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Curves and surfaces modeling based on S-)\ probability
distributions
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Abstract

Many methods used in Computer Aided Geometric Design (CAGD) are closely asso-
ciated with probability distributions, particularly the discrete distributions. For example, the
Bernstein basis functions used in Bézier curves are taken from the binomial distribution,
the B-spline basis functions used in B-spline curves are connected with some stochastic
process. The Poisson basis functions which are advanced by Goldman and Morin are de-
veloped from the Poisson distribution, and the Bernstein basis functions of negative degree
which were analyzed by Goldman are taken from the negative binomial distribution. On the
other hand, it is well known that the above basis functions and some other basis functions
generated from the discrete distributions play very important roles in Approximation Theo-
ry, which are used to construct various approximation processes in Approximation Theory.
Motivating by these ideas that come from CAGD and Approximation Theory we write the
present thesis. In this thesis we introduce a broad class of discrete distributions which are
called S-A distributions. The S-\ distributions have some applications in Approximation

Theory.

The object of this thesis is to study a new method of curves and surfaces modeling based
on the S-A distributions. The curves and surfaces generated by means of the S-\ distribu-
tions are called S-A curves and surfaces. The S-) basis functions are constructed by their
generation functions and transform factor functions. We will show that S-\ curves include
Bézier curves, Poisson curves, rational Bézier curves and a lot of other curves. Therefore,
the researches of this thesis provide a unified scheme for dealing with these curves and sur-
faces, and reveal the relations among these curves and surfaces. The contributions of our

work are summarized as follows:

1. S-) basis functions, tensor product S- basis functions and triangular S-\ basis func-
tions are constructed by means of the technique of generating functions and transfor-
mation factors. These basis functions generate S-\ curves and surfaces. We show
that S-)\ curves include Bézier curves, Poisson curves, rational Bézier curves and a

lot of other curves. Therefore, the research in this thesis provides a unified scheme
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for dealing with these well-known curves and surfaces. A reviewer of the internation-
al journal Computer-Aided Design has the following comment for the S-\ bases and

curves work:

“The ideas and insights are highly original and provide a clever contribu-

tion to the theory of CAGD.”

. We obtain a lot of geometric properties of the S-\ curves and surfaces, which are im-
portant in CAGD. The S-\ basis functions have non-negative, partition of unity, inter-
polation, differentiation, unimodality, linear independence, Descartes’s law of signs,
degree elevation, degree reduction and convolution properties. The tensor product
and triangular S-) basis functions have non-negative, partition of unity, interpolation,
linear independence, unimodality, degree elevation and degree reduction properties.
All the curves generated by the S-)\ basis functions are shown to have the following
properties:

(a) Affine invariance

(b) Convex hull

(c) Interpolation of initial control point

(d) Locality

(e) Non-degeneracy

(f) Variation diminishing

The tensor product and triangular surfaces are shown to have the following properties:

(a) Affine invariance

(b) Convex hull

(c) Interpolation of initial control point
(d) Locality

(e) Non-degeneracy

(f) Boundary S-\ curves

We also research a concrete tensor product S-) basis functions and the corresponding

surfaces, which is the mixed tensor product negative Bernstein-Poisson basis function-
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s and surfaces, and we obtain more concrete properties such as rescaling and trimming
properties.

3. By means of the technique of generating functions, a new convenient and practical
method for local changes of S-\ curves and surfaces is proposed.

4. The degree elevation and degree reduction properties of the S-) basis functions give
a unified formula of many different curves mentioned above. The de Casteljau down
and up recurrence of Bézier basis functions is extended to the S-) basis functions.
And the de Casteljau algorithm of Bézier curves and surfaces is extended to the S-\
curves and surfaces. The corresponding schematic diagrams are shown, which are
useful for the analysis of S- curves and surfaces.

5. The de Boor-Cox recurrence of B-spline basis functions is extended to the progressive
S- basis functions. The progressive S-A basis functions have non-negative, compact
support, partition of unity, and linear independence properties. The progressive S-\
curves are constructed, which have affine invariance, locality, convex hull and non-
degeneracy properties.

6. We propose a blossom for S-)\ curves, and provide a unified blossom for these well-
known curves. Dual functionals are maps that compute the coefficients of functions
in S-) space with respect to a fixed S-\ basis function. We recall the dual functions
of the monomial basis functions, Lagrange interpolation basis functions and Newton
interpolation basis functions, and recall the multiaffine blossom of the Bézier curves,
the multirational blossom of the negative Bernstein curves. Then, we propose the
blossom for S-) curves, which is called S- blossom. We prove that the S-\ blossom

of an S-) curve is exists and is unique.

Key Words: S-) basis functions;generation functions; transformation functions; convolu-

tion; discrete distributions; curves; surfaces; dual functions;
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