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F.OHE, B TRZBGINBATNHE, BBty i
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Abstract

Fractional calculation is a developing science. It plays a more and more
important role in various fields of science, especially in engineering, physics,
finance, and hydrology. The most significant advantage of the fractional or-
der models in comparison with integer-order models is based on important
fundamental physical considerations. However, because of the absence of ap-
propriate mathematical methods, numerical methods and theoretical analysis
of fractional calculation are very difficult tasks. At present, though a growing
number of works by many authors from various fields of science and engineer-
ing deal with dynamical systems described by fractional order equations, very
few papers describe the numerical methods for fractional differential equations,
especially for fracitonal partial differential equations.

In this paper, we consider both the fractional ordinary differential equa-
tion and the fractional partial differential equations. In the first chapter, some
related knowledge about fractional derivatives are presented. In the second
chapter, the fractional-order Bagley-Torvik equation is considered. The exis-
tence and uniqueness of solution for the fractional-order Bagley-Torvik equa-
tion is given. The analytical solution of the fractional-order Bagley-Torvik
equation is derived by the corresponding Green’s function. Using the relation-
ship between the Riemann-Liouville definition and the Griinwald-Letnikov defi-
nition, a computationally effective method is proposed for the fractional-order
Bagley-Torvik Equation. In the third chapter, the time fractional diffusion
equation is considered. The fundamental solution of the eqution is interpreted
as a probability density of a self-similar non-Markovian stochastic process re-

lated to a phenomenon of slow anomalous diffusion. In order to solve this
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equaiton, two effective explicit finite-difference schemes are given. The detail
analysis of the stability and convergence of are derived. In the fourth chapter,
the space fractional diffusion equation with insulated ends is considered. An
effective analysis skill and an explicit finite difference approximation for this
equation are proposed. A detailed analysis of the stability and convergence of
the explicit numerical method is discussed. Numerical examples are presented
in every chapter, which verify the efficiency of the above numerical methods.
The techniques can also be applied to deal with fracitonal order synamical

systems and controllers.

Keywords: Fractional calculation, Stability, Convergence.
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P ILAAER, AT A B BB S AR 2 Bl 2 s rh A T Ok
HEWEM. FAELR, W3, S, KSCEFESEL (1,2,34], 280 SE0mit
R E— AR LA, SoERZryCib et 1 o8k s
MDA TR TR 3 ) RGNS, SRR, 8RR
BERSET EAEREW LT MY IR [2,5,6].

B2, AMTERERX L BB oy 75 2 B fbT i R 22 H H SR IR Y BR KX
RFETR, M ERRX SRR R EORR R MER [7,8,9]. F &, BORBZ M AXT5r
R o 77 FR R BB T 15 B O R

X B o D7 R BUE DT B R R — T T iy . R RERY M
FRMA SR C 2 W B 5 B e 772 (1,10,11,12], JE% 8y STk i85 31
B T EREMETT R, BREA —EAEFRE T A A B BUER L, W
Diethelm S A\ [13] #&H T 040 Adams EMFAELIEF o 7. Lin Ml
Liu[14] 3 T H— @B it o Rl # s k. Lin %A [15,16,17] ffT
TIEAE B or J7 B A H Ao T sk . (B, R B BB 71k
AR — ey PR [16,17,18,19].

A A RS T 2B WA A B s o 5 . T 1 T P 1,
AICSES T AR TE IR, S T W WA LR B S B B 12 H 5
FHEICHR. XL SR P A SCIL AT . BB 55 8, HIE B
Bagley-Torvik J77#&. Jo45 tHr %P Bagley-Torvik J7 FEfAYAF7E AN ME—HE,
Tl TR EBERR T Bagley-Torvik Jrfeny @t fig. A Riemann-
Liouville & SCfll Griinwald-Letnikov 8 X Z [AJHJIe R, $EH T KB Bagley-
Torvik J5FEH)—FEA B BE L. XA INEMMUGE S Kigr EEr Bagley-
Torvik 7742, T HAR ] EHF A TR B 2R BB S8 BUEH] 745 H
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F—EF WHFENR

SR FECE VFZ 2 X [1,20], #l40 Riemann-Liouville % X, Griinwald-
Letnikov 8 X, Caputo £ X, Miller-Ross BX. I T HEEN, THEI|IH
Riemann-Liouville i ¥, Caputo & Xl Griinwald-Letnikov & X.

EX 1: ( Riemann-Liouville & W3 EF S%0) [1] -

m,@f(t B+1m , 0<m—-1<p<m,
D (t) = (1.1)

47 f(t), G=mé€N.

dtm

EX 2: ( Caputo & XHSHEHFE) (1] -

mﬁf(tTﬁJrlea 0<m—-1<pB<m,
DI f(t) = (1.2)
gt_:i (t)7 5:m€N.

EMX 3 : ( Grinwald-Letnikov & X2 EI S50 [1] : RESH

4] p
D f() = lim 7 37 (=1) f(t = ) (13)
Jj=0 j
i
nt 0)ti =5 1 / fO(r)dr
D10 Z;F1+J— i o 0
J= 0

PA_E =00 R 2R A A0 T B OE ARs
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MR 1. EAMRIAIEEEG R Caputo 432 8(H- F40F1 Riemann-Liouville
SEMSEE M TR [21):
( m—1
DO - 2 FRON)E
DIF(t) = ., m—1<pg<m. (1.5)

m—1
FE(0F)th—8
tDﬁf( ) kzo T'(k—p3+1)

\

PR, 4 m=1%F

D7 [f(t) — f(0F)]
(D f(t) = , 0<B<1. (1.6)

+\¢—B
tD f( )_ 12(21)%)

PERE 2 . WREEC f(t) ZEXIE [0, T) EAEKE (n — 1) WiELEF %, H
f™ @) 78 [a, T) B, IBLXTAEE— 5(0 < 8 < n), Riemann-Liouville
SHBTSR DOf(t) FEAEF ELA Grimwald-Letnikov 488 540 D’ f(t) —
5
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BTE R5%H Bagley-Torvik i —#itRES
MAVRIETT &

R AR Bagley-Torvik J7f# [22],
Ay"(t) + BoDi'y(t) + Cy(t) = (1) (2.1)

FIYHEZR
y(0) =0 , y'(0)=0. (2.2)

XH A B, CRAFTRNFEY f() BIGHIRE, 1<o<2 Df RS
BB FHL

XA Bagley-Torvik 772 (a = 3) & Bagley il Torvik {fEBFFERPEIAYE
SREE. EXTER, RITHIHE2 8B Bagley-Torvik J7fE 1 < o < 2 fifH
PEIR, I HAR H — S R BB R X A 7 . XA i tiE 5 TR
fig— P 0 BB A o U7 R

§2.1 5% Bagley-Torvik 7i2fRy7 7EE R0k —
i

2 G e B T T 5 2
gIIE 1: ﬁl]% f(f) € Ll(ovT)7 ﬁlg/é\jj‘*_%

FEF—T, EEFRU TR Bagley-Torvik iR AEFFIKT7 12

Ay"(t) + BoDey(t) + Cy(t) = f(t) , (0<t<T<oo,l<a<?2), (2.3)
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y(0) =0 , y'(0)=0. (2.4)
XERA, B, CHREWE H f(t) e Li(0,T), 1

/U@W<mx

MR, UFMRES > TH, f(t)=0.

FIE 2.1 WR f(t) € Li(0,T), B4 (2.3) AME—RIMR y(l) €
Li(0,T), Hil RAMESM (2.4).
E ESEBRIENEE (21) ~ (22) B y), BElidk

(1) = U0,
b, (1) = 7(t) — BoDFy(t) — Cy(t).
HEHEE 1, 5%
() = 30D %0(0) = 5 [ (¢ (i (2.5

Feore (2.5) AT ( 2.3 ), 3

8(6) + ZoDE6D0(0) + SoDr6(0) = ().

HAHAl<a<2 XK

A1) + SoDE20(1) + SoDi%0(t) = 7(t).

| Q

AP

t

o)+ Gy [ D e+ G [ =i = po.

0

PrEARAR 2] o(t) PREIER 28 Volterra £ 77 f2:

o(t) + / K(t,7)d(r)dr = f(t).
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XH . .
K(t,’?—) = m(t - 7_)1—04 + Z(t - 7').
VUR L BREL K (¢, 7) BB S A 52 % R By B 3
_ K7
K(t,T) = (=

XHE, BO0<t<T, 0<7<T,1<a<?2b}, K<) &#E2EW, H
p=min{2,2—a}. B, 0<p<1. B [8] T4, AAEHTFEEE (2.5)
FATMRIR f(t) € Ly(0,T) I FFe ( 23), (24 ) HWHE—& 6(t) € Li(0, 7).
BB HFIEE 1, ATAESIEE ( 23 ), (24) AME— y(t) € Li(0,T). [
BRI A (2.5 ) SRy, RHERA T @2 1.

§2.2 5K Bagley-Torvik HI2H0ATE

A H RO =T O o D R R RS AR BRI (1], FTRASR 70 2B Bagley-
Torvik J5fe ( 2.3 ), ( 2.4 ) WHTIE. ST IKPAAMFRIERE T, Mz
( 2.3 ) HEATHOE DA,

As*Y (s) + Bs"Y (s) + CY(s) = F(s).

XH s Ehr R H 2 5
A,
a

Y(s) =277 1(955)(1 +C (2:6)

2 g5(5) = yrperres RATLALIE g5(s) BRU FHHBR
1 Cse 1 1S L (C\'T ek
9a(8) = C As>+ B 1+ Asg_f;j-B - c k:o(_l) <Z) (82_0‘ + %)Hl.
(2.7)

APPSR (23], BIORACE AL A2, FATA
DAFBIAR (2.7 ) By E-fodi s 4.

1N (—D)F fo\" B,
Gs(t) = O Z : k!) (Z) tzkHEék—)a,erak (‘Zlg ) :
k=0
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XH By (y) BAPASEE Mittag-Leffler pR%K,

Bi) = 55 Banv) = ¥ szt o (h=0,1,2,00)
BREL (2.6 ) REGELTTLBL R Ga(t) « /(1) MBIzt T4,
EATAT A E]

ywzewwfwzfaw—ﬂ*ﬂmﬁ 2:8)

EHERE ( 2.8 ) BB Bagley-Torvik J5 F2 0 fEfT .
§2.3 5%® Bagley-Torvik Ht—F{ET %

EATEZRNEBr Bagley-Torvik J7 72 AT g SRR BR R, X 2k
REAR R RO SRR S IE B A R R . (B2, 2 7e REGE /M, X
SO S A R R BORAR R XER AR . B, &R BB I 125K A o0 o g o
TR AR, (HRWRARRMER AL Gr. 7EX—T7, BATEHRH T 5K#%
RGO O R — P B BUE T . FATE BB Bagley-Torvik J7#2
(2.3), (2.4). —EHBALUE TR R B o TR E 248 [1,15]. 3]
B ) X B TGRSR BB Bagley-Torvik 7572

Riemann-Liouville & X1 Grinwald-Letnikov & X Z [A]#)56 % ( Bk
2 ), MR- AR AE R BB, X EAEE XA A A Riemann-
Liouville % X, WEFETTHISFH Grinwald-Letnikov % ¥ [1,15].

FHiE 1: FFH Grinwald-Letnikov & ¥ (1.3) (GL1)

Podlubny|[1] $&H T —F7 8K %Fr Bagley-Torvik 77 (2.3) , (2.4)
HIEERE. FIH Grinwald-Letnikov £ X (1.3) ,



Degree papers are in the “Xiamen University Electronic Theses and Dissertations Database”. Full
texts are available in the following ways:

1. If your library is a CALIS member libraries, please log on http://etd.calis.edu.cn/ and submit
requests online, or consult the interlibrary loan department in your library.

2. For users of non-CALIS member libraries, please mail to etd@xmu.edu.cn for delivery details.



http://etd.xmu.edu.cn/
http://etd.calis.edu.cn/
mailto:etd@xmu.edu.cn

