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Abstract

The derivation Lie algebras of quantum torus have many important application in the
study of the representation theory of Lie algebras. The quantum torus contains the Lau-
rent polynomial ring as its special case, and the derivation Lie algebra of the quantum
torus contains the derivation Lie algebra of certain Jordan algebras as its subalgebras.
Moreover, it is proved that the classifications of the integrable modules over the toroidal
Lie algebras and some extended affine Lie algebras can be reduced to the classification of
the modules over the derivation Lie algebras of the coordinate algebras. The structure
and the representations of derivation Lie algebra of quantum torus have been studied
extensively. In this paper, we focus on studying the representations of the skew deriva-
tion Lie algebra over the rank two quantum torus. We describe the results as follows: In
chapter one, we recall the notion of skew derivation Lie algebra. In chapter two, we in-
troduce a class of infinite-dimensional sly-modules and the functor F*. Finally in chapter
three, we study the structure of the image modules, under the functor £, of the infinite-
dimensional sls-modules. Then we get a class of representations of the skew derivation

Lie algebras with infinite-dimensional weight spaces.

Key words: Representation; Lie algebra; skew derivation.
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1 F—E ETHE LIRS TFERE

1.1 EFIm

HARRATC LR S, BUE EEIE b N e, ex MR TTI R A ] UL A ()R
UL — AR AER L TER, Bl(e,e) = 0y, 1 < 4,5 < 2. 8 T = Zey + Zey,
FATHm, n,r, sSKERTTHIICR . Wug,ug, -+, wh ) EFFP R TR, EAT
H(ug, ug, -, we) KRR ENTEC EIIZE TR

[flq € C* = C\ {0}. B2 E FIRHC, AIRC_EHAT A Mo, a3 I —AHERS
Wi G A% HAERUTH R A1C R

Tk, = qxle,xkx,;l = x;lxk =1,1<k<2

MEEN = nie; +ngeg € I, FATIE2? = 272l @ o, f: T x T — CWlI'F:

o(m,n) =¢™™", f(m,n) = ¢gmmomne

Hdm = mye; + moes, n = njeg +nses € I'. MFATH

™2 = o(m,n)z™™ 2™2" = f(m,n)z 2™

T X
rad(f) ={m e I'|f(m,n) = 1,Vn € I'}
MWrad(f) SR ETH— AN T8 B BRAM, Wrad(f) = {0}; FHol—DpIR AR

ALAR, W)
rad(f) = {kipey + kopeq|ky, ko € Z} = pI'

H T CET-20 Ik, FATHE ST dy, dodii 2«
dp(z™) = npa™(1 < k < 2),Vn =nje; + ngeg €T

CyIN T Tl AL -

adz™(2™) = (o(n,m) — o(m,n))z"™

Wkn € rad(f), Wadz™ = 0.
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W Der(C)MNC, LM FTHA. Xn € T, TATidDer(Cy)n HC,HInik 55K T 14
B, WFRATA LR 45 R [BG:

g13E1.1.1:
Der(C,) = @nerDer(C,)n

Horp
Cadz™,  n & rad(f),

Der(Cy)n = {
®i_,Cady, n € rad(f).
Der(Cy) DA H BAT W M 2=45H
(1) ¥s,s' ¢ rad(f), [adz®, adz®] = o(s,s')(1 — f(s,8'))adr>";
(2) Vs ¢ rad(f),r € rad(f),u € U, [adz®, D(u,r)] = —(u,s)o(r,s)adz" %,
(3) Vr,r' € rad(f),u,u’ €U, [D(u,r), D(0',r')] = D(w,r + 1),
Hw = o(r, ) ((u,r)u’ — (v, r)u).

12 BSFFEREL
ENX1.2.1 X € rad(f), 0 = uies + usey € U, TAL
D(u,r) = 2% (urd; + usds)
L= (D(u,r)|(u,r) =0,r € rad(f),u € U) ® (adz®|n € T')
TATIRL A5 30 LIRS TS

mee I, Bfili

{ 2™ (maody — mydy), #Fm € rad(f),
D(m) =
adx™, #im e T\ rad(f).

JUESANESEPAIEST T

31581.2.2 LIt Der(C,) 9 4TS, HA A

{D(m)[m € T\ {0}} U {dy, da}
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HALTCHE LI T 2K AR
[D(m), D(n)] = g(m, n)D(m + n),
[dg, D(m)] = —[D(m), di] = mpyD(m),1 < k <2
[d1,ds] =0

HrHm =mie; + moea,n =nje; +n0ey €T, H

qm™ — g™, Fim,n ¢ rad(f),
g(m,m) = N
mMaoNy1 — Mina, ;H\: B.

F1.2.3 (1) Mg =1 W, LZ&Virasoro-likefRE; Mg AR AR, L2 Virasoro-likeft2
[1)g-ZRAKPS]. M FATTIX B IE B 20 & 3 i B RS A8 sE s B s
T Virasoro-like & Hg-ZA A R E K175 1

(2) Virasoro-likefRE 1 Virasoro-likefUAL 1 - S8 BL I f Harish-Chandrafs (1) 73 2 AE 3C[LT4],
[LT5]) % &z %

(3) LIy sk, T, BRMEHAECXL], [LT3|F&f3fl.

: HoE LBSETFF

2.1 —RILFYsl,-1&
B, BAIBIN—HKILI sl Bex,y, hAZEAE sl FIChevalley i, RJI:
[h> $] = 2$7 [hvy] = _2?/’ [$ay] =h

MAEEN € C, AT Z(N) N — D BA AT H (vo, v1, vo, - - - )T ] A A], WK 51 24 50
(EZ(N) 15 LT — sy B Sy = 0):

(a)  hv; = (A — 20)v;

(b)  yoi = (i + Dvipa;

(¢)  avi=(A—i+1)v;1(i >0).
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$£2.1.1 Z(\) IR sl i LI 5 B AU Vermalii .

T RAVEZ(N) Lo
S1382.1.2 M\ + IR — AN IEEE, Z(O0\) & — AT sl
ERR: i (c) B iEA . 0

5138213 9N + LR IERE N, sho-BEZ(\N)AH — A Llo, i K In) & 1 A 451
ERR: HH(c) TS 0

2.2 R ?Fg“
IRAEFRATIAR N — T AU T R ) e o o K g 0 25 BT A slo- R 38 LRSS 1) R 1 P

51382.2.1 [LT2] &g : T — Cli L En,m e T, s € rad(f)H:

g(n)g(m) = g(n+m), g(s) =1

AT -

(1) #iq # OAZ—A AR, WIfEfEa, b € CMlig(n) = a™b™.

(2) #7q # 02— DpR AR, WIAFAEpy, po € ZAfig(n) = gramitranz,

WEBR: (1) AVn = nie; + noey € T, TATHg(n) = g(nier + naea) = (g(er))™ (g(ea))™,
La=g(e1),b= gles) BIFFo

(2) Wt rad(f) = {kiper + kapea|ki, ko € Z}, iBg(er) = a,g(ex) = b, W Hg(pe;) =
af = 10 la EpK A, MIMAFLEN € Z, 1ff3a = ¢*. [FEE, f74Ep € Z, 1fib = ¢
Ig(n) = grmtenz, O

IAEBATRY 1E — > Mslo- i 21| LB R 5o

EX2.22 %50 € URT—N X En, m € T';s € rad(f), fAig(n)g(m) = g(n + m)
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Hg(s) = 1%y : T — C*, & L — WL

EFysly-Bd — L,
Vo= F(V)=V&C =@ Vn),

HV(n) =V ®@a™,vn e, HLIEF (V) EMPER LT 2 X
(1) adz®v(n) = o(s,n)(g(s) — f(n,s))v(n +s),
(2) D(u,r)v(n) = (u,n+ a)v(n+r) + A(u,r)v(n +r).
Hrrs ¢ rad(f),r € rad(f),u € U,v(n) := va™ € V(n), A(u,r) = riusr+rouy+riuh.

Sy AL WU Fo (V)€ O G B, RV —slo-, [ 28 [ F (V) AE Rk
FUEAER] Mt — A LB

$£2.2.3 (1) WAEL Msl-BEV;, VaFllh € Homg, (Vi, Vo), 2F(h) : FX (Vi) — F2(Va),
vi(n) = h(vy)(n),Yv € Vi,n € T, WS FIF & N slo-BEE] L-BEHT—> b8 1

(2) Fo(V) A% F-Cartan TAS{ D(w, 0)u € UHIRURE,  FLALAS 1 104 505 TV i
UeH, ITFS(Z(N)) 2 BAT o T3 AU IR i) L-HE

(3) W HES(V)I— AT, W2 — PR, BIERAAT: W = @, p W(n), H
W (n) AW IR ]

3 H=EE  FMV)HGH

31 TEMFEMXR

T, AT RIBAE [LT1) P ST B REEAN R AR, AT DR R I 24840 56 Fok
WELE (V)IEiH . XneT, &

Iy = {s & rad(f)|f(n,s) # g(s)}
5 ={s ¢ rad(f)|f(n,s) = g(s) HXI A ¢ rad(f), f(n,r) # g(r), f(n +5,1) # g(r)}
= {s ¢ rad(f)|f(n,s) = g(s) AXHMERr & rad(f), WA f(n,r) # g(r), Wf(nts,r) = g(r)}

[y =TLUT2 Urad(f)
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EMX3.11 X meTl, &X
n~m&<n+ 1, =m-+1,,.

“NT BRET EAFENM KRR, AT =T/ ~, IFHsEons € TR M 1S5k,
Ms=s+Ts, I' =@, 5.

E3.1.2 HE AT AR AT n € TR A4 R 0T :
() Tp=TLWl2 Wrad(f), T =To W3 rad(f) + Tn = T, rad(f) + 13 =T3.

(2)sel',en

n -+ s.

313 3.1.3 XWFX(V)IMER THW kneT,veV, &A1A:

(1) tiv(n) € W(n) Hs e T UT2, Mo(n +s) € W(n + s).

(2) X Prfim € Ty, Js ¢ rad(f), M8 m +s € 3, Madz®v(n + m) = 0.
WERR: (1) FRATHE s AN G T2 20 PR AT G DEAIE I 6

(i) #rs € L, Bl f(n,s) # g(s), W

adz’v(n) = o(s,n)(g(s) — f(n,s))v(n+s) € W(n+s)

Affv(n+s) € W(n+s).

(ii) #rs € I5, M f(n,s) = g(s) XA m ¢ rad(f), 7 f(n,m) # g(m) Hf(n+sm) #
g(m). MNif(n,m+s) # gm+s). HOMfHvn+m+s) € Whn+m+s) X
HAfm+m+s,—m) = f(n+s,—m) # g(-m), HHGOTHvn+m+s—m) =
vin+s) e W(n+s).

(2) FefiIgs i — AN BLT 51 2.6 5 4 fa v e . il

adz®v(n+m) =o(s,n+m)(g(s) — f(n+m,s))v(n+ m+s) € W(n+m+s)

ATENFRATH FAEHXHTEm € Ty, s € rad(f), WHm +s € T3, W f(n +m,s) = g(s).
H b, Xm+sel2, TATH

gm+s) = f(n,m+s) (3.1.1)
HAMERr € rad(f), W f(n, 1) # g(r), N

f(n+m+s,r) =g(r) (3.1.2)
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