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Abstract

Abstract

This dissertation which consists of three parts, is devoted to studying the existence
of three partial differential equations and related properties. Part 1, which is the third
chapter in this paper, studies the existence of generalized heat flow equation involving

fractional Laplacian. i.e.,

8“’ o 2a 2a
5 = A% u+ (A u,u)u
u(x,0) = up(z)

[uo(z)] = 1

in which w = (u1,ug,...,u,) : Q x [0,+00) — R" is a finite spin vector, i.e., |u| =
1. © C R™ is a period region or the whole space, A denotes the square root of (—A) and
0 <a<1. (- -) represents the normal inner product.

As a =1, this system turns into the classical evolution problems of Harmonic maps
from Q C R?® into S?, which is extended to more general harmonical map between dif-
ferent compact Riemannian manifolds and has been studied extensively in [32,33]. To
distinguish the classical evolution heat flow, the above system is called a generalized evo-
lution heat flow or evolution heat flow equation involving fractional Laplacian. We show
that there exist at least a weak solution to the generalized evolution heat flow, provided
ug € H*(I") N LP(I") with p > 2 and I" = R"/Z"

The main contribution of this chapter is that we extend the evolution heat flow with
o = 5 studied by Z.A.Yao in [47], Main difficulties and techniques involved in studying
our problem are as follows:

Firstly, when a = % ora =1, A and —A are respectively the infinitesimal generator
of the Cauchy semigroup and Gaussian semigroup in R", the Fourier transform of which
has concrete expression, therefore we easily obtain the L*°-estimation of the corresponding
approximated system of fractional heat flow equation. However, for general symmetric
a-stable processes!”, we can’t obtain the concrete expression of the Fourier transform of
corresponding semigroup. Here we make use of the properties of Fourier transform in
period region to obtain the L*>-estimate of penalized equation.

Secondly, as the regularity of approximate solutions is not strong enough and the

fractional operator A* doesn’t meet the law of Leibniz (A®(f - g) # g - A“f + f - A\%9),
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Abstract

this brings difficulties to the nonlinear term of the convergence. Therefore, we can’t
use directly the compactness of approximate solutions to show the existence of fractional
Laplacian heat flow equation which is done by the classical evolution equation of harmonic

map. On the other hand, we observe that the method used by Z.A.Yao in[47] is invalid

to the case % < a < 1. Here, with the help of the well-known commutator theorem and

the feature of system, we overcome this difficulty.

The second part is the fourth chapter in this paper. Its main aim is to study the

existence and non-existence of positive solution to a class of singular integral system

B v(y)

o) = u (y)
e T — Y[

we prove that as p < —£~(¢ < ﬁ)’ orq=1,0<p< n_(2+u)(p: ,0< g < m)

there doesn’t exist positive solutions to the above integral system and as ¢ = 1 <

) m =
% (p=1, m <gqg< %) the integral system does not have any positive

n(p—1) n(g—1)

solution in v € L™ (R")(v € L™ (R")). Furthermore, With the help of moving

loc loc

plane increated by W.X.Chen, C.M.Li and B.Ou in [79,80,82,84], we also show that if

p <

p1,q1 > 1 and 1 < p,q < oo satisfy

+ ;

b1 q1 n
12£>H,122>g.
prn @1 n

and v € LP(R") N L>®(R"), v € LT (R™) N L>*(R™) are a pair of positive solutions of the
singular integral system. Then (u, v) must be radially symmetric and monotone decreasing

about some point in R"

The final part is the fifth chapter in this paper. we consider the following simplified

system modeling the flows of liquid crystal materials

( pr + div(pu) = 0,

(pu); + div(pu @ u) + VP = pAu — AV - (Vd © Vd),
di +u-Vd=~(Ad - f(d)),

| V-u=0.
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Abstract

in Q7 := Q2 x (0,T) with the bounded regular domain Q C R3. Here u(z,t),d(z,t) denote
the velocity of the fluid and the orientation of the liquid crystal molecules, respectively.
p(z,t) is the density of the fluid and P(z,t) is the pressure. f(d) is a smooth vector
function.

With uy € L"(Q) r > %, we show the global existence of finite energy weak solutions
to the liquid crystal system, as f is the penalized function. In comparison with the
result obtained by Jiang and Tan in [2], we remove the constrained condition that f is
a bounded and smooth function with the help of the energy function to approximation

solution and standards elliptic regularity estimate.

Key words: penalized function; weak solution ; integral equations; symmetric a— stable

process.
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