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Doctoral Dissertation of Xiamen University

On Some Spectral Invariants of Graphs

ABSTRACT

The spectral graph theory is one of the main branches in algebraic graph theory.
There are a lot of important applications in the fields of quantum chemistry, physics,
computer science, communication network and information science. It is mainly con-
cerned with the adjacency spectrum and the Laplacian spectrum. The principal ap-
proach for this research is by using the matrix (mainly the adjacency matrix and the
Laplacian matrix) representation of a graph, combined with the classical results and
methods in linear algebra, matrix theory as well as graph theory and combinatorics,
to establish connections between the topological structure of a graph, especially var-
1ous topological invariants reflecting these structural information, and the algebraic

invariants (mainly the spectral invariants) of the graph.

The resolvent Estrada index, the Laplacian spectral radius and the sum of powers
of the Laplacian eigenvalues of a graph, which have extensive applications in various
fields, are exactly the spectral invariants of the graph. In this thesis we first review the
research backgrounds and developments concerning these spectral invariants. Then

we investigate these spectral invariants, respectively. Our main results are as follows.

In Chapter 2, we mainly study the resolvent Estrada index of graphs. First, we
obtain an important property concerning the resolvent Estrada index, i.e. the resolvent
Estrada index of a graph is determined by the characteristic polynomial of the graph.
As two examples, we apply this property to determine the first thirteen trees with the
greatest resolvent Estrada index and characterize the r-partite graphs with maximum
resolvent Estrada index, respectively. Finally, we give some estimation for the bounds

of the resolvent Estrada index.

In Chapter 3, we mainly discuss the Laplacian spectral radius of trees. We first
improve a result obtained by Yuan et al. [92]], which concerns the relation between the

Laplacian spectral radius and the maximum degree of a tree. Based on this result, we
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ABSTRACT

show that there is also a strictly increasing relationship between the Laplacian spec-
tral radius and the maximum degree of a tree with perfect matchings. By using this
conclusion, we determine the first 20th largest trees with perfect matchings according

to their Laplacian spectral radius at last.

In Chapter 4, we mainly investigate the sum of powers of the Laplacian eigenval-
ues of connected graphs. By using the famous Holder’s inequality, we first establish
an inequality concerning the sum of powers of the Laplacian eigenvalues and the first
Zagreb index (i.e. the sum of squares of degrees) of connected graphs. Based on
this inequality, we present some new bounds for the sum of powers of the Laplacian
eigenvalues of connected graphs. Then we consider two extremal problems for the
sum of powers of the Laplacian eigenvalues of connected graphs and characterize, re-
spectively, the extremal graphs with given chromatic number or (edge) connectivity at
most k£ which maximize or minimize the sum of powers of the Laplacian eigenvalues,

where the corresponding maximum or minimum values are also determined.

Key Words: Graph; Tree; Adjacency spectrum; Laplacian spectrum; Resolvent

Estrada index; Laplacian spectral radius; Sum of powers of Laplacian eigenvalues
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