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Edge-extremal problems on the relative length of

the longest paths and cycles in graphs

Abstract

In this thesis, we mainly study edge-extremal problems on the

relative length of the longest paths and cycles in graphs. This thesis

consists of three chapters.

In the first chapter, we introduce the background and main re-

sults of the research in the thesis.

In the second and the third chapter, we present results on the

relative length of the longest paths and cycles in graphs. For a graph

G, let p(G) and c(G) denote the number of vertices in a longest path

and a longest cycle in G, respectively. Define diff(G) = p(G)−c(G),

which is called the relative length of the longest paths and cycles. In

the second chapter, we prove that, if G is a 2-connected graph on

n vertices with p(G) = p, where p ≥ 20, and if G has more than
1
2
(p − 2)(n − 7) + 13 edges, then diff(G) ≤ 1, which implies that

every longest cycle in G is a dominating cycle. In the third chapter,

we prove that, if G is a 2-connected graph on n vertices with δ(G) > 3

and p(G) = n, where n ≥ 41, and if G has more than 1
2
(n2−13n+78)

edges, then diff(G) ≤ 2. In both cases above, the bounds on the

number of edges are best possible.

Keywords: Longest path; Longest cycle; Relative length.
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V (G) N G CMJ!�
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§1.1 �Nu'Us�
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G�" E5#aaNG1∨G2 9`R=#yYWaOwJB	(ed
E V (G1)∪
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§1.2 Ad`jS��jS-
§1.2 �D\JW�tJW���N7CK+m�K+�C� /VFCxHR�A<? 1959�	Erdös � Gallai � [11] 7xHf�uN	��A��
 k + 1 uMJCmMQCN�;+k�D� c�C�	~s	AC�7K[/[��^x	Wvg�� �^&duVFCe�=��>}D!�
§1.2.1 �D\JW�� 1959 �	Erdös � Gallai � [11] 7A?f^xC=��a� 1.2.1 ([11])lT℄; k ≥ 0	4 G 9Ow�S n wedaB	0|B G aP;

e(G) >
1

2
(k − 1)n,& 	B G ekT�aedw; p(G) > k��6=�� n = kt (/K�R�C	�� [11] 7�w1f /NCS���#	�p(G) ≤ k �� e(G) = 1

2
(k − 1)n�.`	=�A= G Q t uP�N Kk C�	# G = ∪t

i=1Kk�O\ 1.2.1� n 6= kt(	��/K�R�C?�� 1975�	Faudree� Schelp � [12] 7w1f�6=�CoD	��w1f /NCS��a� 1.2.2 ([12])4 G 9Ow�S n wedaB	0|B G eRZX k + 1 weda�	& 	B G aP;
e(G) ≤ t

(

k

2

)

+

(

r

2

)

,(e n = kt + r	t ≥ 0 Q+ 0 ≤ r < k�28b�V�\+�\
1. G = (∪t

i=1Kk) ∪Kr��[
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NZ h:
2. G = (∪t−l−1

i=1 Kk) ∪ (K(k−1)/2 ∨K(k+1)/2+lk+r)	0 ≤ l < t	\ k E);	t > 0 Q+ r = (k ± 1)/2 6�Wv��?	��=pw1C /NP/�KC�~s	X��uKC	��
 k + 1 uMJCmCN\y	AC�7K[�8?[�����&uVFC /7	K�/� 1977 �	Æ Kopylov�U [16] 7w1�� 2008 �	Balister D��U [1] 7�L� [16]C*{daw1fnVFC /7	��w1f /NCS��a� 1.2.3 ([1], [16]) 4 G 9Ow�S n weda��B	0|B GeRZX k + 1 weda�	& 	B G aP;
e(G) ≤ max{f(n, k), g(n, k)},(e	n > k ≥ 3�F#gQ�;

f(n, k) =

(

k − 1

2

)

+ (n− k + 1),

g(n, k) =

(

⌈(k + 1)/2⌉

2

)

+ ⌊(k − 1)/2⌋(n− ⌈(k + 1)/2⌉).28b�V�\+�\ G = Gn,k,1 �[ G = Gn,k,⌊(k−1)/2⌋�X� n ≥ k > 2s > 0	WvO�N
Gn,k,s = (Kk−2s ∪Kn−k+s) ∨Ks.�N 1.1 ?.	ÆN Gn,k,s C|�	���R�O1	e(Gn,k,s) =

(

k−s

2

)

+ s(n − k + s)	��	= k > 2s (	N Gn,k,s 7`��7�MJu7Q k + 1 Cm�
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§1.2 M6BJ*lÆJ*�
2k s

K
-

s
K

n k s
K

- +M 1.1: M Gn,k,s�
§1.2.2 �D\JW���N7K+�CxH	/Np7C�uFKCxHh��� 1959�	Erdös � Gallai � [11] 7A?f^xC=��a� 1.2.4 ([11]) lT℄; c ≥ 2 � n ≥ 3	4 G EOw�S n wedaB	0|B G aP;

e(G) >
c

2
(n− 1),& 	B G eakT.aedw; c(G) > c�^xCN_8{	�6=�� c−1 �}(2 n−1 (�# n−1 =

t(c− 1)�	/K�R�C�
c

K

c
K

1

t

M 1.2: e(G1) = c

2
(n− 1)�c(G1) = c��N 1.2 ?.	N G1 /Æ t uP�N Kc	v�1�uMJMQz{MJ ���|.CoN �̀ \�-	G1 /�u n uMJCN	�� G1 C�7 e(G1) = c

2
(n− 1)�</	ÆnNC|����O1	N G1 CK+�CMJu7 c(G1) = c�
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NZ h:
Erdös � GallaiC=�� c−1 ��}(2 n−1 (	��/K�R�C�� 1976 �	Woodall � [27] 7X�6=�LfoD	= c−1��(2 n− 1 (	3Ef�7C? c

2
(n− 1)�a� 1.2.5 ([27]) lT℄; c ≥ 2 � n ≥ 3	4 G EOw�S n wedaB	0|B G aP;

e(G) > t

(

c

2

)

+

(

p + 1

2

)

,(e n = t(c− 1) + p + 1	t ≥ 0 Q+ 0 ≤ p ≤ c− 1	& 	B G eakT.aedw; c(G) > c�� 1991 �	Caccetta � Vijayan � [8] 7	w1fO\ 1.2.5 Ci�u*{	��f℄S�f /N�U [8] 7	X�K+�CMJu7k�D� c CN G	AC�7 e(G) = t
(

c

2

)

+
(

p+1

2

) =�A=

1. G /�uÆ t + 1 uUI.CKN	�7�uU/J7Q p + 1CP�N Kp+1	�� t uUP/J7Q c CP�N Kc�= p = 0(	G Æ t uU Kc I.���%
2. c = 2l	\� p = c

2
� c

2
− 1	G /�uÆ s + 1 uUI.CKN�&℄ s < t�	�7�uU/ Kl ∨ Kn′−l	&℄ l ≥ 2 \� n′ = n− s(c− 1)	\�� s uUP/J7Q c CP�N Kc�Wv��?	�x?A?C /NPL�sJ�~s	X�;+�,� c C 2- KN\y	AC�7K[�8?[���Woodall K_E1f&uVF	�� [27] 7E1f^x&u#g
T% 1.2.6 ([27]) lT℄; c ≥ 2	n ≥ c− 1	4 G EOw�S n weda 2- ��B	0|B G aP;

e(G) > max{f(n, 2, c), f(n, ⌊c/2⌋, c)},
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§1.2 M6BJ*lÆJ*�(e	f(n, k, c) =
(

c+1−k

2

)

+ k(n− c− 1 + k)	2 ≤ k ≤ c
2
	& 	B GekT.aedw; c(G) > c�Qf*{&u#g	Woodall[27] A?f^xC=p�a� 1.2.7 ([27]) lT℄; n ≥ 3	2 ≤ c ≤ 2n+2

3
	4 G EOw�S nweda 2- ��B	0|B G aP;

e(G) > f(n, ⌊c/2⌋, c),& 	B G ekT.aedw; c(G) > c�� 2004�	y�62D�� [13]7w1f^6=p	#g 1.2.6A?fP(C>N�a� 1.2.8 ([13]) lT℄; n ≥ 3	2
3
n + 1 ≤ c ≤ n− 1	4 G EOw�S n weda 2- ��B	0|B G aP;

e(G) > max{f(n, 2, c), f(n, ⌊c/2⌋, c)},& 	B G ekT.aedw; c(G) > c�
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