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Abstract ii

Abstract

The representation theory of finite groups is one of the powerful tools to study

finite groups. And there are many meaningful and exiciting results by investigating

the sets of irreducible characters or irreducible Brauer characters to characterize

finite groups. The main contents of this paper are as follows.

Let p, q be two primes, and G be a p-solvable group. If cdp(G), the set of the

irreducible Brauer characters of G, is contained in {1, q}, then the p-length of G is no

more than 4. And we give further characterizations when cdp(G) = {1}, cdp(G) =

{1, q( 6= p)} and cdp(G) = {1, p}. In addition, this paper researches automorphic

problems of semidirect products and zero problems of 3-degree irreducible Brauer

characters of nonabelian simple groups.

This paper contains five parts.

Firstly, we introduce some related works of this paper and demonstrate the

working backgrounds and minds of this paper thoroughly.

In Chapter one, we give basic concepts, main theorems, as well as notations

and terminology used in this paper.

In Chapter two, we mainly discuss isomorphic classifications of semiproducts

under the coprime condition and applications, also we give two counterexamples

related to GL(3, 2).

In Chapter three, we discuss the structures of p-solvable groups with cdp(G) ⊆

{1, q} and a property of the irreducible Brauer character with degree three of a

nonabelian simple group.

Finally, we give a further analysis of the conditions of the main theorem.

Key words �Character, Brauer character, group action, p-length, semiproduct
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j^ 1+#x8:�8:1�� ÆQ�WJ:e� Æb\0YBVG
4�Le��$E��#��x8:jr�-��W0KC4E-�$p!��pj�p��P�Inj��IY KS$j�p�=�}!�j�p=�}!Y|$� 19 "�4
20 "�bh Frobenius n Burnside DD_i�U=�}!�qt�Frobenius �:� Schur 1 Frobenius �IL%{n:F�Ai�
�a=�}!�nLb���B��$�t�� 20 "�0I� Schur �:� Brauer i�
3=�}!��j�p=�}!G!Z0n
{�z`Sx�x8:(/jBfQ���n[��ZS�z+(C0`t�>�Dh�|$HxHx�x8:�PIL� Æ�25g�d
C>�	Tx8IL� e�#� 1938 By"H��I8^�p!R!� t�z`�Hxx8:J��bF Æ ([3]167 G). �p=�!(/��P$h�:4��_������$ Brauer �:��JEDD�:3
W?
�A`�mH!3=�!R!"�nz`JC
3�p=�!�= :� ([21]51 G). :A_*��Bu�z`�p=�!j�
XtFÆ�K�jLn�:3�~PLbF,Z�z`�j�p=�! Æ`u
KC=���A�T�j�p=�}!� ÆLvp3�:e� Æ�d
L��p!Qe�~	��}}!�3}!�w}!�x8}!�dS}!��℄
}!�&a}!���j�p=�}!�j3�Tyt+=℄�yVnH�� Brauer 1tSU

3��[t�H���$H�f)w� [26], W0I[t|��H�$?�H�n k(B)H�� k(B) H�%{�;S$ k(B) ≤ |D|, W0 D $m B �pp�=℄ k(B)H��KC7�/Za$ k(B) ≤ 1

4
|D|2 + 1, �C<a
�� Brauer n Feit �w�0 [27]. Ht� 1996 B� G. R. Robison n J. G. Thompson } G $ p- f=p��{a p $KCtC8��j k(B) ≤ |D|([67]); ℄��9w~U

 G. R.

Robison H��{a p- m B �pp D +2���pm B �uTEf�T�; χ,j pht(χ) < |D : Z(D)|, W0 ht(χ) $ χ �?��?�H�$;�E�m B, m B �pp D 2�}`D} B �Ef�T�;l$?�n���} G $ p- f=��?�H�$Z�� () [58] �} 12.10). �=�}!0��t)Q�H�~j McKay H
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j^ 2�n Alperin- kH��� P $ G �KC�" p- Cp�McKay H�$; P ��℄{C NG(P ) n G j�℄C8� p′- m8Ef�T�;� 1973 B� I. M.Isaacs �
[48] 0�1� McKay H��f=pZ�� 1998 B� R. A. Wilson B�
 McKayH����{p$Z�� ([73]). Alperin- kH�$;� G 0 p- ��NQzC8Zj�p G � p- k�NQzC8� 1995 B� I. M. Isaacs n G. Navarro � [44] 0&
�{a G $ p- f=p�� Alperin- kH�$Z���tu� E. C. Dade U

 Dade H� (�CH�E$e%{vA?;ee��YWf)w� [34, 35]), A&
 Dade H��
 McKay H���j�p=�}!0�=℄�4�$H�Znt+�8J(�� 1990 B��
G $f=�℄U
� B. Külshammer �1
 Brauer ����KCyVji��s� ([52]). 1996 B� Külshammer n G. R. Robinson &
� Alperin H��
B
Brauer ����KCyV ([53]). 2001 B��pp$2��℄�℄U
�
�wn��O�1
 Brauer ����KCyVji��s� ([50]). Xp�4K$H���1�~jr�r�7�/Za�A`njK$8: U

r�H����~=QKK�V�j�p=�}!� ÆF
g�a�B3�:e� Æ�j�p=�}!LnKCx8-��EDa�B3�WJx8-�� Æ��a!��o��48d8�WJ+x8�8:-�Fj3�_e��)��}�{:�+8:�w~FjB\t�_e,M�2{j�p=�}!�_e�y"H���IL0f)K!�y"H���ep=�!�}!�eIj�Ef�=��zCYW�E
�z�+w��f��2d8	 ([3] � 181 G).��PyVb\0�FWyV�E℄�g}�(!FEI�℄�o��u;�ej�p=�}!u�PyVt*j�3(!�K33!(!��K3$T�;(!��eT�;(!u�PyV�j�p=�}!�)`�8: I. M. Isaacs Y nT�;}! (w� [45]). T�;}!IKL�_e5bp�1 Burnside H�
(paqb 7pf=) n Frobenius H� (Frobenius m$.��), ��CH���1�t+Æ�
T�;}!�Xtl���� I. M. Isaacs �;!�T�;}!j{
�C8E=V�T�;�_� Brauer T�;� π- T.T�;� M- p�T�;m8n�/p�1w(�R! Brauer T�;m8�p<O�a��
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j^ 3�/P��T�;$4T�;�%Y�� G $KCj�p� Irr(G) =� G �Ef�T�;lW�Ae cd(G) = {χ(1)
∣

∣χ ∈ Irr(G)} =�Ef�T�;m8�p�{aEf�T�;m8�p cd(G) P��z+?�j G �:$<O*��� cd(G) ��P�_�p Isaacs n Passman �w� [47](9w =p 1964 B�
Isaacs n Passman  �KCXpDq8 n�(\ f(n), {a n ≤ χ(1), ∀χ ∈ Irr(G),:&p�2�Cp A #G |G : A| ≤ f(n)). 1969 B�G. Seitz � [68] 0&
�{a
G $KC M- p�� G �~V dl(G) EWb | cd(G)|. ℄� G. Seitz U
��[, G$ M- p'~nf=p�$E$wqj℄D�<!� 1976 B� T. R. Berger �1
{a G $X87p�:& G. Seitz U
�yVji��s� ([36]). �pK#f,�1975 B�Isaacs �1
 dl(G) ≤ 3| cd(G)|(w� [46]), 1985B�D. Gluck�1

dl(G) ≤ 2| cd(G)|(w� [38]). <a�E��:F 0�Gq#�BY� G. Seitz U
�yV~'jKCf���s�|F$��f=p~V�KC�> 2| cd(G)|. :&KCDqyVnR�
�$E$p� | cd(G)| �d8?E
~V dl(G) �
>�
Isaacs HP�{a G $ p - f=p�f?j

dl(G) ≥ | cd(G)|1/2 + 5.Xp�(/�w��L�'j)��
I . M. Isaacs�9L Character Theory of Finite GroupsaYT�;}!�L� L�9/����=*�PT�;m8�F<
3�n cd(G) �X�<a�#����Ef�T�;m8�p��PK#-�3�= :��X;�\b�PEf�T�;m8�pu�Pj�p�<O�w�jr�� 1970 B� J. G. Thompson�w� [69] &
�{aC8 p �d G �Ij+�/Ef�T�;�m8�� G j�℄ p - D�� 1964 B� J. Tate �w� [70] E

 G ��℄Cpj�℄ p - D�KC_-[,� 1989 B� YA. G. Berkovich eT�;4'�1
 J. Tate �<a�A`&
 J. G. Thompson ��C<afQbZ$ J. Tate <a�b!�n�4 Thompson �}�[,����KC��f,�$ Ito �}�{a G �IjEf�T�;m8�nC8 p wC�:& G j�℄2���" p - Cp�� q( 6= p)$KCC8� Ito �}�KCT�$ {p, q}- f=p�KC<!�� G $ {p, q}- f=p�� P ∈ Sylp(G), Q ∈ Sylq(G) ` QP = PQ. � G � p′- m8Ef�T�;
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j^ 4�$ q′- m8�}`D} NG(P ) ≤ NG(Q) ` CQ′(P ) = 1. �C<a$ G. Navarron T. Wolf � 1998 B�1� ([63]), �C<!%b
Ef�T�;m8nTGCp�KCX	�Ef�T�;m8�gzK#Cp�Frj"��T�;}!0�KCU)<!$ |G/Z(G)| ≥ χ(1)2, hlR��KCyV${a |G/Z(G)| = χ(1)2, G $E$f=p� 1982 B� R. B. Howlett n I. M. Isaacs �w� [41] &
�{ap�
χ ∈ Irr(G), �� |G/Z(G)| = χ(1)2, � G 6f=�e Frobenius w%�f��KCzA��C� χ(1) ≤ |G : A|, W0 A $ G �2�Cp� χ Ef�T�;�:&}
χ(1) = |G : A| �� A n G $�&X	� 1998 B� U. Riese �w� [65] 0�1
�{a χ(1) = |G : A|, � A $ G �m�℄Cp��|:�w� [13]0	^�F<
j�p G3�8�T��W0)rp�7�zC7��p�NQzV��pQ�Ef�T�;m8�p (F� cd(G)) ��9w&
��$8�
g�a�Bp�<O�j�p�NQznEf�T�; $�X	+U-_��� $I`
�=�$NQzC8�pEf�T�;�C8��PNQzFjr�IL� 1994 B���O�w� [49] 0�1 S3 H��KCj�p
G, {auT�CNQzV��E℄��6q G ∼= S3. 2006 B� M. Herzog n J.

Schönheim �w� [40] �1
{aKCX87p G Zj�C+0)NQzV����:& G ∼= 〈 a, b
∣

∣a7 = b3 = 1, ab = ba2 〉. �Pj�p�NQzn�Pj�p�Ef�T�;���3�iifQ�w?(� 1996 B� Y.Berkovich, D. Chillag n
M. Herzog �w� [32] 0�+�/Ef�T�;m8��℄�j�pL
gz�
1995 B� T. Noritzsch �w� [64] gz
 | cd(G)| = 3 �j�p<O�℄B� M.

L. Lewis �w� [56] �1
{
<!�{af=p G �uT�CEf�T�;�m8�MZC$ 1 	�$KCC8�� | cd(G)| ≤ 14. 1996 B� Y.Berkovich �w� [31] 0� | cd(G)| = 2 `+�/Ef�T�;Dj�C�j�f=pF-
-z� 2005 B�� M. Bianchi, A. Gillio Berta Mauri, M. Herzog Qian Guohua n
Shi Wujie }tpL�w� [37] 0�L�� | cd(G)| = 2 �+.�pE

gz�Ef�T�;m8�pj�p G �~V�.�V�8�T� $��	Fr
g�
1999 B��Dp�w� [9] 0eT�;�m8�j�f=p�.�VF-
Q��
2005 B�\`y�w� [11] &
�� G $f=p� χ $ G �KC+�/Ef�T
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j^ 5�;�{a |G|/χ(1) �CZC-=0E
C8� n- m(.�� G �~VEWb n�6Cd8�A`} n ≤ 3 ��E

 G �<O��e���O�w� [74] Q�
M. L. Lewis n D. L. White �w� [57] QT�;m8anIY��p�<OnT�;m8�p cd(G) F-
-�n�P���PP1w�8EIL=��1w8E$�eEf� Brauer T�;m8 (	��#p;$Ef�3=��p8) ugzj�p�<O�d�j�p�3=�}!�+�EV�KCC8 p, A"� p

∣

∣|G|. � F $KCT�n p �x85w�e
GL(n, F ) =� F � n- 7fAU�fAU�lW�Yp℄N

X : G→ GL(n, F )$ G �KC F - =��zA��U ϕ∗(g) = Tr(X(g)), Y ϕ∗ $h X UL�KC F -T�;�Eb� F - T�;mE$3=�}!�m)<D�3=�}!�m)<D$ Brauer T�;��q Brauer T�;E$ G �zd8�� g ∈ G, Y g $ p- ��z�{a g�7 o(g) uC8 p wC�� G 0lG��z�pn G0. � p- ��NQzQ�Ef� Brauer T�;m8�p cdp(G) ��P�F7.-�t+4(�u
J�w� [12, 75] 
� p- ��NQzJb�P� 1986 B� Michler(w� [59]) �e{p-z�}�1
�{a cdp(G) 0zC�n p wC�:& G ��" p - Cp�℄� 2007 B� Willems(w� [72]) F$Lvp{p-z�}�1
�{a cdp(G)0zC�$ p �(.` p 6= 2, � G f=� 2005 B� G. T. Lee(w� [55]) E

#G[, cdp(G) ⊆ {1, 2}, p 6= 2 �j�p�gz�1w�8�S$gz#G[,
cdp(G) = {1, q} �j�p�w� [55] 0�8�}'j� cdp(G) = {1} n cdp(G) = {1, 2}, p 6= 2 ->R!��$K#�R! cdp(G) ⊆ {1, 2}, p 6= 2. }q�F3L�E$�-X;�
�1wQ[},�E

 cdp(G) = {1} �p<O�A`ELvpw� [55] ��1�,: A � p $d$1,� G $oN�� P ∈ Sylp(G). } cdp(G) = {1} ��S� P �G l� G/P L<�
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j^ 6FWC8 p n q $0�℄��#G[, cdp(G) = {1, q} �j�p->EsR!�~: B � F $d$7�B1, p
�,et�G $ p -\R��� P ∈ Sylp(G),� q $n<q p 
1,�|s cdp(G) = {1, q} ��S� P �G l�r�Lif;�d�
(1) G/P o
,B q 
L<�-���
(2) |(G/P )/Z(G/P )| = q3. 'Tdo��/ (G/P )/Z(G/P ) �L<�} q > 2� (G/P )/Z(G/P ) = 〈 a, b, c|aq = bq = cq = 1, c = [a, b], [a, c] = [b, c] = 1 〉; �/

(G/P )/Z(G/P ) L<�}4$z�L< q- ���qw� [55] 0�Xp#G[, cdp(G) ⊆ {1, 2}, p 6= 2 �j�p$[} A n�} B �T��~: C � p $d$1,� G $ p - \R��� Op(G) = 1, E N = Op′(G).}�L�;�H�
(1) cdp(G) = {1, p}.

(2) N L<�� G | Irr(N) ��
!m$.�tB 1 =� p 
���!m�
(3)N L<��q K ≤ N ,�/ N/K ℄:� [G,N ] � K,} |G : CG(N/K)| = p.l�r�;K N/K ℄:� [G,N ] � K 
�� K ���|�h�} C, z+��{
�b!��Cb!GFKFgz
 G �<O��E D � p $d$1,� G $ p - \R���/ cdp(G) = {1, p}, }

1 ≤ Op(G) < Op,p′(G) < Op,p′,p(G) ≤ Op,p′,p,p′(G) = G.'Tdo� Op,p′(G)/Op(G) = Op′(G/Op(G)) $L<�� Op,p′,p(G)/Op,p′(G) $ p

- P℄:�� G/Op,p′,p(G) $ r- P℄:�lr� r|(p− 1).Ep�} B nb! D, f��-E E � p, q $f$1,� G $ p - \R���/ cdp(G) = {1, q}, } G 

p - tnu0 4.j6E&
�[, cdp(G) = {1, q} �u�
B G $ p - f=��#����
P ∈ Sylp(G). {a p 6= q, h Michler(w� [59]) �<a� P � G. :& cdp(G) =
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j^ 7

cdp(G/P ) = {1, q}. ;T� G/P $ p′ - p�IQ cd(G/P ) = cdp(G/P ) = {1, q}.�hw� [42] �} 12.15 f� G $f=p�{a p = q ` p 6= 2, h Willems(w�
[72]) �<a�� G f=��;1� G #G[, cdp(G) = {1, q}, 'E p, q E℄�n 2, :& G S$f=p�z+ IQ8![, G $ p - f=��8E$ZnE~T��}�44b\0{�^
 p, q ℄�n 2 �T.f,��pj�p G, {a cdp(G) = {1, q}, h<! E, f� G �<On&#ÆC-����	���eKC
g�8V��j�p�℄O-z�Iu℄O-z�S$�h6$M}�U�x8	��℄OF--z��$x8:��1yV K�p!0� A. Cayley p 1878 B1n�U

�K#� n 7j�p�℄O-zyV��BY�j�p℄O-zGqj�
.<�Za�|}qfZ�1wT)B�&#Æ�℄O-zJK$QR�� H,N �$j�p�` H Le� N ��F�p�p℄N

ϕ : H → Aut(N).��^��p N ×H �℄��F
(n, h)(m, k) = (nmh−1

, hk), n,m ∈ N, h, k ∈ H.��9℄�
��^��p N×H $p�W{tz$ (1N , 1H). 9p�n G = N⋊ϕH ,Yn N n H Xp ϕ �&#Æ��E)p���fo
�j��n G = N ⋊H .{a ϕ, ψ : H → Aut(N) $�CpLe�� Gϕ = N ⋊ϕ H n Gψ = N ⋊ψ Hn�_�&#Æ�KCDq�yV$� Gϕ
∼= Gψ $0Z���$KC4EhV��ChVnp�s�}!�p��℄
}!�-_�X�F$KC+U=�hV�} (|H|, |N |) = 1 ��w� [8] E
 Gϕ
∼= Gψ Z��KC_-[,��l�f��1wKepLe�Y
�E
KC_-6E[,���~: F � N,H BoN�� (|H|, |N |) = 1. E Ω = Hom(H,Aut(N)) B H |

N �3o!m*w
B6�
(1) �q%�
 ϕ ∈ Ω, α ∈ Aut(N), β ∈ Aut(H), �h

ϕ(α,β) : H → Aut(N), h 7→ α−1ϕ(hβ
−1

)α.
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j^ 8} ϕ(α,β) ∈ Ω.

(2) � Γ = Aut(N) × Aut(H), }�*�h%{ Γ | Ω �
d$!m�
(3) �qf$�!m ϕ, ψ : H → Aut(N), � Gϕ = N ⋊ϕ H 5 Gψ = N ⋊ψ H$�k
f$_�?�} Gϕ

∼= Gψ ��S� ϕ, ψ )q<d$ Γ- .��} H,N �$<}p���_�&#ÆZn><}p�1969 B�B. G. Basmajigz
><}p�<O (w� [28]). 2001 B�"Nn�O�gz
><}p�D℄Op (w� [5]). } H <}�EEh N <}�� Hölder �}=℄
{o8�s�d8℄� N �Ij<}s� (K#�p!4e/�j���2{;w� [15] �}
3.9), q�Me�$FWP�w�=pi-�$s��℄Oz��)FE��j�C℄Oz�1w�wCLe�[,
�ZK�=℄
} H $<}p�&#Æ℄Oz�C8yV���~: G � H $ r P℄:��81
!m|oN� N ��}3o\}
_�?<*b$,�3�q�y xr = 1 | Aut(N) �
RB6| r- )"+KL
�Hb$,�}p�7P���R!�7p�℄O-z$KC=H/r^�hV�w� [33]�

 2000 7Q
D7p�℄Oz8��pYW� 23 · q 7p (q $XC8), T>$ 24 7p�w� [19] E

YW�℄O-z�℄��w� [19], 687 G
&
�} p5t��R!bp4�q=�1wLn�} E n�} F �_e�Q 24 7pn��%1��F
W℄O-z�W�ZX	�A&
WJf,� 23 · q 7p℄O-zfQzA%;����E6z) p 5t�vu�q=�� G $j�p� χ $ G �KC4T�;� Ker(χ) = {g ∈ G

∣

∣χ(g) = χ(1)} n
Z(χ) = {g ∈ G

∣

∣|χ(g)| = χ(1)} $ G ��CCp�1w->Y nT�; χ �mu0)��$�C+U4E�Cp�`>er�:��T�;�mJb
|��P�2{�\��w� [20] ���� ϕ $ G �KC Brauer T�;�Ker(ϕ) n Z(ϕ) F$ G ��CCp�->Y n Brauer T�; ϕ �mu0)�1w\b� Z(ϕ) ��P�FKFgz
+2�{p�m8n 3 �Ef� Brauer T�;�KC/-���~: H � G $oN�L<��� 3
∣

∣|G|, F $d$7�B1, p(p 6= 3) 
�
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j^ 9,et� ϕ ∈ IBr(G). �/ ϕ(1) = 3, }�| 3 Pv x ∈ G !	 ϕ(x) = 0.}q��} H 0[, G $j�+2�{p` 3||G| fQe[, G $j�+2�{p|E$ Ree-Suzuki {p (�� Suz(22f+1)) uxX�
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