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� � E-�aiR^m\?$zT;��amFr�7:NiR�8A*Yv#M�_ E-�aiR0UD"�v �Æms6��"Æ E-�7pd83Gpd(h��RBÆ	?vs��aiRm�m\�Q>j)RR7�.m�7�aÆ�EUj)K= m�l���(NIaoÆ��\�GIz>_jgm�/)Qu>[jgm�l (l�N\ λ1, . . . , λk)NH�mIa (l�NM[ X1, . . . , Xk)iR�a�7jgm�pe['K���'KN%}'KÆE\$*��om E-�aiR.	Æ�%\(�U�N\�.	�x&��m.	�/)iR�Nm7�Æ�aiR� R�kÆ$*q��CYkIamiR���k\d$��XLom�ÆQ�℄�vm��Lo�e�k\<4d�Æ	e['K"<4dxÆ�G�0Jj�PXC�d�aiR�$*^<|Æ℄h�m�sC8 E-�aiR�zy�m3�Æ-N℄�U�N\�.	m�k�Æ4�N℄�k[m�aiR��$*�6�"	=3*:��s�A"�zÆ��℄�U�N\�.	N E-�aiR.	m" 	j+�mjs|f�s�Aq�7:℄�U�N\�.	m��s=A�C℄d$��XLom�aiR��snAQ�℄<4d�Æ	e['K"<4dxÆ�OiR��'KN%}'KÆ�N℄�k[m�aiR��s3A"j\Q}�+2�� �U�N\��U�N\�.	� E-�aiR厦
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Abstract

Finite Element Model Updating has emerged in the 1990’s as a significant

subject to the design, construction and maintenance of mechanical systems. Cur-

rently, finite element analysis techniques in the field of engineering technology

used widely to develop rapidly. Model updating, at its ambitions, is used to cor-

rect inaccurate analytical models by measured data, such as natural frequencies,

damping ratios and model shapes, which can usually be obtained by vibration

test. Updating the analytical mass, damping and stiffness matrices by measured

frenquencies (eigenvalues λ1, . . . , λk) and model shapes (eigenvectors X1, . . . , Xk)

is the finite element model updating problem, which we will discuss in this paper.

That is also the problem about finding the best closest solution for the inverse

quadratic eigenvalue problem. According to updating different object, there are

many model updating methods. We will mainly introduce two types of updating

methods: One is based on the optimization theory, has used classics dual theory;

Another is a reference based method, using mass matrix as a reference basic and

through minimization of the objective function for updating model.

In this paper, we look back many scholars’ works in this area and give a

method for the inverse quadratic eigenvalue problems. We also develop a new

method for the model updating problems.

This paper includes five chapters. Chapter 1 gives us an introduction of the

background and content about the inverse quadratic eigenvalue problems and the

finite element model updating problems. In chapter 2, we mainly constructe the

solution for the inverse quadratic eigenvalue problems. Chapter 3 introduce the

model updating method basic on optimization theory. In chapter 4, we introduce

the model updating method by updating the damping and stiffness matrices si-

multaneously. Numerical experiments are given in the last chapter.
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' , Y D�<[#(g_)fl�TsL�
x ∈ Rn �1WLZ x [ n #Pl^LZ�
A ∈ Rn×m �1W&J A [ n × m lP&J�
A � 0 �1W&J A [P~B�Qx&J�
A ≻ 0 �1W&J A [P~BQx&J�
Sn: 1Wx� n �P~B&JhP�
Sn

+: 1Wx� n �P~B�Qx&JhP�
Sn
† : 1Wx� n �P~BQx&JlhP�

Ω0 := Sn × Sn × Sn.

Ω := {(M, C, K) ∈ Ω0 : M � 0, K � 0}.
‖A‖F : 1W&J A l Frobenius �i� ‖A‖F = (trAT A)

1

2 .

〈A, B〉 : 1W&J A & B l�f� 〈A, B〉 = tr(BT A) ��g A, B ∈ Rn×m.

ΠΩ(A) : Π [��tz� Ω ⊆ Ω0 � A ∈ Ω0 � ΠΩ(A) 1W A 7 Ω �l���k ‖ A − ΠΩ(A) ‖F= min
X∈Ω

‖ A − X ‖F .
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��� �}
§1.1 ja�6�D,�`hQ[�tQ7^�lq5��nL�B�1w���B{7Q�5qb'g�\\2B2l�l����276ySq�2Fo�℄LPKMwzGdnb'�{[>#yS:�lEq�69MhQ [13,24] �72Fob'M���-2Fg�.X7lHy-��`�$)k�R6lySq�`���l�����Km��MP|��Xj��Km��2F����D,����!��D,�6o��A���>ur%4�Cb�Dj���J>WllI��Uo:�6uW!�t�lJ>6��#Pt-�l6�5��D,��$)k~�T��|WPK�D$Si�D,�`qtE&P|EW{X7y5?�d��y��#P|�}�6ol�>�1wÆF�}^|�	ai�T6p��6�,l�}℄8;i�8OP�DTP=l�}℄8hQLTySq�`�S�	1w-q��Pt6�D$[�D,�`hQx�y"l-��ÆF�`hQ�wO�D,�`&P=�`W{l5?�"?�D,�`�7Q�yS:��`���[be6yS:��`hQob'��_)f�T�M[Æ-���RQ�iqy"BM2Fo1//T>sMy"�T�M[Æ-� [7,20,29,36,37,39]��#6�lyS:�~dZ&J�~
&JM$|&Jl6�+j+�l�'��R�T�M[Æ-�l���Q�j�6F!�{[�q}�1h�u/�T�M[Æ-�#����-�a[�'�T�M[Æ-�l�w%���D$Dif'���1hl��W-��k�D,�`hQ-��厦
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�S�LZ,�k~_gP�� 6

§1.2 ��^�#Mja7y"be6ySq-�N��2[��D,��b�z����6:�J>W��T7�C!�)���Fe����Fx{el:�
Mü + Cu̇ + Ku = 0, (1.1)�g M, C, K ∈ Rn×n �2B!dZ&J�~
&JM$|&J� u ∈ Rn ! n#^LZ� ü, u̇ l�Z�2! u l~��Z~N{ t l��M��ei�f�Fl�T�! u = Xeλt �i

(λ2M + λC + K)X = 0. (1.2)!:�l+xe��uW!8<l�T�M[-� (QEP) �,x M, C, K ∈ Rn×n �'i λ M�aLZ X �Si
Q(λ)X = 0, (1.3)�g Q(λ) = λ2M + λC + K B!�Th�i λ M�aLZ X �2B!�Thl�M[M�MLZ�x'l�T�M[Æ-� (IQEP) [& QEP G�l-��Viq��B�$[,x�T�M[-�l9�bB,9℄8*-xb9q&J M,C,K �V2F���$[V:�1BMl!*�{bR2:�l4K;i�<y/w,x k )�M[MG�l�MLZ�2!

α1 ± iβ1, . . . , αl ± iβl, λ2l+1, . . . , λk,

X1R ± iX1I , . . . , XlR ± iXlI , X2l+1, . . . , Xk./w� k )�M["WC8<bV
Λ = diag{λ[2]

1 , λ
[2]
2 , . . . , λ

[2]
l , λ2l+1, . . . , λk}, (1.4)�g

λ
[2]
j =





αj βj

−βj αj



 ∈ R2×2, βj 6= 0, (j = 1, 2, . . . , l).
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�S�LZ,�k~_gP�� 7G�l�M&Js! X �8<
X = {X1R, X1I , . . . , XlR, XlI , X2l+1, . . . , Xk}. (1.5)*
l IQEP 1e8<�,x9��M~ (Λ, X) ∈ Rk×k × Rn×k�8 (1.4),(1.5) xW
�' M, C, K ∈

Rn×n �Si
MXΛ2 + CXΛ + KX = 0, (1.6)

M ≻ 0, CT = C, K � 0.72Fo��2[6yS�`hQob'��_)f�e IQEP ��l�qB�6�l���-\+jH`l IQEP[7,20,29,36,37,39] �
§1.3 Ær�Guy�ja��D,��b�q���6ySq�6�7�if�oldZ&JMa�~
&J Ca M$|&J Ka ��#J>WFF)k~69�W{lU	�M*���Sq�l|W��RP��D,�6o�Rl6�D,�`��6	w-q��Pt6l,9&?�d��y�4�P=o7=i6lp��k�k�M[ λ1, . . . , λk 
MG�lH`�k�MLZ X1, . . . , Xk 
���q��#�D,��lqtE&P=EW{X75?��Th Qa(λ) =

λ2Ma + λCa + Ka l�M[M�MLZ0Ptl�kMH`9x�X7y�xl5?��`hQo[P�P=�}i(~dZ&J Ma �~
&J Ca M$|&J Ka �hQ�ShQTldZ&J M �~
&J C M$|&J K q}�1h�
(λ2

i M + λiC + K)Xi = 0, (i = 1, 2, . . . , k). (1.7)

Baruch/Bar-Itzak[3,4] � Bermann/Nagy[5,6] M Wei[32,33,34] P�P=i(V6��y3j\0~
6:� (i.e. C = Ca) �Datta/Elhay/Ram [9, 10, 11]p�VZ#�T<a�`l��Eq-��!y"�T�M[Æ-��i�`hQ-��4\QKlO�厦
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�S�LZ,�k~_gP�� 8��l�`hQ-�71e8<�,x Ma, Ca, Ka ∈ Sn ��i9��M~ (Λ, X) ∈ Rk×k × Rn×k�8 (1.4),(1.5)VxW
�' M, C, K ∈ Rn×n �Si
min

c1

2
‖ M − Ma ‖2

F +
c2

2
‖ C − Ca ‖2

F +
1

2
‖ K − Ka ‖2

F

s.t. MXΛ2 + CXΛ + KX = 0, (1.8)

M ≻ 0, CT = C, K � 0.DMl c1, c2 !X)Ql;i�D[�)��)�1hl��W-��/w��NhQdZ&J�~
&JM$|&J��FQl�t[dZ&J)k[~BQxl�(C [2]�Sl�-\!�`lhQ-��a[��'��5�Dif~�KmMAl�����t�U�lN{�'���6�H`lyS:�~dZ&J�~
&JM$|&J�6�l�'��R*
l�`hQ-��Q�j���(C [37] �m\69�T�M[Æ-�lg\V~B�l-��3�-\g\V~BlyS�`hQ-�� Baruch[3,4]y"l[0~
6:��z�M\;3�� (reference basic methods) ��#lI[���);i�!67"-l;3w�D)w7�[dZ�$|b=^�}H`�/TÆF�/Iil�OWB��`hQ�(C [3] [�
min{1

2
‖ M

1

2
a (K − Ka)M

1

2
a ‖} BhQ$|&J��g Ma [�6dZ&J� Ka[�6$|&J�~#~
6yS:��8E�dZ�!6-l;3w��s/w$7�X	hQ~
&JM$|&J [13,21] �kzx�6dZ&J Ma [w-l�X	) M = Ma �RN_j�S
Ii J �O

J =
1

2
‖ N−1(K − Ka)N

−1 ‖2
F +

1

2
µ ‖ N−1(C − Ca)N

−1 ‖2
F ,

s.t. MaXΛ2 + CXΛ + KX = 0, (1.9)

CT = C, KT = K.
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�S�LZ,�k~_gP�� 9�g N = M
1

2
a , µ [+l;i�3jf�6dZ&J Ma 36�x	YfQxl�'�/w�)��~dZ&J�℄lhQ�6P�
Ii�OW�NhQ~
&JM$|&J�#(7(C [21] lO�eM\�jZl�`hQ���#(l�{�5��8<�r����T�M[Æ-��r<���WKm7�`hQgl4���-\��l�`hQ-��rm��B\�NhQ~
&JM$|&Jl�`hQ����M\�jZl�`hQ���r2�!i[P|�
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�S�LZ,�k~_gP�� 10��� 4��^�#MjaD��/w�'�r���fl IQEP(1.6) �(C [20] [X	~ IQEP �'��!\ S$|&J K �Qx�,Ml���7p)dZ&J M lNS�S�gl,qq}�)1h��36	,MAWl1YV�4��B'�6�,�<y/w,M�j'�|`l���69M IQEP l��.(,xl�℄8 (Λ, X) ∈ Rk×k ×Rn×k�8 (1.4),(1.5) VxW
�/w7�'M IQEP l����A/!-�l�[6 �l��~ X � QR ��
X = Q





R

0



 , (2.1)�g Q ∈ Rn×n [Q�&J� R ∈ Rk×k [���l�� (2.1) V^9�<�F
MXΛ2 + CXΛ + KX = 0. (2.2)37�FX*�E� QT �i

QT MQ





R

0



 Λ2 + QT CQ





R

0



 Λ + QT KQ





R

0



 = 0. (2.3)/w5
69M�Fl�)���8<
M0 = Q





(RRT )−1 0

0 I



QT , (2.4)

C0 = Q





−R−T (Λ + ΛT )R−1 0

0 0



QT , (2.5)

K0 = Q





R−T ΛT ΛR−1 0

0 I



QT . (2.6)
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�S�LZ,�k~_gP�� 11[is�l[� IQEP gldZ&J M ≻ 0 l�7�� M � 0 B^��/ws Ω := {(M, C, K) ∈ Ω0 : M � 0, K � 0} ��g Ω0 := Sn ×Sn ×Sn. Pt��8E ( ~M, ~C, ~K) ∈ Ω [�F (2.2) l���s~#2�l α > 0 �
( ~M + αM0, ~C + αC0, ~K + αK0)[ IQEP l��<y/wB'�F (2.2) l� ( ~M, ~C, ~K) �3% ( ~M, ~C, ~K) ∈ Ω.s Y := [XT , ΛTXT ] ∈ Rk×2n � N(Y ) 1W&J Y la:{��# X [^ql� N(Y ) l#i! 2n − k �E U, V ∈ Rn×(2n−k) �%





U

V



 ∈ R2n×(2n−k)lx�^6C N(Y ) l���k�<�FCR
[XT , ΛTXT ]





U

V



 = 0. (2.7)69M�F (2.2) l�!
~M = V V T , (2.8)

~C = UV T + V UT , (2.9)

~K = UUT . (2.10)5
|S� ( ~M, ~C, ~K) ∈ Ω [�F (2.2) l���; 2.1 ,x2� k )�M~ (Λ, X) ∈ Rk×k×Rn×k�8 (1.4),(1.5)VxW
�E U,V[�F (2.7)l�)��α !2�Qi�(M0 , C0, K0)�8 (2.4),(2.5),(2.6)VxW
[ IQEP l�)����s IQEP l���!
M = V V T + αM0, (2.11)

C = UV T + V UT + αC0, (2.12)

K = UUT + αK0. (2.13)
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