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Abstract

In recent years,there have seen a spectacular growth in the trading of financial
securities and derivatives,and a spectacular growth in the sophistication of the mathe-
matical tools used by traders.The bubbles and crashes where over-pricing was followed
by market corrections,often caused serious negative effect for investors in the transac-
tion.Jarrow§Protter and Shimbo defined fundamental prices and market prices care-
fully,rigorously clarifying the distinction and studied the asset price bubbles in contin-
uous times by using the theory of local martingale. They showed, under the conditions
of No Free Lunch Vanishing Risk(NFLVR) and No Dominance(ND),that asset price
bubbles could be decomposed into three types: a uniformly integrable martingale, a
local martingale but not a uniformly integrable martingale and a strict local martingale.
Then they considered the properties of bubbles in derivative securities written on the
risky asset.

In financial mathematics there are two main approaches to the calculation of op-
tion prices.Either the price of an option is viewed as a risk-neutral expected value,or
it is obtained by solving the Black-Scholes partial differential equation. In the stan-
dard Black-Scholes models, the stock price processes follow a standard Brown motion,
which guaranteed the unique solution of the corresponding Black-Scholes equation.
However, Cox§Hobson(2005) considered markets where the underlying asset, when
discounted, followed a strict local martingale under the risk-neutral probability mea-
sure, many standard results in option pricing theory failed. For example, put-call par-
ity does not hold, the Black-Scholes equation can have multiple solutions. Ekström,
Tysk(2009) showed that the option price, given as a risk-neutral expected value, was
the classical solution of the corresponding Black-Scholes equation.

The aim of our article is to study the option models which are multi-variate. For
the multi-variate options, the option value is determined by the stochastic behaviors
of several underlying asset price and the correlation coefficients between the stochastic
quantities. Unlike the usual type equations,the multi-dimensional Black-Scholes option
equation contains second order cross derivative terms. We show, when satisfying some
boundary conditions, that the option price, given as a risk-neutral expected value, was
the classical solution of the corresponding multi-dimensional Black-Scholes equation.

Key Words: local martingale, bubbles, classical solution
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�7�^�´]�A�d��B�d�7L��"

I�5¿�´§]�d��&�nØî��6uOdü �ÀJ"·��

m©ÀJÃºxÀ1½|âr��Odü §3ÙÄ:þ�ºx]�d�L§

�U´Ã.�"duÀ1½|ârL«²L½|¥��Ý]ö�ÃºxÝ]§

¤±l²LÆ��Ý5wù´��·��ÀJ"

2.3 ���&&&���½½½ÂÂÂ!!!���333555999ÙÙÙAAA���

Äk§3Ã@|^�(NFLVR)b�e§d]�½d1�Ä�½n�§�3

�dVÇÿÝQ§¦�Wt/Bt 3ÿÝ Qe´ÛÜ�§Ù¥§Q¡��dÛÜ�

ÿÝ(Equivalent Local Martingale Measure§ELMM)"Ï�Wt/Bt ≥ 0§KWt/Bt

´�Kþ�§¤±]�d��\Èy76�Ú§=(St + Bt

∫ t
0

1
Bu
dDu)B−1t �

´QÛÜ�§�´�Kþ�"

b�½|´Ø���§d]�½d1�Ä�½n�§�dÛÜ�ÿÝQØ

��"�
½Â]��Ä�d�§I�(½����dÛÜ�ÿÝ§·�b�

½|þÀJQ���dÛÜ�ÿÝ"Ïd§3Qe§½Âºx]��Ä�d�

�µ

S∗t = EQ

(∫ τ

t

1

Bu

dDu+
Xτ

Bτ

I{τ<∞} | Ft
)
Bt
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2.4]�d��&�5�

L«±k]������τ �§�5y76�y�"

½Â 2.1: (Jarrow§Protter Ú Shimbo§2010a§½Â3.6) ]�d��&½Â�]

��½|d��Ä�d��m��§=

βt = St − S∗t

Kk±e¯¢µ

(1) (St + Bt

∫ t
0

1
Bu
dDu)B−1t ´Q ÛÜ��´�Kþ�§τ ���d�

�(Bτ

∫ τ
0

1
Bu
dDu+Xτ );

(2) (S∗t + Bt

∫ t
0

1
Bu
dDu)B−1t ´���È�§τ ���d��(Bτ

∫ τ
0

1
Bu
dDu +

Xτ ).

�±wÑ§]�d��&Ø�"�du(St + Bt

∫ t
0

1
Bu
dDu)B−1t ´î�Q ÛÜ

�"�´duî�ÛÜ�(�&)Ú�(Ã�&)�m�«O,¤±rù«�{¡��

&��nØ"

2.4 ]]]���ddd������&&&���555���

Jarrow§ProtterÚ Shimbo(2010a)y²
]�d��&�Xe5�µ

½n 2.1: XJ�3��]��d��&β 6= 0§K�&�ke¡n«�¹µ

(1) β ´��ÛÜ�(��U´���È�)§XJP (τ =∞) > 0¶

(2) β ´��ÛÜ�§�Ø´���È�§XJ§´Ã.�§¿�P (τ <

∞) = 1¶

(3) β ´3ÿÝQe�î�ÛÜ�§XJτ ´k.Ê�"

½n2.1L²§]�d��±LyÑn«a.��&"�]��Æ·Ã�§

�����τ = ∞�§�31�a�&¶�]��Æ·k�§�´Ã.�§�
31�a�&¶�]��Æ·k.�§�31na�&"

þã½n�(Ø?�Ú*Ð§�±��]�d��&���©)"

½n 2.2: ]�d�S �±L«������©)µ

S = S∗ + β = S∗ + (β1 + β2 + β3)
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1�Ù�&��½d{

(1) β1´më�4(càdlàg)��K���È�§�β1 → X∞, a.s.¶

(2) β2´më�4(càdlàg)��K����È�§�β2 → 0, a.s.¶

(3) β3 ´më�4(càdlàg)��Kþ�(�´î�ÛÜ�)§÷vEβ3 → 0, a.s.

�β3 → 0, a.s.XJτ ´k.Ê�"

½n2.2¥�β1 §β2§β3 ©OéAu1�§�§na.��&"dþ¡�

nØ�±��íÑe¡�(Ø"

íØ 2.1: ?Û���"]�d��&β ´î�QÛÜ�§�äk±e5�µ

(1) β ≥ 0¶

(2) βτI{τ<∞} = 0¶

(3) ∀u ≥ t,eβt = 0 ,Kβu = 0¶

(4) evky76§K

St = EQ

(
ST
BT

| Ft
)
Bt + β3

t − EQ
(
β3
T

BT

| Ft
)
Bt"

½n`²µ

(1) �&o´�K�§=]��½|d�Ø¬'Ä�d��¶

(2) XJk��τ < ∞��&���»��m§K�&7L3τ ��½öτ ±
c»�¶

(3) �&3�.m©�Ò�3§½ö[�Ø�3§e�3�´»�
§ØU

#�)¶

(4) `²
��o½|d�S 3ÿÝQeØ´�"

3�Ñ]�d��&��35��§��Äù���¯Kµ]�d��&

��35XÛK�û)�¬�d�º]�d��&´ÄÕá�3uû)�¬

¥º

2.5 ûûû)))yyy   

ù�Ü©�Ä±ºx]��I�]��û)y �]�d��&¯K"Ì

�éîªÏ�!{ªÏ�!�ÏÜ��û)¬?1d��&¯K�?Ø"Ä

k§I�éû)¬�Ä�d�e½Â"�
{üÙ�§b�ºx]�S 3�

m(0, T ]þØ|G©ù"T �û)y ��ÏF§ºx]�����mτ > T A
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2.5û)y 

�??¤á§û)y �ÂÃ�HT (S)§Ù¥HT ´(Su)u≤T �¼ê"dþ�±

wÑ§²�3û)y �'½Â¥�ÂÃ´±ºx]��½|d��Ä:�§

Ø´±Ä�d��Ä:�"

�t��û)y H �½|d��Λt(HT (S))§Úºx]���§û)y 

�Ä�d�½Â�µ3ÛÜ�d�ÿÝQe§û)y 3�ÏFT �ÂÃ�^

�Ï"§=EQ

(
HT (S)
BT
| Ft
)
Bt"Kû)y �]�d��&δt �Ù½|d��

Ä�d��m��§L«Xeµ

δt = Λt(HT (S))− EQ
(
HT (S)

BT

| Ft
)
Bt

2.5.1 kkk...£££������yyy   

e¡�Ún3ïÄIO�y Ü��´ék^�"

Ún 2.1: (Jarrow§ProtterÚ Shimbo§2010b§Ún3)XJHT (S)´k.£�¼

ê§Ky �d�vk�&§=

Λt(HT (S)) = EQ

(
HT (S)

BT

| Ft
)
Bt

ù�Ún�{üA^Ò´Ã��"EÅ §Ã��"EÅ ´3�ÏFT ��

|G�{��y §Pt���½|d��p(t, T )"du"¦EÅ ´k.��

d��]�§¤±"EÅ vkd��&§=

p(t, T ) = EQ

(
1

BT

| Ft
)
Bt

�,§ù�Ún��^uÙ§k�½ÂÃ�Å §X&^ºxÅ �"

2.5.2 îîîªªªÏÏÏ���

éîªû)y �]�d��&¯K?1ïÄ�§·�Ì��Än«û)

y µ�ÏÜ�!îªwOÏ�!îªwÞÏ�§b�§�Ñ´±�Ó�º

x]��I�]�"z«û)y Ñ´ÏL3�ÏFT �£�¼ê5½Â�"

��1d��K§�ÏF�T �ºx]���ÏÜ�£��(ST −K)§PVt �

�Ï3t���½|d�"��1d��K§�ÏF�T �îªwÞÏ��£

��(ST −K)+§PCT �t��îªwÞÏ��½|d�"��§��1d�
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�K§�ÏF�T �îªwOÏ��£��(K − ST )+§PPt �t��îªwO

Ï��½|d�"Ón��V ∗t , C
∗
t , P

∗
t ©O´�Ï§wÞÏ�§wOÏ��Ä

�d�"e¡½n´'uû)y /ïñ²d'X0�?Ø"

½n 2.3: (Jarrow§ProtterÚ Shimbo§2010b§½n4)Ä�d��ïñ²d'X

C∗t − P ∗t = V ∗t = S∗t − p(t, T )K

5¿�û)y Ä�d��/ïñ²d'X0ØI�/Ã`³0ù�^

�§]�½|�I�÷vÃ@|^�(NFLVR)"�Ò´`§éuû)y Ä�

d�§ÃØ]�´Äkd��&§/ïñ²d'X0Ñ´¤á�"

e¡�½n`²/ïñ²d'X0éû)y �½|d��¤á"

½n 2.4: (Jarrow§ProtterÚ Shimbo§2010b§½n5)½|d��ïñ²d'X

Ct − Pt = Vt = St − p(t, T )K

du½n�y²î��6uÃ`³(ND)b�§¤±XJ½|=÷vÃ@|

^�(NFLVR)§û)y �½|d��/ïñ²d'X0Ø¤á"e�3§K

½|7L÷vÃ`³(ND)^�"

½n 2.5: (Jarrow§ProtterÚ Shimbo§2010b§½n6)îªwOÏ�

é¤kK ≥ 0§eª¤áµ

Pt = P ∗t

½n�y²L§^Ún2.1"Ï�îªwOÏ��£�¼ê±K �þ."ù

`²
ÃØ]�´Äkd��&§îªwOÏ�Ñvk�&"

½n 2.6: (Jarrow,ProtterÚ Shimbo§2010b§½n7)îªwÞÏ�

é¤kK ≥ 0§eª¤áµ

Ct − C∗t = St − EQ
(
ST
BT

| Ft
)
Bt = β3

t − EQ
(
β3
T

BT

| Ft
)
Bt

Ï�wÞÏ���ÏFk�§¤±XJwÞÏ��3�&§@o�½´1

na�&§�uI�]��1na�&~�1na�&3Ï��ÏF�{d�
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