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THE WEIGHTED ESTIMATES FOR THE MAXIMAL

COMMUTATOR OF SINGULAR INTEGRAL

OPERATOR AND COMMUTATOR OF FRACTIONAL

INTEGRAL OPERATOR ON SPACES OF

HOMOGENEOUS TYPE

ABSTRACT

The triple (X , d, µ) is said to be a space of homogeneous type, if

X is a set endowed with a quasi-metric d and a positive Borel regular

measure µ. Moreover, µ satisfies the following doubling condition:

there exists a constant C ≥ 1 such that for all x ∈ X and r > 0,

µ
(
B(x, 2r)

)
≤ Cµ

(
B(x, r)

)
< ∞,

where B(x, r) = {y ∈ X : d(x, y) < r} is the ball centered at x and

having radius r.

This dissertation is devoted to the study of the behaviours of

two kinds of commutators. A weighted Lp estimate for the maximal

commutator of singular integral operator is obtained. It is also given

a weighted weak type norm inequality for commutator of fractional

integral operator, then there is the application of this estimate. It

consists of two chapters.
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The first chapter deals with Lp(X )-boundedness with general weights

for the maximal operator associated with the commutator generated

by singular integral operator and BMO function on spaces of homo-

geneous type.

The second chapter is concerning with an endpoint estimate with

general weights for the operator associated with the commutator gen-

erated by fractional integral operator and BMO function on spaces of

homogeneous type. As an application, a two-weight, weak type norm

inequality for this commutator is established.

Keywords. spaces of homogeneous type, singular integral, frac-

tional integral operator, maximal operator, commutator, BMO func-

tion, weight, weighted norm inequality, weighted weak type estimate.
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§ 0.1 .3}.�[Gs�S)�.�j�d"�&}$��Se[C��
D�Nr�&}$��Se[C��V�zf)}.�: }y>�x$}.�s�&$�^�s�u���![)��IulxL,l6Q Calderón ) Zygmund C�`VQ Calderón-Zygmund �a;}�&Vk���a;}�&� Yo="V�z8�x[Nr�u� 1971 6� Coifman ) Weiss[7] ��S}�V�[�SeNr�a;}�&�Utz.��&[ Coifman-Weiss ℄_0[C��S�D�Sz}V��,e"��4k�)��5k�z#8}�S��x[�S��m8}�Snz.e��.8h[C��S�8}�Se[ LipschitzO5sO*�Riemann �BB Heisenberg V}�q|S[5ksk�.jzC��S�joC��Se%k;Xs��[Vd���Z>e[f)}.ESk.�o8}�S[ywsGG�jC��Se�-[ Calderón-Zygmund � (V[7]) �*'
X�`
Calderón-Zygmund �a;}�&['$�"* Hörmander �1C�W��pZ℄[ p ∈ (1, ∞) �D�&z Lp(X ) e[kg�&Iz L1(X ) V
L1,∞(X ) kg[� Pradolini ) Salinas [25] Y��(#[ Calderón-

Zygmund �a;}�&�D>'$�"*(#[ Hölder �1C�W	��oZ℄R[NRkgC� Hardy-Littlewood >N�&[gQ���	��Vy*�C��Se}�G;}�& Iα [kgC�UkGs�Sd��Æ
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+�p 1 < p < q < ∞ ) 1/q = 1/p − α ��& Iα z Lp(X )V Lq(X ) kg[�' [5] 
��zb (1, (1−α)−1) �[��.� Bernardis^Y}' [3] Y��D�&�oZ℄R[NR.^t� Martell [18] 
��D�&[V��R�b��H�jo�a;}�&s BMO $�[℄6&�}: }y>,:l� �k$�S[fh�
D��o���&}$��Se[C�YV��x[Nr�Vy*�℄6&s�a;}�&)H6���Vy*>C�ns�a;}�&[C�k!�.��Æ^℄6&[b (1, 1) kgCz.=�[� Coifman, Rochberg )
Weiss[8] Y��8t�S��a;}[℄6&[ Lp kgC)}N Ap R[ Lp�S�[kgC� Pérez ) Pradolini [23] �Y���℄6&[NRbm
�H�j}�G;}�&s BMO $�7j[℄6& Iα,b z Chanillo }' [6]dn[� Chanillo �m
+��}8}�S Rn ��& Iα,b [ (Lp, Lq)(p >

1, 1/q = 1/p − α/n) kgC� Cruz-Uribe, SFO ) Fioenza[10] YV���&[m
�H�U�+� Iα,b .z (L1, Ln/(n−α),∞) kg[�!'KJ�e�)�[Nr�� �S�a;}�&['$�"*N:�W)�1C�Wm�>6f[>N℄6&[NZ℄R[ Lp kgC�ZB}�G;}�&[℄6&�oZ℄R[b (1, 1) kgC�/"fh�nV/YVD℄6&[V��Rb��H�
§ 0.2 J4[o!
*'[
�V<%S[h_)�+� C )v)�S3�+�[�8��R}.�_y>��3.VR�P0([8�^ C1, �[�}�k[_yj6
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F��uY$�vn"{an"rP?�! 7��R$� w z�V�z��u0�;$�� M z(#[ Hardy-Littlewood>N�&
Mf(x) = sup

B∋x

1

µ(B)

∫

B

|f(y)| dµ(y).pZ℄��� k, Mk )v M gQ k G�pZ℄[� p, [p] )v.;! p [.N���p�5� E )R$� w, χ
E
)v�, E [��$�� w(E) =

∫
E w(x) dµ(x). 
h λ > 0 )M B, r

B
)vM B [�p� λB )vsM B��=[M�I>�pzM B �p[ λ ��pZ℄[ p ∈ [1,∞), p′ )v p[�1�(�Dk 1/p + 1/p′ = 1. p X e[u0�;$� f )kg�5�

E, mE(f) )v f } E e[z��D
mE(f) =

1

µ(E)

∫

E

f(x) dµ(x).*'h�& L∞
0 (X ) )vwkkg��[kg$��

§0.2.1 V#,�Z`9��6(bC��S (X , d, µ) z��, X e�qV�4k� d, ZBV�z����
Borel 5k µ, >� d z X ×X → [0,∞) [$��I"*
(i) d(x, y) = 0 SImS x = y;

(ii) p x, y ∈ X , d(x, y) = d(y, x);

(iii) K}8� κ ≥ 1, pYpo�k[ x, y, z ∈ X =�
d(x, y) ≤ κ[d(x, z) + d(y, z)]. (0.1)
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F��uY$�vn"{an"rP?�! 8^�5k µ 4"*��C�W�DK}8� C ≥ 1 pYpZ℄[ x ∈ X )
r > 0,

µ
(
B(x, 2r)

)
≤ Cµ

(
B(x, r)

)
< ∞, (0.2)>� B(x, r) = {y ∈ X : d(x, y) < r} zZ x "�=� r "�p[M��<

(X , d, µ) z Coifman-Weiss[7] ℄_0[C��S�` Cµ zpY5k µ "*���W (0.2) [.:8���< D = log2 Cµ"5k µ [��G�Ik0t=�
µ(B1)

µ(B2)
≤ Cµ

(rB1

rB2

)D

, pZ℄[MB2 ⊂ B1 ⊂ X , (0.3)>� rBi� i = 1, 2 	}*)vM Bi [�p��*[�pZ℄[ λ ≥ 1, r > 0) x ∈ X ,

µ(B(x, λr)) ≤ CλDµ(B(x, r)). (0.4)D��4K}8� C ≥ 1 ) N ∈ [0, D], pYp�k[ x, y ∈ X ) r > 0,k
µ(B(y, r)) ≤ C

(
1 +

d(x, y)

r

)N

µ(B(x, r)). (0.5)j4k� d h_[�kM�=[�,"* X �u�[��C���Ityh� X [V���}	�<�RpZ℄[ x ∈ X ) r > 0, M B(x, r) �oD�<$%z{�� Macias ) Segovia [17] [V��-d�)+�K}s d^Q[�J4k� η ) 0 < θ < 1, pYpZ℄[ x, x′, y ∈ X , k
|η(x, y) − η(x′, y)| ≤ Cη(x, x′)θ(η(x, y) + η(x′, y))1−θ. (0.6)
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F��uY$�vn"{an"rP?�! 9>� d s η ^Qz��K}�8� C pYp�k[ x, y ∈ X , k C−1d(x, y) ≤

ηd(x, y) ≤ Cd(x, y). tI}j η mU[�<��M�o ηd )z{��
D}!'��r�Ph4k� d z�J[I X �[Mz"{��
§0.2.2 Orlicz ,���6(b$� Φ : [0,∞) → [0,∞)  </ Young $��̀ Φ z�J�b�[�$��I"* Φ(0) = 0, Φ(t) → ∞ (t → ∞). \
 Φ(t)/tzb�[�< Young$� Φ z��[�`K}�8� C, pYp�k[ t ≥ 0, k Φ(2t) ≤ CΦ(t).pkg�5� E )|S[$� f , h_ f } E e[ Luxemburg ."

‖f‖Φ,E = inf
{

λ > 0 :
1

µ(E)

∫

E

Φ

(
|f(x)|

λ

)
dµ(x) ≤ 1

}
.&V� Young $� Φ zk6f[,$� Φ̃, "*pZ℄ t > 0,

t ≤ Φ−1(t)Φ̃−1(t) ≤ 2t.=�^0[�_ Hölder .^t�V [26] 	�pZ℄,|[$� f, g )kg�5� E, k
1

µ(E)

∫

E

|f(x)g(x)| dµ(x) ≤ ‖f‖Φ,E‖g‖Φ̃,E.!'�*'P Φ(t) = t log(e + t), >,$�" Φ̃(t) ≈ et − t − 1. J
‖f‖LlogL, B = ‖f‖Φ, B, ‖f‖expL,B = ‖f‖Φ̃, B.�nV/_�' [19] 
��i Φ, Ψ ) Θ z" Young $�I"*pZ℄ t > 0,

Ψ−1(t) Θ−1(t) ≤ Φ−1(t), �pZ℄,|[$� f, g )kg�5� E,

‖fg‖Φ,E ≤ C‖f‖Ψ,E‖g‖Θ,E. (0.7)
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