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Abstract 2

Abstract

Using the property of the elements to study the structure of finite

groups is a very active topic.This thesis mainly incvestigate how cer-

tain artithmetical conditions on conjugacy class size of finite groups

influence the group structure, especially when the conjugacy class size

of the prime power elements is squarefree.

Key words: finite group; conjucacy class size; supersolvable; prime

power.
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�07 2/ 3,Wv ℄RD�(L}Tew.eHD�(w�t)L{hd.
#KD�(L}Tew�D�[t)Ld_
�o�l�KXL�l^Y�D�(L�}.eH.v NLZh�D~?gipL�0
Sl�KXL�l^Y�D�(L�}o�h�KXL{	
-LZN�l^Y�D�(L�}H.vs,t�&L{h
u\v
�SD�(o�KXL{	
vQJ(L&XMe^�vQ
m�KXL{	
JD�(L&XMe^�d2D.s
WL
�X;L�l
h�KXL{	
-LZN�l^Y�D�(L�}0D.�JRL��

R.BaerS [1]o��#Kn}.vXQ�=KXL{	
-HXQ�LD�($w:n\
(LY�
 Camina V� Baer {hN(��:2n q-

Baer(Ls��4 [2]. ItoS [3]o#Kn}.vKXL{	
-U&�m��mvwSXQ_;L(�$KIn\
(<��LY�
D.Chillag �
M.HerzogS℄�Lwx [4]oh�D�E(Lg
SeXKXL{	
-J(�}L��G�n
G�
L\;YL#K
 1S [4]o�D.Chillag� M.Herzog 
wn}.v{	
-U}�d7�LD�(�a�n\
(H/XBL�$X\
(L�}�n<v��LY�
 J.Cossey �s&�S [5] o�9Nd_9 D.Chillag � M.Herzog L.�x)��G�n;��rG
 DolfiX?Zh,G�n;2L#K�℄S [6]� [7]oh�KXL{	
-LZNj5�ÆnwKIn�[D35L����o℄rGn Ito L7P��$KI{	
-LZN�l�e^��Q
;LZN�ld2.v�
L��
\���DUHl��k}.vKXL{	
-LZN�l\KIL
�Bgl��k}.vXQ�=KL{	
-LZN�l"}.v p-`VKL{	
-LZN�lMX1KI�[
;L��
1S [8]o�fG/g:�3D�( GL\DXQ�=KL{	
-�3L(ÆgDmvKX�V GHXBL
t�bNS�wx [9]oVvn}.vXQ�=KL{	
-U}�d7�LD�(�KI\
(H/XBL�A\
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�07 2/ 4o�n D.Chillag� M.Herzog S [4]oKIL��
-?)S [10]� [11]oXD�(L}.v p-`VKL{	
-LZN�lX(�}L<
�n;2L
w�KI.�;YL��
�1℄KI�3D�( GL}.v
p- `VKL{	
-U&�� p _;�V G = Op(G)× Op

′(G).�x,H ~\(LUu�x)l�D�( G }.vXQ�=KL{	
-LZN�l^Y�(L�}�SP℄Yo�|�Vvn}.vXQ�=KL{	
-U}�d7�LD�( G�h�t�bL7P��o�n D.Chillag � M.Herzog S [4]oKIL.vSe�|�KI�Se 2.8: : G vD�(� F (G) vXQ�=(�3 G L}.vXQ�=KL{	
-R}�d7��V G/F (G) ���=}�d7�

;L|��KIn.vowÆow 2.9: : G HD�(� F (G) vXQ�=(�3 G L}.vXQ�=KL{	
-v 1 �
vXQ"mv&mXQL4%�V |G/F (G)|,v 1 �
vXQ"mv&mXQL4%
CSe 2.8 |��o�n0%NS [12]oL.vx)Se�KI�Se 2.14: : G v π- /XB(� π ⊆ π(G).∀p ∈ π, 3 G L}.vXQ=KL{	
-U} p2 7��V
(1)G/Fπ(G) :�Æ
(2) ∀p ∈ π,3 P H G L sylow p- �(�V |P ′| = 1 " p.3yG.'0: F (G) vXQ�=(�VD�
(3)∀p ∈ π, |G/Fπ(G)| } p2 7�
m�|��X [12]oLr.vSe,�n
;Lo��KI�Se 2.20 :D�( G L}.vXQ�=KL{	
-} p2 7��

G v'�f p- /XB(�V�
(1)Φ(G) = 1;

(2)G = MF (G), �o M H G L'D�(� F (G) H G Lu.'�`��(� $�D M ∩ F (G) = 1 � Op(M) = 1; Fp(G) = Op(G) = F (G) H9
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�07 2/ 5N:� p- (� |G : M | = |F (G)| = pn, n > 2;

(3)M }f�`L`�H G L�(� M L`��(&�HXQ�=L �(Æ
(4) 3 K H M L'�`��(� |K| = qm,V q < p.SP5Yo|�Vvn{	
-L�^.�ZN�lX(�}L<
�J�|�KI�Se 3.6: : GHD� PC-(�3 GL}.vXQ�=KL{	
-U&� 8 _;�V G/XB
\vSeo�n [13] oLSe 2. S\.Yo|��VvnX(L π-K{	
-��k�KI�o���Se 3.9: : GHD�(�: π ⊆ π(G)�GL}.vXQ�= π-KL{	
-UvXQ��V G H π- Xg(
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��7 %$��4Æ�;��)��1:Æ 6,4v '$xXk*>
h�7�7[�*��x#KL(RvD�(�\C�Ll�RH�}L�X*T [16].

π(G) E |G|\DX7�}3L(Æ
 cl(G)  E�p( GL�p
-�
dl(G)  EXB( GLH-
:e 2.1[4] : GH.vD�(� N E G, x ∈ N, y ∈ G, V

(1)|xN | | |xG|

(2)|(yN)G/N | | |yG|a�: (1) 02K
|xN | = |N : CN(x)| = |N : N ∩ CG(x)|

= |NCG(x) : CG(x)|
∣

∣|G : CG(x)| = |xG|

(2) 7v CG(y)N/N 6 CG/N(yN),�
|(yN)G/N | = |G/N : CG/N(yN)| | |G/N : CG(y)N/N |

= |G : CG(y)N |
∣

∣|G : CG(y)| = |yG|:ea�
\v:eHh�D�( GL=��ÆL#<
:e 2.2[9] : G HD�(� p H |G| L.vX7��CK�1� q H
|G|L.vX7��
{ q &_; p−1�3 GLXQ�=KL{	
-R&� p2 _;�V GH.vXBL p-�p(��3 P ∈ Sylp(G)�V |P ′| = 1" p.:e 2.3 [9] : G H.vD�(�1�X G L}.vXQ�=K x �
|xG| R}�d7��V G /XB
a�: 0:Se�w&℄�% Gv'�=aj
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��7 %$��4Æ�;��)��1:Æ 7xO:e 2.2 K G XB�RxO:e 2.1 �SeLj5X6(/=�VXK GDu.'�`��( N ,� Φ(G) = 1, G/N /XB
7? F (G) =

CG(N) = N, X: N H=9N:� p-(�\g pH.vXQ�s |N | = P k,VG*D k > 1, % M/N H G/N L.v'�`��(�
{CH G/N /XB� |M/N | X:vXQ q, 0: q = p, 
{ M 6 Op(G) 6 F (G) = N, zZ
 7\ q 6= p�C Schur-ZassenhausSe�K M = 〈x〉N, �o |〈x〉| = q �1�CS u ∈ N, u 6= 1 CK u ∈ CG(x), VCH N H:�(�D u ∈ Z(M).G7v Z(M) e^H M , M E G, \1 Z(M) E G, HH N 6 Z(M) �
M = 〈x〉×N, 7? 〈x〉e^H M �G\ 〈x〉 E G, C N L'��K N = 〈x〉,F\zZH q 6= p. 7\D CM(x) = 〈x〉, \ �

|xM | = |M : CM(x)| = |M : 〈x〉| = |N |.G p2 | |xM |, M E G, �C:e 2.1 K p2
∣

∣|xG|, zZ
:ea�
:e 2.4[14] 3 G HD�(� Φ(G) = 1, V F (G) :��XC G L\DXB'�`��(=3
:e 2.5[15]:D�:�( H pBO��HD�( B7� (|H|, |B|) = 1,VCS b ∈ B, CK CH(b) = 1.:e 2.6[9] : G HD�(� : A E G, B E G � G = AB. 3X A ∪ BL}.vXQ=K x, |xG| R}�d7��V G /XB
��|�^T D.Chillag � M.Herzog S℄�JRwxoL.v���Se 2.7[4] : GvD�(�3 GL}.vKXL{	
-R}�d7��V G/F (G)  ���=}�d7�
3�k( G L Fitting �( F (G) vXQ�=(�|�X1KI7PSeL.vo��*Se 2.8: : G vD�(� F (G) vXQ�=(�3 G L}.vXQ
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��7 %$��4Æ�;��)��1:Æ 8�=KL{	
-R}�d7��V G/F (G) ���=}�d7�
a�: : GH'�=aj
C:e 2.3K GH/XBL�A\ G′ H�p(
G G′ E G, XK G′ 6 F (G), � G/F (G) :�
3a�n |G/F (G)| }�d7��V G/F (G)  �
�g�a |G/F (G)|}�d7�
CH F (G/Φ(G)) = F (G)/Φ(G), 3 Φ(G) > 1, VC:e 2.1 � G v'�=aj

|G/Φ(G) : F (G/Φ(G))| = |G/Φ(G) : F (G)/Φ(G)| = |G/F (G)|}�d7��zZ
A\D Φ(G) = 1,RC:e 2.4 K F (G) :�
7v GH'�=aj� |G/F (G)| &�HXQ=(
G G/F (G):��� F (G) &H G L'D�(�A\CS H E G, H v G L'D�(�CK F (G) < H < G � |G : H| = |G/F (G) : H/F (G)| = p, p v
.XQ
G

F (H) e^H H, H E G, K F (H) E G, � F (H) 6 F (G). \ F (G) 6 H , G*D F (G) 6 F (H). � F (H) = F (G).7v H E G,C GH'�=aj
 |H/F (H)| = |H/F (G)|}�d7�
0:rD.XQ q 6= p, q | |G/F (G)|, V
W7�L
w�|�X1[I
L E G,L v G L'D�(�CK F (G) < L < G,F (L) = F (G), |G : L| = q �
|L/F (L)| = |L/F (G)|}�d7�
A\

|G/F (G)| = p|H/F (G)| = q|L/F (G)||�KI |G/F (G)| }�d7��zZ
*&CSr.XQ q 6= p, CK
q | |G/F (G)|��XK G/F (G)v p-(
0: F (G)v p-(�V Gv p-(�A\ G �p�D G = F (G), zZ
� F (G) v p′- (�7v |H/F (G)| }�d7�� H/F (G) 6 G/F (G),K |H/F (G)| = p,\1 |G/F (G)| = p|H/F (G)| =

p2, G7v F (G) :��C:e 2.3: CS A 6 G, CK G = F (G)A, �o
F (G) ∩A = 1, |A| = p2.C |A| = p2
 A:���Ss:� p-( A��S:� p′-( F (G)7�CH G XB�D CG(F (G)) 6 F (G), \ F (G) ∩ A = 1, � CA(F (G)) = 1 �\
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��7 %$��4Æ�;��)��1:Æ 9MHS AS F (G) 7L��HpB���C:e 2.5XK�CS y ∈ F (G),CK CA(y) = 1,A\ CG(y) = F (G)CA(y) = F (G) ��
|yG| = |G : CG(y)| = |G : F (G)| = |A| = p2�rzZ
Sea�
ow 2.9: : G HD�(� F (G) vXQ�=(�3 G L}.vXQ�=KL{	
-v 1,
vXQ"mv&mXQL4%�V |G/F (G)|,v 1,
vXQ"mv&mXQL4%
a�: C:e 2.3K GH/XB(� |G/F (G)|}�d7��: GH'�=aj
CH F (G/Φ(G)) = F (G)/Φ(G), 3 Φ(G) > 1, VC:e 2.1 ) G v'�=aj


|G/Φ(G) : F (G/Φ(G))| = |G/Φ(G) : F (G)/Φ(G)| = |G/F (G)|v 1, 
vXQ"mv&mXQL4%�zZ
�D Φ(G) = 1, G7v
F (G/Z(G)) = F (G)/Z(G),meXK Z(G) = 1.
WSe 2.8La��5|�KI�F (G):��G = F (G)A, F (G)∩A =

1, � A ∼= G/F (G) H �(��=}�d7��A\|�g�a |A| &��5v&mLXQ_;*X
0: p, q, r H&mLXQ�U_; |A| �s x, y, z ∈ A �^�L=g!v p, q, r, V P = 〈x〉, Q = 〈y〉, R = 〈z〉 g!H A u.L Sylow p- �(� Sylow q- �(� Sylow r- �(
C G XBK CG(F (G)) 6 F (G). �
CF (G)(x) < F (G), CF (G)(y) < F (G), CF (G)(z) < F (G). 3 F (G) = CF (G)(x) ∪

CF (G)(y) ∪ CF (G)(z), VC [23] K |F (G)| H�Q�G7v G H/XB(�\1 G D'�`��( N � |N | = 2, F N 6 Z(G) = 1, zZ
�CS
u ∈ F (G)−CF (G)(x)∪CF (G)(y)∪CF (G)(z),7v F (G):��\1 F (G) 6 CG(u),A\D CG(u) = F (G)CA(u). F CA(u) ∩ P = CA(u) ∩ Q = CA(u) ∩ R = 1, �
(|CA(u)|, pqr) = 1,A\D pqr | |G : CG(u)| = |uG|,zZ
 owa�
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��7 %$��4Æ�;��)��1:Æ 10{: ?owo�n [4] L�h 2.4.Se 2.10: : GHD�(� F (G)vXQ�=(� A E G, B E G, G =

AB. � F (G) 6 A" F (G) 6 B,3X A∪B L}.vXQ=K x, | xG |R}�d7��V G/F (G)  ���=}�d7�
a�: C:e 2.1.6K GH/XB(�I�a�
WSe 2.1.7. Sea�
Se 2.11: : G L}.vXQ�=KL{	
-R}�d7��V
F (G)′ H=}�d7�L:�(� cl(F (G)) 6 2, dl(G) 6 3.a�: C:e 2.7, G H/XBL�: p ∈ Sylp(F (G)), V P E G, A\C:e 2.1 K P L}.vKL{	
-R}�d7��*v 1 " p ��
P :�" β(P ) = 1 �A\C [14, p309] K |P ′| = 1 " p �� P L�p
-
cl(P ) 6 2. e!L� F (G)′ H=}�d7�L:�(� cl(F (G)) 6 2. GC
GH/XBL�� G′ �p�A\ G′ 6 F, G′′′ 6 F ′′ = 1�*D dl(G) 6 3. Sea�
CSe 2.8 |�X1o� [12] oL.vx)��Se 1.1, v?�|��w:.�S5):e
S5 2.12[12] : π HXQ�3L(Æ� G H π- XB(�1� G L}.v π- x7�UHXQ= �(�V2 G H π- /XB(
02T:�G π = p �� π- /XB(*v p- /XB(ÆG π = π(G)�� π- /XB(*v/XB(
S5 2.13[12] : π ⊆ π(G), S5 π- XB( G L`��( Fπ(G) =

∩p∈π(Fp(G)). 1� G D`�L π′-Hall �(� G L π-Hall �(H�p(�V2 G H π- �p(
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��7 %$��4Æ�;��)��1:Æ 11:e 2.14[12] : π ⊆ π(G) � G H π- XB(�V G H π - �pL8g�)j5HXH-3L p ∈ π, G H p- �pL
e!O� F (G) H π- �pL
Se 2.15: : Gv π−/XB(� π ⊆ π(G), ∀p ∈ π, 3 GL}.vXQ=KL{	
-U} p2 7��V
(1)G/Fπ(G) :�Æ
(2) ∀p ∈ π,3 P H G L sylow p- �(�V |P ′| = 1 " p.3yG.'0: F (G) vXQ�=(�VD�
(3)∀p ∈ π, |G/Fπ(G)| } p2 7�
a�: (1)CH GH π-/XB(��X ∀p ∈ π,Gv p-/XB(�A\XK G′v p-�p(�� G′ 6 Fp(G),C pL-3�)S5 2.12. K G′ 6 Fπ(G),� G/Fπ(G) :�

(2):M H Fπ(G)L π′-Hall�(�7v Fπ(G)H π-�pL�\1 M E G� Fπ(G)/M �p�\ PM/M E Fπ(G)/M.C:e 2.1.12K ∀p ∈ π, Fπ(G)/ML}vXQ�=KL{	
-U} p2 7��A\ PM/M L}.vKL{	
-v 1" p. O [19]K |[PM/M,PM/M ]| = |P ′M/M | = |P ′|v 1" p.

(3) 0:�hX π oL
vXQ p&3k�s GH'�=aj�|�W% Fπ(G)H π-(
kV|�s M H Fπ(G)L π′-Hall�(�C:e 2.14,

Fπ(G) H π- �pL�A\ M E Fπ(G) G Fπ(G) H π- XBL�\1 M H
Fπ(G)Le^�(�HH M H GLf�``��(�� |G/M | < |G|,C:e 2.1�X ∀q ∈ π, G/M L}.vXQ�=KL{	
-U} q2 7��G
G/M �*H p- /XBL��C G H'�=aj
 |G/M : Fπ(G/M)| } p27�
s A/M = Fπ(G/M),�*D A E G,CH Fπ(G)H π-�pL�A\XH}.v q ∈ π, Fπ(G)H q-�pL�HH^L6( Fπ(G)/M ,H q-�pL�7? Fπ(G)/M 6 Fq(G/M),C q L-3�
 Fπ(G)/M 6 Fπ(G/M) = A/M.�
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