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ISR YE T Ao LA 5 B A AT A R A (A, e et A58 T
L AFAEE AN IE N B 1 S 45

A SRR F BRI 4R 7 R R 1%, %715 1964 4F Eells A1 Sampson
[35] ZERF AR VAL T RERF B I, ST IR B R AR R 51 1T AT
FIVEH, FFBUE T EMAPFRREE.  H RS 7 R A B i B
BRI AELEN K, XRPMITZ B RS HREZMALABER. EEW
FAFTEA R X, JAAIBR S PfJ2 Dirichlet BB AYBEEET, Xt Dirichlet
REIE HARBUIHE R RE A E X, X RIAMREY Dirichlet REFLRIEINAY, X215
SR 2R AR A E RSB rFE. BIRAYE, H RERGLXS
Dirichlet BB /2T HA RBIEAFRIL BN AFFAE, X IEZVFR H KRG
7 R X S TR

KT H RAHGL SRR AEEEM R BN O 2 f — B R, 7
THERBIE, 1990 4F,  O. Rey [76] 1E || H [lsolluolle < 1 BRI, MEMI T H R
GG A RIE R EAE . 2002 4R, S8 uo € HY(Q), x € H2(0Q)
(14 31{E, Chen-Levine [24] UEBH T J7 72 B2 &5 — U 8 W B[] i A7 75 Mk —
IENE, FEJTRRA AR 2 — R R, B R s EAERIE T,
MATIER T 72 RSB FEENE, XH2REERELERA SINEIEN
9, FFHE T A sS40 AT bubble G, X TR 4B B 45 RILAEH 1.

ACEBEL NI A R T AR 4

(1) TE 485, F122HE T Chen-Levine [24] 4T £ Dirichlet fE
EAFEXMRE, 451 T Dirichlet BERAT—MRIBHEA CHIAG T, &M
(LR VR, UERH T XMERAIETE, H RGN TR A HME—,
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Abstract

In this paper, we are concerned with the global existence and partial regularity
of weak solution to the heat flow of H-systems and the structure of singularities
(bubbles).

The H-system equations come from the Differential Geometry and have a long
history. It is related to minimal surface problem, Plateau problem and constant
mean curvature problem and so on. This problem and the other problems came
from Differential Geometry, such as harmonic maps, are mainly considered in Varia-
tional Method. There are three problems related to Variational Method in Hilbert’s
famous 23 problems. This indicated the importance of Variational Method and
made it developed faster in 20 century. The discovery of new principles in Varia-
tional Method also made faster developments in Partial Differential Equation related
to Differential Geometry.

The method we used in our paper is heat flow method. This method is intro-
duced by Eells and Sampson [35] in 1964 when they studied harmonic maps. The
nonlinear term which occurs in our case is of the same order as the nonlinear term
which occurs in the case of harmonic heat flows. This suggests that we can get
similar results for them. However, they are quite different. The harmonic map heat
flow is the gradient flow of the Dirichlet energy, which naturally satisfies the en-
ergy inequality. This is the key estimate for global existence and partial regularity.
Unfortunately, it is still open whether smooth solutions to heat flow of H-systems
satisfy the energy inequality property. This is the main difficulty in our study.

There are some results on the global existence and partial regularity of weak

solution to the heat flow of H-systems. In two-dimensional case, in 1990, O. Rey
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[76] has proved the existence of global regular solution to the equations with the
assumption || H||||tuollec < 1. In 2002, Chen-Levine [24] have shown the existence
of a unique, regular solution to the equations up until the first singular time for a
general initial and boundary data ug € H'(Q), x € H %(89) In addition, assuming
that the solution satisfies the energy inequality, they can get the existence of a global
regular solution with exception of at most finite many singularities and discuss the
bubble phenomenon of the singularities. There are only few results on in higher-

dimensional case to our knowledge.
We extend the former results in the following respects:

(1) In two-dimensional case, we get rid of the extra assumption on Dirichlet
energy inequality in Chen-Levine [24] and prove some kind of Dirichlet energy esti-
mate related to time for the solutions. Then using the classic boot-strap method,
we prove that there is a unique weak solution to the heat flow of H-systems for any
finite time. This weak solution is smooth except for finite singular points for any

finite time.

(2) In two-dimensional case, for any finite singular time, we prove that all
bubbles can only occur in the interior of the domain. We also give an example of
finite time blowup. This is to say that there is finite time blowup for the solution

to the equations in some special case.

(3) In two-dimensional case, we obtain the exact profiles for these singular
points at finite time. We prove the energy identity at any finite singular time. That
is to say the energy before the blowup equals to the energy of the weak solution and
the bubbles after the blowup. In Chen-Levine [24], they have only got an inequality

about that.
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(4) In higher-dimensional, when the boundary date y € C?7*(Q2), under the
assumption of ||H ||eo||to|le < 1, or under the assumption of || H ||oo||to]loc < 1 and
the energy of ug is small enough, we can prove global existence of unique regular
solution to the equations. Under the assumption of the energy inequality, we can also
prove the global existence of weak solution to the equations. This solution is regular
except for finite singular times. At any singular time, we find the concentration
phenomenon (bubble) as in two-dimensional case and there are only finite bubbles
at every singular point.

This paper is organized as follows:

In Chapter I, we introduce the background of H-systems and heat flow of
H-systems. We also briefly introduce the history of the harmonic heat flows.

In Chapter 11, we collect some related definitions and properties.

In Chapter 111, we consider the global existence and partial regularity of the
weak solution to the heat flow of H-systems in two-dimensional. The method we
used in analysis of concentration of energy has been used in Lin-Wang [59]. We find
the P.S. sequences of the heat flow of H-systems and use the P.S. sequences to blow
up bubbles.

In Chapter IV, we consider the global existence and partial regularity of the

weak solution to the heat flow of H-systems in higher-dimensional.

Keywords: heat flow of H-systems, global existence, partial regularity, structure

analysis of bubbles (singularities)
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o IT R H BARSE G TP IR AT R, ERAIER AL, BT
J1%, YA AR AU, P LRESUE, LU Et SRS b iR 2 @ REsT
G5 )\ Newton . Leibnitz . Euler . Lagrange fil Dirichlet BHUCT 45, A
MK ER e Ry 22 X IR R BEFZ R B ptRoReEFHR/ME, TF 8
REAY AR R Euler-Lagrange FF2 E'(x) = 0 gy[a]f8. {HJ& Euler-Lagrange JF&H
RS E R/ MER L ER M, I H RADHR Euler-Lagrange 772 A LA
Ao, XRR XA . Dirichlet ZERFSEARAIBGTINF, FIA T Dirichlet
JREE, BISEdRE| B 72 X it/ MEFS {2}, (82 & — oo If

E(zg) — inf{E(z) : z € X},

WERFTLIEMTERFE X T2 b — co Bf, 2 — 20 € X, IFH. E(x) — E(x0), H
2, xo A Buler-Lagrange 2R f#. Hilbert Xf Dirichlet JR¥ERN H Tk e
Dirichlet [F@AFTEMERIER], 4511 T Dirichlet [MIBUFIEVER) —FHIERI DL, 1900
4, Hilbert [50] Atk RRCEEA L B4 23 ATF B REA = R
A3 A] .

TN 20 22 f5, A= BUE 7 ik 2 /. 1929 4 Ljusternik fl Schnirelman
63] [64] TEARE T# A Z ) R LR T =28 AR LA E7ErE, AT
TEFRBAETTRIS, A RFEERIMZ R/ ME, T B eI 2 kE A A,
M fITRY 7L AR 2 JRAE 7 J7 1%, 1934 4F,  Morse[66] 4REER & T X P& /AR J7
%, gt TR Z i AR R B E AR Z ISR, 60 24X,  Palais 1
Smale [70] [79] 4 T PS. oMM, ERUMERE PS 7ol s &
/IME.  Ekeland citeEkeland 7£ 70 4EfC & B T Ekeland A543 7y, 45 H B A BT
PEBURIINF . AANEA R 1 I FE AR AR N7 1%, ARG, Z; feins
. BRETHIRE—RINMH .

70 4E4X, Nirenberg 5 \Hfin F S BRI W H TR LB i o3 5 FE AR AFAEVE AR
B, B3 T —RINEZEWLR, NI, ZBoIirib e rEEETR, §)
W2 R T J7 AR A AU Wi 07 R R B — RS i U 4 i, A
WIS RGR IR, Yamabe [AISE, X S8TR)E P RER R EE RN TRIER B,
AR5 T AR SRR X B R A ) R
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ACEBWY ARSI H RGN, XA HAEIR T3 I, et
EREA GO ARIFSE Q CRY, B v Q — R R,

Apu = vVnrH(u)ug, N+ Ay, (1.1.1)

He Ayu = div(|Vu|"?Vu), Aju = A,

€1 €nt1
1 n+1
a’l o« .. a’l
ayN---Na, = s
1 n+1
ay, Qy,

gl:l:t a; = (aia e a’?-i_l)? Ay = (a'}w e ,(124_1), €1, - ,€nt1 /‘?3 Rn—l—l EF'E’JE"L\‘T.%
¢
u MASERIEAERT, WIRAE Q EXTREEASHERLL A W2

Uy, * Uy, = N(2)6i5, i, j=1,- ,n+ 1.

R u 2R R 28 u(x) sif9 TN H (u) HITE.

T H R R EA I ISR T, AN TR R 2 [

o 1E R? FXTAEIGIFPAEL s, FHR—AHIZ C, #15 C 7E(ER p SAHEIE
42 K(p).

o 4k Plateau [A]j3, B4 ER R2 HFHAE a, b AEOEHEEE <, 3k — il

£ C, 1% 0C = {a.b}. H C TR p SATHMEIELE £(p).

HEh, % on=2 8, NIEHRTREM H RGBS LI 5

(1) A/l e (P) A SRR B B - Q — R® SEUMFRRR 2 Z4EEN
i M, & ARz RN

= [l

XTITA ] M, A(u) REFER/ME, BIXMERR ¢ € CF (L R?), BEFLE u R
dA
ds

(2) PRrESERM: 45 T B 4EEBCENI#m M, M w] f B RIB AR

HIBRS v 0 Q — R® SRR, V(M) 28 M FrERET AR, IRAXHER#

A, BB M, 5113 V(M) = A, FFH M AR/

—(u+ sp)|s=0 = 0.
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(3) e TR AE— B H: R — R, BEAAE— N =4ellim M,
AL S p € M B iER H(p).

(4)Plateau [A]8: 4 ~ J& R® H1 Jordan W4k, BAEAEMIE M, (15 M 2D 4
G T B TE A RN XA LS S w € C(D,R3)NC* (D, R?)
W

Au=0, #eDeh,
|um|2_ |uy|2:O:uw-uy, TEDH,
ulop YW IS EL.

(5) XF H Him Ay Plateau [A]f8: 4 v & R® F1fy Jordan BHZR, &7 F7E
M, 15 M 2Ly Rilht, H M ZEEE A p B8 2 M eR% H(p) - R® — R,
XANEE AT LAFAL A FHER— N ENH v D — R® 32

Au = 2H(u)uz Ay, 1EDH.
|um|2_ |uy|2:O:uw-uy, TEDH,
ulop AV ERTES AL

XA ANTXT H RGE5RE (L.1.1) ZEATHF5E. T BATR 2 E B —
HAFFR .

Ln =20, 7 (LL]) ZESF R TR FEEE L 2R, 24 0oy
HHRET, Wente(1969) [95] A1 Hildebrandt(1970) [51] 1ERH T A #2 Dirichlet [n] &if#
MIFELEYE, 1988 48, Struwe [84] JEH T 7R B HIL A SR FFTENE. 1975 4,
Wente [96] SEB] T 7 A EF DA 24 1F T RME—RY, JFHE T R XA
ME—RY [ ). Brezis-Coron(1984) [7] fl Struwe(1985)([81] F| M KAR/ N, 5H T
T REAE FEAR /N IE DL T AR FAAENE, IITTIERA T 7 R i . XLy
FEORIY H (u), ZEFHEAR/MEHT, Bethuel-Rey(1994) [6], Caldiroli-Musina(2006)
13] RS A TR, Caldiroli-Musina(2006) [13] it T—SE M Hel
H(u), BMEFEI FEAR DB T, WATFTERTER M. 1985 4F, Brezis-Coron
8] UEBAYS H A %et, Jrfei—3 iR o B {u")i,, 4

IV 2 + 17l — 0

B, of BEAE HY FERIREIE, SiE E£/044 —4 H-bubble, Bl H &4 R* I
R RBRAE AR, Caldiroli-Musina [13] BEX —45 58 2T H(uw) A C H
HAHIEE.
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% Q0 =R? H AHNEFETRAERES, Brezis-Coron [8] ARFEIMTT4ER:
R oue L (R?R?) Z2HR (1.1.1) ¥R, B4 o« BATHENER,

1 P(z)
U(Z) - ﬁﬂ- (Q(Z)) + Cv
Hrr C B2—4 R® R HEaE, P QRERT : WETXEH, n:C—-S &
MACHR LAY BRTE S5, B

B 2
142242

m(2) y |+

-1

B, 24 H(u) R —ERIPRH &89 8H%E,  Caldiroli-Musina(2002-2004) [9] [10]
(1] [12] 5758 TR0 T A T e L
Yo = 20, R (L11) REENE AR SR Wente (95 JERY H
BT, REE H' PRURERSEIER.  Tomi(1969) [88], Heinz(1975) [48] [49),
Griiter(1984) [44], Bethuel(1993) [2], Bethuel-Ghidaglia [4](1993) [5](1994), Choné
(1995) [27] SFERTERAAT
[Hlloo + [VHloo < 00

BISAE R, IR T RRRAGIEE. Bethuel(1993) [2], Strzelecki(2003) [86] FFAH T
YHEE A Lipschitz BREC H(u), FREAMBESRE: C* #). 2007 4, Riviere [77] X
T ||H oo < oo WIRIET, FIASHERTIRIER T e 6.

EZEEDL (n > 3) BYZERARXTED, 1996 4, Mou-Yang [68] 45t T H Ky H %t
IR 220, JFIER T PROEAZZ AR I . 2000 47, Duzaar-Grotowski
[34] X FLEPR /Y H (u) 25 H T BRFAETE. Wang(1999) [94] 1 Strzelecki (2003)
[86] 1E

sup [H (p)| + sup (1 + [p[)| DH (p)| < oo

pER3 pER3

WO T, HERA T J7 R fry IE .
§1.2 H REHRRIVHFT HEFPIR

ORI FEITIESERGLT %, %752 1964 47 Eells fl Sampson 1ERFFT
PRI R EMES IAE. 20 D 90 454X, JARIBUN LRI AT SRS T RSB K
BEH, BUS T EMBOHFFSOR. N AR 2 B — T R R s
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w M, N HEE n, m 24889 Riemannian i, Y n=28, u: M — N K
VEAFIBRES, SR u iR
Au = A(u)(Vu, Vu), (1.2.1)

Hp A(u)(Vu, Vu) N 8 AR,

G XERue € H'(M,N) = {u € H'(M.R™),u(M) C N a.c}, BT
AR ITR(1.2.1), £ Fuo

1964 4%, Eells i1 Sampson [35] 7£ M JoiifR T, FEMFFCIZEEESE S T 40T 4
7
{ O — Au = A(u)(Vu, Vu), (z,t) € M x (0,00), 122

u(z,0) = ug(x), x e M.

£ N fys Bt ZARTEIMRIT, B TR (1.2.2) &R ENBNEENE. X4
t — oo B, w FEXRMBEXNETE, B UEETTE (1.2.1) B9 uew FIRT o
X—f m = 2 gERRIE, 1985 4F, Struwe [82] 3EFH TR (1.2.2) &R MBHTF
TEPE, XNFREREARAD SNECER, HEXARAD LA R, 46 A
(z0, Tp) G, TFAE €0 > 0, IMEER R >0

gl%[f: E(u(t), BR(ZL’())) Z €0,

H

E(u(t), Br(xo)) = %/B ( )|Vu(t)|2.

X n > 2 §IEE, Struwe(1988) [83], Chen-Struwe(1989) [26] 44 T 4 /755 R
FEAEPE, JHIER] T XA 55 a7 R BB A AR n 4E Hausdorft JEE. X+ M Fik
FEEE,  Chang(1989) [14], Chen-Lin(1993) [25] /53] T B MIMLER. B4b, B
it Chang-Liu(2003-2004) [16] [17] [18] M HPRFG I 20 F] Plateau [A] B
75, B3 T RMUBEER.

XoF TR 7 RE A TR B 2 R i ] i8,  Coron-Ghidaglia(1989) [29], Ding(1990)
[32], Chen-Ding(1990) [22] 3% H T =4 A R Z BB 04917, 1992 4F, Chang-
Ding-Ye [15] 51 T —4EABRISZARBAI B . T2 ARG DI 287 g 1
B, Qing(1995) [74], Qing-Tian(1997) [75], Ding-Tian(1995)([33], Lin-Wang(1998)[59]
WERA T SRR R s A7 AE Bubble B4R, B MEBUS LA HIRAS bubble I HARBE AT
T A RE R SF TR0 59 MY RE 1 5 T bubble FyRERLZ AL MLATRTR H 7152
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