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9 } - � ip h)%�
3Rk5�36PRu\�`GÆP�TLS�)	: 0� A ∈ Rm×n,

b ∈ Rm, `' (E, f) Os
(A+ E)x = b+ f

min
E,f
‖(E, f)‖F�C ‖ · ‖F �&+u F - �k�6Os:h�k`Gu (E, f) o'q, �g℄:Ru-u x K� TLS )	u��%< [3] 0VW��:h)	u Newton �Æ RQI ���%< [15] 6V��� TLS )	8qR\���&+ (A, b) u`G�x5q��|u	�xEVu)	�%< [12]�VB� ULV���Q SVD����� ULVD���&+u�x5qq�|ua	�x<�u+��u�TLuS��)%uKgrBX��H� ULVD ���Q'�qq�&+ (A, b) �Q�[J�Os�'�u�ULVD���;ULz|���� TLS )	�*p�J
qqk5Ld�	�Æ RQI���Q,��ny��'�u ULVD ���&+`G�x5+�:u��S��m A h( (A, b) X�g?&+h���g?&+K�)%0Vuk5� TLS)	u��+�y:u�W�$%7�.-?��{k$�gu�=W TLS )	Æ SVD ���{Æ$�=�%< [3] C�qu�� TLS )	uUG���{8$0VW'�u ULVD��uvh��{s$C0VW?�'�x�ukJS��Ju/y�{.$0VW�[J��P)%u`Fx����k5℄dCd/W*pux�u��S60V�
��Æj�TLS )	�ULVD�RQI�Newton ��'�u ULVD.
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Abstracts

In this paper, we discuss how to solve numerically the following TLS (Total

Least Squares) problem:

Given A ∈ Rm×n and b ∈ Rm, find (E, f) such that

(A+ E)x = b+ f

min
E,f
‖(E, f)‖F

If a minimizing pair (E, f) has been found for the problem, then any x satisfying

(A+ E)x = b+ f is said to be a solution of the TLS problem.

Two methods are proposed in [3] for the TLS problem, which called the

Newton method and the RQI method. In the paper[15], we find that solving

the TLS problem requires the computation of the smallest singular value and the

corresponding right singular vector of (A, b). It is well-known that the ULVD is

a good approximation to SVD. In this paper, we give a precondition method to

(A, b) so that we can apply the ULVD method to solve the TLS problem. We also

give numerical examples to show that the refined ULVD method is more efficient

when the problem is ill-conditioned.

The paper has been organized as follows. In Chapter 1, we give a introduction

of the TLS problem and the singular value decomposition. In Chapter 2, we

review the two methods, which is used to solve the TLS problem, mentioned in

[3]. In Chapter 3, we describe the refined ULVD algorithm. And the proof of some

lemmas and theorems are shown in Chapter 4. In Chapter 5, the precondition

method to (A, b) and the final the refined ULVD algorithm algorithm are given.

Finally, we conclude with experiments and a conclusion.

Key words: Total Least Squares problem, ULVD method, RQI method, Newton
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��. �L 1pQ^ M $
1980 ��Golub w+z�W�\�`GÆP��Total Least Squares�u(�

[6]�6oVW(��Iu�����x5����`9�*p�j�=6\�`GÆP)	�Total Least Squares Problems�q6�K� TLS )	��0� A ∈ Rm×n, b ∈ Rm, `' (E, f) Os
(A+ E)x = b+ f

min
E,f
‖(E, f)‖F�C ‖ · ‖F �&+u F - �k�6Os:h�k`Gu (E, f) o'q, �g℄:Ru-u x K� TLS )	u��

TLS )	w~�`'k-`G F - �ku*�&+ (E, f) Os (A, b) u?�y�y℄�*p8q9D�06&+ (A, b) u SVD ���6u0V SVD ��u�w�qS1.1. [8]�SVD �5�` A h��Y�� m×n 2:1�m ≥ n�,>,
A = UΣV T�T: U h m× n 2:1VM? UTU = I, V h n× n 2:1VM? V TV = I�Σ = diag(σ1, · · · , σn)�T: σ1 ≥ · · · ≥ σn ≥ 0�U �H u1, . . . , unx{AU��F�V �H v1, . . . , vn x{#U��F�σi(i = 1, · · · , n) x{U�5��� (A, b)�}?*po!sqW�u SVD ���s

(A, b) = UΣV T , Σ = diag(σ1, · · · , σn+1),�C σ1 ≥ · · · ≥ σn+1 ≥ 0 X (A, b) u�x5��`f`G5�J�82 A u�x5 σi �� (A, b) 3��s
σ1 ≥ σ

′

1 ≥ σ2 ≥ · · · ≥ σn ≥ σ
′

n ≥ σn+1*p}? A Xg?u�s� σ
′

n ≥ 0 � σ
′

n ≥ σn+1�*K�)	u`G5�? 1 *�K
q�s
(E, f) = −(A, b)vn+1v

T
n+1 = −σn+1vn+1v

T
n+1
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��. �L 2℄K�‖(E, f)‖F = σn+1�*p8q`�	�xEVsq TLS )	uk-�
vn+1 =

(

z

ζ

)

= −ζ
(

xTLS

−1

)

�C ζ 6= 0�m ζ = 0 K�TLS )	-��m σ
′

n ≥ σn+1 K�X;`V; ζ = 0u�?u�|q�q6*p/}? ζ 6= 0��:R82�λ = σ2
n+1 P x = xTLS Xg℄�>SwR
(

ATA AT b

bTA bT b

)(

x

−1

)

= λ

(

x

−1

)

(1.1)�{kQ>82��wR
(ATA− σ2

n+1I)x = AT bMP�℄wRK� TLS )	uÆ�wR��*pu}? σ
′

n > σn+1 82�ATA−
σ2

n+1I) X.�u�%< [15] nyW�� TLS )	8qR\��� (A, b) `G�x5qq��|u	�xEVu)	�m A �f�1
K�TLS )	g, LS )	 �s���Kg)	%���&+u SVD �������wx&+`G�x5q��|�xEVukG�i��� Van Huffel P Vandewalle �%< [14] 0V�%<
[1][3][17] 0VWkGNuj� Rayleigh 9u�i�������fB| TLS )	�%< [10] 0VW?|u�� A � Toeplitz &+u�i�����
��&+ SVD ��u+�:�kG��XB�� ULV ���ULV ������x5qq�|ua	�x<�u+�:��TLuS��%< [12] nyW�m SVD ��Y��fuKV�*p8qB! ULV ��D+�����a	�x5<�u+�u:�u/y��%< [9] 0V�)%uKgrBX��H� ULVD ���Q'�qq�&+ (A, b) �Q�[J�Os�'�u�ULVD ���;ULz|���� TLS )	�*p�J
qqk5Ld�	�Æ RQI ���Q,��ny��'�u ULVD ���&+`G�x5+�:u��S��m A h( (A, b) X�g?&+h���g?&+K�)%0Vuk5� TLS )	u��+�y:u�W�厦
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��. TLS �u�);W5�� 3pv^ TLS >9l�m,�|x
§2.1 Newton zkG�� [1][3] X�H���&+ (A, b) `G�,5u'�D�� TLS )	�? xTLS X TLS )	uk-���j�Xg℄

(

ATA AT b

bTA bT b

)(

x

−1

)

= σ2
n+1

(

x

−1

)

(2.1)�C σn+1 X&+ (A, b) u`G�x5�� σ2
n+1 X&+

(A b)T (A b) =

(

ATA AT b

bTA bT b

)

u`G�,5��I�σn+1 X�2u�Æ TLS )	u� xTLS k��s�RY (2.1) XÆ6XRYw~u
{

ATAx− AT b = σ2
n+1x

bTAx− bT b = −σ2
n+1

,-J8sk-?� σn+1 u�,�Q
bT b− bTA(ATA− σ2

n+1I)
−1AT b− σ2

n+1 = 0|q�σ2
n+1 X�JJk

h(σ2) = bT b− bTA(ATA− σ2I)−1AT b− σ2u`G1���� Newton ��s�M� Newton ���36�i,R
(σ(k+1))2 = (σ(k))2 +

bT (b−Ax(k))− (σ(k))2

1 + ‖x(k)‖22
(2.2)

x(k) = (ATA− (σ(k))2I)−1AT b (2.3)
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��. TLS �u�);W5�� 4�� Newton ��6g σ _Sq σ2
n+1�xk _Sq TLS )	u� xTLS��g�UQ5u\!g℄ (σ(0))2 ∈ [σ2

n+1, σ
′2
n ) 
k��?6�*-Æ�6;1s'd/�

§2.2 RQI zOuqwR (1.1) 8qKM
(

AT

b

)

(A, b)

(

x

−1

)

=

(

AT

bT

)

(−r) = λ

(

x

−1

)

�C r = b−Ax��X*p� x, λ |� Newton �
(

f(x, λ)

g(x, λ)

)

=

(

−AT r − λx
−bT r + λ

)

=

(

0

0

)

(2.4)

RQI(Rayleigh quotient iteration) Xh Rayleigh9!nu�i���,5)	 (1.1) u Rayleigh 9w�
ρ(x) =

(xTAT − bT )(Ax− b)
xTx+ 1

=
rT r

xTx+ 1\ x(k) �m�u=w5� ρk ��|u Rayleigh 9��6k> RQI u=w5
x(k+1) qq_x4k βk �q6RYsq

(

J (k) AT b

bTA ηk

)(

x(k+1)

−1

)

= βk

(

x(k)

−1

)

�C
J (k) = ATA− ρkI, ηk = bT b− ρk6 J (k) .���8q�>+q0\sq�

(

J (k) AT b

0 τk

)(

x(k+1)

−1

)

= βk

(

x(k)

−(z(k))Tx(k) − 1

)
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��. TLS �u�);W5�� 5�C
J (k)z(k) = AT b, τk = bT (b− Az(k))− ρk�� x(k+1) = z(k) + u(k), �C

J (k)u(k) = βkx
(k), βk = τk/((z

(k))Tx(k) + 1) (2.5)M� (2.4) 8s
(

f (k)

g(k)

)

=

(

−AT r(k) − ρkx
(k)

−bT r(k) + ρk

)

(2.6)�C r(k) = b− Ax(k)�
 τk �6XRYsV
J (k)w(k) = −f (k), z(k) = x(k) + w(k) (2.7)

τk = (z(k))Tf (k) − g(k) (2.8)� RQI��uK�?�� (2.5)-(2.8)9M�U5u\!:�*p! x = xLS�ρ(xLS) =
‖rLS‖

2

‖xLS‖2+1

RQI x�360V�5w1. (RQI)

x = xLS;

r = b− Ax;

σ2 = rT r/(1 + xTx);

solve ATAu = x;

x = x+ σ2u;

for k = 1, 2, ...

r = b− Ax;

σ2 = rTr/(1 + xTx);

f = −AT r − σ2x;
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��. TLS �u�);W5�� 6

g = −bT r + σ2;

slove(ATA− σ2I)w = −f ;

z = x+ w;

β = (zTf − g)/(zTx+ 1);

slove (ATA− σ2I)u = x;

x = z + βu;

end����Q (ATA−σ2I)w = f ; σ ≈ σn+1K��B�W PCGTLS�preconditioned

conjugate gradient algorithm�x� [3]�5w2. (PCGTLS). W5 (ATA−σ2I)w = f �&v.tÆ��C ATA �
Cholesky �> R B{&v.>�ze%�w(0) = 0, p(0) = s(0) = R−Tf, η0 = ‖s(0)‖22.���� j = 0, 1, ..., l 
�V δj 6= 0 *o

q(j) = R−1p(j)

δj = ‖p(j)‖22 − σ2‖q(j)‖22

αj = ηj/δj

w(j+1) = w(j) + αjq
(j)

q(j) = R−T q(j)

s(j+1) = s(j) − αj(p
(j) − σ2q(j))

ηj+1 = ‖s(j+1)‖22

βj = ηj+1/η(j)

p(j+1) = s(j+1) + βjp
(j)
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�^. COD �5�ULV �5!�7� ULVD o� 7p/^ COD ���ULV ��	��l ULVD 6x
§3.1 COD ��Y ULV ��

COD ���Complete orthogonal decompositions�tK��$.�\����u��PR�
X = UCV T�C C Xk-8Æ+�8qKM�>PR

k n− k
C = (C1 C2), ‖C2‖2 ≈ ‖Σ2‖2 = σk+1�C U ∈ Rm×n Xa.�+�V ∈ Rn×n X.�+�

ULV ���ULVD�Æ COD ��uPRkf���>�u-k k Æ
H ǫ�b36[�
k m− k

U = (U1 U2),
k n− k

V = (V1 V2),
(3.1)

k n− k

C =
k

n− k

(

L 0
F G

)

(3.2)

‖L−1‖−1 ≤ ǫ, ‖(F G)‖ ≤ Φ(n)ǫ (3.3)*Lu Φ(n) Xk-SZu?� n u!Jk�N3 √n�*pK k � X u ǫ-}?�
§3.2 ULVD jn�_�7Yn�7z`9�*pz�U-�ju�wx8Æ+u`f`G�x5u�ix� [9]���68Æ+ C ∈ Rn×n�*pgx�u`G�x5qqÆ3?�|u�xEV�x� (σn, un, vn)��*p�Hq6�iDwx�pu5

C−1ūn = σ̄−1
n v̄n, (3.4)
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�^. COD �5�ULV �5!�7� ULVD o� 8

C−T v̄n = σ̄−1
n ūn + rinv, (3.5)

rT
invūn = 0, ‖r inv‖ ≤ σ̄−1

n δ, (3.6)�C δXG� (3.3)Cu ǫuB�
H��LywxC�*pM�uX Lanczosx�h(s�ix�DL;u�?Itu�wx`f�x5qq��|u�xEV�*px� (σ1, u1, v1) �X�Hq6�i�su
Cv̄1 = σ̄1ū1, (3.7)

CT ū1 = σ̄1v̄1 + r, (3.8)

rT v̄1 = 0, ‖r ‖ ≤ σ̄1δ, (3.9)�fu�*iX8q�Hu> Lanczos x�h(s�iL;u��*L�*p;g� C X68Æ�C;;g��X�+��� �=w�*p��:uUG�i�/}?>��i_k� citer�� (3.4)-(3.6) uwxV� citern
2�
��

C ∈ Rm×n(3.7)-(3.9) uwxV� 2citermn��M�:uuU-x�wxV=w�xEV3W�*p^VgU-U)HQ
[13] DL;`Fx��`9�}?*po!` (3.4)-(3.6) u�i>IxVW (σ̄n, ūn, v̄n)��W'�℄`G�x5�*p`'k-.�+ Ū Os

ŪT ūn = ±en (3.10)6`'k-.�+ V̄ Os
ŪTCV̄ = Ĉ (3.11)Xk-68Æ+��C Ū P V̄ /� n− 1 - Givens [R9M�3F

v̂n = V̄ T v̄n, r̂inv = UT rinv, (3.12)�M� (3.10)-(3.12)�(3.4)-(3.6) 8\�
Ĉv̂n = ±σ̄nen, (3.13)
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�^. COD �5�ULV �5!�7� ULVD o� 9

±ĈT en = σ̄nv̂n + σ̄nĈ
T r̂inv, ‖r̂inv‖ ≤ δσ̄−1

n . (3.14)� (3.13) s2
v̂n = ±en, ĉnn = σ̄n,

‖ĈT en‖2 = σ̄2
n + σ̄2

n‖ĈT r̂inv‖2 ≤ σ̄2
n + ‖Ĉ‖2δ2��

(0 Ĉ(n, 2 : n)) = ±σ̄nr̂
T
invĈ.y℄

‖Ĉ(n, 2 : n)‖ ≤ δ‖ C‖.?Itu�6 C �Xkf�Qku6�P&+�*p8q�Vk-?ItuU)HQ�UQ5!� (3.7)-(3.9) squ ū1�'q.�+ Ū P V̄ Os
ŪT ū1 = ±e1, (3.15)� V̄ Os (3.11) Cu Ĉ /�6�P&+�6 v̂1 = V T v̄1�� r̂ = V T r���
Ĉv̂1 = ±σ̄1e1,

±ĈT e1 = σ̄1v̂1 + r̂, ‖r̂‖ ≤ δσ̄1.�� r̂T v̂1 = 0�*p�
‖ĈTe1‖2 = σ̄2

1 + ‖r̂‖2, (3.16)y℄ σ̄1 ≤ ‖ĈT e1‖ ≤ σ̄1(1 + δ2)1/2.

§3.3 ��n ULVD|$u'��X�W'� ULVD � SVD u+� ��6u�=UG'����{kG��w~�-!nu QR x� [9]�5w3. (Mathias-Stewart refinement procedure)
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