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� ��9>MÆ9�e�D�>$M�gkS�"',*C%6q"i$!.M.Y�V��L,l#Z
M�$HK"� HK�v�(�"v���9>MÆ9M#Æ	l�:	7� �<gF3�9>MitTV�RJZ
m ��K℄
�g�9>MÆ9��9>Vv�M?7t�=�9>Vv�(�"v�71Ve>{Mp#℄{�X0��KMi℄
Z��
1. � �S�℄LMtT�6 4 �9>Md{?7P}�8v�M5p8M�:	�6 4 �9> 4 d{��S�0e=p�a{��1�{"�1�AMv�Mp#�
2. �6 3 �9>Vv�7B+KJ{Mp#�= 4 �9>Vv�(�7B+KJ{Mp#�
3. �gB�9*v�IJM�V���k,-IJM�V/0 k(k ≥

3) �9>Vv�M?7tM4�℄
F3� 5 �9>V"?7v�M5
8M� G ∼= K6, � B�Z��6 5 �9>M�R�Æ9lg�>m 5 �9>v" K6 e�t�= θ+- 4'dLJ�a' k �9> G, t GMm8� e M��℄S7 G VP# k − 3 ���Ma�S�: G V?7v��ZN-&�t k �G�� k �9>V"?7v�M5
8M� G ∼= Kk+1 6 G ∼= Hk/2+1; t k �Q��: G ∼= Kk+1.

4. 0$ 5 �9>Vv�MitT"p#�LJ 5 �9>Vd{��1�{��1�A��S�0e=p�a{v�Mp#�
5. V�� 5 �9>V\F 5 MUSMp���F3��a'WP}F

7 M 5 �9> G, H G Mm℄LMW"N' 2, Za G Mm 5 \US z,

G[NG(z)] V�e> (K2 ∪ 2K1) + K1, :a G Mm�US x, X�`�I1� (1) x ��8v�(�� (2) 7 NG(x) V?7� 5 \US y ��8v�(�� (3) 7 NG(x) V?7� 5 \US y �La y m8�p�4'*LM>� 5 �9M�
6. A. Kaneko " K. Ota �=�r� (n, λ)- �9>M}E�,�S�9
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Abstract

The construction of connected graphs is a hot topic in the research of

graph theory in recent twenty years. Because of its close connection to net-

work modelling and comibinatorial optimization, construction of connected

graphs plays a significantly important role not only in theoretical respect,

but also for practical applications. Contractible edges and removable edges

in connected graphs are a powerful tool to study the structures of graphs

and to prove some properties of graphs by induction. The main focus of this

paper is on construciton of connected graphs, existence of removable edges

in connected graphs, and distributions of contractible and removable edges

in certain substructures of connceted graphs.

Key contributions of this paper are as follows:

1. By analyzing the properties of edge-vertex cut ends in a 4-connected

graph, we derive sufficient conditions under which any cycle C in a 4-connected

graph contains at least two removable edges. Moreover, for 4-connected

graphs, the distribution of removable edges in the edge-vertex cut atoms and

its separating pairs is obtained.

2. The distributions of removable edges in perfect matchings of 3-

connected graphs and contractible edges in perfect matchings of 4-connected

graphs are obtained.

3. We investigate the relation between quasi connectivity and remov-

able edges, based on which the existence of removable edges in a k-connected

graph(k ≥ 5) is studied. It is showed that a 5-connected graph has no

removable edge if and only if it is isomorphic to K6, consequently, a re-

cursive construction method of 5-connected graphs is established, i.e., any

5-connected graph can be obtained from K6 via a number of θ+-operations;

if end vertices of any edge in a k-connected graph G have at most k − 3

adjacent vertices in common, the graph G is verified to have a removable

edge. We conjecture that, if k is even, a k-connected graph G without a

removable edge is isomorphic to either Kk+1 or Hk/2+1, and that, if k is odd,

G is isomorphic to Kk+1.

4. The properties of removable edges in some 5-connected graphs are

III
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investigated, while the distributions of removable edges in cycles, spanning

trees, outside spanning trees, the edge-vertex cut atom and its separating

pair of 5-connected graphs are obtained.

5. Splitting at a vertex of degree five in a 5-connected graphG is defined.

It is proved that, for a 5-connected graph G with order at least seven, if the

order of any end in G is not equal to 2, and for any vertex z of degree five,

G[NG(z)] contains a subgraph (K2∪2K1)+K1, then, for any x in V (G), one

of the following holds:

(1) A contractible edge is incident with x.

(2) There exists a vertex y of degree five in NG(x) such that a con-

tractible edge is incident with y.

(3) There exists a vertex y of degree five in NG(x) such that after some

splitting at y in G, the resultant graph is 5-connected .

6. A. Kaneko and K. Ota first introduced the concept of minimally

(n, λ)-connected graph, which is common extension of the vertex connectivity

and the edge connectivity. They proved that if |G| = p ≥ 3n − 1, then

e(G) ≤ nλ(|G| −n); if 3n− 1 ≥ |G| ≥ n+ 1, then e(G) ≤ λ(|G|+n)2/8. For

the former, they proved that the unique minimally (n, λ)-connected graph

with the maximum size nλ(|G|−n) is isomorphic to the graph Kλ
n,p−n, where

|G| ≥ 3n. For the latter, we determine the infinite class of all the minimally

(n, λ)-connected graphs with the maximum size λ(|G| + n)2/8.

Key Words Connected graph, Removable edges, Contractible

edges, Quasi k-connectivity, Splitting, (n, λ)-connected
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��� z ~
§1.1 �o��	Æ�N-Z�6i�9(0<XMu!"V��HV�Miu!"�+L [BM1].� G = (V (G), E(G), ψG) �>�PV V (G) �oyMUS<�E(G) �"* V (G) aRM�<� ψG ������,� G M*8�a�' G MOzUSa ("�a�). V (G) VM.&��0F G MW�Bm υ(G) 6 |G|;

E(G) VM.&��0F G M��Bm e(G). q� e �8�� u " v ��L ψG(e) = uv MUS�:0 e �V u " v; US u "US v �� e M℄S�US u " v *� e a���US u "US v a��PV�USF��USM�S�US u 7> G VM*#�Si1 u M�,�Bm NG(u)6A N(u). � Y ⊆ V (G), B NG(Y ) = ∪y∈YNG(y) \ Y . d(Y ) �Æ G VT* Y VM�USa��M���℄SZ$FSM�0F/�℄S"a:M�0F���q� G MUS<"�<Y#_�0 G F#_>�q� GC)#/�)#�8���V:aUS�:0 G FKF>�q�)#1��3��Kas"#_MKF>�0> H � G Me>�q� V (H) ⊆ V (G), E(H) ⊆ E(G), �Z ψH �
ψG 7 E(H) {M_S�H H ⊆ G, G H 6= G 	�:BF H ⊂ G, �Z H0F G MCe>�t H � G Me>�: G 0F H M9>� G M�1e> (6�19>) �L&h V (H) = V (G) Me> (69>)H .� V ′ � V (G) M�oye<�� V ′ FUS<��℄So7 V ′ VM�Me5F�<*i1Me>�0F G M" V ′ I6Me>�BF G[V ′];

G[V ′] 0F G MI6e>�I6e> G[V \V ′] BF G− V ′; ,�> G Vy7 V ′ VMUS�=*BiUSa��M�*LJMe>�q� V ′ = {v},:� G− {v} KBF G− v.� E ′ � E(G) Moye<�� E ′ F�<�� E ′ V�M℄Se5FUS<*i1Me>0F G M" E ′ I6Me>�BF G[E ′]; G[E ′] 0F G M�I6e>��<F E\E ′ M G M�1e>KBF G− E ′; ,�> G Vy7 E ′ VM�*LJMe>�q� E ′ = {e}, : G− {e} KBF G− e.
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� G1 " G2 � GMe>�t G1 " G2 )#��US�:0,-"aR�
G1 " G2 M�> G1 ∪G2 �L G M�e>�PUS<F V (G1) ∪ V (G2),P�<F E(G1) ∪E(G2); q� G1 " G2 �"aRM�Z G1 M*�US*
G2 M*�USa��*LM>BF G1 +G2.� M = {e1, e2, ..., ek} � G M��e<�q� M Vm��8�*"a��:0 M F> G M�KJ6a<�q�> G M�KJ M �" GVM*�US�:0 M F G MB+KJ6B+a<�0> G FG> (e%>), q�?7 V (G) M� 2- -p (X, Y ), >
V (G) = X ∪ Y , Z X ∩ Y = ∅, �L X * Y Vm���USY"a��BG>F G = (X, Y ). q�G> G = (X, Y ) V� X " Y IJM*aUSYa��:0 G FBeG>�B |X| = m, |Y | = n MBeG>F Km,n. Be> Kn VT8�(*LM>BF K−

n .� A " B � V (G) M��"RMe<�6A�> G M)#��USMe>� (A,B) �Æ> G V�V A " B MSM*#�i1M�<�> G V* v ��M�M�:�0FUS v M\�Bm dG(v). δ(G) �Æ G MUSMjh\�q�> G VM��USM\YN' k, :0 G � kE:>�
G M8?f (69K) �L�#_oyz� W = v0e1v1e2v2...ekvk,,MeR6FUS"���La 1 ≤ i ≤ k, ei M℄S� vi−1 " vi. 0 W �> v0 J vk M8?f� v0 " vk p�0F W MRS"XS� v1, v2,...,

vk−1 0F,M?%US� k 0F W M-�q�?f W M� e1, e2,..., ek *"a:�: W 0F8�q� v0, v1, ..., vk *"a:�: W 0F!�℄Sa:G?%US"a:M80Fd�-F n Md0F n d�Bm Cn; 3 d�0FvSr�-\FQ�Md�Qd�t:�Gd� G MD-�L G Vj^dM-�t G )#d�:V� G MD-FO_C� g(G) �Æ G MD-�q� G Mm���USIJY#�V,-M!�:0> G �9�"�9>M;C�9e>0F<>M�9pG�>M�9pG�� ω(G) �Æ�"�dM>0Fx���9MOd>0F��t V Me< V ′ �L G− V ′ "�9�: V ′ 0F G MUS�� k US��L# k �.&MUS��t G P}#aa�M"a�US�: G *l#M k US�VjhM k, 0F G M�9\�BF κ(G); t:V� κ(G)F |G| − 1. t κ(G) ≥ k, :0 G F k �9M�
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G M���Lrq [S, S̄] M E Me<�PV S � V MoyCe<�Z
S̄ = V \S. � k ���L# k �.&M���t G �oMiZ E ′ � GM����: G−E ′ "�9� G M��9\ κ′ V�F G M*# k ��VjhM k. t κ′(G) ≥ k, :0 G � k ��9M�t G �oMi�E ′ � GM����Z G − E ′ T#��oMiM�9pG� G M� ♯ �9\ λ♯V�F G M*#BY��V*�Mjh���� G �US�P}F l M�9>� E F G M���Z G− E P}# l ��9pG� G V*#&h{�tTM�<V*�Mjh��0F G M l ��9\�BF λl(G). 0> G� (k, l)- ��9M�t λl(G) ≥ k.a' k(��� ♯, (k, l)- �) �9>Mm�8� e, G − e "� k(��� ♯, (k, l)- �) �9M�:0 G F;h k(��� ♯, (k, l)- �) �9>�a' k(�) �9>Mm��US v, G − v "� k(�) �9M�:0 G F�\ k(�) �9>�a' n �9> G Mm�W"C' k MUSe< S, #
κ(G− S) = n− |S|, :0 G F k �\ n �9>�� e = uv F G M���(� uv �LP uv T��PUS u " v $�1�mMUS�B*LM>F G · e. k �9> G VM8�0Fv�(��t�(B8�(*LJM>nF k �9>�"?7v�(�MoBe k �9>0F�(�\ k �9>�\it e = xy �oBe> G M"v�(�HZaH G V?7��US x " y M k S�� G M*#v�(�M<$BF EC(G).� v � k �9>V\P}F 2k − 2 MUS�P v ���a�MUS
v′ " v′′ D6��L�V* v a�MUST* v′ " v′′ Ia���Z�L
d(v′) ≥ k, d(v′′) ≥ k. 0<4'F k USp��p�4'��(4'MC4'�0> G � (k+ 1

2
) ��9Mt G � k ��9M�Za' G Mm� k �p�< E ′, G− E ′ VP}#�N�F�USM�9pG�> C2

n �" n d Cn = v1v2 · · · vnv1 F� vivj PV j ≡ (i + 2) mod n,

1 ≤ i ≤ n, n ≥ 4 dLJM�"�d Cn−17F�mUS��Z�B�US*dM*#USa��B	LJM>0F#�BF Wn, PV n ≥ 4.q��>�,7M0{�L,M�a7℄SaR�:0B�>FvWrM0M�60FM0>�� G FM0>��7:� t- 0{MUSojF*"a:M�wMl
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g0F G Mdw��M0> G LJdwMj}�w�0Fdw��BF χC(G).

§1.2 2a~�Æ�~�^�K�gM℄
lf��9>MÆ9�=�9>M�4�9tM4'MtT"v2.eZÆMp#��9>MÆ9�e�D�>$M�gkS�"',*C%6q"i$!.M.Y�V��L,l#Z
M�$HK"� HK� 1961 D Tutte[T4] �Z�6� 3 �9>M�R�Æ9lg�F3� G � 3 �9>HZaH G ��#6A G �"�#9�V�X��Y4'dLJ� (1) F�� (2) p��B��'Bl0�gMl#p;tMZ����l5> Q3 v" W5 e�F�"p�4'dLJ (L> 1).

> 1f> Tutte �6 3 �9>M6wMR�Æ9V����l-p�QÆ'���9>MÆ9M�g��LJx#b"�wMZ���' k ��9>MÆ9M�g�aL%CMb;� 1978 D Mader[M2] �Z�6� k ��9>MR�Æ9lg�F3���9\C'6N' 2k M>v" K2k
2 e�V�F�" Ok 4'dLJ���9\C'6N' 2k + 1 M>v" K2k+1

26 K2k+1
3 e�V�F�� O+

k " O2
k 4'dLJ� 1979 D Chaty "
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Chein[CC1] �6;h 2 ��9>MÆ9lg� 1981 D[�K [Z1] �k>M7d��6;h 2 ��9>M�YR�Æ9lg� 1980 D Habib "
Peroche[HP1] �6�;h k ��9>M;MÆ9lg� 1989 D[�K
[Z3] �6;h k ��9KF>MÆ9lg� 1989 D=v7��gr"/o� [ZGC1] �6��\ k ��9>MÆ9lg�P< k ��9>�;h
k ��9>��\ k ��9>Y#�;MR�Æ9lg�(�l-���9\��P� ♯ �9\" (k, l) ��9\� 1994 D Peroche N [PV1] 7
Habib " Peroche[HP1] �';h k ��9>MÆ9M78{LJ;h k �
♯ �9>MÆ9lg�PV k = 2, 3, 4. j K. Hennayake, Lai Hong-Jian,

Li DeYing " Mao JingZhong[HLLM1] �6;h (k, k)- ��9>MÆ9�
k ≥ 2.�' k �9>MÆ9M�gaa k ��9>�Fy5|>��' 3 �9>MÆ9#V�MZ��7� Tutte �6M 3 �9>MR�Æ9A�
Barnette[BG1, B2, B3] � v��vSr�("d�(p��6� 3 �9>MvY":MR�Æ9lg�Z�qX� (1) m� 3 �9>v"> K4{Zy� �F��4'dLJ� (2) m� 3 �9>v" K4 6 K3,3 {Zy� X0�Y4'dLJ� (i) FS� (ii) F���L*FM�7m>M8vSr{�Z*B8�aaMUSM\F 3. (3) m� 3 �9>v" K46 K5 {Zy� X04'dLJ� (i) ~SFd� (ii) ~SF M- Ær�
(iii) p�vSrMUS�P*� t- vSr�mF Tutte V�M!5� 1982D Negami[N1] LJX0V��� K �"F#M 3 �9>�: G � 3 �9>Zv�(Fe> K HZaH G v" K {Zy� F�"p�4'dLJ� 2 �9>MR�Æ9�" Dirac[D4] 7 1967 DLJM� 1992 D=v7"�gr [ZG1] /0� 2 �9>Mv2��LJ;h��\"�\;h 2 �9>MÆ9� 1974D Slater[S3] �6� 4 �9>MR�Æ9lg�F3m�
4 �9> G v" K5 9�Zy� �X4'dLJ� (1) F�� (2) 4 V$
(4-soldering); (3) 4 Sp� (4-point-splitting); (4) 4 �p� (4-line-splitting);

(5) 3 � 4 Sp� (3-fold-4-point-splitting). PV0$M�2�Uy5h)�(� 1999 D�O+ [Y2] �6 4 �9>M�mMUFKFMR�Æ9lg�F3� G � 4 �9>HZaH G �� 2 �/>6A G �>� 2�/>Zy� �X#Y4'�LM>� (1) F�� (2) )S� (3) FS�� (4) ~S� 1986 D Dawes[D1] �6;h 3 �9>MÆ9V��j
5
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 K. Kawarabayashi " Luo Rong[KLNZ1] N/0�"� Kk eM k �9>MZÆ� Maurer, Mader, Kriesell "%N7N [M5, M8, MS1, MS2,

S5, S6, S8, S9, S13, SYZ1] 0�g� k �\ n �9>MZÆtT�G�a'
k(k ≥ 5) �9>MR�Æ90#�'b$M�g� 1996 D T. Politof "
A. Satyanarayana[PS2] LJ�B 4 �9>MÆ9 (V�L�KMP#<), >m�B 4 �9>v" Wn, 4 ≤ n ≤ 6, �_6 Mobius 2Zy� �X4'dLJ� (1) F�� (2) p�� (3)  K−

4 aDvSr�PVvSrMv�USM\oC' 3. 2000 D A. Kaneko " K. Ota[KO1] �Z�r (n, λ)- �9MV��� G = (V,E) �v�#Z�G"�/M>�&h�X8M� (1)

|G| ≥ n + 1; (2) am� S ⊆ V (G) " L ⊆ E(G), q� λ|S| + |L| < nλ, :
G− S − L ��9M�:0 G � (n, λ)- �9M�,���9\"S�9\MV�Mg$"����F"V�H� (n, 1)- �9>� n �9M� (1, λ)-�9>� λ ��9M�j T. Jordan [J1] � \F 4 Mvp�US�6
(2, 2)- �9>M�R�Æ9lg�7�Y�q�9>R�Æ9M�gV�, Mlg��r�4>M�9tM4'��Lm��9>Yv�"iKFM�9>9�Zy� Bi4'dLJ�X0^~�K�=JM�Y�U,LM4'��(�4'"���4'��(�4'�, M4'I��9>e��(�4'(LJ�0��hM>�"'*s"M>�#_>�e�#_=�(4'(�j(LJ"?7v�(�M k �9>��<	BYlg
LJ k �9>MÆ9���M4�
LJ"?7v�(�M k �9>MZÆ�>�(�\ k �9>MZÆ�a' k = 3, Tutte[T4] F3�WC' 4 M 3 �9>?7v�(��*�"?7WC' 4 M�(�\ 3 �9>�a' k = 4, 1982 D Martinov[M11]F3��(�\ 4 �9> G � 4 �9� 4 E:�Z*8�T7�vSr{�> G 6A� C2

n 6A� 7
2
��9l5M`>�d 7

2
��9l5v" K4 6 K4,4 VT 1 �eM>9�Æ9MlgdLJ�H k = 5 	�*�(�\ 4 �9>M℄{":� K. Ando N [AKK1] F3��(�\ 5 �9>"� 5 E:MZ,M*#M��"Y��7�Mi�V��L6qXV���1 1.2.1[AKK1]. am�> H , ?7�(�\ 5 �9> G �L H � GMI6e>�
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