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∏
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k) ℄` αk = 2i cos kπ
n+1
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Abstract

The enumeration of perfect matchings for a graph is one of important

topics of the matching Theory. In 1979, L. Valiant proved that the enu-

meration of perfect matchings for a graph (even if it is a bipartite graph) is

NP-hard. But, if a graph G has a Pfaffian orientation, then the number of

its perfect matchings can be calculated in a polynomial time. However, it is

not easy to answer that if a general graph has a Pfaffian orientation.

W. Yan and F. Zhang [Enumeration of perfect matchings of type of

Cartesian products of graphs, Advances in Appl. Math. 32(2004)] discuss the

cartesian product graph of the trees and the paths or the circles. They gave

Pfaffian orientations for those graphs and enumerate their perfect matchings.

In this paper, we concentrate on the question whether there is a Pfaffian

orientation of the cartesian product of the tree T and the path Pn with

n(n ≥ 5) vertices, and obtain that if n = 2m, the graph T × Pn is Pfaffian if

and only m < 3, or T is a path, or T is a star; When n = 2m+1(m ≥ 2), the

tree T with a perfect matching and is not a path, then the graph Pn×T is not

a Pfaffian graph where n ≥ 6. And obtained the number of perfect matchings

of Cartesian product graph K1,t × Pn, PM(K1,t × Pn) =
n
∏

k=1

αt−1
k (t − α2

k)

where αk = 2i cos kπ
n+1

, n = 2m ≥ 6. Basis on the above results, we discuss

the question whether there is a Pfaffian orientation of the cartesian product

of the tree T and the circle Cn with n(n ≥ 5) vertices.

Key words: perfect matching, Pfaffian orientation, Cartesian graph,

tree.
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� 1 z i℄ 2

1.1 Pfaffian �?�MA�}�'��Æ��H G �X��1��:t (V (G), E(G), ϕG) ℄` V (G) ���fokL E(G) �46 V (G) n`f(Lz ϕG �"�.&5� G f2A(w(3 G f℄�okw	4'n$����℄=�℄b(fH�QX℄H�~ e ��A(z u 4 v ��d ϕG(e) = (u, v) H� e �b u 4
v ( e 6ok u 4 v n"� u 4 v �Q e fuk�~�A(E G `11�EfukH�N�A(4n#� G f�AIq�X1l���!
W = v0e1v1e2 . . . ekvk(k ≥ 1) 5fr`�iQok4(� v0, vk QIq
W f_k4ak W �Q v0 b vk f�AIq�EX℄H`Iq W �/ok�! v0v1 . . . vk 2rq~Iq W `fok:4nEH� W ��A*�Px1 n �okf*Q Pn �~Iq W _k4akQE�okH�Iq W Q��lx1 n �okflPQl>Q n fl Cn �~�H GfBA(-�A*[�H\7�P:yQ�(Y��~Y�H G fBA(dbH H H�H H � G fY�H�~2A(-	[�<	(f*r�Q&�okf*H� H � G fQY��EH G `|+E��ok u 4
v VSE�AQ u b v f* P H� u 4 v Q�Df�4-lfH�Q℄lH�Df℄lH�Q$PQ T �� H ���H|+ V (H) ⊆ V (G)d E(H) ⊆ E(G) H� H � G frH�� G���-1 nfokfH- 1,2. . . ,nw2�ok�5��-2dbfH�Q-2H�~�H G f2A(rq���tH�2dbfH��QqtHP��qf�t�QH G f��qt�|+ u  v � G fokH- uv .�"� u 4 v f(~ G �qtH�H uv .��tQ
u b v f�t(�� M � E(G) f��rL~ M `fx �A(E G `r4n#H� M Q G fUT�~ok v QUT M `BA(fukHB v " M
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� 1 z i℄ 3�4�~ G f2�ok{" M �4H� M Q G f�tM3UT�/P�T~��H1M3UTH5fok&'sQQ&�� G ���-2HD �H G f��qtM = u1v1, u2v2, . . . , ukvk� G f��M3UTq"M3UT M E D f	2Q sgnD(M) q"56R! P





1 2 3 4 . . . 2k − 1 2k

u1 v1 u2 v2 . . . uk vk



 (1.1)f	2�[M sgn(M) = sgn(P ) �~SE G f��qt D �d G `21M3UTf	2�[H�qt D �H G f�� Pfaffian qt�/M3UT	2fq"�T( uivi ER! P f)��4*pM3UT M f	2f�$Z`- PM(G) .�H G f21M3UT�&�� G���HV (G)� GfokL� V (G)�Q�7�PQ X 
Y ~(L E(G) `f2A(r1��ukE X `&��E Y `H�H G Q{7H X 4 Y �Q G fok;��;� X 4 Y `fok&�/PQ |X|  |Y | �H/M3UTfq"�T{7H~1M3UTH'1Hfok;� |X| = |Y | �/q"�T$ T �{7H�q"ok;�Y1��okE X `℄4okE Y `f t + 1 �okf$�Q�HPQ
K1,t �� C �H G f��l M � G f��M3UT|+l C `f(E M 4 E(G)\M ``�HjH� C Q M- `Tl�|+ C �H G f��ldH G\V (C) 1M3UTH� C ���0l℄` G\V (C) .�Q G `�k C `21ok9frH���i� H �H G f��rH|+ G\V (H) 1M3UTH�H H � G f��0rH�� G ���H D �H G f��qt C � G f��Q>l|+
C Eqt D �o)�O	GK�O��t�-^&A(H� C �^q厦
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� 1 z i℄ 4tf�� D �H G fx ��qtdbqtH Ge H Ge f#buQq"|� A(Ge) = (aij)n×n 
aij =



















1, vivj ∈ E(Ge);

−1, vjvi ∈ E(Ge);

0, ℄5Æ|+ G ���X℄H v �H G f��{tkE��0 v k"�f�A(�d��"�k4 v k�0Q�kf:y�Qwok v f'�0�|+H H ��/H G f��0rHD,4viw{tkm�'�0dbH�H H �H G f��UT minor ���H G4H f|�JPQ G×H ℄okL V (G×H) = V (G)×V (H)J��dok (x, u) 6 (y, v) EH G×H `n#_dj_ x = y 1d u 4
v EH H `n#GM u = v d x 4 y E G `n#	℄` x  y �H Gfok u  v �H H fok) �
1.2 5� Pfaffian DH��0��/j�`\7T��H G fM3UT	2 sgn(M) 6R! P f	2�[~SE G f��qt D �d G `21M3UTf	2�[H\7�H G 1 Pfaffian qt�2�_H G � Pfaffian f/}�q�\7tJ��-qtH Ge fy#buQf�!�	O.H G fM3UT&�P� 1.1 [5] � D �6 G �b� Pfaffian �O���O6 Ge ri [Pm(G)]2 = det(A(Ge)) �[ A(Ge) � Ge �BK� det(A(Ge)) �
A(Ge) �Vb��n�n�iZT��qb�6	_Cmtx�r-� Pfaffian �JTdv�N���;s7(r~:lzy" L. Lovász ) M. Plummer v
[5] �rx�b�6 G o Pfaffian �O�6��:3=�厦
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� 1 z i℄ 5P� 1.2 [5] � G �ow"����<{6D �6 G �b��OriGn��3=�:�	 1 � D �6 G �b� Pfaffian �O�	 2 � G kb�wo�'�v D G����O��	 3 �Æ$ G ob�:lzyri�q�:lzy M +o� M-�w�v D G����O��)	x�b�6� Pfaffian o+��:�3=|��Q3=km�W�l�rie� Kasteleyn v\I{n6�:lzy7"B1��oa{n6� Pfaffian W�P� 1.3 [8]	 Kasteleyn’s Theorem �k�{n6�ob� Pfaffian �Ot�OTv�N��;s}��
Little8#a Kasteleyn�D$vA [4]�ra"qÆm6� PfaffianW�x�3=�P� 1.4 [4][16] b�Æm6ob� Pfaffian �O}�E}-jo5 q K3,3 �zy minor �P� 1.5 [4][16] � G � Pfaffian � H � G �b�'�6ri6

H `� Pfaffian ���?�)|�1vA [16] .haqbX6� Pfaffian Wk�ra6X Pfaffian 6�:lzy"�7(��)I�ix��P� 1.6 [16] � C4 i�b� 4 o� T �
fbS ri C4 × T� Pfaffian �k� PM(C4 × T ) = Π(2 + α2) �[ α �g T �BK��+o/���P� 1.7 [16] � T �
fbS ri P4 × T � Pfaffian �k�
PM(P4 × T ) = Π(1 + 3α2 + α4) �[ α �g T �BK��+o��/���厦
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� 1 z i℄ 6P� 1.8 [16] � T �bSo:lzy� ri P3 × T � Pfaffian�k� PM(P3 × T ) = Π(2 + α2) �[ α �g T �BK��+o�/���
1.3 };ZK��?�)|�1vA [16] .ha s��"Pq 5 �e�O�26) s 4 ��O�26�ra�Q6X� Pfaffian �Ok(ra-m�:lzy"�I�ix��q s��zq 4 �e�O�26��vv
Pfaffian �O�-�b�<��B1�`A����B1\Ia T s��"; n(n > 4) �e Pn �O�26 T × Pn � Pfaffian W�Gn�r`A��_D$�}e Pn ���";zq 6 �w"�odGD$�	� 2.1 � T �bS  P2m(m ≥ 3) ���"; 2m �e�Æ$ Tl�e6`l�T6xO�26 T × P2m l� Pfaffian 6�	� 2.2 � Pn ����" n = 2m(m ≥ 3) �e T �bS �� 
T ;T6 K1,t xO�26 K1,t × Pn � Pfaffian 6��*�Z 2.2 ) 2.3 �DhCm+e��Gn��Z�	� 2.3 �e Pn ���"; n = 2m �e T �bS �xO�26 T × Pn � Pfaffian �}�E} m < 3 0~ T �e60~ T �T6�}e Pn ���";zq 5 ��"�oD$�	� 3.1 �e Pn ���" n = 2m + 1(m ≥ 2) ��&o:lzy� T l�ek�~��";zq�q 6 x6 Pn × T l� Pfaffian 6�h;e Pn � Cn ��6n� Cn /�)�n�.hCmTd��o"6 T × Cn � Pfaffian Wx�D$�	� 4.1 } Cn �o; n = 2m(m ≥ 3) ��T �bS Æ$ T l厦
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� 1 z i℄ 7�e6`l�T6xO�26 T × C2m l� Pfaffian 6�	� 4.2 } Cn �o; n = 2m(m ≥ 3) ��T6s� C2m �O�26 K1,t × C2m � Pfaffian 6�u�n��ZT�O�26 K1,t×Pn ) K1,t×Cn � Pfaffian 6niZ 1.1 T4%b��7(��6�:lzy"�	� 5.1 6 K1,t × Pn �:lzy" PM = (
n
∏

k=1

αt−1
k (t− α2

k))
1/2 ~ αk = 2i cos kπ

n+1
 n = 2m ≥ 6 �	� 5.2 6 K1,t×Cn �:lzy" PM = (

n−1
∏

k=0

αt−1
k (t−αk)

2)1/2 ~ αk = ωk + ω−1
k  ωk = cos (2k+1)π

n
+ i sin (2k+1)π

n
 n = 2m ≥ 6 �
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� 2 z 6 T × P2m � Pfaffian Wx� 8� 2 U 6 T × P2m � Pfaffian E)��$ T fokL V (T ) = {v1, v2, ..., vt}(L E(T ) = {e1, e2, ..., et−1}�\7℄ T � n��/Py T 1, T 2, ..., T n�- V (T i) = {vi
1, v

i
2, ..., v

i
t}.�

T i(i = 1, 2, ..., n) fokLE(T i) = {ei
1, e

i
2, ..., e

i
t−1} .� T i(i = 1, 2, ..., n)f(L���#q"f	2\7*�dbH T 6 Pm f|�JH T × PnfokL V (T × Pn) = V (T 1) ∪ V (T 2) ∪ · · · ∪ V (T n) (L E(T × Pn) =

E(T 1) ∪ E(T 2) ∪ · · · ∪ E(T n) ∪ E(XT ) ℄` E(XT ) = {vi
jv

i+1
j | 1 ≤ j ≤

t, i = 1, 2, · · · , n− 1} �is T 4 T × Pn r�{7H�/&� 1.5 4 1.8 �Tw3 n = 2m(m < 3) fg�H T × P2m � Pfaffian H�9$Z9/w3 n = 2m(m ≥ 3) �|�JH T × Pn f Pfaffian ��	� 2.1 � T �bS  P2m(m ≥ 3) ���"; 2m �e�Æ$ Tl�e6`l�T6xO�26 T × P2m l� Pfaffian 6�V%�� T ���"; t � t ≤ 4 e^�t� T l�eJ�T�t�.h T ���" t > 4 � T ���3 V (T ) = {v1, v2, ..., vt} 3 E(T ) = {e1, e2, ..., et−1} �h; T l�e`l�T+d T b\&b�� T1 	 T1 �LoE���~b��
�b�Æ
�)��b
�� ��l�8 T1 ���3 V (T1) = {v1, v2, v3, v4, v5}, ~ v1 ;�
� v2, v4, v5 ;b
� v3 ;Æ
��nO�26��gCmdT��6
T1 × Pn(n = 2m) �D Æ6 2.1 +��
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� 2 z 6 T × P2m � Pfaffian Wx� 9Cm8 T0 = T \ V (T1) � T ��6xT>6 T × Pn i�qn6 T0 × Pn)6 T1 × Pn 4%b��_Bq�Æ6 2.2 +��
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