View metadata, citation and similar papers at core.ac.uk brought to you byf’f CORE

provided by Xiamen University Institutional Repository

FHGihS: 10384 RS WK
% 5. 19020070153856 UDC

B xR}

[ e S VAN ('

FRIE 2 HOBR 7535 7 Banach =EBFILA.
$ M B 9 1

On Ball-covering Theory Method and Their
Applications to the Study of Some Geometric and
Topological Properties of Banach Spaces

£ )
T & 7 2 K I’
T % Ak KX kK

2 F & 4 a6
A
b

BT RSER
PP [¥2] A



https://core.ac.uk/display/41422952?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

TR A2V SC B B 7

ANEIH A AR SCR—AS ATERING ST, JHSL 58 B HF 78 R
RNER G REF S HAA ANSERRE 2 RRNIFTE R, B
LAid 2477 A RAR B, R SRR (E T TRFIF R A ARG S

W GRIT)Y .

AN, ZEALRICH ( ) PR (41)
AIBF R R, 2R1% ( ) PR () fiREss
BERYER, 7E ( ) LR EEM. (E7ER B

55 WS R SR A 75T NSCRRE AR, RA I B A,
AT LAAERR A . )

FHN (%4 ):
A H



BT RS2 SO T Al 75 W

ANFIEET TR AR N R I E 22 L 2% 0 B AT 2 A0 15
SERLE PR B A LA AR DG, R A T B AR E VLA R R e
3C CRIARARBTRRFT i), SRVFSA AL SCHENJELT |22 A5 1R S R4
AN, M. AANFREENTRERA O SO 2 F i E, it
PV SO B R PEREAT IR, 52 (08 STHY A R 47 Y 4 I,
KRN, GREnsiH e 77 UE B 2 001 3.

AN R T

()L EEITRFRELZAXTFELENRELMLL, T F
A HgE, #EEEH LR,

() 2. A0RE, G R

CEFEU LAINAE 5 NIT 7 v 7 BUH LA A, R 2 A0 SO
E2HETTRERER AT ELWEMILL, REFTRERERAE
B A AR SC AT AL 30, R IREAREHE 1, BRI ATF
B, ¥33d M BB RAL. )

FHN (%4 ):
= A H



(L

i B

PR—> Banach =[] X HARRE R B, RAEFE - HRIZE R ABITER (85
BR), BN RS T HAERE Sx. PR X HARRE @SR (BCP) AHAA S
AUBREE . ACHABRE RX A TR, 482X Banach 25§ JL(TAIFR M BEAT
WSS, TERTSEERRA, BT B PR 42 A B BRBE 5 Y 1T 25 20 ) 45422 (6] J LT 1
R, (—80 St TAERRMER B- itk BATERHE TR E R LA ER
MR 2T Gs PR, 2R SCEEA LT

Fi—®, A% Banach SE[RIBREAT AR P ST, B EA 4 T BRI SRR
BRI, AR RN AR A IR,

R, T ERIRT M ST S R A SRR IE A, S XA,
HATER X IR T ERH D bx ) Banach 25H X, X &0 Gs M2 HY X
HABRBEMR. 454 Fablan (452 W LIRS, 7E—HA BCP B Banach ZE[H]
T, B by BB SRTIIRA.

SREPEERE, ROGH TARAETAHR SR, A RYE 256 Y
BREFMERZE [ &5 Banach 2 [WE UM, BOCHEME, —S06EME, TAHR
AL B- .

XHiE: EREE EORih () Ootl| AR B-



Abstract

Abstract

By a ball-covering B of a Banach space X, we mean that it is a collection of
open(or closed) balls off the origin whose union contains the unit sphere Sx. We
say that X admits the ball-covering property (BCP) if it admits a ball-covering of
countably many balls. In this paper, we utilize properties of ball-coverings in Banach
spaces to study some geometric and topological properties of Banach spaces. While
in the process of these research, we usually characterize the geometric properties
of a Banach space via its ball-coverings of finite dimensional subspaces, such as
(uniform) smoothness, universal finite representability and B-convexity. We also
discuss the relationship between the ball-covering property and G property of the
corresponding spaces in ball-topology. This paper is organized as follows

In chapter 1, we give a historical overview of several topics about balls of Banach
spaces. We focus on the development of ball-covering and ball-topology, which offers
a theoretical background to the later chapters.

In chapter 2, we show a basic property of the ball-topology and that the two
notions of ball-covering property are equivalent. Keep this in mind, we prove that
for a Banach space X endowed with the ball-topology, every point in By is a bx-Gj
point if and only if X has the BCP. Combined with a result of Fabian, this implies
that every bx-compact set in a Banach space with the BCP is sequentially compact.

In chapter 3 to chapter 5, we first establish two simple but useful lemmas, then
characterize a series of geometric properties of Banach spaces, i.e., the soomthness,
uniform smoothness, universal finite representability and B-convexity of a Banach

space by properties of ball-coverings of its finite dimensional subspaces.

IT



Abstract

Keywords: ball-covering; ball-topology; (uniform) smoothness; universal finite rep-

resentability; B-convexity

III



B =
B I
A DSETACT . . oo 11
BB U 1
§1.1 Banach F[E)EKIEITABBREIE . ... 1
§1.2 ASTHIETRAIZ - oo 7
ETTEF DRESSBRIRIM. .. 9
2.1 ERILIPEN, MERRERBEEREEXHIEMME ... 9
§2.2 BRIBHNESN REREZEMIMERT o ooen e 12
oI BRI 17
§3.1  EEAREYRE S BRAZEEIMERR oo 17
83,2 . 19
83.3 =B . 21
BIE FEEITME. 25
641 FEHFRTEN. BIFRENMMER ... 25
§4.2 FAFRTFHIIERBEZIE. ... 27
B REE  B- DM 32
§5.1  B- (MBI M RABRIEIME R - o 32
5.2 B- FUBOZUE . ... 34
o 34 36
S A | R 45

IV



Table of Contents

Table of Contents

Abstract (in Chinese) ........ ... .. i I
Abstract (in English) ... IT
Chapter 1 Introduction ............ ... .. . i, 1
§1.1 Survey of Several Topics about Balls of Banach Spaces.................. 1
§1.2  The Study Survey of This Paper.......... ... . i 7
Chapter 2 Ball-covering and Ball-topology .............................. 9

§2.1 The Definition, Properties of Ball-topology and the Equivalence of Two

Notions of BCP . ... 9

§2.2  The BCP in Ball-topology ........ ..o 12
Chapter 3 Smoothness and Uniform Smoothness ..................... 17
§3.1 Basic Definitions and Properties ......... .. ... .. i 17
§3.2  SMOOthNess. .. ... 19
§3.3  Uniform Smoothness.......... ... 21
Chapter 4 Universal finite representability (UFR) ................... 25
§4.1 Definition, Example and Equivalent Property of UFR.................. 25
§4.2 A Characterization of UFR by BCP........... ... . ... ... ... ... ... 27
Chapter 5 B-convexity ........ ... 32
§5.1 Definition and Properties of B-convexity .............. ... ... ... .. ... 32
§5.2 A Characterization of B-convexity .......... ... .. .. .. .. 34
References. ... ... 36
Acknowledgements ............ .. 45



F—F 4

F—E & r
§1.1  Banach Z[EIEKIRIT A 52 I

DR AR, TG 2SR BALERAY LT AIFR FMERZE Banach 2[R M 2= A EH R
HEWEM. JUF Banach 2[RI FFAER, @0, ok, SeiEd, B, Radon
Nikodym YEJFSESE, #W IR BUE 2 A AR AR, AEXEL, RATP %S
B IALTHFITERIEAT I HRES, 40 Mazur SSPER, 2EERIE, LTFHNEMIEE
M, BRAFPFESE, XHREAIEEWTFHERT R TIFSEEER N GE. LA
TR HERISS 1, XA C2BUS TIF L BB RR. XA
Xf Banach 22 [B] JUaPE BT IR AR5 A 8 A A Sk /E R . AT DLBRIGAT A iy ik 7 2
TR AL, T SR BT X e BRigA T 1 IR

o BR¥FH

BRIGFMIEZZH G. Godefroy & N. J. Kalton [1] 2. B AT
THRHA YRR, N aBi& Banach 220 X 7EAF45cfh 2 Foese 7 Hin
—HSFEF XA, RATPR X EAME—BIXME (UPD): @RAEAEME—
—AMNHAFEN EC X 5 X WMERS B % BFEFENN, X MHARAER
Bx & o(X, E)- &), 2P XAN—BAEMBR 40 T 22 [2-5]. AT AX X
HAME—BON R & e Myidk, B X BA UPD: #4E Bx BfFEME—#—ME
Hausdorft #r4b, XA% Hausdorff 532 X _ERRA R &R NS 0.

A MBE Banach 280 X FEAF A5 T E T X _EAEER Hausdorft 8
RIS 7, HEEMS By & 7— K, ®RITRE 7l 5 X EREANRERAERTME
S XA BUR TR (6] PERIE, BRZE % T Krein-Milman EFELEIER
iy F— SRR RS ? 7 X AR A B A T AT, J. WL Roberts £ [7] #
TER T AEAE— MR B U X i B 4. FrRAFEAE Banach =5[] X, BAER
Bz, (ERRALERTS 7 815 (By, 1) BER. EEHR 6] 7R, & X
=l REEA I axE, BRMAEELERTS » #18 By & 7— &1y, W (Bx,7)
VB RO R MR G 7E By ERIRRH].

HESX AN R R X 2 B A 258, 7] AS 3% HE 8 Banach 22| X (41 X F
AARHE), WA Hausdorff ZeMEFRFMER Bx B, WEAFE Bx HAHY.
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RIS 7 72 X JE3RAERY (consistent), ZHRLET
ga(@,y) = Az + (1 = Ay

Tt Bx x Bx Eormil#ESZ: (M 0 < A < 1). HEfEmihesE, RITESR X B
Hfi15 Bx AME—X Hausdorff AT, FEXFMEL T, FOTHE X AR
(CUP). fEXFpatfal o, FBAALERIUT 5 e e H LA Hausdorft #H4h. 200
% Banach #%[8] X BA UPD W4 HE 2l T1e X B4 CUP py5&H4.

BN T PR, I T ERAEIMIEES. 12 X EMERIBINA ox, BER
MRS, HAEANHER B(r,p) = {u: lu—af| < p} 7 bx TRMR. BIS
zo € X BRPEHEEAFUTIER

V =X\ B, p)

1=1
Herzy, -z, € Xon € N |lwg — x| > pi BRIGENEXHE ] BIAG  FARIAELL T
H—E4hie b (1]
T 1.1.1. 4 X BAAMR - RRXBA (IPro), 3 X &4~k {B, :

a€l} #FNB, =0, NAEALFRTFE FCI, #1FN{By:aeF}=0.

FHE 1.1.2. & X & —4 Banach Z M (Bx,bx) £ Hausdorff. RATF %
P X EF4

(1) X Z—AAAGE .

(2) X &4 UPD.

(3) X EH& CUP.

(4) X BA 1Py

(5) B X+ 8] X L& 8h — 6 151 %.

MEAERy 2 BAIE, 2R (Bx, bx) J& Hausdorff, BAZER By JUf5M oo e
H By 5361
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PLEEERIARFMEXHE I LR, ERA VS MY A, e i T Cor-
son J Lindenstrasuss fJ2518 [8]: FNEFAHH W] LI A ASRABRIFHAL.

o Mazur 3ZMEF

R JE Mazur[9] 5612 F] Euclidean Z8[AJAIX —MEFT: BANH L AT L
R BRI AZ. iR SRR = TR Y X PR B A 408 Mazur S8PRJ5 (8 MIP).
HNEGFE: FHRAME C ZHERNZEY BACEIMEERNB T C 1Y o, FFEEE
C BABREAEE ». Frlh MIP FIDARRBUEERS B, M2 By -1 43 B R 5.

TEZ JERIST MIP fffFsse, AATHEOGERMRER MIP FAAERIZIHE. 7530
[10], FTRABERIEAT U R AEA O MIP [RS8 ER]. FIRERIZESCHER [11] A,
X CEA] DUE BOE H IpF T MIP gy, BaS T aTAXT MIP #FRA SR, &
1% Phelps[12] & Sullivan[13] TAE. XF3CHR [11] FRAVFZRT MIP FHERZ]
H, {HieA R ATREEZSCHR [10] HragErT M. BR f MBI, ETECh—m)
PREL f € X WEXER € > 0, FTE w Yl S = {2" € Bx- 1 2™(z) > 1 - 0}(
Hx e Sx,0>0) 1] diam(fUS) <e. # f € S, MIEMSELME w* AT,
RTHMER, FEA:

MR 1.1.3. [ €S2 Bxs ¥ TULLARLEETAFTALE C & Vo € X,
S foB e C NEErRDCX 3 CCD, 22 46T D

'I'ﬂi)ﬁ 1.1.4. V/(T%'f)/]\:

1) =R K MIP;

2) Sx+ P ARG FT W

3) Sx« FHAFEE w* T .

FRULEH, BA MIP f23 A HAARRAE, o] DA XHMEmL ST, M &
e— TBHE SR ZI X BERHIE [11], (HAH FARHME T BB MR 1.1.4.

BT 3CHR [11] R ZA5E3ET TAE, RTARRIMSSHER I RIER g M
HIREE. Whitfield & Zizler ZE3CHR [14] HAFRXMER: BNE M TFEEHEK
HIZE. TR E LR, ZJEH Sersouri[15][16] & J. Vanderwerff[17] 4k%E
. RTHENTEMY AR B Zizler[18] X J. Vanderwerff[17] #47 T HF5%.
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Whitfield X Zizler[19] & T —MN—8htAH) MIP. Chen & Lin[20] & T AN[EH)
VR EAFIALT MIP fsetEi i, FIRERE AR w'-Mazur 2P,
—XHMEZE R w*-Mazur ZHERT (80 MIP*)[11]: & w* BMESZHERE.
TE [11] A MIP* 28T MIP 253, el MIP* 500 2= e i A 5.

MERR 1.1.5. 4% X* A MIP* % HA S AR S 18] 69 $ 4258 L4 -T M 8 o

H _ERARRE.

SR ARELEA R E A MIP % MIP* 4504, 11 Acosta % Galan[21],
P. Bandyopadhyaya % A. Roy [22], P. Georgiev & P. S. Kenderov %%,

Ik, A. S. Granero, M. Jiménez-Sevilla } J. P. Moreno % A%} MIP
7T REIHEFR, B2 TSR RFREER, M7 T R2EBAAEU T I T7
T [23-28]: 1 Banach ZE[M ARG 2 HA MIP K& MIP*; MIP K& MIP* F1 ™ p& %
W&, Rl T Asplund KJLF Asplund Z5[H);  MIP J% porosity FFHEAE
s MR R AR, XUEMARHERIIZE;  Mazur 23[H].

o ZEER[A]FH (Sphere packing)

TEREE, ZERIIBHE AR AR R R/ DA ERHER 2 ). —fBckid, XA
2 AHEH R =LE =S W], (EJ2, BEBRIAIEH ] DAl 2 —4k23[a] (Buif “BR” 248 1H),
n 42308 (BUIE “BR” JRAe BRI ) K ARRK IR 2 [ anp i 22, 2 Ay 2 BRI B 5
PP AR BR AR AT RE 22 1 L9 5 A5 a]. XA 25 (AT EL Bl PR 2 A HE
FIE . BT HES 08 B TR /D, XA ] BUE H AR TE— A 780 K
R, SR T F L% (average or asymptotic density). — M IERLAY
HEF (regular arrangement) (R Z AE FHARY (periodic) 2% (lattice ) HEF) J&18
BROMAL— MR Z A AT, BROBA HFI R — 8, EXFHEFIRRZ
e IER A E BRI HES (irregular or aperiodic arrangements). 1ERLHES HAE 1E R HE
FEGFEAR, BT ENMREILENS T MM EHE . TSR G LFER
ER.

Circle Packing

e 4R 22 A, Carl Friedrich Gauss JERA T IEFR Y B HES F B¢
FNHUEHZEERAES, BIELOEHER SRR (BEFHES, R — 1S,

TR
AR
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ANEEE. HERNEE R

™
—— 2 0.9069
2V/3

TE 1940 44 F FIEFA 5K Laszlo Fejes Toth UERA T 753 RIARTE B A H] REHY (B HES ]
R, ANEIEMHFIERAEEHE.

Sphere Packing

IERAIEEER (Regular packing): #F 1611 4%, Johannes Kepler [a]fth H CL /B REH]
RERRERA BRI =M. TERFR 7K PRSI INE, KK BHHRTE,
Kepler Fx 2483 T — MR T UL 7 25 W HES 7% (face-centred cubic), X NG,
KR ANMEBRE FRIIOTIE. XI5, SRS 153 2 74.04%,
Kepler #EMIX B R A FTREM 2 BE, AERIEMEZIEER M HES R, X
#19 Kepler 5548, 7F 1998 4, Thomas Hales SR T 1953 4 Laszlé Fejes Téth
WL G, EAAMIER T Kepler J548.  Hales Z M 5525 UERIRT, HE AR
HWHENLEH TS MRy F . TR MY Hales FIEMIIEAZIERR, Frld Kepler
R EARTR fF [29-36].

JEIERAIEEER (Irregular packing), 4 T Hypersphere packing, Hyperbolic
space X HAZEMRYFILMA——N A, FI4GEE, "TASH SO [37-43).

o BREIE

BB S RS EURAE [44] R T, BRI AT X Banach ZE[Al#k
AN[EERIFE.  Banach 23 [EBJHRA IR, ‘E55 Banach ZX[AIAHHEE, FHHHIL,
AN FRTE R, B A] e, SFEESESRAIENT, “TTAH” 220, Orlicz 2=ty
RIS, BIZ KT — N EERE. JLE, AMTRB A UL
=2 |] (AR R ER/ R 2 RIE, ARAERRES) B9 R RIS R R TR (
Bl Roe %) 1y K- BHHEE, WML e JUT, HhibEotrZany
BRR, WA TRILHAEE N, 41 Novikov 54,  Gromov-Lawson-Roenberg
IEAR T ERAEM, B CF- RECFSEICR S SR LILf, JUeH Baum-Connes 55 AEA
H Novikov 548, & “Bik N> THUMAFTHNENIRR — BT IEZ A HRIL
fof (RAIEXHE—ERUE RS Q, A E—TRE f: RT — N, g Q FfE
fil—ALh r > 0 PR BRI E Q B f(r) BERES MR 2]—14
Hilbert 22 [A]8# —20h 2200, XL/ E& “BRAN” BRI — sk, [55-76]
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WEE JLTREE AL LT & &, M. Gromov([55] &1 T kA" MilEE, %4
EPAERZN XY, RS f 0 X — Y IR, RAFTER AN TOR HE R
¥ope(t) : RY — RY, XD v,y € X, p_(dx(z,y) < dv(f(2), f(y) <
pr(dx(z,y). BT “HIRAN” B— RSN E, FIGRER B —® R RS py 4
B, 2000 4E,  Yu(HBEZ) HER TH Baum-Connes fEAEXT A #L ik A 3 Hilbert
A F U 20 AL, B, i SOR Kasparov SAEIER] THULTH) Novikov
78 X F AL RN 3 — B0 2= [ A R 23 R B, XA LT R 8] R 52 2]
TAMTEMS 2/, —Jrm,  Yu MRS ARZ &M TEXN «—80TH#k
22[8]” YER] T ML Baum-Connes J5, ATIRAH 24 777 A2 [B]ZEIERA T Novikov f§
Ml; 3—7J71H, Gromov, Higson, Yu HIZAKE E#Y Roe &Ry R4 T
# Baum-Connes FFMA ). BESE R HBLE ANTEIREXTH Baum-Connes J5ill
MRFFOR . BAMRER T/E. Hi, FRELZH «—BrlHasm” oy —ot
TR A BRI Z —.

H T FREZH TR H R U, BB T HE K AEFMER
Bmrd. o, Ea R sRE e —20™ (8 5 =3 ) A1 Hilbert Z8[A]H 3R,
T ENTRER OO E MR S T, BRI “ER B9 5 R LA R E X
AR, WE A4 B E R B R —A “EiC, M <& 1Hirg—
ASHHRN. HFITIER “— K28 G 5 UM i) — 30 28 8] R T 8 R]SE e “dir ]~
F| Banach ZS[a] PN “foad” Y855 AR A — 30N 25 A BTN 3230,

FEITE4E, Banach 2 ABRE SRR T | T 8F RN, 16 [44-49] 347
TTZHIBESE (6 [51-54] A ARIATIRE). XHT Banach 23 [W] BLALERTE 19— ER
B B, AR —REE R AR (SR, ENMIFEE T HBABRE Sy,
HEHEMH, B = {B(w, 1)} ier(8 B = {B(xi, r;) bier) BT — A ERE 3524 HAY
EWE 1)Sx CUB K il) Xt e e UBAH |lzf >0, Hrfr B(z,r)(B(x,r)) fRERU =
O r I () 2R %5 inf{||z| : 2 € UB} > o, FATHE B & o mEFA. T
F—IEREEMS, 7(B) =sup{r; : Bz, n) € B} FrhHER. UTRBEZHIT
BRE ) — A g5 5

Cheng, Cheng, Shi[47] i@t FR24E 125 A1 HBRBE s HERZG H T M B = M 78
Gy BEERAT
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FIE 1.1.6. & X 2 —A Banach T, NECRAALHRGEAMREHE-NF
heyisk, EREMAREK f R g N— R BRAEEY ne N REEFY n ET
FR Y, MELY AW RE BRI

i) B =n+1;

i) r(B) < f(n);

i) B & g(n)— & & R 4.

RAVHES X BABRE R, W X & w'- 730, RZRUHL, W [50]
LO A ={f:[0,1] = R | f AAIHCHE, H Sicpylf(t)] < oo}, (HEH X* 2w
"o, AT [49]

FIE 1.1.7. % X 2% w* TH 4 Banach TR, WAHEEY >0, A& X
ey ENE || B1F

i) (L+e) Mzl < o] < (1 +e)lz]] =& 2 € X,

i) X RFPEL || BAHRAEMA.

BT RIS, BREI SN FHFS Banach 2[5 00— MREH H Y
TR, ASCERAE X R T BRx 23 i U AR S ME SR T — 2 se i

§l.2 ANHIERAT

A SCRI R 55X T H, X Banach = [Ef JLATAIFRFMER TR, 2/
SCEHALUT:

F—, EEE T JLF Banach ZS[HERIEITH, A ENIHH % K&&EXHZ
PR AT B R o B P AR AR B AR T BRI ERE B R BT, K
JETH AR T BRI 5.

TR, A T BRI A R R BRE 25 1 E R EIER. B T X BN A,
FATUER T MR TERIHFS by 9 Banach 280 X, X ey S#E Gy s HAY
X BABESMR (BCP). 85, 454 Fabian[77] 45 LAEE], X+ T HA BCP
) Banach &[], A by BHIESZE bx FIIER.
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