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Abstract

In the traditional theory of partial differential equations , the three typical

equations and corresponding typical well-posed problems almost all came from a

few simple physical models . They were established by using the conservation and

variational principle . For example , established the wave equation through the

string vibration model , established the diffusion equation through the conduction

of heat or the pollution in a channel , established the potential equation through

the gravitational . In this paper , we try to break the current mind-set and re-

establish the diffusion equation from the probability perspective . Thus we find

the deep connection between the probabilistic (Random Walk) and deterministic

(The conduction of heat) models .

Also we find that 1
2
∆ is in fact the infinitesimal generator of the Brownian

motion , where ∆ denotes tha Laplace operator . Just because the deep connection

between the Diffusion equation and Brownian motion , most of the probabilistic

and analysis problems can be transformed to each other .

Most of the physics , mechanics and engineering problems can be attributed

to the three typical partial differential equations . The diffusion equation oc-

curs frequently in the fluid dynamics , filtration problems , kinetics chemistry and

population dynamics , especially appears as a model of options in the financial

mathematics . This paper , we transform the celebrated Black-Scholes model into

a diffusion equation , and derive a simple solution .

Key Words: The Diffusion Equation ; The probabilistic derivation ; Random

Walk ; Black-Scholes equation
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?OS[a/	n��
P (S, t) = Ee−r(T−t)N(−d−) − SN(−d+).q[� d± =

log S
E

+(r± 1
2
σ2)(T−t)

σ
√

T−t
� C(S, t) � P (S, t) nOM[a..H/	n�4so��� S jK4xp��� T � E jn�KD4/n%HI7�� r j)|yq��%� σ2 jK4xp3�%4VH%� N(·) jKuC)n\���:p�nb��^n�<`^nb<`7��F42?�r7g�4�W�~�6B}lE9u6�u�C;��-;���u`'r7g��&w�	r7g�4lE9u6�	S-Qr7g�-4_`9u6H Cauchy u6�<[^nb<[�5��7�b:p4MFa>�=`^n�v:C;�t��;�a/��r7g�S�	q�%-n�<[7�Sy�t��F41/t�r7g��<57C;S�t��;��l)H61/�x4e - r7 - bxg��<�7,-�tmtÆ�{4�%kn�<5^nb<z7�hZ�	r7g�)[an�E�;�[4x��jC4 Black-
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V eρ dx �	�q��%jVÆO V ;�Q4H_�6��EVÆ-��vnC_!d�

d

dt
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V
eρ dx =

∫

V
etρ dx.��"� q �	���4g"HC;%j=v4���&����;
�-8 dσ j

∂V 4=v�� υ j ∂V ;4%jR^"�K4 q · υ dσ j%jVÆOC;4���q��%jVÆOC; ∂V �	4�O^���
a�	�
−

∫

∂V
q · υ dσ = −

∫

V
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q6f~3}~N,|E0~(	S�%jVÆO�R�4�4�Qb
∫

V
rρ dx.q���KQ�vQE"�1/

∫

V
etρ dx = −

∫

V
divq dx +

∫

V
rρ dx. (1)� V 4 k9�1/g>)�a�

etρ = −divq + rρ. (2)=�� e,q jhF4�(v:Z��F4HA<C;=)��4+ )�aum1WR42��b���E e,q 
F
�1"�
• ��-4 Fourier E"�)�Ct	?�
�SbVY8XP���j)nN3N4�9����

q = −κ∇u. (3)=� u jRSnN� κ j-����&Qa�49Q�`'4� κ _Qav
u, x, t �()`)v:�3Æ4�6
�&H_J℄fS_fV'Z��q��v:�E κ jt��'

divq = −κ∆u. (4)}CMA��j�nN��"9�����jwwnN�94g"�
• �QjRSnN4�9���

e = cvu. (5)=� cv ja�4=��E*?�
��)=V�3Æ4�6
�cv _Yt��� (5)a)Z(�4nN
ÆOj�)u�4�
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q6f~3}~N,|E0~(�� (4) aH (5) a�g� (2) _b
ut =

κ

cvρ
∆u +

1

cv
r. (6) D = κ

cvρ , f = r
cv
�1/ ut − D∆u = f ��� D bx�a�4��xVÆ�A{ 1. ['�9b℄ng� ut − Duxx = f yb`er7g��=� u = u(x, t) �

x jYgÆH�� t jVÆH��Ct� D ybr7����er7g��b
ut − D∆u = f. (7)3 f = 0 �g�ybt�4�=� ∆ b Laplace �{�
∆ =

n∑

k=1

∂2

∂x2
k

.)SP?�
� u�VÆH_Z�j��u NavgÆH�X�0�r7g��A{ 2. g�
−∆u = f (8)ybY�g��`e�l
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u(0, t) = h1(t), u(L, t) = h2(t) ∀t ∈ (0, T ]. (9);ay Dirichlet DJ?��v:b_f�EO>4����K FourierE"�x = 04O)��b−κux(0, t)
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q6f~3}~N,|E0~(� x = L 4O)��b κux(L, t) ��V��� Neumann DJ?��	�
−ux(0, t) = h1(t), ux(L, t) = h2(t) ∀t ∈ (0, T ]. (10)�``{44DJ?�j Robin?���^nN1� U ��Ek8`O (x = L)4O)���9avnNo U − u�XT|�E"���

κux = γ(U − u) (γ > 0). α = γ
κ > 0, h = γU

κ �/ x = L 4 Robin DJ?�b
ux + αu = h. (11)���v:b_f -lKDJ?���-�`O0� Dirichlet ?���`O/0� Neumann ?���;�	t�4`e�g�u6_fMb��ER� f = f(x, t) ��_n\

g = g(x) ��- u = u(x, t) 0��





ut − Duxx = f 0 < x < L, 0 < t < T

u(x, 0) = g(x) 0 ≤ x ≤ L

+ DJ?� 0 < t ≤ T=��DJ?�_fj�
•Dirichlet � u(0, t) = h1(t), u(L, t) = h2(t),

•Neumann � −ux(0, t) = h1(t), ux(L, t) = h2(t),

•Robin � −ux(0, t) + αu(0, t) = h1(t), ux(0, t) + αu(L, t) = h2(t) (α > 0),p;lK?��=Y�v:H1/��_ Dirichletu6��_ Neumannu66�) h1 = h2 = 0 V�yDJ?�jt�4�� 1 � *n/)J6
� QT = (0, L) × (0, T ) 4D/;�`�1{^n�yb QT4^~4D/�� ([0, L]×{t = 0})∪ ({x = 0} × (0, T ]) ∪ ({x = L} × (0, T ]) �&*!�
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