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AZ Dini BSROJ<>PRM[=;bH�<_℄R iii- �#58/bmÆ<Z�>'R>�r~ Dini �[U<�_�CU,�|B>
−divA(x, u,Du) = B(x, u,Du), x ∈ Ωe^ u(D"n Du _�>'.1 m = 2 > 1 < m < 2) _��U7#�q�6���U 2_jg|w~ ”=�<�w ”�?($ ”=�<� ”^\=<�|B>
�^�} ”=�<� ”.^\_=<�|B>��A_ Dirichlet7#_^fS%W�̂ \2h_	N�C2fS.9_iU�Qt+I6���U℄#�D-Wh{\��tx�_y Hölder 4`x8� Gehring vÆ�tN^\_ Hödler '.4~?|_�?�Hödler ��U'.a�m"<�&�_ Hödler�[U'R-_'.�#58{6���Ubm_O_|w� A− h)$g|w��bmr~<Z�>'R_�CUA0�|B>e^_6���U��1O|w~($ A− h)$gvÆJG A− h)&�)�CUA0�|B>#K_K��w^8/:��q5�_uEWh��4��e^ u D�_!j&��($ A− h)$gvÆ�Xy�RÆ�g_ A− h)&�Æ L2 pq>�	!j&�z^�=g�Qt}n�{ A− h)&�5L'_U+�+IWh_	N (Decay) �C�}O^\6���U℄#�Æ<Z�>'R>�Y m = 2 t��Z 2002 < Duzaar ) Gastel Æ5 [10] ��R!)�.Æ5 [26] -�0 &��
4)Rxr~ Dini �[U<�_�CU,�|B>e^_��U7#�X8/�� &_�~k
�1!{_r~ Dini�[U<�_�CU,�|B>�uEi�~ A ��,� (x, ξ) _�[U1q�~_

x, x̃ ∈ Ω, ξ, ξ̃ ∈ R
N ) p ∈ R

nN ~>xA��
(1 + |p|)−1|A(x, ξ, p) − A(x̃, ξ̃, p)| ≤ κ(|ξ|)µ((|x − x̃|2 + |ξ − ξ̃|2)

β
2 )�k'R~q 2000 < Duzaar ) Grotowski 5 [14]�� AIl'R_+!�����7#nI2,~+'_℄#�厦
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AZ Dini BSROJ<>PRM[=;bH�<_℄R ivÆ<Z�>'R>�Y 1 < m < 2 t�}� A− h)$gBLmj4
�{�QT_~!k1
�� p-Laplace Rx_ A− h)$g|w�w^8/}nq�

Dini <��CU,�|B>e^_6���U7#fS� �ZtO�XIA�:�&�_'� −1

2 < m−2
2 < 0~�_PR��w^8/Æ m = 2t_BLrK�1�~����8�8/aO� 1989 < Acerbi ) Fusco KÆ,�{&<I_|w>?�- [28] KÆ 1 < m < 2 PR>�CU,�|B>e^_6���U7#_|w�+IDx_4`x� 2�Æ<Z�>'R>_ Caccioppoli 4`x�2^\�Æ�1PS_?|6���U℄#�tO�#5Æ<Z�>'R>_ Caccioppoli 4`x_ 2~WO_�Æ 1 < m < 2 PR>�e^_6���U℄#i~�O_�#54h_MOf~��<� A _ Hölder �[UNe1 Dini �[U�e^_6���U℄&_ZA��>1~#5_��4h℄&�

(1) Y | A(x, ξ, p) − A(x̃, ξ̃, p) |≤ K(|ξ|)µ((|x − x̃|2 + |ξ − ξ̃|2)β
2 )(1 + |p|), D-

x, x ∈ Ω, ξ, ξ ∈ R
N , p ∈ R

nN , 8/^\jÆ 2.1:l u ∈ H1,2(Ω, RN ) ~)='R (H1)− (H3), (µ1)− (µ3) _ (2.2’) _e^��RÆk�Dq'= Singu ⊂ Ω w^ u ∈ C1(Ω\Singu, RN). fk5~ Singu ⊂ Σ1 ∪ Σ2,D-
Σ1 = {x0 ∈ Ω : lim inf

ρ→0+
−
∫

Bρ(x0)
|Du − (Du)x0,ρ|2 > 0},)

Σ2 = {x0 ∈ Ω : sup
ρ>0

(|ux0,ρ| + |(Du)x0,ρ|) = ∞},!0
� Ln(Singu) = 0.

(2)Y 1 < m < 2,Æ'R | A(x, ξ, p)−A(x̃, ξ̃, p) |≤ K(|ξ|)µ(|x−x̃|m+|ξ− ξ̃|m)(1+

|p|)m
2�D- x, x ∈ Ω, ξ, ξ ∈ R

N , p ∈ R
nN Æ>�8/^\jÆ 5.1:l u ∈ W 1,m(Ω, RN ) ∩ L∞(Ω, RN ) ~)='R (H1) − (H4), (µ1) − (µ2) )

supΩ |u| < M _ (2.2)_e^��RÆk�Dq'= Singu ⊂ Ωw^ u ∈ C1(Ω\Singu, RN ).
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ρ>0

(|ux0,ρ| + |(Du)x0,ρ|) = ∞},!0
� Ln(Singu) = 0._fN��CU,�|B>�PuP�>'R� Dini �[U�<Z�>'R�6���U� A− h)$g|w�

厦
门
大
学
博
硕
士
论
文
摘
要
库



W N ^ V vi

Abstract

In this paper, we consider regularity of the weak solution of the nonlinear

elliptic systems of divergence form with Dini continuous coefficients under the

controllable growth condition and natural growth condition:

−divA(x, u,Du) = B(x, u,Du), x ∈ Ω

In most direct proof of partial regularity, one uses the method of ”freezes the

coefficients” to obtain the disired result.Precisely, by ”freezes the coefficients” ,

we obtain an elliptic system with constant coefficients, and the solution of the

Dirichlet problem associated to these coefficients with boundary date u and the

solution itself canthenbe compared. Then we can obtain the important decay

estimate by iterating and yielding the results of partial regularity. The complex

and long reverse-Hölder inequality or the Gehring Lemma is needed in this proce-

dure. What makes things worse is that the Hölder exponent of partial regularity

obtained by this method is not optimal. It means that one just can get a Hölder

exponent more litter than the one in the Hölder continuity condition of the given

coefficient function. Here, we adopt the method of A-harmonic approximation–

which was first carried out by Duzaar and Grotowski. They considered the interior

partial regularity of the weak solutions of nonlinear elliptic systems with Hölder

continuous coefficients. The new method simplifies the procedure of the proof. In

particular, we get the relatively satisfying partial regularity and optimal interior

partial regularity.

Also, we use a new method � the method of A-harmonic approximation, to

consider partial regularity theory for weak solutions of nonlinear partial differen-
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W N ^ V vii

tial systems under controllable growth condition and natural growth condition,

respectively. A-harmonic approximation lemma � the key ingredient of the new

method � sets up a bridge between A-harmonic function and nonlinear partial

differential systems, which makes us can construct a specified function corre-

sponding with weak solutions u. The A-harmonic approximation lemma reveals

that there is a A-harmonic function closing to the specified function in L2. In or-

der to making full use of those known properties of A-harmonic function, one can

derive the desired decay estimate and then obtain the partial regularity results.

Throughout the paper, we denote by m the growth exponent of the derivation

of weak solutions. When m = 2 under the natural growth condition, as you know,

there is no better results on the partial regularity theory of partial differential

systems under growth condition. we deduce Caccioppoli second inequality under

the natural growth condition by a new method.

In the case 1 < m < 2, the method of A-harmonic approximation is no

longer suitable. Thanks to another A-harmonic approximation method, where

the function defined analogous as P-Laplace function, we can proceed to the

proof of the optimal partial regularity result. However, a new problem has arisen.

That is the exponent of the integral function of this situation takes on negative

(−1
2
< m−2

2
< 0), which causes one can’t use the technique as usually. In order to

remove the hindrance, in light of the paper Acerbi and Fusco considered in 1989

for the partial regularity for minimizers of functional ,we use a new method to

deduce the desired result.

The most important new ideas in this paper is that we weaken the assumption

on A with Dini continuity instead of Hölder continuity. The followings are the
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W N ^ V viii

main results:

(1) When | A(x, ξ, p) − A(x̃, ξ̃, p) |≤ K(|ξ|)µ((|x− x̃|2 + |ξ − ξ̃|2)β
2 )(1 + |p|),

where x, x ∈ Ω, ξ, ξ ∈ R
N , p ∈ R

nN , we have Theorem 2.1:

Let u ∈ H1,2(Ω,RN ) be a weak solution of (2.2’) under the assumptions

(H1)− (H3), (µ1)− (µ3). Then there exists a relatively closed set Singu ⊂ Ω such

that u ∈ C1(Ω\Singu,RN). Furthermore, Singu ⊂ Σ1 ∪ Σ2, where

Σ1 = {x0 ∈ Ω : lim inf
ρ→0+

−
∫

Bρ(x0)

|Du− (Du)x0,ρ|2 > 0}, and

Σ2 = {x0 ∈ Ω : sup
ρ>0

(|ux0,ρ| + |(Du)x0,ρ|) = ∞},

and in particular, Ln(Singu) = 0.� 2 Æ When 1 < m < 2, and | A(x, ξ, p) −A(x̃, ξ̃, p) |≤ K(|ξ|)µ(|x− x̃|m +

|ξ − ξ̃|m)(1 + |p|)m
2 , where x, x ∈ Ω, ξ, ξ ∈ R

N , p ∈ R
nN , we have Theorem 5.1:

Let u ∈ W 1,m(Ω,RN) ∩ L∞(Ω,RN) be a weak solution of (2.2) under the

assumptions (H1) − (H4), (µ1) − (µ2) with supΩ |u| = M . Then there exists a

relatively closed set Singu ⊂ Ω it such that u ∈ C1(Ω\Singu,RN). Furthermore

Singu ⊂ Σ1 ∪ Σ2, where

Σ1 = {x0 ∈ Ω : lim inf
ρ→0+

−
∫

Bρ(x0)

|Du− (Du)x0,ρ|m > 0}, and

Σ2 = {x0 ∈ Ω : sup
ρ>0

(|ux0,ρ| + |(Du)x0,ρ|) = ∞},

and in particular, Ln(Singu) = 0.

Key words: Nonlinear elliptic systems; Dini continuity; the natural growth

condition; partial regularity; approximatively A-harmonic technique.
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AZ Dini BSROJ<>PRM[=;bH�<_℄R 1U�, ��#58/bmuZ�CU,�|B>ÆgnRx>e^_6���U7#�
−divA(x, u,Du) = B(x, u,Du) Æ Ω -. (1.1)D- Ω ~ R

n (n ≥ 2) -_~`U�� A ) B ~jqÆ Ω × R
n × R

nN i_};&�� N ~)= N > 1 _��� u : Ω → R
N ~k�H�&&��� Duzaar ) Gastel _&5 [10] >?�-��._&5 [5] n>�R!��._&5 [26] Hv��D�D�&5 ([5],[6],[7] ) [26]) 4)���8/�<� A _

Hölder �[UNe1 Dini �[U� B )=<Z�>'R�E=
��8/Il A��,� (x, ξ)_�[U1q�~_ x, x̃ ∈ Ω, ξ, ξ̃ ∈ R
N ) p ∈ R

nN ~>xA��
(1 + |p|)−1|A(x, ξ, p) − A(x̃, ξ̃, p)| ≤ κ(|ξ|)µ((|x− x̃|2 + |ξ − ξ̃|2)β

2 ) (1.2)D- κ : (0,∞) → [1,∞) ~�N_� µ : (0,∞) → [0,∞) ~�NNr~H&1
µ(0+) = 0 _�&��2hTq4� α ∈ (0, 1) ~ r 7→ r−αµ(r) ~��_�2N

M(r) =

∫ r

0

µ(ρ)

ρ
dρ <∞ q4� r > 0. (1.3)8/($h)$gBL^\jÆ_℄&���8/ 2� Caccioppoli du4`x��g8/T4
Wh{x�t��_y Hölder 4`x8 Gehring vÆ�8/4h_℄#}nZ�b>�!-Il (b A _,�U'Rn> A ��,� p _��U)�>U)(1 + |p|)−1A(x, ξ, p) )= (1.2) ) (1.3). Æ<Z'R>�" u ∈

H1,2(Ω,RN) ∩ L∞(Ω,RN ) ~ (1.1) _e^�� u Æk� Lebesgue ;n1�_Dq'Es=-~ C1 _�fk5
�q x0 ∈ Ω\Singu, u _[� Du Æ x0 _4� �9r~�[3 r 7→ M(r). 8/_℄&Æ µ(r) = rα, 0 < α < 1 >~?|_�?Æ�1P�>~ M(r) = α−1rα ) C1,α ��U_?|℄#�厦
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AZ Dini BSROJ<>PRM[=;bH�<_℄R 2'R (1.3) Ær~�[U<�_,�|B_��UÆ&-~+<Z_���n~ Dini 'R�h Dini �#\ [27] Æk�|FI{�k�je_'R�ÆI��|F�qCU,�A0�|BÆ&_bm~kL2h℄#�b [19]. 'R (1.3)(Pd 3 6�_ (µ3)) Æ^tA/<I,�,�7#_��UÆ&-A{+T�?�}
Almgren [1](2}9y [2][12][15][16] ) [24]) v
�Æ [12] - Duzaar ) Steffen 2�qk�,�A1":&�_}T>CA/}V<I�Æq�j_)`��U_Il)jqA/<ICt_&�Il�i1 µ _�[3~
�_�?.�Æ?g_k�5�-� Kovats[21] bm�r~Rb F (D2u) = f _.W�CU,�|B^_7#�℄&~b# f �[2N�[3 µ )= (1.3), �r~�[U3 r 7→M(r)_^quZ[� D2u ~ C2 _�n8/_^"td�q�C_Æ Dini �[U<�>���6���U℄#_ 2�ÆKÆ (1.1) Dx_FP|Be^_[�G_ÆZ:�t~B�U_�8�ÆEs=- Du _?|�[34:{51|w^\�Zt#58V_|w4dw8/}nKÆ (1.1) Dx_FP|Bi}nKÆ�FP|B (1.1) �tO�Æn>du�f���-4h & (1.1) Dx_FP|Be^6���U7#�tq (1.1) �(�IDx_℄#t4Hn 2�
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AZ Dini BSROJ<>PRM[=;bH�<_℄R 3��. �g�Z�8�&6l Ω ~k�~`U��8/��y%>1uZ,�|B>_gnRx
−divA(x, u,Du) = B(x, u,Du) Æ Ω - (2.1)8/bm|B> (2.1), D-<� A )=>1_Il� m ~k�u��

(H1) A(x, ξ, p) ~�� p r~~`�[[�_}0&��?RÆ L > 0 w^
∣∣∣∣
∂A

∂p
(x, ξ, p)

∣∣∣∣ ≤ L(1 + |p|2)m−2
2 q�~_ (x, ξ, p) ∈ Ω × R

n × R
nN ;

(H2) A(x, ξ, p) ~k)J,�_�in~��RÆ4� λ > 0 w^
(
∂A

∂p
(x, ξ, p)ν

)
ν ≥ λ(1+|p|2)m−2

2 |ν|2 q�~_x ∈ Ω, ξ ∈ R
N , p, ν ∈ R

nNA�;

(H3) RÆk��[3 µ : (0,∞) → [0,∞) )�N&� κ : (0,∞) → [1,∞) �q�4k β ∈ (0, 1) w^
|A(x, ξ, p) − A(x̃, ξ̃, p)| ≤ κ(|ξ|)µ

(
(|x− x̃|m + |ξ − ξ̃|m)

β
m

)
(1 + |p|)m

2q�~_ x, x̃ ∈ Ω, ξ, ξ̃ ∈ R
N , ) p ∈ R

nNA�;4rk�U�8/Il κ ≥ 1 2N>1'RA�
(µ1) µ ~�N_N µ(0+) = 0 � µ(1) = 1;

(µ2) µ ~�_�Æ 2jÆ_��UthTq4�'� α ∈ (0, 1)�r 7→ r−αµ(r)~��_�
(µ3) Dini 'R�

M(r) :=

∫ r

0

µ(ρ)

ρ
dρ <∞ q4� r > 0.

(H4) RÆ=� a ) b �w^�FPG B(x, ξ, p) )=<Z�>'R?
|B(x, ξ, p)| ≤ a|p|m + b,
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|B(x, ξ, p)| ≤ |p|m−τ + bY 1 < m < 2 t��<Z�>'R1PuP<Z�>'R�W� 2.1 � u ∈ W 1,m(Ω,RN) 1Æ℄�U'R> (H1) − (H4) ) (µ1) − (µ3)_e^�b#q�~_ ϕ ∈ C∞
0 (Ω,RN ), ,~

∫

Ω

A(x, u,Du) ·Dϕdx =

∫

Ω

B(x, u,Du) · ϕdx (2.2)Y B(·, ·, ·) ≡ 0 t (2.2) A1
∫

Ω

A(x, u,Du) ·Dϕdx = 0 (2.2′)8/}^\>1_jÆWr 2.1l u ∈ H1,2(Ω,RN)~|B (2.2’)_)='R (H1)−(H3), (µ1)−(µ3)_e^� m = 2. �RÆk�Dq'= Singu ⊂ Ω w^ u ∈ C1(Ω\Singu,RN). fk5~ Singu ⊂ Σ1 ∪ Σ2, D-
Σ1 = {x0 ∈ Ω : lim inf

ρ→0+
−
∫

Bρ(x0)

|Du− (Du)x0,ρ|2 > 0},)
Σ2 = {x0 ∈ Ω : sup

ρ>0
(|ux0,ρ| + |(Du)x0,ρ|) = ∞},!0
� Ln(Singu) = 0.
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AZ Dini BSROJ<>PRM[=;bH�<_℄R 5�W.  e1`Æ��1 du�_jÆ 2.1, ��Z�A�2hvÆ84`x� � A- h)$gvÆ)CUÆ&-_��.9�C� Poincare 4`x)k��	� Cam-

panato[3][4] _℄#�vÆ 3.1(A- h)$gvÆ): y%�j_�� λ, L ) n,N ∈ N, N n ≥ 2. dq℄p�j ε > 0 _�RÆr~>�U+_ δ = δ(n,N, λ, Lε) ∈ (0, 1] �q℄p_
A ∈ Bil(RnN ) �)=

A(ν, ν) ≥ λ|ν|2, ν ∈ RnN , (3.1))
|A(ν, ν)| ≤ L|ν||ν|, ν ∈ RnN , ν ∈ RnN , (3.2)q℄p_ g ∈ H1,2(Bρ(x0), RN), (ρ > 0, x0 ∈ RN) �)=

−
∫

Bρ(x0)

| Dg |2 dx ≤ 1 (3.3))
∣∣∣∣∣−
∫

Bρ(x0)

A(Dg,Dϕ)dx

∣∣∣∣∣ ≤ δ sup
Bρ(x0)

| Dϕ | ϕ ∈ C1
0 (Bρ(x0), RN), (3.4)�RÆ A- h)&�)=

−
∫

Bρ(x0)

| Dh |2 dx ≤ 1 ) ρ−2 −
∫

Bρ(x0)

| h− g |2 dx ≤ ε.D-h)&�jqb>W� 3.1q�vÆ 3.1-jq_ A ∈ Bil(RnN )�d&� h ∈ H1,2(Bρ(x0), RN))=
∫

Ω

A(Dh,Dϕ)dx = 0, ϕ ∈ C1
0(Ω, RN).
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