUREGEM:, A & mxm 5%, B & nxn W, C
&= mxn WFERE. AR Kronecker R E A RAEE:

ivecY(t) = (-1, ® A+ B ® I,,,)vecY (t),
dt (2.4)
vecY (0) = vecC.
B GFE XA LM T RE A A
vecY (t) = e!CH@AET L ey (0) = (P @ e vecY (0) = (e @ e )vecC
TEAEE A FEFETE X A5 2
Y (t) = e Y (0)e'? = e 1 Ce!B.
A7, R
Jim e tACeB = (Rl Jim Y(t) =0),
H fooo e tAC B sl

LTI H o TN 0 B oo U] 15

—C =Y (00) =Y (0) = —A/ e MO Bat +/ e MCePdtB,
0

0
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HILATA X = [ e CetPdt J&: AX — X B = C HIRHifR. 0
ERAEHURPUEIEIEER, B Em AR X WFIEERE A R C AR
Krylov F25[8], T X 8A72AEH B Ml C 48Ry Krylov F25[6]. U8k
MY TFH P(A) SR e~ R Q(B) 3L e (Hert P(x), Q(z) AIBLRZ T,
A RUESN).
XF Lyapunov 478 AX + XAT = ~GGT 24 re(M\(A) < 0,i = 1,2,...,n

i, A Sk
lim eMAGGTe A" dt = 0, H. [ e AGGT A" dnfirsl (2.6)

t—o0 0

i LR ER,  Lyapunov FREARHEA X = [[7 GG e dt.
522 JL¥ Sylvester Ai2a9R KX AFETHR
THE 4. [8] 4o RALEHK 712 Ac T B e C HR
eig(B) C{z € C: |z| < r}, Heig(A) C{z e C:|z| > r}, (2.7)
MET X #7542 AX — XB=C a9f%AH

X = Z A~FtoBk,
k=0

TEBA HSHERXA B, RIERSHIE X BT EMI#.
EH . < < o f§1E

eig(B) C{ze€ C:|z| <r},eiglA)N{z € C:|z| <r} =0.

N eig(A™) C{ze€C:|z| <ry'}.
R Gelfand HEHEAR p(A) = lim | AF|L, FAEERR N (078 b > N
Bt

1B [loe < 71, A o0 < 13"
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K, *F k>N,

JA* OB | < (2
]

) AT Clloo-

B AR AR B A. 0
AR a0 T e PR

TH 5. R AAEHK £ AcC™™ BeC™" HBR
eig(B) C{z € C: |z| > r}, Heig(A) C{z € C: |z < 1}, (2.8)
NET X #7542 AX — XB =C #fEH:
X =-) AtcB* !
k=0
TE R @ P PR A AR BOE R, HA RN BB XA B R
SRIHIRA—FE. HBEMEARY, BB IR RA SR EUR A MR

i, M RE oA
RELEA T E B

T 6. 4R Ac C™™m Bc CY" HR
p(A)p(B) < 1, (2.9)
NEF X #9542 X — AXB =C 498H.

X = iA’“CB’“. (2.10)
k=0
Spr b, ARAEREEF TR | - [, 6845 [|A] - [|B]] < 1, ARARTLAfSE]
p(A)p(B) < 1.
FERMRA X PR AE 5 AR 7 BTk 7 2R T RE.
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WZE Lyapunov 77 AX + XA" = ~GGT(Fi A BIprA prEsE(E SR/ N T
%, Bl re(Mi(A)) <0,i=1,2,...,n), }FERH o € C, ZITBEAERRK:

(A+a)X(AT +al) — (A—al) X (AT — al) = —2aGG”.

# o WHRAEEEEH, B re(a) <0, B4 (A + al) 5 (AT + o) A[3#.
S A=(A+al) Y (A—al),G = (A+al)'G. HERATUBRK

X — AXAT = —2aGGT.

F A WFARHEEIRNTE, 4 re() < 0 0, HFHRIE p(A) =
p(AT) <1= p(A)p(AT) <1,

TIRAE
X = 20 i AEGGT AT, (2.11)
k=0
N
M = (G, AG, A% G, A%G, - - ), (2.12)

N X =—-2aMM?T.
B X, AR5 M ORI
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E=EF Sylvester iy ADI A¥&ERFEX

3.1 Sylvester gy ADI EF&R##E
AR TFE AX —XB = C,Ae C™™ B e C™ C e C™" {j Alternating-
Directional-Implicit(ADI) 4t [7] 207
BIHASEL {ai}, {0:} FIGaTITE Xo
For i=0,1,---
LR(A— B X,y = Xi(B - Bi]) + CEFIN,, (3.1)
0RX (B — i) = (A — )X, ) — CTAEIX 4,
C{wN8 (AW NI G =532 I E 8

Xiy1 =8 — ) (A= B1)'C(B —ail) ™!

(3.2)
+ (A —a;)(A—B31) ' X;(B - BI)(B —a;I)*,
0 X M RRRERRE, W X AIRER:
Xip1— X = (A= o)A~ BN (X; = X)(B = B1) (B — ;1)
= ﬁ)(A —a;I) (A~ ij)‘ll (Xo — X) 11(3 = B)(B - ajf)‘ll : .

SR { i A B} BRABUENREREBETE. BIfES
p (H(A —a;l)(A— /53'[)_1) P (H(B — B;I)(B — aj[)_1> — 0
j=0 Jj=0
XH p(A) 18 A B
X SERRAEA RSP FTEEL || - ||, {345

i

[1(B -8B~ a1

=0

%

[TA-anA-sn™

=0

iiﬁé)Q+1—*)f

— 0
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