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Abstracts

In this paper, we discuss how to solve numerically the following TLS (Total
Least Squares) problem:
Given A € R™™ and b € R™, find (F, f) such that

(A+E)x=b+f
min |[(£, f)llr

If a minimizing pair (E, f) has been found for the problem, then any « satisfying
(A+ E)x = b+ f is said to be a solution of the TLS problem.

Two methods are proposed in [3] for the TLS problem, which called the
Newton method and the RQI method. In the paper[15], we find that solving
the TLS problem requires the computation of the smallest singular value and the
corresponding right singular vector of (A,b). It is well-known that the ULVD is
a good approximation to SVD. In this paper, we give a precondition method to
(A, b) so that we can apply the ULVD method to solve the TLS problem. We also
give numerical examples to show that the refined ULVD method is more efficient
when the problem is ill-conditioned.

The paper has been organized as follows. In Chapter 1, we give a introduction
of the TLS problem and the singular value decomposition. In Chapter 2, we
review the two methods, which is used to solve the TLS problem, mentioned in
[3]. In Chapter 3, we describe the refined ULVD algorithm. And the proof of some
lemmas and theorems are shown in Chapter 4. In Chapter 5, the precondition
method to (A,b) and the final the refined ULVD algorithm algorithm are given.

Finally, we conclude with experiments and a conclusion.

Key words: Total Least Squares problem, ULVD method, RQI method, Newton
method.
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1980 4E, Golub ZAG|#H T “mfkfi/N_3€” (Total Least Squares) AJHE=
(6], FF i TR A B I IE — — A B R

BHE, RANE AN T B H/N 3B (Total Least Squares Problems,
LN AR 2y TLS [0 : 45 A€ R™™, be R™, 34 (E, f) Hif5

(A+Eyx=b+f
min |[(£, f)llr

Hir || - [|r HFERER F- Xk, A0 Liduoso ey (£, f) BkE], e
KXAER = Fh TLS R .

TLS SN TF-H— P/ F- WM EERE (B, f) #15 (A,0) #yFk
FEAR. BRI, FATATLAZER T TR (A, b) 89 SVD 70ff. THEZH SVD i

EX1.1. [8] (SVD 5#) % AR =D EZFEG mxn W4k, m >n, WT2
A=UXVT, 29 U2 mxnWiEELHRE UIU=1,V & nxnWEkEL#%
R VIV =1, ¥ =diag(oy,--,0,), £F 01> >0,>0, U &3 uy,...,u,
HRALFFOHE.V 83 o0, RAEFROE. 0s(i=1,--- ,n) RAFF
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on D) BIEER.

SCHk [15) BERA T KA TLS IR ABE (L ARG (A, b) B/INAF A8 DA S Hovt
WA A SRR [, 24 A BEK HRBIRT, TLS [MIEEL LS [n8iE =152,
H R R B AE T SRFE RN SVD S8 R RN, T35 M fe/ N ar S8 S X
2 R — gL, B Van Huffel 1 Vandewalle ZE3CHE [14] 25 M. SCiHk
[1)[3][17] Za i T —FlAT 2T Rayleigh Bg7iEAME, HTRGAHME TLS 4]
B, SCHR [10] 45 5 TAHR RIS F A 2 Toeplitz 58 MR IE AR T,

TXTFHRE SVD s figisEsr b, —Fioy &Rk AL ULV 504, ULV 53@
FEXT H BT B DA B X B 4 2045 85 S 23 (B) 0 _E#RE R R PR, SCik [12] U
BT, 24 SVD SrffAE SR KB, AT RURI ULV SMfgstEsr . o +72
At AR A E AT A B AIERA, 7ESCER [9] 4.

AR SCHY F B BAESE: @A ULVD J7ikaef 7ot A O R RE (A, b) 17T
AbFR, {15 (BG#ERY) ULVD J7ikRBaEAR It i F T 5K g TLS R/, FATH AR
VAREESES, ¥HS RQI ik T HE, Uil FEi#Eny ULVD J7ikfesE i
/e SREE T AR, TR A B (A, b) BRI MR e IR B E
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§2.1 Newton 7%

—FOriE [1[3] R RIER R (A, ) f/MFIEE R SRR A# TLS (7]
B, W oarps & TLS MBI — M, BATRmL

( ATA ATh ) ( x ) ) ( x )
= Ont1 (21)
b'A  b'b -1 -1

Hot 0,40 SRR (A, D) BB/ N M8, H o)y AR

(A BT(A b = (ATA ATb>

brA b

AR/ NVFIE(E. W, 0w EARME, 5 TLS MBI arrs —ERA.
AT (2.1) BHTIITEHEE

)

{ AT Ay — ATh =02 &

bPAz — 0" = —o2,
A F—ANRT o1 BIFFIE TR
b'o —bTAATA— o2 I)T'ATb— 02, =0
FrlA, oF,, JeHELERE
h(c?) = b"b — bTA(ATA — o* 1) AT — o

W/ MR, HAER Newton 1:3KR7E,
FIF Newton 3%, HU T EAHR

BT (b — Az®)) — (o))

(k+1)\2 _ (- (k)\2
S e A o OTE

e = (ATA— (e™)’ 1) ATD (2.3)
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XFF Newton 3%, #E o WHE| 02, ), WSKE TLS [MBHIE cros, WIE
SRITGGIER BB (00)? € [02,,,0,2) T —MER T, XAFKIEFRE S 0%
k.

§2.2 RQI &
EEI%ER (1.1) TRERK

(7)) () ()

Herr =b— Az, FREIRNTA x, A W Newton 7%

_ AT, _
f(z, \) _ A'r — Az y 0 (2.4)
g9(x,A) —bTr + A 0
RQI(Rayleigh quotient iteration) J&H7 Rayleigh TN HIIERE, B
RS (1.1) B Rayleigh Bi%T

p(x):(I AT b ) (Az—b)  rir

xlp 1 CaTr+1

A oW M EEAGEE o IXTRH Rayleigh B, WF—2#% RQI Hfhit{H
e ARG RRL B UL TR F1RE

gk ATy, (k1) ; (k)
bTA ST B

JE = ATA — piI, M =b"b— pr

o

# JW IERE, MWLk b Bem i As b 15 2 g
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Hordr
JE LR — ATy, =0T (b — Az —

BT 2D — 200 1 @), e

TOu® = 620 g = 5 (2P)Te® 4 1) (2.5)
PR (k) T (k) (#)
< g(m ) - < _fb;r(k)_fi ) (2:6)
Hefr r®) = — Az® W7 7 f FHIR T
TR = k)0 2 ) @) (2.7)
7= (2T — g® (2.8)
M RQI I8 EAER S (2.5)-(2.8) M, WIMERYEER L, AT v = 215, p(rLs) =
e
RQI 5% AT 45 1 -

kL. (RQI)
T = XLS;
r==b— Ax;
o =rTr/(1+ 2Tx);
solve AT Au = x;
T =1+ o’u;
fork=1,2,..
r=>b— Ax;
o? =rTr/(1+2Tx);

f=—-ATr — o%x;
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g=—blr+ o
slove(ATA — o?Nw = — f;
z=x+ w,
B=("f—g)/(z"z+ 1)
slove (ATA — 021)u = x;
r =z + fu;

end

TERETTE (ATA—o* w = f;0 ~ 0,1 BF, WFEFA T PCGTLS (preconditioned
conjugate gradient algorithm) % [3].

&2, (PCGTLS). £#% (ATA—o*Nw = f 89FAEHH AL, #IRA ATA #
Cholesky B ¥ R YA TREHT.

At w® =0,p0 = 5O = R f 1y = ||sO3.
%R % j=0,1,.., 08, Lo A0HHE

¢ = R=1p0)

5; = I3 = o*ll¢9|3

a; =1;/9;

S0 = 500) — o (p) — 52

Nj+1 = [lsVFV3

B = Nj+1/M0)

pith) = 50+ 4 3:pl0)
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F=8F COD %%, ULV 4gfosketsy ULVD JiA

§3.1 COD M5 ULV 1 fi#

COD 43 (Complete orthogonal decompositions) JRNFR K54 1E AL 47 it
B RE N

X =Uvcv”
Hefr C B—A=AKE, ISR HIER
k n—k
C= (C1 Cy), 1G] = |Za]* = o1

Hrp U e R BAEIERME, V € RV BIERRE.

ULV 73 (ULVD) & COD 73—, X T EEREE b 5hE e
fcn Xl

k. m-—k kE n—=k
U= (U, U, Ve Vi W) (3:1)
k n—k
k L 0
o n_k(F G) (3.2)
I <e IF Q) <dm)e (3.3)

XHEEY ©(n) Z—PEERIRT n BHEE, Bl Vo, BATE & 7 X # e
fBR#k.

§3.2 ULVD PRIt HESEEREE

BT, WAOTGIHEPAREA, T = AR SR/ ar E RS UERE [9].
T T =AM C e RV, TATEFER R/ E L &5 ZARXT R 77 717 &
ICH (0, Un, vy), MIFATELE LT IEASEH S ENHE

C~ Y, = &, v, (3.4)
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C™0, = &, Uy + Tinw, (3.5)

rE i, =0, |7l <&, (3.6)

inv “'n

o o /T (3.3) Y € IR E 22 . ZESERR TR, FATHI 892 Lanczos
ke R AERE R L

FHZARY, THE R A R AE LA R X Y &7 1) 1, |ATiEy (o1, w,v1)
el it DL IR AGRR Y

C’l_Jl - 5’1121, (37)
CTa, = 6,0, +r, (3.8)
T’T’l_Jl = 0, ||7’ || < 5’1(5, (39)

FIRERY, X ERTLAEE JLAE Lanczos s m B sy, X E, &
ITAER C BT =M, BEEARERERETE, W TERMb1T, RO LEH
FEA, BB E & ERIRECN cier, W (3.4)-(3.6) MITHFEERR cuern®, TIXTT
C € R™™(3.7)-(3.9) BT EN 2¢iemn,

A B AT e R R e, RITEFEM N EESRE
[13] SRS 450

B, BERRIMESEIN (3.4)-(3.6) MERPTRAL T (04, Un, 0n), KT
/N RAE, BATFHR D IERH U #15

U, = +e, (3.10)

HIFR—AIERKE V #5
urcv =¢C (3.11)

JEAT =/, Hrp UMV 50— 1A Givens BEFA AL, W15
Op = V7T, Fine = Ul Tine, (3.12)
MIFIF (3.10)-(3.12), (3.4)-(3.6) A4k K

C'o, = +0,en, (3.13)
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+C%e, = 6,00 + 0 CT Fin, | Fimo || < 05% (3.14)
H (3.13) ZH
ﬁn - j:erw énn = Op,
ICTenll? = a7 + 2l CT #in||” < 77 + | C|26
HA
(0 C(n,2:n)) =+a,7L C.
)i d

1C(n.2: )| < 8 C|I.

RS, = C AFIBCRTATER P REEHMRE, AT LA — IS
HIBAEIS R, FIAGRMERH (3.7)-(3.9) 13218 @, HREIELFE UMV H1G

Ul = +ey, (3.15)
H V45 (3.11) iy C 5 FHTERRE,
o =VT0, Hr=VTr, NG
é’@l = %0716,
+CTey = G100 +7, ||7|| < 6.
HF 7o, =0, ®ATH
IC e|* = &7 + 1717, (3.16)

HI o1 < [|CTe|| < 71(1 + 62)Y/2.
§3.3 B¥EAY ULVD
Friffsedt, Jeoh 7 et ULVD X SVD Wy srAE B, T 1 A 48 W et 7
1k,
F—FINEFE N T RABR QR 3% [9]
HE3. (Mathias-Stewart refinement procedure)
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