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b(u); — div(a(u, Vu)) = H(u)(f + divg)

XE fe LNQ), ge (P (Q))N, ¢ =1, alu, Vu) X [Vu| HR p— 1R IEAFH
FAYEMERAE. USRI BORIE T ROV HUR . — e, X R REA S, RE
R a(u, Vu) RIET (L)Y HET g € (@)Y, H(u)(f+divg) HESORHH. KT
FERRGX LR, A T7EA T A A B AL AR A BRI 1 I8 OB S5 R S R R AR AR, B
BRI TENE. BRI J& Lions #1 Di Perna fE8F5T Boltzmann J7 242
A, SRV B — 2RI LM TR, A TR TTEkE T A Ry B A3
SOIR T B H (u)(f + divg) T RATEME, TR T A BB A 5.
FERMBI p-Laplace J7 T2

uy = div(|VulP*Vu)
T A ICTRY p-Laplace J7 2
uy = div(|Vu|P~2Vu) — u?
Cauchy A Dirichlet [I55## u,(v,t) 24 p — oo BFEHTIER R, X T Cauchy
[B18, Evans[21] MHE uo(z) B BSXEBIBIIE T S MAEHIRIE, B4 5%

up(,t) 2 p — oo WFHIHIERER; HUHIME uo(v) ARARIER, FHEMBRTESE
[34] WEPA T AFTE {up} BIFH {uy, } FIEREL uoe € C(RY), HRXMEREL G COr F

lim w,, (2,1) = e ()

J—00

G E—8or. fEAZ, FTdt T LibgsiE, X+ Cauchy [MBIA Dirichelet []SIHE
W T T3 {u,} WPBRATME—E, TS H R 51 B S i e o, B

lim u,(x,t) = uso(x)
p—o0
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1E RY MAEMTR4E G E—BUlar.
BB L (RY) MHEMGRARZRIMERIER p-Laplace J7 72

= div(|Vul’2Vu) + [u|"u

ity Cauchy [ARARAREIFLELE. TEW T4 sup,epy (f5 () [uo(y)["dy) /" < oo, H
F g <p—1+ %8, h=1,%q¢>p-1+% 8, h>Z(g—p+1), WHTRRGTHE
TE Ry k.

A BEX B FRRY HUREUW p-Laplace J7 2

Uy uP~!

—Ayu =\

(*)

Eas |z P

PR T R AEE R, BEIZRINT: 1<p<N,A>0,0<a <N\,
ug(x) € L=(Q), 7 Q 1 uo(z) > 0. L Avyp = (N = p)/p)”.

FIE1 & u e WH(Q), <Ay, MEE 1 <p< N, MIAE (x) FFEEERE.

T2 % A> v, , 1 <p<min(2—,2), WITE (x) FEFEEER.

TE3 #H A<y, v <P <2, WHFERREE T #HBF N,p, A Q] ,
TR (+) WO u(z,t) A,

u(-,t) =0, Vit>T"

EE4 HN<pun,,l<p< mln(NiéV ~,2) , HH pyyp = Avp(s — 1)(p+’;_2)p,

s = BB o MIFEAEA TR T RBF N,p, A, Q| , M (%) ## w, 1)
A,

XA Bt TE; BRI AR, BEEEEE
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Abstract

In this paper we study some nonlinear degenerate parabolic equations.
In the first chapter,we discuss the existence and uniqueness of renormalized solutions

for a class of degenerate parabolic equations
b(u); — div(a(u, Vu)) = H(u)(f + divg),

where f € LY(Q), g€ (L7 (Q))N, p = Pl a(u, Vu) satisfies p — 1 powers increas-
ing conditions for|Vu|. These problems are motivated by control problems arising in
chemical reactions. Under these assumptions, this problem does not admit, in general,
)

a weak solution, since the fields a(u, Vu) do not belong to (L} and the meaning of

loc
the term H(u)(f + divg) is not clear. To overcome this difficulty, we use in this paper
the framework of renormalized solutions. This notion was introduced by Lions and Di
Perna for the study of Boltzmann equation. And many people applies this notion to
evolution problems in fluid mechanics. In this paper, we first give a suitable formulation
of the problem to overcome the difficulty that the term H(u)(f+ divg) brings , then the
existence and uniquess of weak solution are proved.

In the second chapter, we discuss the asymptotic behavior of the solution to the

p-Laplacian equation

uy = div(|VulP~2Vu)

and the p-Laplacian equation with absorption
uy = div(|Vu|P~2Vu) — u?

for the Cauchy problem and the Dirichlet initial-boundary value problem as p — oo.
For the Cauchy problem, when the initial value ug(x) has compact support, the same
problem has been studied by Evans et al.[21], where some refined results are obtained.
For the case, when the initial value ug(z) has no compact support, the following result

was proved in [34], there exists a subsequence {u,,} of {u,} and a function u., € C(R"),
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such that for any compact set G C Qr

lim w,, (7,1) = Uso(T) uniformly on G.

j—o0
In this chapter, we improve the above results and study Dirichlet problem. We

proved the the asymptotic limit of the solution is uniquess and obtained the results:

lim u,(z,t) = uso(x) uniformly on G.
p—00

The third chapter is devoted firstly to the local existence of the solution to the
Cauchy problem of the p-Laplacian equation with strongly nonlinear sources when the

initial value ug(z) € L} (RY),

loc
uy = div(|Vu|P"2Vu) + |ul? .

We proved when

sup ([ Juol) )" < o,
Bp(x)

zERN

asq<p—1l+%, h=1lLasqg>p—1+L% h> %(q—p%—l), the solution to the Cauchy
problem exists localy .

In this chapter, we also discuss the global existence of the solution to the Dirichlet
initial-boundary value problem of the p-Laplacian equation with particular coefficient

Uy uP~t

—Apu:)\|x|p.

|z |*

The following results we obtained . Let 1 <p < N, A > 0,0 < a < N, uy(z) €
L>(Q), on 2, ug(xz) > 0. Denote Ay, = ((N — p)/p)P.

Theorem 1 Let ug € WHP(Q), A < Ay, for any 1 < p < N, then the problem

(%) exists a global solution.

2N

Theorem 2 Let A > Ay, , 1 <p< min(—N+2_a,

2), then the problem (x) exists a
global solution.
Theorem 3 Let A < Ay, , % < p < 2, there exists a finite time 7™, depending

only upon N,p, A, || , such that the solution u(x,t) of the problem (x),

u(,t)=0, Vt>T"
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2N

Theorem 4  Let A < uy, , 1 < p < min(g5—,

2), a < p, where uy, =

Anp(s — 1)(p+’8’_2)7”, s = W=2Cp) 5 9 there exists a finite time T, depending only

upon N;p, A, ||, such that the solution u(z,t) of the problem (x),

u(-,t) =0, Vit>T"

Key Words : Degenerate parabolic equation ; Renormalized solutions ;

Asymptotic behavior; Global existence .
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F—E —XFRMMAIEEBRCHENGFEERE—E

§11 (SR

A2 BT A AN
b(u); — div(a(u, Vu)) = H(u)(f + divg), (z,t) € Q, (1.1.1)
u(z,t) =0, (z,t) € 00 x (0,7), (1.1.2)
u(z,0) = uo(a), zEQ, (1.1.3)

HrQ=0x(0,T), Q& RY EAE R HRKRIK
(Hy) b(s) € CH(R) J2™ #5281 o 5 HLIH 2 IE I %A% 0(0) = 0;
(Hy) a(r,é): RxRY — RN ZE#gmE, W 1<p<oo, a>0HVErveRY

a(r,§)§ = al¢l”, a(r,0) =0,

(a(r,§) —a(rv))(§ —v) =0,
la(r, &)l < C(Irh2+1[€7Y),  C(r): BT — RT E3k;

(H;) H'e Cy(R), VseR;

(Hy) fel'Q), ge (P @), =1

— i, R T, WA (1.1.1)-(1.1.3) ArEs i, R a(u, Vo) NET
(Lipe)N BT g € (L (Q))N, H(u)(f + divg) M XA KT Seikixsemxe, &
{I7EA 2200 ) B A AL A 3. AR Lions A1 Di Perna 7£3C [30] HF%E Boltzmann
iR . Lions £E3C [26] B ILEIRHF ST A Sh 1 AP B, & T e
(L11)-(1.1.3) % H(u) =1, g =0, B b(s) = s, H(s) = 1 HALEFE [16, 11, 4] FHH
BB TR S A A SME—E. 5, BA H (u)p M BETR SR LA R
[A] 8 Murat F1 Porretta [8, 19] 5, IS RIBRIEF M0 S 5 HUR AL

TEART, HRAHTE (1.1.1) B9Z8RIT3C [4] RN E X, FIER 55 #0 F
TEPE.

§ 12 EEMHNENRERER
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— R, Xt k>0, & R T
k, v >k,
Ti(v) = q v, ] < &,
—k, v < —k.
EX 121 % (Hy) — (Hy) oL, FTIERE v #7204 (1.1.1)-(1.1.3) fy B fLfig,
R ou iR

b(u) € L>®(0,T; L'(Q)), (1.2.1)
Ti(u) € LP(0,T; Wy (Q)), VE >0, (1.2.2)
lim a(u, Vu)Vudaedt = 0, (1.2.3)

0 J(z,)eQn<|u(z,t)|[<n+1}

XA h e Cy(R), € € Cy(Q),
/Q ¢ /0 h(r)db(r) — /Q a(u, V)V (h(w)€)dzdt — — /Q H(u) fh(u)edzdt

+/ (H'(u)h(u) + H(u)h'(u)) Du - g¢dzdt, (1.2.4)
Q

Ak,
b(u) |i—o = bluo). (1.2.5)

F 121 fF(1.24) FRE—HEHAEX. Fxlk, (1.24) BE—HHEZE RN

/0 * B db(r)

< |hloo[b(w)]
H b(u) € Lo(0,T; LY(Q)). HE IR (1.2.4) RATDME —THE LN

/a(u, Vu)V(h(u)g)dxdt:/ a(u, VI (u))V (h(T(u))€)dxdt,
Q QN{lul<k}

/Q (H'(u)h(u) + H(u)h'(u)) Dug€dzdt = /Q (H'(u)h(u) + H(u)h'(u)) DT}, (u) - g€dzdt,

Horft k> 0, 845 supp h C [k, k] .
FHE 121 Hou:Q— RAMH vy = buo) € L'(Q). B (Hi) — (Ha) AL,
MIFETE—BR S u W2 v = b(u) € L=(0,T; LY(Q)) & (1.1.1)-(1.1.3) gy —E &b i#.
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T 1.2.2  HER 1 AREESLH b(r) =1, H'(s) >0, f >0, g=0, 3i&3E
— B k>0 I |s|,|s'| <k, TELE Ex(x,t) € LP(Q), F), > 0 f§i15

la(s,€) = a(s', )| < |s = '] (Ex(x,t) + Filg]") - (1.2.6)
N (1.1.1)-(1.1.3) Ay A&k fEnE—.
§1.3 FIE 1.2.1 §YFBH
Xt e >0, FIR T f, g, uo HIIEITPREL
fer 9 € CH@Q), uos(x) € CH(Q)

7 LNQ) - f, E (L7 (Q)NH g.— g, (1.3.1)
£ LNQ) " bluo:) — blug), FFHAE Q HULTAELWSK. (1.3.2)
AR, Al a, b il 2460 HARS T3 a8 A A L .,

b(us), — div(a(ue, Vu.)) = H(u.)(fe + divg.), (x,t) € Q, (1.3.3)
us(x,t) =0, (x,t) € 002 x (0,T), (1.3.4)
ue(z,0) = ug-(z), x €, (1.3.5)

74 WA A T A DA B 4R
A (1.3.3) WPTAFRLE Ti(ue), k> 0 H7E Q@ ERUY, 15

Ue (wT
// s)dsdx +/ a(ue, Vue ) VT (us)dzdt

UQe (w
/ H(ue)Ty(us)(fe + divge)dzdt + // s)dsdzx. (1.3.6)

BT (Hi) — (Ha), X k>0 F suppH'(s) C (=k, k),

a(ue, Vue ) VT (us) = a(ue, VIg(u:))VTi(ue) > «|VTi(u)|?,

/ H(u )Ty (ue)divg.dzdt = — / (H'(u)Ty(ue) + H(uo)) DTy (u.) - g-dadt.
Q Q
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H (1.3.6) 2% Young A%
Ue (xT
/ / s)V'(s)dsdx + — / |V (ue)[Pdzdt < C(k) + E|b(uo)| L1 () (1.3.7)

He C(k) 25 ¢ TTRAIFEL

SHEE M > 0, % Sy & C~ MEBEMESYS |r| < 3 Su(r) =r; %4 [r| >
M, Spr(r) = Msng(r).

TUEFHXHER M, T3 Sar(b(u.)) W

Su(b(ue)) FLP(0,T : WH(Q))—SH 7 (1.3.8)

OSn(b(ue))
ot

o (1.3.8) XK (1.3.9) KXoz, B Aubin 5[BE ([13], 317 4) FHEEMEZ M > 1,
Su(b(ue)) 1 L*(Q) BXTE.
BIER (1.3.8) Sk (1.3.9) K. 2R [o(u.)| > M, Sj(b(u.)) =0, 5

FLYQ) + LV (0, T : WH(Q))—FH F-. (1.3.9)

DSnr(b(uz)) = S5 (0(us))' (ue) DT, (ue),
H Koy = maz{—b" (M), b~ (M) }. K (1.3.7) THER (1.3.8).
W (1.3.9) &, (1.3.3) XL S, (b(u.)) 18

W = div(Sh,(b(u)))alue, Vue)) — Sy (b(u))V (u)a(ue, V) VT, e

+80 (b(ue))) H (ue) fe + div(g:S)y (b(ue))) H (uz)) — g - DT, (ue) (S (b(ue)) H (ue))'.
XA (1.3.9) 2. B (Ha) K& (1.3.7) 15
a(Ty(ue), VTi(ue)) F(LP(Q)N—Brh H. (1.3.10)

A TIERH (1.2.3), XEEIEE n > 1, % & Lipschitz #2EpK%L 0,,,
O’ |’f’| S n,
u(r) = Tasa (1)~ Tu() = (il — msen(r), n <l <nt1,

sgn(r), |r] >n+ 1.
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EBIHEE n>1,0< 0, <1, HMEZ r, %4 n — oo, 0,(r) — 0.
A On(ue) 3 (1.3.3) XBPIILIHTE Q B, 1%

e (x,t)
// dsd:v+/ a(ue, Vue ) VO, (u.)dzdt
Q
UQe (x

/H(ue) n(ue)(fe + divge) dxdt—l—// (s)b(s)dsdz. (1.3.11)
Q

/a(ue,Vug)VHn(ue)dxdt > a/ |VO,, (u.)|Pdxdt

Q Q

H

/ H ()0, (u2)divg.dadt = — / HY (126, (1) DT (1) godarclt — / H (1) V6(1.)-g.dedt
Q Q Q
Herr suppH’ C [k, k]. H1 (H3), Young A& K (1.3.7), AHES

/ a(ue, Vue )V, (u.)dzdt < C, (1.3.12)
Q

/ |V, (u)|Pdedt < C, (1.3.13)
Q

Hp C 5 en ok
ERAGHHEREFE T, U5EHh w, fifFH e >0, XMEE k>0, n>1,

QL ue JLPRAEWELT (1.3.14)

15 LP(0, T; W (Q) b, 6, (u) BUCEKT 6, (u), (1.3.15)

FE LP(0,T; WHP(Q)) L, Ti(ue) ST Ti(uw), (1.3.16)
7 (P (Q)VE,  a(T(u), VTi(ue)) FUESLT o, (1.3.17)

Hrft oy € (L7(Q)Y.
PUIE b(u) € L>=(0,T; L(Q)). B (1.3.7) X, 18

Ue (xT
// (s)dsdz < k[b(uo)|r1() + C(k).

il
k / bu(e, £)]dz < k|b(uo) e + C(k) + Cb(k)mesQ.
Q
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H b(u) € L=(0, T; L'(52)).
H(1.3.11) X% (Hy), 15

@ a(ue, Vue )V, (u.)dzdt
U

e—0

< lim (/ H(u:)0,(u:)(f: + divg.)dzdt + / /uos(x) Hn(s)b'(s)dsdx) (1.3.18)
Q QJo

EEE

/ H(u.)0,(us)divg.dedt = — / (H'(ue)0(us) g DTy (ue) + H(uo) Vb, (ue)g-)dadt,
Q Q

Hrp supp H' C [—k, k]. ]

lim H(ua)en(ua)(fa+divga)d:vdt:/H(u)@n(u)fdxdt
==0Jq Q

—/QH(U)H’(U)VTk(u)ngdt—/H(u)V@n(u)gdxdt (1.3.19)
Q Q

HHNY n— 00,0,(u) — 0 H V0, (u) §ELT LP(0, T; W'P(Q)),
0,(u) — 0 SFUBLTF LP(0, T;wy™(Q)), %4 n — oo.
FITTE (13.18),(13.19) 2 V0,() = Xncucnsr) Ve 1

lim lim a(ue, Vu:)Vu.dzdt = 0. (1.3.20)

100620 Jin<luc | <nt1)

HIE o = a(Ti(u), VI (u)), FIH Landes [31] MIESAL . H @ X T (uw) RF
B E] Ay IR R AL
(To(u)o (2, 1) = v / DT (u(z, 5))ds (1.3.21)

Hd s> 0,u(z, ) = u(r,s); % 5 <0,u(e,s) = ug(x). (T(w)), BA FFIMR

O(Th(w))y
ot

+u(To(w)), — Th(w) =0 7 D, (1.3.22)

(Tk(u)vli=o = Ti(uo), ~ 7E €,

(Te(w)y — To(u) JLFRAT Q, HI * ST L=(Q),
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