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Abstract

It is well known that affine Kac-Moody algebras and their representations

play important roles in many branches in both mathematics and theoretical

physics. Affine Kac-Moody algebras can be viewed as certain central exten-

sions of the Lie algebras of polynomial maps of an one dimensional torus

into finite dimensional simple Lie algebras over the field of complex num-

bers. That is, they used Laurent polynomial ring in one variable as their

coordinates. The derivation Lie algebra of Laurent polynomial ring in one

variable is called the Witt algebra, and the universal central extension of

the Witt algebra is called the Virasoro algebra. The representations of the

Virasoro algebra play crucial roles in the construction and the analysis of the

structure of the integrable modules of affine Kac-Moody algebras (see [GoO]

and [GoP]). Meanwhile, the unitary representations of the Virasoro algebra

have many important applications in the construction and the analysis of

the structure of the moonshine modules and the vertex operator algebras

(see [FLM]). In addition to these, the representations of the Virasoro algebra

have been studied extensively in the context of string theories in theoretical

physics (see [GSW]). In fact, the Virasoro algebra is relevant in the theory of

two dimensional space-time which possesses a comformal invariance. From

the above facts, one can see that the derivation Lie algebras of the coordinate

algebra of the infinite dimensional Lie algebras and their central extensions

have many important applications in the study of the representation theory

of Lie algebra. Moreover, they have many applications in both mathematics

and theoretical physics.

The extended affine Lie algebras (EALAs for short) were first intro-

duced in the paper [H-KT] as a natural generalization of affine Kac-Moody

algebras. One motivation for this work was from quantum gauge theories.

Subsequently, in [BGK] and [AABGK], it becomes clear that EALA’s allow

not only the multiple variables Laurent polynomial rings as their coordinate

algebras but also certain alternative and Jordan algebras and the quantum

torus as their coordinate algebras.

We notice that the quantum torus contains the Laurent polynomial ring
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as its special case, and the derivation Lie algebra of the quantum torus con-

tains the derivation Lie algebra of certain Jordan algebras as its subalgebras

(see [T2]). Meanwhile, it is proved that the classifications of the integrable

modules over the toroidal Lie algebras and some EALAs can be reduced to

the classification of the modules over the derivation Lie algebras of their

coordinate algebras (see [E8], [EJ] and [E3]). Therefore, we focus our atten-

tions on the structure and the representations of the derivation Lie algebra

of quantum torus in this thesis. The thesis contains two parts. The first part

consists of three chapters, and is devoted to the study of the reprtesenta-

tions of the derivation Lie algebra over the quantum torus, while the second

part consists of two chapters, and is devoted to the study of the structure of

the skew derivation Lie algebra over the rank two quantum torus. Now we

describe our main contents in more detail.

Let Der(Cq) be the derivation Lie algebra of the quantum torus Cq.

In chapter one, we construct a class of functors F α
g from gld-modules to

Der(Cq)-modules, which give a large class of Der(Cq)-modules containing

some modules constructed by Guangyu Shen in [S1], and the modules con-

structed by Larsson in [L1] and Rao in [E2] as special cases. We also give

a complete description of the structure of the Der(Cq)-modules when the

entries of the quantum torus matrix are roots of unity. We show that for any

irreducible gld-module V (ψ, b) corresponding to the dominant integral weight

ψ, F α
g (V (ψ, b)) is completely reducible Der(Cq)-modules when (ψ, b) does not

equal to the fundamental weights (δk, k) or (0, b). When (ψ, b) equals to the

fundamental weights (δk, k) or (0, b), we also give the irreducible quotient

modules of F α
g (V (ψ, b)). Our results contain the results obtained in [E2] as

special cases. The results of this chapter is published in Journal of Algebra,

275 (2004), 250-274.

In chapter two, we introduce the definition of the skew derivation Lie

algebra Lq of the quantum torus Cq and construct a large class of funtors F α
g

from sld-modules to Lq-modules. Then we focus our study on the structure

of the modules F α
g (V ) of the skew derivation Lie algebra Lq over the rank
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two quantum torus. We describe the structure of the Lq-modules F α
g (V ),

and show the following result:

for any finitely dimensional sl2-module V and W , if q is a p-th root of

unity, then Lq-module F α
g1

(V ) isomorphic to F β
g2

if and only if

α− β ∈ Γ, g2(s) ≡ f(α− β, s)g1(s), ∀ s ∈ Γ

and sl2-module V isomorphic to W .

Since the skew derivation Lie algebra Lq of rank 2 quantum torus con-

tains the Virasoro-like algebra and the q- analog of the Virasoro-like algebra

as its special cases, our results contain the results in [ZZ] as spcial cases.

The results of this chapter will be published in Advances in Mathematics

(Chenese)(see [LiT2]).

In chapter three, we study the classification of the nonzero level Harish-

Chandra module over the q-analog of the Virasoro-like algebra. Mainly, we

prove the following results.

(1) A nonzero level Harish-Chandra module over the q-analog of the

Virasoro-like algebra is a generalized highest weight module.

(2) A nontrivial generalized highest weight module V over the q-analog

of the Virasoro-like algebra is a Harish-Chandra module if and only if there

exists a linear function ψ over He1
with the property in Theorem 3.2.11 such

that V 'M(e1, e2, Aψ), up to a twist of automorphism of L̂.

(3) A nonzero level module V over the q-analog of the Virasoro-like

algebra is a Harish-Chandra module if and only if there exists a linear

function ψ over He1
with the property in Theorem 3.2.11 such that V '

M(e1, e2, Aψ), up to a twist of automorphism of L̂.

We prove similar results for the Virasoro-like algebra, which will be

published in Journal of Pure and Applied Algebra (see [LiT5]).

Denote the skew derivation Lie algebra over the rank 2 quantum torus

by Lq, and set [Lq, Lq] = L′
q. In chapter four O we show that the second

cohomology group H2(L′
q,C) of the Lie algebra L′

q is 2-dimensional. More-

over, we obtain the universal central extension L′
q of L′

q, and the derivation

Lie algebra of L′
q and L′

q.
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The results of this chapter will be published in Communication in Al-

gebra (see [LiT1].

In chapter five O we study the isomorphism and the structure of the

automorphism group of Lq and L′
q. We prove the following results.

(1) If σ : L′
q1

−→ L′
q2

is an epimorphism of Lie algebras, then σ is a

graded homomorphism.

(2) Lq1
∼= Lq2 or L′

q1
∼= L′

q2
if and only if q1 = q2 or q1 = q−1

2 .

(3) Denote the automorphism group of Lq and L′
q by AutLq and AutL′

q

respectively, then

AutLq ∼= GL2(Z) ∝ (C∗ × C∗) ∼= AutL′
q,

Our results in part two of this thesis generlize the results of [JM1] and

[JM2].

Key words: Quantum torus, skew derivation Lie algebra, Dominant

integrable weight, Generalized highest weight module, the Virasoro-like al-

gebra, Harish-Chandra module, Automorphism group.
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