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ASCRNBFFAE B RIGK AT, BA Dini LR B ARSI R f2 4

—divA(z,u, Du) = B(x,u, Du), x €

SR w(HBBE Du (HEKISFRN m = 2 ] 1 < m < 2) WUIENIVERE, XHFEs
TENMESER A 2oy e~ e 2% 7, BPalad » B 2% 7 580 R0 R
FHEMIR B BEE R SRR R R B0 FREUI A Dirichlet [MBIH AT
B, SR EBEATEAE IR AR EAR, I IE ML, s
BIE ZMTEH L. Holder NEREH Gehring F17E, T HAZI Hodler AR
AU, Bl: Hodler TENMEFEAMIET BRI ERE0T) Hodler FELEVERMHRITEIT.
AR IE MR SR BB 71 - A— JRREE s, SRIFEA B AR K &
PRSP IR RR L SR o EIUYE. SRR ik it A— JRRIEES [FE
B A— VAR BRI R TR [RIRIMRE, (AR TRB SRR SC 2R 52
PRGBS REIR o MR R, B A— JARERTS B, R T e
PR A— TEFIRECE L2 B SCT IR € R ECEARER T, AT AR A— JEFI
PRACISEELFAIPEIT, TR T ZERY R0 (Decay) filiit, HIARERR ENITESER.

TERRHREMT, 24 m =28, BIR 2002 4 Duzaar fl Gastel 7E3C [10] ,
FAKFEAEREAESL (26) AT T BZEAREREA Dini BELEREUNAEL
WEIR 7 FRLA G A IE PR, (AT BiHery, &2 ) 2 EA Dini i
SEVERB ARG R, bR TR A TR (0, ¢) MBS N BT A
2, € &6 e RY Ml p e RN A R2L:

(1+ |p) A, € p) — A€ p)] < s(IEDu((lz — 32 + |6 - €%)2)

X — 2N 2000 47 Duzaar il Grotowski 3C [14] T A RBZRAFHIHHET, RTX
AL SRR AR ZER.
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EHRMKANT, 4 1<m<28, BT A- PRI CEAFHEH,
PRSEHT 3 —FhUTF p-Laplace JERXAY A— JRFLENT L, HEAIRATAT AN X
Dini ZREARLRNVEMRE 7 R 553 B BB IRV E R TR, AR 2 3 TR
ST ERELEIHER S < 52 < 0 BIAMITEIE, XMERRITE m = 2 BPRUHEIT R0 BT
PR ANEINE, FRAUEXLT 1989 4 Acerbi Ml Fusco AMFRARSMZ ML/ N 71 K R
WAL (28] AbBE 1 < m < 2 THIE T AR B 7 FR2E 55 ey v o (E UM R R 7742,
AN A, IR T 18 B RS TR Caccioppoli NEER, JF4531 T1EX
TR B IENIEZER. B, ASCFE B AR S T 1Y Caccioppoli A5
FIER 2T, 16 1 <m <215ET, SR IENIVELS SR 2508,

A FEMOE S ERE A B Holder HZEMHTS M Dini B2, $5/#0
RO IE ML AT AR B

T EASCHIPIAN EEL IR

(1) 24 | A@,&,p) — A@Ep) < K(EDu((lx — 72 + ¢ — €2)2)(A + |pl), Herft
z,TeQ, &EeRY, pe R, HATEFEH 2.1:

Boue HY2(QRY) BRI () — (Hs), () — (ns) #Y (2.27) B558%. I7F
TE—MHEXTHEE Singu ¢ Q [#15 u € C1(Q\Singu, RY). #—4 Singu C X1 U %o,
Horr

Y1 = {zpeQ: liminfj/ |Du — (D) p|* > 0}, Al
0% I By (o)

Yo = {w€Q: Slilg(’ufco,p’ + [(Du) g,pl) = o0},
p

FeRilkh, L™ (Singu) = 0.

(2) 241 <m <2, FEEMF | A(z,&,p)— A, €,p) [< K(I€)p(le—Fm+[E—E™) 1+
phE (HAt 2,79, §LeRY, pe RN ) T, RIVGREH 5.1:

Bou € WH(QRN) N Lo(Q,RY) BIRELM (Hi) — (Ha), (1) — (u2) Al

supg |u| < M ] (2.2) 895558 WIFFAE— M HEXT A4 Singu € Q {#15% v € C1(Q\Singu, RY).
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HE—HH Singu C £y U X, Hrt

S = {mcQ: nminf7/ Dut — (Du)ay ™ > 0}, Fl
P=0% By (x0)

Yo = {z0€Q: Slilg(‘uxom‘ + [(Du)g,pl) = o0},
p

Yo, L7 (Singu) = 0.

SHRiE): ARZVEMIE TR, IR YOS Dind BEEEME BRI o
IENE  A— JEREEITTE.
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Abstract

In this paper, we consider regularity of the weak solution of the nonlinear
elliptic systems of divergence form with Dini continuous coefficients under the

controllable growth condition and natural growth condition:
—divA(z,u, Du) = B(x,u, Du), =z € Q

In most direct proof of partial regularity, one uses the method of "freezes the
coefficients” to obtain the disired result.Precisely, by ”freezes the coefficients” ,
we obtain an elliptic system with constant coefficients, and the solution of the
Dirichlet problem associated to these coefficients with boundary date u and the
solution itself canthenbe compared. Then we can obtain the important decay
estimate by iterating and yielding the results of partial regularity. The complex
and long reverse-Holder inequality or the Gehring Lemma is needed in this proce-
dure. What makes things worse is that the Holder exponent of partial regularity
obtained by this method is not optimal. It means that one just can get a Holder
exponent more litter than the one in the Holder continuity condition of the given
coefficient function. Here, we adopt the method of A-harmonic approximation—
which was first carried out by Duzaar and Grotowski. They considered the interior
partial regularity of the weak solutions of nonlinear elliptic systems with Holder
continuous coefficients. The new method simplifies the procedure of the proof. In
particular, we get the relatively satisfying partial regularity and optimal interior
partial regularity.

Also, we use a new method — the method of A-harmonic approximation, to

consider partial regularity theory for weak solutions of nonlinear partial differen-

vi
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tial systems under controllable growth condition and natural growth condition,
respectively. A-harmonic approximation lemma — the key ingredient of the new
method — sets up a bridge between A-harmonic function and nonlinear partial
differential systems, which makes us can construct a specified function corre-
sponding with weak solutions u. The A-harmonic approximation lemma reveals
that there is a A-harmonic function closing to the specified function in L?. In or-
der to making full use of those known properties of A-harmonic function, one can
derive the desired decay estimate and then obtain the partial regularity results.

Throughout the paper, we denote by m the growth exponent of the derivation
of weak solutions. When m = 2 under the natural growth condition, as you know,
there is no better results on the partial regularity theory of partial differential
systems under growth condition. we deduce Caccioppoli second inequality under
the natural growth condition by a new method.

In the case 1 < m < 2, the method of A-harmonic approximation is no
longer suitable. Thanks to another .4-harmonic approximation method, where
the function defined analogous as P-Laplace function, we can proceed to the
proof of the optimal partial regularity result. However, a new problem has arisen.
That is the exponent of the integral function of this situation takes on negative
(—% < mT_2 < 0), which causes one can’t use the technique as usually. In order to
remove the hindrance, in light of the paper Acerbi and Fusco considered in 1989
for the partial regularity for minimizers of functional ,we use a new method to
deduce the desired result.

The most important new ideas in this paper is that we weaken the assumption

on A with Dini continuity instead of Holder continuity. The followings are the
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main results:
(1) When | A(z,&,p) = A, &,p) |< K(IEDu((jx — 3 + 1€ = ) %)(1 + p]),
where 2,7 € Q, £, € € RN, p € R™Y, we have Theorem 2.1:
Let u € H"(Q,RY) be a weak solution of (2.2’) under the assumptions
(Hy)—(Hs), (111) — (p3). Then there exists a relatively closed set Singu C €2 such

that u € C*(Q\Singu, RY). Furthermore, Singu C ¥y U Xy, where

Y1 = {zoef: liminfjf |Du — (D), ,|* > 0}, and
Bp(wo)

p—0+

Yo = {rmo€Q: Sulg(|uﬂc07p| + |(Du)xo,p|) = oo},
p>

and in particular, L™ (Singu) = 0.
(2) When 1 <m<2, and | A(z,&,p) — AT, & p) |< K(|€) |z — Z|™ +
€= &M+ Ip
Let u € WE™(Q,RN) N L>(Q, RY) be a weak solution of (2.2) under the

)%, where 7,7 € Q, £, € RY, p € R*N, we have Theorem 5.1:

assumptions (Hy) — (Hy), (1) — (pe) with supg |[u| = M. Then there exists a
relatively closed set Singu < Q it such that u € C*(Q\Singu, RY). Furthermore

Singu C 1 U Xs, where

S, = {meq: 1immf7/ |Du = (Du)y,,|™ > 0}, and
Bp(mo)

p—0+

Yoo = dmo€Q: Sulg(|uﬂco,p| + |(Du)xo7p|) = oo},
p>

and in particular, L"(Singu) = 0.

Key words: Nonlinear elliptic systems; Dini continuity; the natural growth

condition; partial regularity; approximatively A-harmonic technique.
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ASCRATIFFE Bl LM Ry FRZHAE BB B 2T S5 A 00 DU ]
—divA(x,u, Du) = B(z,u, Du) FE Q H. (1.1)

Heft Q2 R™ (n > 2) PETERXE, AR B REEXAE Q x R* x R _Lfa[jll
BREL, N OEWE N > 1B, u:Q— RY B ri{ERE

3% Duzaar fl Gastel BJi23C [10] KFRIBAL, HUERIIESC [5] IAGRAKE, #LUE
IIRC [26] ek, HHAMIGRIC ([5],[6],[7] A1 [26]) AR, XERANHERE A #Y
Holder #ZEMDESS 0 Dini #E2etE, B i BRI TR, BB A
KT (v, &) WESHENNIIARY 2,8 € Q, §,{ e RY Ml p € R™Y 4 FRML:

(14 [p) A, &, p) — @€ p)| < wlleDullz = 212 + 1€ - €R%)  (1.2)

HAr k1 (0,00) — [1,00) BAEWKEY, s (0,00) — [0,00) EAMHRARIEN
p(0+) = 0 FMIERRL. BRI 0 € (0,1) A r— rou(r) BRI, 3H

M(r) = /O @d/) < oo XFHEAr>0. (1.3)

el T PARNET R 52 E IR 4518, BSERITER T Caccioppoli A
I, XHERRA PR A IR EAEBIME 241 . Holder AFEREK Gehring 5[HE, &
EZMAR BRI /MRS (0 A SRR R A TR p 1Y
TENPEREAE) (1 + |p) " A2, & p) W (1.2) A1 (1.3). ZEARKMFT, 4 ue
HP2(Q,RY) N Lo(Q,RY) & (1.1) #55f#, N w 75— Lebesgue IR AZAIAH
MHFEREINE C' 1y, B, W 2o € Q\Singu, u BFE Du 7E zo BIFEA
G EAEL r — M(r). AMIZHRAE p(r) = r*,0 < a <1 TR&IH,
RIFEXFENL A M(r) = o~ lre f1 CL IEMWER RS
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I (1.3) FERAESAERLAHIR DT REATIE IR HURAR B 28Ry, Xk
J& Dini Z&fF. R4 Dini AN [27] ZE—MIELRETH T —MHESSHIEME, TERTE
LS, XTI (R idor 7T B RIRT SR —S AR, n [19]. & (1.3)(
5 3 WY (1)) TERRDEILFAR M RIAZ 73 [ TE MR e FP R RIAROR, Al
Almgren [1)(GER[ 2% [2][12][15][16] A1 [24]) BIA. 7 [12] 5t Duzaar fil Steffen
UERH T R — et R VR A AR ek B v SRAR I L TR /. EXT45 RE R SR D
AR E LR NI iR 5 Bl o SRR, &5, TEmol
f—fscES,  Kovats21] BFR T RARM F(D*u) = f #5828 EMR 72
AR, SHeRAR f A HBESAR o e (1.3), WIAATEZNR r — M(r)
AR I SH D?u 2 C* 1.

RN S, YRR Dind EEVERECT, ST IENIESS RATIE
B, TEAREE (1.1) MHMAYSHIRTT RS MR RO = B AR A BORYERY R, 72
A SEEESN Du W ESHIAREHIAMIIAIFE]. IRTASCREA T IEAMUERA]
FIRAARER (1.1) A RYSFROT R AT AKR PRSI0 RR (1.1) , B, ZERATER
=, MESREZENE (1.1) AHNRFPROT RS IENIPER, Xt (1.1), R
HAH R A EE R AN IEAERA,
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—divA(x,u, Du) = B(z,u, Du) 7£ Q (2.1)

HAWHFOTRA (2.1), Hh A% A pie THiEs, m 22—
(Hy) A(x,&,p) BRT p HAATES SRR %L, BIFFE L > 0 1%

0A

]a—p@,g,p)] <L+ )" M (2 6,p) € x RO x ROV,

(Ha) A(x,&,p) B—SGRMEA, BRI, AR A >0 [EG

—2

0A m -
(8—p(fv,§,p)1/) v > A1+p)D) T v MIrE#r € Q€ e RN, p,v € RV

(Hy) A7AE—A-EE5EHE - (0,00) — [0, 00) FUIEIEKC - (0,00) — [1,00) , X
FH— G e (0,1) e

m
2

[A(w,€,p) = A&, € p)| < w(lEDre (e — 31" + 1€ = )7 ) (1 + [pl)
XA ©,7 € Q,6,€ € RN, #l p € R™V 7
Aok, AR & > |3 HFEA AL
() p RAERAE pn(00) =0, p()=1;
(o) o JEIMIAY, ZEUERTEBERYIENPERSZERI TR o € (0,1), 7 r~pu(r)
SRS,
(13)  Dini Z&f4

_ [ o) A
M(r) ._/0 ) dp < oo XA > 0.
(Hy) FFEFE a M b, EHRIEFRI B(r, &, p) e H RG]

|B(z,&,p)| < alp|™ + b,
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|B(x,&,p)| < [p|™ " +0

B 1 <m <20, PRERMKRZA DR IR E R R
EX 2.1 Ff u € WH(Q,RY) NFEEMFER AT (Hy) — (Ha) F1 (1) — (u3)
WIS, WERXFTAR ¢ € O (Q,RY), 184

/ A(xz,u, Du) - Dpdr = / B(z,u, Du) - pdx (2.2)
Q Q

24 B(-, ) =0/ (2.2) Bih
/ A(z,u, Du) - Dpdx =0 (2.2')
Q
FA T2 T ) e B
FH 2.1 Brue HY(Q,RY) BIife (2.2) (WGRERM (H1) — (Hs), (1) — (1)

s, m o= 2. WAFFE— MR A4 Singu C Q % u € C1(Q\Singu, RY). i
—F Singu C 1 U 5y, Ht

Y, = {zoe: liminfjf |Du — (D), ,|* > 0}, F01
Bp(z0)

p—0+

Po = {wo € Q. sup(fuag,p| +|(Dt)ay.p]) = 00},
p

FeAlld,  L"(Singu) = 0.
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FEXEAIES —FHER 2.1, HEARINEETHEARER, G A A
FHIELI G | PR rh R P MR e+ — Poincare ASFEAF—RIET Cam-
panatol[3][4] HIZE R

S 3.1(A- JAFEIES13E): FIREEMER N\ L n, N e N, Hn>2 #
MMERLE € > 0 09, FAERA THWERR 0 = d(n, N, A, Le) € (0,1] 5 XHEER
A€ Bil(R™N) | W&

A(v,v) > A\v|>,  veR™, (3.1)

A(v,7)| < Lv||7|, veR™ 7eRY, (3.2)

XMERE g € HY*(By(20), RY), (p > 0,70 € RBY) , g

7/ | Dg |?dr <1 (3.3)
By (z0)
il
{ Ay D)zl <5 s | De| e CYBym). B, (3.4
Bp(xO) BP(IO)

NIAFTE A- TR PREOH 2
f | Dh P dz <1 ﬁlp_27[ (h—gPds<e.
Bp(x0) By(z0)

oA R e AT
EX 31X F5[ 3.1 g Xy A € Bil(R™Y) , 5% h € HY?(B,(x,), RY)
s
/QA(Dh, Dy)dr =0, € Cy(Q, RY).
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