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Abstract

In this paper, we are concerned with the global existence and partial regularity

of weak solution to the heat flow of H-systems and the structure of singularities

(bubbles).

The H-system equations come from the Differential Geometry and have a long

history. It is related to minimal surface problem, Plateau problem and constant

mean curvature problem and so on. This problem and the other problems came

from Differential Geometry, such as harmonic maps, are mainly considered in Varia-

tional Method. There are three problems related to Variational Method in Hilbert’s

famous 23 problems. This indicated the importance of Variational Method and

made it developed faster in 20 century. The discovery of new principles in Varia-

tional Method also made faster developments in Partial Differential Equation related

to Differential Geometry.

The method we used in our paper is heat flow method. This method is intro-

duced by Eells and Sampson [35] in 1964 when they studied harmonic maps. The

nonlinear term which occurs in our case is of the same order as the nonlinear term

which occurs in the case of harmonic heat flows. This suggests that we can get

similar results for them. However, they are quite different. The harmonic map heat

flow is the gradient flow of the Dirichlet energy, which naturally satisfies the en-

ergy inequality. This is the key estimate for global existence and partial regularity.

Unfortunately, it is still open whether smooth solutions to heat flow of H-systems

satisfy the energy inequality property. This is the main difficulty in our study.

There are some results on the global existence and partial regularity of weak

solution to the heat flow of H-systems. In two-dimensional case, in 1990, O. Rey
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iv h)Mu�u:Ku`%a
[76] has proved the existence of global regular solution to the equations with the

assumption ‖H‖∞‖u0‖∞ < 1. In 2002, Chen-Levine [24] have shown the existence

of a unique, regular solution to the equations up until the first singular time for a

general initial and boundary data u0 ∈ H1
(Ω), χ ∈ H

3
2 (∂Ω). In addition, assuming

that the solution satisfies the energy inequality, they can get the existence of a global

regular solution with exception of at most finite many singularities and discuss the

bubble phenomenon of the singularities. There are only few results on in higher-

dimensional case to our knowledge.

We extend the former results in the following respects:

(1) In two-dimensional case, we get rid of the extra assumption on Dirichlet

energy inequality in Chen-Levine [24] and prove some kind of Dirichlet energy esti-

mate related to time for the solutions. Then using the classic boot-strap method,

we prove that there is a unique weak solution to the heat flow of H-systems for any

finite time. This weak solution is smooth except for finite singular points for any

finite time.

(2) In two-dimensional case, for any finite singular time, we prove that all

bubbles can only occur in the interior of the domain. We also give an example of

finite time blowup. This is to say that there is finite time blowup for the solution

to the equations in some special case.

(3) In two-dimensional case, we obtain the exact profiles for these singular

points at finite time. We prove the energy identity at any finite singular time. That

is to say the energy before the blowup equals to the energy of the weak solution and

the bubbles after the blowup. In Chen-Levine [24], they have only got an inequality

about that.
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(4) In higher-dimensional, when the boundary date χ ∈ C2+α
(Ω), under the

assumption of ‖H‖∞‖u0‖∞ < 1, or under the assumption of ‖H‖∞‖u0‖∞ ≤ 1 and

the energy of u0 is small enough, we can prove global existence of unique regular

solution to the equations. Under the assumption of the energy inequality, we can also

prove the global existence of weak solution to the equations. This solution is regular

except for finite singular times. At any singular time, we find the concentration

phenomenon (bubble) as in two-dimensional case and there are only finite bubbles

at every singular point.

This paper is organized as follows:

In Chapter I, we introduce the background of H-systems and heat flow of

H-systems. We also briefly introduce the history of the harmonic heat flows.

In Chapter II, we collect some related definitions and properties.

In Chapter III, we consider the global existence and partial regularity of the

weak solution to the heat flow of H-systems in two-dimensional. The method we

used in analysis of concentration of energy has been used in Lin-Wang [59]. We find

the P.S. sequences of the heat flow of H-systems and use the P.S. sequences to blow

up bubbles.

In Chapter IV, we consider the global existence and partial regularity of the

weak solution to the heat flow of H-systems in higher-dimensional.

Keywords: heat flow of H-systems, global existence, partial regularity, structure

analysis of bubbles (singularities)
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§1.1 H��H;0-&!gbF_2�t��o1'V�|&!	lH)FDe|�U	()���K�~+"x�2R	�pMP2R	̂ �~D	x�2R�|u�:�6t0-�:�g Newton�Leibnitz �Euler �Lagrangep Dirichlet QouY	'Mgf,_�|~. X ��o[GktÆr%k E |�mÆr�k�	E�1�%�=�K Euler-Lagrange &P E ′

(x) = 0 |E��rb Euler-Lagrange &P�b�z�mÆr�k�|+ #8	7	�H<t| Euler-Lagrange &Py-YZ|KY	t^�*t�&!|<A� Dirichlet _��{>�Q	90* DirichletW�	�Wow E _ X �|�k�
, {xk}∞k=1, Wzt k → ∞ Q
E(xk) → inf{E(x) : x ∈ X},.ey-{T_[�02Tt k → ∞ Q	 xk → x0 ∈ X, 7	 E(xk) → E(x0), aE x0 gb Euler-Lagrange &P|K� Hilbert ; Dirichlet W�<AM8-&P�

Dirichlet E�i_�|{T	JY* Dirichlet E�i_�|&�{T&!� 1900j	 Hilbert [50] _℄Nt�(m	9�Y|�V| 23 GPuE��gH4GB�0-E��Y0 20℄%{	0-��z*L*H.|Y<�1929j Ljusternikp Schnirelman

[63] [64] _)0�F=1|T��R9{T*4#:&C�`|i_�	ga'M_�o1'V�Q	:^�w9�-%k|�k�	�w9M|�=|/N�	�M|&!D4|�i0-&!� 1934 j	Morse[66] $��i*t��i0-&!	JY*�-%k/N�|Gtp~.|2y�.| R� 60 jo	 Palais p
Smale [70] [79] JY* P.S. 
,|?l	{T�-%k| PS 
,#g$w|1k�� Ekeland citeEkeland _ 70 jo�i* Ekeland 0-&!	JYlH(Cn�Æ|�k
,�33�HUb/N�|�m�k&!	��689��Z2 �2�=� I�=~&R,|t�i�

70 jo	Nirenberg ~';/N��=<AM)`�u8-&PKi_�|{T	zw*&R,� |Ie	ga	0-&!5=u8-&P|� Ml	$b%|<AMu8-&P|IG2R�u8-&P�|&m�F8-�rJY|	�.
p>�%6E�� Yamabe E�~	tnE��	�bt�(M_"|>�	0-&!#bKqtnE�|H�Ml�
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2 h)Mu�u:Ku`%a%C� <A0-&!� H R(E�	tGE�#	YM8-�r	b��)0lHa�-N|HNu� Ω ⊂ Rn
, >� u : Ω → Rn+1 A.	

∆nu =
√
nnH(u)ux1 ∧ · · · ∧ uxn, (1.1.1)|� ∆nu = div(|∇u|n−2∇u), ∆2u = ∆u,

a1 ∧ · · · ∧ an =

∣∣∣∣∣∣∣∣∣∣

e1 · · · en+1

a1
1 · · · an+1

1

· · · · · · · · ·
a1

n · · · an+1
n

∣∣∣∣∣∣∣∣∣∣

,|� a1 = (a1
1, · · · , an+1

1 ), · · ·an = (a1
n, · · · , an+1

n ), e1, · · · , en+1 b Rn+1 �|pA62h(�
u D4�|:0|	.e_ Ω 9�[GS�kt λ A.

uxi
· uxj

= λ2
(x)δij , i, j = 1, · · · , n+ 1.aQ u 3\ Rn+1 _ u(x) �|vr�;= H(u) |�R�_M H R(|�lH)FDe|�U	'M1aw9|b.TE�

• _ R2 ��S�a�kt κ, �o&G*�` C, Wz C _)0 p �|�;ynb κ(p).

• �? Plateau E�	�J| R2 �&G� a, b -�a�kt κ, �o&G�` C, Wz ∂C = {a, b}, 	 C _)0 p �|�;ynb κ(p).33	t n = 2 Q	'M�w9*u�p H R(b_|8-�rE�
(1) �k�RE��)0|F[G>� u : Ω → R3 At�|3\| 2 ?ye�R M , 2R�%k=

A(u) =

∫

Ω

|ux ∧ uy|,�	H| M , A(u) b4i_1k�	��)0| ϕ ∈ C∞
0 (Ω,R3

), b4i_ u A.
dA

ds
(u+ sϕ)|s=0 = 0.

(2) 2&~�E�JI-N|�?T�ye�R M , M yF[G�|:0|>� u : Ω → R3 At�|3\	 V (M) 3\ M 	:M| �	aE�)0|
λ, b4i_&G M , Wz V (M) = λ, 7	 M |R�1k�
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(3) Jvr�;E�J&G>� H : R3 → R, b4i_&G4?�R M ,Wz�R_)0� p ∈M |vr�;= H(p).

(4)PlateauE�4 γ b R3�| Jordan�`	b4i_�R M ,WzM b- γ=-N|	H�R�R�1k�tGE�y-%�=�o u ∈ C(D,R3
)∩C2

(D,R3
)A.&P





△u = 0, _D�,
|ux|2 − |uy|2 = 0 = ux · uy, _D�,
u|∂D=γ|p
At�.

(5) _M H �R| Plateau E�4 γ b R3 �| Jordan �`	b4i_�R
M , Wz M b- γ =-N		 M _)0� p |�;=J|kt H(p) : R3 → R.tGE�y-%�=�o&Gye| u : D → R3 A.&P





△u = 2H(u)ux ∧ uy, _D�,
|ux|2 − |uy|2 = 0 = ux · uy, _D�,
u|∂D=γ|p
At�.tnE��hW'M� H R(&P (1.1.1) Y~��TRGM2 �℄&T|��U�t n = 2 Q	&P (1.1.1)_I�#8TK|i_�+^$b%|��t H =FtQ	 Wente(1969) [95] p Hildebrandt(1970) [51] {T*&P Dirichlet E�K|i_�	 1988 j	 Struwe [84] {T*&P+F-NE�K|i_�� 1975 j	

Wente [96] {T*&P|K_1-�#8Tb;&|	7	JY*)#$�RK:;&|$��Brezis-Coron(1984) [7]p Struwe(1985)[81]�A�m�k&!	JY*&P_-N�uk|��T33&GK|i_�	g�{T*&P|�K���[n�m| H(u),_-N�uk��T	Bethuel-Rey(1994) [6], Caldiroli-Musina(2006)

[13] &�zw�K|i_�	Caldiroli-Musina(2006) [13] ��JY*&�)Ft|
H(u), �W_-N�uk|+ET	#:i_	B|mK� 1985 j	 Brezis-Coron

[8] {Tt H =FtQ	&P|&,-N�= γk |K {uk}∞k=1, t
‖∇γk‖2 + ‖γk‖∞ → 0Q	 uk Ær_ H1 ��g$w1	Ær
<	H&G H-bubble, � H R(_ R2 9)Ft��{:0|K� Caldiroli-Musina [13] ;t&Ie-bw* H(u) = C1 	HN|�|�
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4 h)Mu�u:Ku`%at Ω = R2
, H :=w~M1|FtQ	 Brezis-Coron [8] �zw.TIe.e u ∈ L1

loc(R
2,R3

) b&P (1.1.1) |K	aE u lHTR||Z	
u(z) =

1

H
π

(
P (z)

Q(z)

)
+ C,|� C b&G R3 �|Fth(	 P p Q b_M z |�gZkt	 π : C → S2 bg!��|�R�=	�

π(z) =
2

1 + x2 + y2




x

y

−1


+




0

0

1


 .1Z	t H(u) A.&|^�#8|Qz	 Caldiroli-Musina(2002-2004) [9] [10]

[11] [12] #�*t���TK|i_�E��t n = 2 Q	&P (1.1.1) K|ye�#Hu�Ie� Wente [95] {Tt H=FtQ	&P_ H1 �|K�ba�|� Tomi(1969) [88], Heinz(1975) [48] [49],

Grüter(1984) [44], Bethuel(1993) [2], Bethuel-Ghidaglia [4](1993) [5](1994), Choné

(1995) [27] ~�_��M
‖H‖∞ + ‖∇H‖∞ <∞|#8T	{T*&PK|a��� Bethuel(1993) [2], Strzelecki(2003) [86] {T*�)0| Lipschitz kt H(u), &P|K�b C2+α |� 2007 j	 Rivière [77] W_ ‖H‖∞ <∞ |+ET	�Ajw:&!{T*K|a���C?�� (n ≥ 3)|Ieb�C<	1996 j	Mou-Yang [68]JY* H =FtQK|i_�p�K�	7{T*�|:0|K|ye��2000 j	Duzaar-Grotowski

[34] �[n^| H(u) JY*K|i_�� Wang(1999) [94] p Strzelecki (2003)

[86] _
sup
p∈R3

|H(p)|+ sup
p∈R3

(1 + |p|)|DH(p)| <∞|+ET	{T*&PK|ye��
§1.2 H ��rkH�diyW1%C?A|�&!b%6&!	<&!b 1964 j Eells p Sampson _�
p>�|Qz90|� 20 ℄% 90 jo	
p>�%6|�O9*��t�(*H|�	�z*/{|�Me�TRGM2 �℄&T|�i�U�
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�v 5E M , N =)0 n, m ?| Riemannian 6|	t n = 2 Q	L u : M → N =
p>�	.e u A.
△u = A(u)(∇u,∇u), (1.2.1)|� A(u)(∇u,∇u) = N |���%|Z��~ �J|u0 ∈ H1

(M,N) = {u ∈ H1
(M,Rm

), u(M) ⊂ N a.e.}, b4i_uA.&P(1.2.1), Wzu&<Mu0.

1964 j	 Eells p Sampson [35] _ M I-+ET	_�<E�Qw9*.T%6&P {
∂tu−△u = A(u)(∇u,∇u), (x, t) ∈M × (0,∞),

u(x, 0) = u0(x), x ∈M.
(1.2.2)_ N |G��;:mM1|+ET	{T*&P (1.2.2) �iyeK|i_��t

t → ∞ Q	 ut _[�02T�M1	gy-zw&P (1.2.1) |K u∞ &<M u0.�&� m = 2 ?|6|	 1985 j	 Struwe [82] {T*&P (1.2.2) �i2K|i_�	tG2K_[�H^G�3ba�|		_tH^G�^DL�w	_~�
(x0, T0) ^A.	i_ ǫ0 > 0, �)0| R > 0

lim
t↑T0

E(u(t), BR(x0)) ≥ ǫ0,|�
E(u(t), BR(x0)) =

1

2

∫

BR(x0)

|∇u(t)|2.� n > 2 |�|	 Struwe(1988) [83], Chen-Struwe(1989) [26] JY*�i2K|i_�	7{T*tG2K|~��lHH^| n ? Hausdorff C��� M H-N|�|	 Chang(1989) [14], Chen-Lin(1993) [25] #zw*��|Ie�33	1Z Chang-Liu(2003-2004) [16] [17] [18] MN|;%6&!<Aw Plateau E�|�	zw*��|Ie��MKb4hH^Q{�w|E�	 Coron-Ghidaglia(1989) [29], Ding(1990)

[32], Chen-Ding(1990) [22]-5JY*C?H^Q{�w|�)	1992 j	Chang-

Ding-Ye [15]JY*�?H^Q{�w|�)�Mb'MuY_vtn~�|\��Æ	Qing(1995) [74], Qing-Tian(1997) [75], Ding-Tian(1995)[33], Lin-Wang(1998)[59]{T*2K_�w�^i_ Bubble[i	HG�w�^HH^G bubble7	�w�|	Hh(~M�w{2K|h(P	H bubble |h(�p��M	?A|&!b
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