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71 T #iAME L (topological index) /&5 AEA G W) or 1 B LB HE AR
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Wiener f8%i 4]/ Harold Wiener & 1947 4F ) T #ffi € Kk ik s 5 I
=it X TF—"1MEEE G, G 1 Wiener 55045 & X G i
FIEX CEP) NS Z A Wiener FREULEIE . &AL 22555
WAEZNH. A LB HEARLK, Wiener A2 1T Z R A KW
50, Hp, XPREE B A s Wiener FRECHI 0T, RAEL AR
A H B AT TR RS, C83R1G TR k.

Wiener 23 (fEASCHFRA Hosoya 2 3i5\) J2 H1 Hosoya $#2H (), B2k
T R B A A I AR R . Wiener $5 4075 2y tH Hosoya 2 G 2. (HIEM1#
PR ER Tvan Gutman Jrift: i 4 Hosoya 2 W 2 LU TH Wiener 5%
WxEAF 2. H A Hosoya 22U B FT M AL TP Be, RAAAZ LR CE
1EE PR kR, B8 AR L K B 20 T 1996 4F [51] A1 2004
G [52] g T 2 B FR K AL A 22 18] 11 Hosoya 2 5k ) 23
3k, 2007 4F (7] i VAL AEL EL I E. B 5 ERER Hosoya £t
M RAR. FRECFE S Ivan Gutman T 2001 48 [?] 45 T LR EAT AR
RHEN Hosoya LI A, RIS M.V Dindea - 2002 47 [?] it i
WLIER th— 213 R BRI I 75 #8 R ZE M0 Hosoya £ IR 4857 RIFKA
AN (2, 7] 4 T FFAGKE K Hosoya 2 T5L.

ASSCHEFE— ML K Wiener 45 8010 T AR AR 1) BT 0IE 24K 5 LX) Hosoya
2. FATIEE K Wiener $aEOMIBR B BE 10— 280 DL S50 (Wil . 4
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/N Wiener BB Gl kn —k — 1. X TEBM N n HEEN k1K
K, FRATUE T B 4/ Wiener 88 2 T, X T BB A n FHA 2L
N (@) =k <n—1ME, TATUEW T HAG &/ Wiener 88 E 2 Ty, A
% N Wiener FEEEE Ky - Py, b, B G k,n — k — 1], Ty, Ki - Pog
()5 I, §2.1.

2. P TR 4K Y Hosoya 2 T2,

B A T ER B K T'(p, ) [C, D] ) Hosoya 2 I vHE, FATHE 46 E B
T2t > (=2, 9K ¢ 2 O BT IEE B 5 S ATIHE T(p, ¢)[C, D)
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FETIXANEER, AR A B IR GKE IE 5~ ¢ A D g3y KE| ¢ i D,
132 T(p, q)[C, D] BIAHFESR A B ERIE UK T (p, ¢*)[C*, D*], FF¥5 B ik 2 5lE 2
KAE =5 T(p, q* —2), C* Fl D*, AFAFRE—F0 43 AT AN TS I B 2 45
T EATAE A v L HE KA TR R B . 1R A 20 PR Y IR 40K B 1K) Hosoya £
I AR — ik oA, FF 4 A1 U AN TV AR Y .

3. HT IR 1Y Hosoya 2 I,

P 3k T A 8 SR oK S B O R RRONE A0 OK R A R AN ], SRR T
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Abstract

Molecular topological indices are the numerical descriptors defined on molec-
ular graphs of compounds, which are closely related to physical, chemical and
biological properties of the corresponding compounds. So molecular topological in-
dices have been widely applied to determine the “quantitative structure-property
relations (QSPR)” and “quantitative structure-activity relations (QSAR)” , and
to predict physical, chemical and biological properties of new compounds. They
are also widely applied in combinatorial optimizations, network optimizations and

other areas.

In order to determine the boiling points of alkanes Harold Wiener proposed the
Wiener index, the first topological index, in 1947. For a graph G, its Wiener index
is defined as the sum of the distances of all pairs of vertices of G. Wiener index also
has many applications in communication, facility location, cryptology, etc. Since
1970s, many investigation on Wiener indices have been extensively and in-depth
made, in which the investigations for the graphs having extreme Wiener indices
in some special families of graphs are popular and forefront topics with important

significance in chemistry and mathematics, and have gotten considerable progress.

Wiener polynomial (also called Hosoya Polynomial) is proposed by Hosoya. It
is generating function of the distribution of distances between vertices of a graph.
The Wiener indexes can be easily got from the Hosoya polynomials. But as the
well-known mathematician and chemist Ivan Gutman said: the calculations of
Hosoya polynomials are far more difficult than the Wiener index. Now investi-
gations for Hosoya polynomials are in the initial stage. Only a few articles are
published in the international magazines. In 1996 [51] and 2004 [52], Yeh Yong-
nan et al. determined the formula of the Hosoya polynomials for a family of trees
with highly symmetry, and some chemical graphs. In 2007, they [54] showed the
relations between Hosoya polynomial of a graph G and the Hosoya polynomials
of compound graph, line graph, subdivision graph, total graph of G. In 2001,

Ivan Gutman [48] gave the formula of the Hosoya polynomials for some families
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of benzenoid chains with period. In 2002, M. V. Diudea deduced the formula of
the Hosoya polynomials for a family of toroidal polyhexes. Xu Shoujun and Zhang
Heping [56,57] gave the Hosoya polynomials of zig-zag open-ended nanotubes and

armchair open-ended nanotubes.

In this dissertation, we study the extreme problems of the Wiener indices of
general graphs, and the Hosoya polynomials of the capped nanotubes. We con-
nect the Wiener index with some well-known graph-theoretical parameters such as
connectivity, edge-connectivity, chromatic number and clique number. We charac-
terize the graphs with a given order and connectivity (or chromatic number) and
with minimum Wiener index, and the graphs with a given order and clique num-
ber and with minimum Wiener index or maximum Wiener index. For the capped
nanotubes, since the diversity and the irregularity of the caps, and the distances
of pairs of vertices in nanotube may be changed after adding caps, the calculating
of the Hosoya polynomials of the capped nanotubes is much more difficult than
the open nanotubes. We study the area in a nanotube in which the distances of
pairs of vertices may be changed after adding caps, and divide the capped nan-
otube into three parts so that any two vertices in a same part have same distance
in both the part and whole capped nanotube. Base on the Hosoya polynomials
of every part and the distances of pairs of vertices in different parts, we give a
general method for calculating Hosoya polynomials of zig-zag capped nanotubes

and armchair capped nanotubes.
The main results of the paper are as follows:
1. The extreme problems of the Wiener indices of general graphs.

We prove that among all the graphs with n vertices and connectivity k (resp.
edge connectivity k), the Wiener index is minimized by the graph G[1, k,n—k—1];
among all the graphs with n vertices and chromatic number k, the Wiener index
is minimized by the graph 7} ,, and among all graphs with n vertices and clique
number k, the Wiener index is minimized by the graph 7}, and is maximized by
the graph K, - P,_j, where the definitions of G[1,k,n — k — 1], T}, ,,, K}, - P,y see
§2.1.



2. Hosoya polynomials of the capped zig-zag nanotubes.

In order to calculate Hosoya polynomials of the capped zig-zag nanotubes.
we first prove that if ¢ > [MTHW, then any two vertices on the cycle Cy in T'(p, q)
have same distance in both C; and T'(p, q)[C, D], where m = maxz{dpc)(vi,v;) —
de(vi,v;) | vi,v; € V(B(C))} > 0. Then we expand the caps C and D of zig-zag
nanotubes to the caps C*and D* to get the associated capped zig-zag nanotube
T(p,q*)[C*, D*]. We divide the capped zig-zag nanotube into three parts C*,
D*, and T(p,q* — 2) so that any two vertices in a part have same distance in
both the part and T'(p,¢*)[C*, D*]. We give a general method for calculating
Hosoya polynomials of capped zig-zag nanotubes. As an application, the Hosoya

polynomials of two capped zig-zag nanotubes are deduced.
3. Hosoya polynomials of the capped armchair nanotubes.

Because of the different structure of capped zig-zag nanotubes and capped
armchair nanotubes, it is more difficult to calculate Hosoya polynomials of capped
armchair nanotubes. Similarly, we first prove that if ¢ — 1 — [$(mp +p —r(mp) +
Orimp))] =t > [2(mc +p — r(me) + d,4me)) ], then any two vertices in the layer
Ly in T4(p, q) have same distance in both T4(p, q) and Ta(p, q)[C, D], where m¢e =
max{dpc)(vi,v;) — dc(vi,v5) | vi,v; € Vo(C)} > 0, mp = max{dpp)(vi,v;) —
dp(vi,vj) | vi,v; € Vo(D)} >0, § = 1 if k is odd and 5 = 0 if k is even. Then we
expand the caps C and D of the capped armchair nanotube to the caps C*and D*
to get the associated capped armchair nanotube T4 (p, ¢*)[C*, D*]. We divide the
capped armchair nanotube into three parts C*, D*, and T4(p, ¢* — 2) so that any
two vertices in a part have same distance in both the part and T (p, ¢*)[C*, D*],
and then give a general method for calculating Hosoya polynomials of capped
armchair nanotubes. As an application, the Hosoya polynomials of two capped

zig-zag nanotubes are deduced.

Key Words: Wiener index, Hosoya polynomial, capped zig-zag nanotubes,capped

armchair nanotubes.
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§1.1 75 5L 1 I R St 1.

BT K OH

§1.1 T 5t 5 A G ) 8 St o ik e

7R AMEEOE E XAENE Y 0 T B BB AR, E S NAL SR
L AR ARV FUR VIAR O, M) 2 N T e SR “ 5T S
JiER R quantitative structure-property relations (QSPR)” Fll “ 5 f- &5 3G Pk K
# quantitative structure-activity relations (QSAR)” , ZE iy FH 1T #r (14654
OE7 BN ey I 2 27/ & T TORS T MU -8 et 7/ (R Lk 0 Sl = AP A W R T2 = 5
fi o, BRI 2 L, 2 T AMEEUE QSPA R QSAR TN & AT
B AR i 2B AR IREERE AR SRR A
Al (WO REEE [9-13)).

Wiener $580E i B4 TN 7> 7 HSMEEL 1947 4, 2N “ NGty bk
SERERCI A7 IS, YL 2E K Harry Wiener [7] A28 7 —MOBUTE BT
oy (R, —BR) IME W, J5 R Wiener #5540, JFHATH T W kL
W TR N O AR S, BRI R i A SRS TR 1k 1L (bp) -

bp =aW + BP + v

XH o, B, fl v WAL, P Otk ESL ( polarity number ), B, 435 & EEE
h 3 BT AN A H . Wiener B 5 tHIEH W SHVNED L EW B =
J, T, gy AR, TR A, AR TR ARSI L. WRE AT T
BHULAT Randi¢dg %, Zagreb 540, Hosoya FREGEEE. A XL H 14022 W H
FHECEEPE T, AT SCHR [16-31]. BAA2 MATCH Commun. Math. Comput. Chem.
[14] 5 Discrete Appl. Math. [15] /L%, Wiener FEEFE QSPA Fl QSAR
AR R DI Y FH L2 T T v R S P PR A k. o s Harary
B4, hyper-Wiener 8%, Schultz 8%, St Schultz 8%, |~ X Wiener f&
1, Kirchhoff #5412

Wiener FEEUHF ST I PN B VIAH S ZEA 082 . (a) Wiener $5E0E K11 45
MR (b) BFEA R Wiener 541, JUHZAEAHTHEILE LT
CHRPTiEm) “4qREHFVE” ) .



2 $— =

I fe) B B B 4 2 ) R AT OB N A R GEH) Wiener $5 EUUE 5T R
R. Dorbrynin 5 Gutman % A [16,17] 35X A XMW 55 RS 7RI O A 45
W J AR OR M P ) ) AL T 2598

FETEAN G T2 1 B kAT i Wiiener 550000 6 ) J, 46 4 2% 15 A
g A IRRMES, HFHOEH T2 MR [23-32). 3CHk [23-28] FT% &
(ISR, T SCHR [29-32) JIT %5 RE 1A PR 28 A 1) e .

fif e HA B KRR Wiener $8 5000 B F 5T 1E e fai &

1. Entringer 8 A [19] UEWIEZS E T AL n BB, Wiener $5 20K BB
¥ P,, 1 Wiener f580/ NI E 2K S,,.

2. Soltés [?] i T 7EL WU BCHIL 1 f Wiener $RELTIAE.

3. TESRE n ANTRUM S & e K A [P, Shu-Chung Liu[?] i & T
HAT /N Wiener #5850 Dya. — D IURECH n B KE A R 4K
) Dendrimer (IdA Dpa) » HEMEX NI F: Dia £HEESH 1 HH S
IR, B D,a BITHSEEN {1,2,... 0}, EREEWN D, Bbs5HDH
FE < A A s BE—ANMn 54 n (R R BIIH . Fischermann 55 A [?]
B ARISAUE ] T RIFE e

4. Fischermann % AL [?] kW] TAETAEAE 182 A(n =2 mod (A —
1)) M, BATHEA Wiener $8EUW B M 1 B R PG (82— Sk i 1.

203 2 T BOR G H m B H B, HA Bk Wiener RECRIH T Shi [?]
F Entringer [?] 76 /oML e, HAE/D Wiener F8E 1 HH Burns A1 Entringer
7] i,

6. Dankelmann [?] {ERH T, Xrgh @i sl n A a2 <a<n—1) 19
K G W(G) S W(Guw), ' Gy AIXFERIEL:

(a) # 1< a <2, & Gy, Gy RIEEII MM ny = [ 2] —k+1,ny = [3]—k+1
Msea i, KB Por—o MIPIANR00E Gy, Gy HIEEAS TG BT A5G 1L
H Gn,a~

(b)ﬁ2<o¢<n—1 uGl,GQEIﬁ/ﬁiﬁ/\uljﬁnl—k_L J,
ng =k — ["52] BB, K Ponoopa FIPINIR RIS Gr, Gy B KA



§1.1 T5 5 ALK ) B M SC i 3.

HEPFHIEIE A Gha.

7. 1E Dankelmann [ [F]—F X &= HAE N BL E458 6 MHER: (R4 w Tl
Hn(n > 4) FLECH B > 1 (2R 8 > Ln) MEEE G, W(G) > W(Gyp), 1
i G KRR B Gy, Gy RTUSH A ny = [M2] — &, ny = |22 ] — &
RIS E I, K Pog—y PN R 01, vg 200 Gy, Gy T T RUAHGE, FIrf3 1)
B J G e

XTI E, T, Plesnik[?] #i&€ T n MR EASA d FEFER Wiener fif
BRI, FEEH T 45 5€ n NSRS 2- EwEt, C,, ] Wiener 8%
K. AEFAB A n HEASHR d FEREE T, Plesnik[39] 752 T W /MUK O
M) . M d<n—1K, EMEEEE. % G.. (G(n0) KaxHIrAEM A n
HASTIEC o CUSRCECY B (730 J& T 1 B 4 4. Dankelmann(?, 7] 45
T Gno 5 G(n, B) HFIIEEES (550 T Wiener #8350 f/NSiKMIE. HAkg:ie
WIR: 7E Goo TOFEIERE B/ NAEY K,_o VoK, (1 < o < n—1), VPR K
BN Grad (2<a <) 8 D(n, |22 — 3,2 - B (4 2 <a<n-—1)).
£ G(n, B) T HIE B MO KV (n—B) K (M 1< B3 < [2]) 8 K,(4 8>
12]), B EKIEG D(n, [ - 8, (%] = B(4 n>1 6> 1),

MEZAT XA Z KT Wiener Fi5 B RIBR AR [ U BE S, AR B0 —
F Vel (R 9l R b, AR A B K Wiener 35 BRI AR i) /(K 34T R AT

Z23

3.

Bt B R I M & B L Polya 8 1936 5| ARk Ak, B
B B A TR, A K. ASETE R DECR] AR H 2 AN A
A2 e, g, 31 BRI AE 22 IR 1% b5 237 00T IR RE SR Y, 38 ) Ay
ik 22 TR 23 B AT LA SE A B AR LRI B S A S )42 )R Fe 145, Farrell[?] 42
HH IR DG E 22 T AT DA FH K70 A A 18 20 Bl ik S A0 5 W0 B /S B AR ) 20 (7 4 Sk
FRR 2T 2% 2 0K [40] Bk 25050 [41]). /1 Hosoya M1 Yamaguch(?]
Pt 07 B B S A S oS B AA 2 T T2 B A S il e 5 B S B AR
RERE I AN 70 1 IO AGE T2 & R LY.

1988 4F H AL 22K Haruo Hosoya [?] 51N T ¢TI EE B 70 A 1) A6 Bl R 4
P Wiener 2350 (Hosoya 2. & Be% 78 70 AR I 701 B o BE 2 70 A1 1
Ol. Wiener F88UR 2 55 th Wiener Z WA AF 2], 1E 41 Gutman 55 A3CF (7] o



4 F—E F

Jaflg

Jiit:  “Hosoya 2 I A A4 25 1 G T 1 b E 2 1 £ S8 22 bl & A4t AT Ao — >
ETEPIEENHINMEET G EEEZA2 7 . Bk, 307 T3 75 i it s
SCRR AR =E &, BEAR 7 ST AL [46,47), VFAL T EIAE ST AL [48-55]. R4k, 1.
Gutman [?] AR [?7] GI T JE T R BRI T A 1 B 1) 2 T . % Hosoya
Z ST, BTSN, Jf A SCH HM R L R, Hit RAAZ
JUks SCEAE E PRk Bk, S84 N EIR T K KE SN0 T 1996 4F (7]
FT 2004 4F (7] 45T — 8 m BEXRR B R LS BCRUUAE 2% ] ¥ Hosoya 22 1
KMAI, 2007 4F [7) e THEAE. LBl H0 K. 2B 5EE Hosoya £
W2 (6] KRR FHAECHAGE K LGutman T 2001 4E45 T LS LA & 1P 11
AEE) Hosoya 2 WA RKAEZEZZK M. V. Diudea T+ 2002 438 i v HA LI
26 th —RAEE X RR I FR N A R G Hosoya 2 WA AR 4RSS H T IFH
YK (2, 7] MEEE B Hosoya Z2IEUAIT X Hosoya Z I A, KLKLEA]
WES iR I

A H LA E RIS R

EH 1.1 [?7]. 2 K, Ky, P, Wo, F1C, Jg5e L 2B 3K B e
BE. P %7 Petersen . DLN4S X LEE ] Wiener 2T

L W(Kyq) = ( Z ) q.
2. W(Kpn;q) =mng + [( T; ) + ( Z )]qQ.

VV(Wm Q) - (2n — 2)q + %2(71*4)(]2

@

4. W(P;q) = 15¢ + 30g2.

W(Pug)=(n—1)g+ -2+ +¢"".

Ot

6. W(CQn, C]) = Qn(q -+ q2 + .+ qn—l) + ng".
7. W(Cmi1,q) = 2n+ 1@+ +- -+ ¢ +4").

éﬁ%@ Gl - (‘/17E1) ﬂs[] G2 - (‘/27E2) ) E-XTJ‘ 1= 1a27 |‘/;| = Ny, |E’L| = kia u+
KEEREN (7] RTEI A T2 B8t TAHRNV ) Wiener 2 i

L B G + Ga: V(Gy 4 Ga) = ViU Ve, E(Gy + G2) = By Ex | Y{ww -



§1.1 155 AT ) B HC 5.

ue Vy,veVq}
PAUF oM BT R AR B2 Vi X Va.
2. %E&*ﬂ G1 X Gg: E(Gl X Gg) = {(Ul,UQ>(’U1,’U2,) DUV € El,UQ =

Ve, O usvy € By and wuy; = v}

3. Ak GI[G2]5 E<G1[G2]) = {(U17U2)(U1,U2,) Cwvr € By, oruguy €

Ey, and wu; =v}.

4. *FI‘EX G1 \/GQZ E(G1 V GQ) = {(Ul,UQ)(Ul,U27) DUV € Eh or  UgVy €
Ey or both}.

5. Xﬁﬁﬁ\% G1 D G E(Gl D Gg) = {(ul,UQ)(’Ul,UQ,) DUV € El, or UV €
Ey,but  not  both}.

6. K G1 ® Go: E(G) ® Ga) = {(uy,uz)(vi,v,) : ujvy € By, or ugve €
Es}.

EF 1.2 [7]. 1. W(Gy + Ga,q) = (k1 + ka4 naing)q + (Fy + k2)¢?
2. W(G1 x Ga;q) = W(G1; )W (G q)
3. W(G1[Ga], q) = na(kag + kag®) + n3W (Gh).
4. W(G1 V Ga, q) = (nky + n2ky — 2k1ky)q + (niksy + noky + 2k1ks)q?

5. W(G1 @Gy, q) = (niky +noky + 2kiko + 2kok1)q + (niky + noky + 2k ko +
2k1]€2)q2.

A L(G). S(G), T(G) &K G MEE, HaK, 2K —AMES5En
L. HI KL AR Hosoya Z I 2 MR U1F:
ERE 1.3 [7]. W MEEE G, fH
W(5(G)iq) = ;W(T(G); %) + (1 = IW(G: %) + W(L(G): ¢*))-
EH 1.4 [7). M—NEEE G, H
(1) W(R(G); q) = W(T(G);q) + (¢ = YW (L(G); q),
(2) W(Q(G);q) = W(T(G); q) + (¢ — HW(G; q).

B Cao MR, NIV R BB T 40K 14 40, TR th 3L
el 5 FO R I 20 4 S P RE T 5 MR R T T2 008, A (%
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