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Abstract

Matching theory is an important and elementary branch of Graph Theory. It
not only benefits to understand the structure of graphs but also has widely applica-
tions in combinatorial optimization and theoretical chemistry. Matching Extension
Theory is a popular subject in matching theory. Many valuable results have been
obtained. In particular, some new concepts and new classes of graphs were intro-
duced, for example, k-extendable graphs, n-factor-critical graphs, (n, k, d)-graphs
and k-cycle resonant graphs, etc. Clearly, the above graphs are useful to further
studying the structure of graphs. In the paper, we mainly study the lower bound
of removable ears of 1-extendable graphs, extendability of fractional matching of
graphs, matching extension in odd graphs and excessive index of 1l-extendable

graphs.

For a graph G, if when deleting any n vertices from G the remaining subgraph
of G contains a k-matching and each k-matching of the subgraph can be extended
to a defect-d-matching of the subgraph, then G is called a (n,k,d)-graph. Liu
and Yu [1] at the first time introduced the concept which is a generalization of
k-extendable graphs and n-factor-critical graphs. Clearly, each k-extendable graph
is (0, k,0)-graph and each n-factor-critical graph is (n,0,0)-graph. In the paper,
we also call (0, k, 1)-graph is near k-extendable graph. The main contributions of

the paper are as follows:

1. We improve the lower bound for the number of removable ears of 1-
extendable graphs which is obtained by Carvalho, Lucchesi and Murty in [2], and
prove each l-extendable graph G has at least x/'(G) edge-disjoint removable ears,
where \/(G) denotes the edge-chromatic number of G. In addition, we obtain some

properties of removable edges of 1-extendable graphs.

2. Let G be a 1-extendable graph and x.(G) = min{|.Z| : .# is a set of perfect
matchings of G and |J,,. , M = E(G)}. We give a tight upper bound of x,(G).
For any positive integer k£ > 3, we can construct a graph such that A(G) = 3 and

X.(G) = k, where k may be enough large. In addition, we consider the excessive

IT



index of the Cartesian product of two graphs.

3. We improve the characterization of (n, k, d)-graphs, characterize near k-
extendable graphs and near k-extendable bipartite graphs, and consider the rela-
tion of near k-extendable graphs and n-factor-critical graphs. In addition, we also
consider the impact of adding or deleting an edge to near k-extendable graphs and

study matching extension of planar odd graphs.

4. We obtain two sufficient conditions of fractional k-extendable graphs, char-
acterize minimally fractional k-extendable graphs, and prove that a bipartite graph
G is fractional k-extendable if and only if G is k-extendable graph. In addition,
we consider the relation of fractional k-extendable graphs and n-factor-critical
graphs. (For the concept of fractional k-extendable graphs, the reader is referred

to Chapter 5)

Key Words: Perfect Matching; k-extendable Graphs; Near k-extendable
Graphs
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§1.1 VLAl B e i) — S0 50 5t

NN G, HV(G) M E(G) 70l G ITEREMGSE. R G A
G BN, WAk G 24 ) B Bk s 2 V(G) 414 il
co(G—S) A G—S I XMEH. & No(S) A G -5 HHifis S ha
A FAAR I R . WERBATHRE W], AT N(S) AW Na(S). Bk M
& E(G) T4, R M ERMELHARA A3 s, AR M 2 G 19—
VCHC; R (M| =k, WEE M 2 G T k-ULR. $5li, Wi G FscH LR
M’ AR M) > | M|, WFR M JE G P ERRILRL. BUE d & MEREEEL G
I —ANILES M RO d-ILERCIER M AR IHEAT G V(G)| — d AR
e, WA d =05 1, WFK M 22502 G IsESRILECA LS8 SLILid. &
H W Gk, Wk G- V(H) f5ekILie, WK H 2 G Pk, &
W, ARG 2 T .

W RARAT R U], AR SCAY T T AT PR AR PR O TR AR SO A
B E XTSRRI 25 [3-6].

VLPC B AR D BB I AN R SO — 2RI L, BRI Y
FEAESZ R N e) 2 AT G BEAEIFSS R AWIRAN, EAME H 5 KR BB —
ANNEFE RIS, i A2 R e EE s, s, e
Klwe, Fe@iics, Lovdsz Al Plummer fEILJCECES L3 [5] X ULAE T HE40 A

4.

DG J5E 2 18 HL I R IF 90 T AE £ SR e dnfl 4 e — N R S A AE A 5E 3R IL
fic. Petersen £EIX 7 I T 5CIRPE LAE, fhdE 1891 “EM—F 18 X H JEUE M
TAT R IC RN 3-1E W B #A 5E 3 ULRL .

Rl Foet+ i, Hall 25 H) TAAAESESRILAC I — A 78 70 b B AF

EH 1.1.1 [5] (Hall). —/M_#K G = (A4, B) A5¢3ILHE Y ALY
(1) |A| =|B|;
(2) MMERE X CA, #H |N(X)| > | X]| HAL.
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Jak, Tutte 78 1947 F45 T HDE DB AAFAESERIL LK) — AN Te 73
LA

EF 1.1.2 [5] (Tutte). —ME G AERILE Y HACHMER S C V(G),
WA (G — S) < |S| BT,

IR Tutte & #AG T — DA ERILECE B2, B E —
MEAFERILEKE G hikB—Arifk S i G — S T abf [S|+1 e
S, WARXFER) AR S 4 Tutte o (HSEPR EXAS Tutte ARSI K
Callai 5 Edmonds [5] 73745t 7T K] Canonical 43fi#, Bl Callai-Edmonds 45
e e RS HIXAS E BT, B EBAIEMZ AR & Lo

C(G)

A(G)

D(G)

Figure 1: Gallai-Edmonds %544

B G 24K, D(G) £r G208 G b — N RIEEAR A
AT R INES, AG) Z£ExR V(G) — D(G) &S D(G) h— AT A M
AT ES, CG) =V(G) — D(G) — A(G) (40 Figure 1 FizR). id v(G) En
G FIRKICEMIAMEH, G[S] #xt S c V(G) FremrR. —AiE
G = (A, B) BRARIEASR T A WA ER 0 # X C A #H |NX)| > |X|
JRT o



§1.1 DUECAI P FS I — Loy s &= -3

5 H 1.1.3 [5] (Callai-Edmonds §i# 2 #). X G 21, D(G). A(G)
M C(G) n EprE X, AT LR A .

(1) D(G) 13t BIEEAN 43 S8 R I S

(2) C(G) g hm+EH RN,

(3) M2 C(G) THATSM AG) FrAEmmid, 3 amil4i DG) 113
7 B EEAS 73 S — AN TR, W45 20 (108 182 — 3 IEDF HA E &4y (o T
A);

(4) G W KILEC S D(G) PRA 3L 8RN, O(G) TR 3C
(W58 R ILECFIER A(G) AT S D(G) AR5 S TLAL

(5) v(G) = 2([V(G)| - ¢(D(Q)) + |AG)]), EH o(D(G)) £ D(G) B
HF 5 S8

PA b5 B R T i) ) 5E — A B 15 A7 A 56 5 DL HC AT A 56 3 DG I Y 1 1)
giky, RimEiE ALz (& A 5L ILI HA R E R E 4.
I, AMIBGEZEGIN T & ME2E, an 1-nT 4 18 (WRRULACE 55 ) D7 il 5 1]
MG FE . Lovasz A1 Plummer 75 %55 [5] FA44 11X L6 28 (1 i S Heky iy
%o H 1980 ALK, VLECRTy MR/ E] VR R, R CH V2 EE
eI, Bl kvl KL n-B iR (n k, d)-BlL k- REIEARIESE .

LU 3RAT 2 28— LB AE VUG T3 P o 5 o 2 1 P 28 R L 2 B

1. k-7]3 K (k-extendable graphs)

s G 2—MEE, k2AEBEH 2k < |[V(G)| — 2. Wi G FF k-IL
BCJF HAR R k-ULECH AT LAY 2224 G B A58 3RILAL, WIRR G 2 k-nl 9Kl (7],
RERIP, 0-nl ¥ Kl ¥e HAA e R ILAC AT K« X —AE2 & i Plummer 7 1980 “F 1
KEIN, BHOHFZ ERANCUIS [7-35], FFHE, T -0 B R0 RER
A2 [2,5,36-46]

E-ml 4 BRI aa 15 1-nT - B aEsT, i 1-n 9 A 2 IR,
filan

Ef 114 [5]. G 1-APE, e, e 02 G IPHEREMSRIL, N ey, e,



1E G H— e L
Hetyei EW] 7 HEA K2 1-7]97 &, JFHZIE T -0 B E R 454
L 1.1.5 [5] (Hetyei). G & 1-A§ “HMEHHNE G=c+ P +

P+ ..+ P, KB e B—400, MA P, #2&—4&aK, H P 9A S
BAE —HE e+ PL+ P+ ...+ Py K202,

Hetyei JERINFREE P, R HZe, MRRLA LM #R 19 =58 G 1 H 2
Irf#. JaK, Lovdsz Y5 Plummer [5] M RMES, Z0m H — e 1-0] 57 [ 1) 45
Ky, BDWCHZEE B (L5 =) E B 2.1.6)

TSk B 58 36 UG IE &) e 56 DG e R R S Ak e DG S 22 T A4 ) 4
%, Lovéasz [43], Lovész 55 Plummer [5] 1 Edmonds, Lovdsz 45 Pulleyblank [47]
33T brick 73fi# (brick decomposition) A&/ fi# (tight cut decomposition),
BESE—NEAERIEEME, i brick 7 80 & F1 70 AT LA i i — (1)
—L& bricks fl braces (2-AJF =¥ K]). Lovasz [43] UEH] T 2-n]§ K835 & brick
& J& brace. X T brick, Carvalho, Lucchesi 55 Murty [40] 45 T #4i& brick
17718, Mccaig [48] 25 H T brace RIE 7.

R-vl 9 B2 - ), BUR S Plummer £E [7,25] 73 21 () — 48
k-4 B R AL T

R 1.1.6 [7]. 7 G2 A kv, WK G WA (k- 1)-79 K,
X E>1.

EB 1.1.7 (7] A G 22D T, A G2 (k+ 1)-3&Emm.

R 1.1.8 [25]. W G = (A, B) ZIEEM K. BoE bk 2R HA
2k < |[V(G)| — 2, MBA T =AFKAEN
(D G2 k- y
(2) |Al = |B| BXMER 0 # X Cc AWiZ | X| <A —k, #A INX)|>|X|+k

AT
(3) Xj—’EE%'z; Ul,...,ukEAﬂE[I’E—EZ_‘%: wl,...,wkeB, G/:G_ul_"'_uk_
Wy — - — Wk 56K ILIL

Yu [49], Lou [20] #1 Chen [50] 4345 a1 F & T k-nl 4~ K1) Tutte Y%
[P



§1.1 DUECAI P FS I — Loy s &= -5

ER 1.1.9 [49]). — MK G & AP (k> 1) BHACEY V(G) BEET
% S, BUFMANSATAI L.
(1) ¢o(G—8) < |S];
(2) 45 c,(G=9) =S| =2k (0 <k <n—1) &L, WA F(S) <k, XH F(S)
e VNS NENF-FN IR UL
SEH 1.1.10 [20]. —ANE G 2 kAT B HACYX V(G) MR T4 S,
WHAEN (G - 9) <|S| —2d or, Hrp d =min{ind(S), k}, ind(S) Fmw
G[S] 5 K UL RS ) 14
ER 1.1.11 [50]. W k> 1, W—NE G 2 kvl B4 AR
S CV(GQ) Wi/ GIS] B k-VLHE, #HAER (G = 8) < |S| — 2k BT,
SR Lk 2 S A g i, 0T k-rT T (k> 2) IR, LR E)
1 ) Mecaig [48] 45 ith T brace MG 774, 54, Zhang 5545 3CHE [51] 43 il
T k- ARG . ARG T k- 2 R, AATIE sz Hb
KT k- v] 4 BRI 5T 3 22 23 0 Db BEPE R 78 43 MR P9 A D 1 o BAAH 5T (L
[7,12-16,20,24-34,50]) -
i, Ananchuen F1 Caccetta [14] I H K 1)/ NEAR R WT k-RT 4 Kl —
LA
EH 1.1.12 [14]. % G &M 2n DT kT B, 1<k <n-—1,
M k+1<6(G) <n iz §(G) > 2k+ 1.

1 A B %) )% (toughness) 145454 (binding number), Plummer [32]
A1 Chen [50] 7343 240N k-vl 4™ B ) 7850 54T

AEH 1.1.13 [32). & G 2 PMHAMEATSKE, B |V(G)| =2n>
2k + 2. 4% tough(G) >k, W G & k-nl4 K.

S 1.1.14 [50). B G 2 —AEAMEATAWE, WL G = k-
[1—A 7855 & AFE: bind(G) > max {k, @}o

2. n-IAF IR A& (n-factor-critical graphs)



6. B o

ek G 2K, n 2 MEEBEOF AL 0 <n < [V(G)| -2, IR
AR S CV(Q) WL |S)=ndH G- S #ATEILEK, BAFR G & n-H
Tl 5t Favaron [52] A1 Yu [49] 737l M7 A5 b MRS o BRI ] 1 Il ¢
(factor-critical graphs) AUl F Kl (bicritical graphs) M HIH#E) (435X WY
n=1HMn=2),

Favaron [52] 5 Yu [49] 2355 T n-BF I S 1 —AS 780 b BLAA

R 1.1.15 [49,52]. & n & NEH, G 22—k p WK I HW L
0<n<p—2RHn=p(mod?2). MBr G & n-HFIHFH 7550 LHKA R
B ScV(G) HI|S|>n, #H co(G—S)<I|S|—n KT,

Favaron [52] 45 Lou [53] 4}l 4 th R IHIPIASHEALS 14
B 1.1.16 [52]. £ER5 n-FH T I S 0 n-SE ).

FH 1.1.17 [53]. 2 G B A oW P RE, X 0> 2, B4 G B
(n — 2)- B FIl 5

KT n-B I B S B ILE S WG R, SO [52-55] #A TEAN 16
B, XLESHEFE: R (degree sum). WFIE. gia B EEMEMES. X
T [22] H ST EINE (claw-free graphs). power graphs F1F [ B 1 n-PH 5115 5
PEo 534b, Favaron 55 Shi [56] ZIiE T #/ME) n-RF G K

EH 1.1.18 [56]. Bk G £ n-HTIRAE. B2 G WS
DEZAERMNTE e = ww € B(G), 77 S C V(G) — {u,v} H |S| > n {5
co(G—S—e)=|9—n+2FH uFfl v 3HET c.,(G—S —e) MHNAFZ
i

n- P51 W S B (R E S8 46 068 DAL 3 1 S PR 0 7 Pl R0 9 X it B ot
B ) — KR EE MK . Lovdsz 5 Plummer [5] F1 FH 3 A B 1001 5
5 (Bicritical decomposition) {IF B T REANSEA K # nl il i — 28 1-n] 4~ =5 &
XU SR 2l — Ry s HmA 3. ], Zhang &5 [51] 43t 1 XUk 5+ )
i, HARHEAIBIMZ LR X

X 1.1.19 [51]. itk X £ PMHRES, F & X Bl EE T4
o M (X, F) WA —MEE (hypergraph). S C X #RAZE F HIN—A il
[ (transversal) WERXMER F, € F #H SN F; # 0 W57



§1.1 UCHECAI Y FES I — Lo TS &= s

EH 1.1.20 [51]. — M G 2R FH 2 HANEIMMERE w e V(G), H =
G—w EHNFIEAKHE Nw) c V(H) & 2(H) f—N D, X8R 2(H) =
{D(H—-u—v): u,veV(H) HH u#uv}.

3. (n, k,d)-K

VER k- A n-BH PG ERHE)T, Lin 5 Yu [1] 5IANT (n, k, d)- K (P
©o Wk G & —NEL n, kM d ZEADFETEHBLE n+2k+d < |V(G)| -2
MWV 5 n+d GHAKFEE. WRSMER G HALE n D REJEHRE
A k-ULEC, JF BAREW E-VCECHTT LAY R o iR BN d-ULEE, B4R
G 2 (n,k,d)-Bl. Zo6EH, k-ol§ EISEZ (0, 0)-E, n-H-riIGA BT
(n,0,0)-Kl. Liu 5 Yu [1] 5T (n, k, d)-EIIZ) i

EH 1.1.21 [1].—AE G 2 (n, k, d)-FE 25 BACYS R PTG AE 0T
(1) MHER S CV(G) H |S] > n, W ¢(G-S) <|S|—n+d,
(2) MAEE S € V(G) WL |S| = n+2k M G[S] &F k-ILE, WA
co(G—=9)<|S|—n—2k+d.

EREE 1121 H, 40E (D BURE WM ¢ R o A, REA
A A TSR, R, S0 (D KS, 92k, REEM G PR 0 A,
AP EUCRREN T . (ES0NEE Y §4.2 PIRATEL I T (n, k, d)-F H—A B %1
i)

AN, Liu 55 Yu [1] BIF0T (n, k, 0)- Bl HE0 A 52 i 802 D206t (n, K, O)-
BT

EH 1.1.22 [1]. ATEEMK (n, k,0)-F#SE (n+ &k + D-EMWK, XH
k> 1.

EH 1.1.23 [1]. W G A4 (n,k0)-KIFH k> 1, n> 2, BAEE
e € E(G),
(1) G—e s (nk—1,0)-K;
(2) G—e & (n—2,k,0)-K.



8. e A

EF 1.1.24 [1]. % G 2 (0, k,0)-BIFH n ok > 1, WANERE e ¢
E(G),
(1) G+eft(n—2k0)-H, WHEn>2;
(2) G+e#(nk—1,0-H, WHE k> 1,

SERL 11T Y] TARRGEE R k-vT 9 AR (k41)-2E0 ), e 1.1.22 B
TAERIEEN (n, k, 0)-FIFRIE (n+k+1)-EBEH. R, Md>10, —PEHE
(n, k, d)-EIFEREEAT UL 1. B0, B s >t > 2 M s4+t+1 > n+2k+d+2.
w G MR K, MK, fF O H K MK, A AR, R/
AR G J& (n, k, d)-EEHEBE R 1. WM d> 18N, (0, kd-BHETFL
AT (n, &k, 0)-BIFKPES, PIAT D28 EWEIT (0, k, d)-BEHOVERT, X H
d>1. XFd>1Hn>0m, Jin%E [57) B0 T R sEZ RN INAxt (n, k, d)-K

DR (PRI DU R §4.4).

4. k-PE[FLHRE (k-cycle resonant graphs)

Guo M Zhang 7ESCHR [58] FALHEH T k- el SEie Il AU

E X 1.1.25 [58]. & G & N2 A kDAL A 765 VLR 1)
iR G RER ¢ DA O, Gy, G (R 1<t < k), G—Ui, V(C) 1
SEEIUH, WFR G A k- LR,

ALl S, Guo 5 Zhang {E3C [58] T T k-SRI 1-p L
BN f A4 20

B 1.1.26 [58]. — MDA E DAL 2-EWE G 2 k- IR E
HACY G &2—AZ3E, BX G FMER ¢ DAL C,Co, -+, (1<t <
k), G—U_, V(C) REZTTHo

EH 1.1.27 [58]. —MNANARG H 2 1-BILRE Y HACY H 22— MR
NHARG

e, TP 1-RE LR I 51 1 2-FE LR &, Guo Ml Zhang 11 3
[59] HFarlge T HIZIE . J5oKk, Guo, Zhang, Xu Ml Zhao [60-63] 44 T
T 1-PE LR ] 5 T 2- Bl SRk B A i AN A i, O BAR BT AW —A 2-3%
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