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F—Ehor FEITR I R Cauchy [R]#
{ uy = div(|VulP=2Vu) +u?, (x,t) € RY x (0,T),

0.0.1
u(2,0) = to(x) > 0. e RV, 001)

AR, BB FELRATF.

1. Xf Cauchy [F]f (0.0.1) JEB THERA RFAER, Bl @ik ¢ > p—1, 3F
HA5 % HIRIG6 R L wo WISCEERRA T, MBAMB (0.0.1) MIfE u(z, t) FEAFLERT]
0,7) WE—BHFMEE, JFEXMZEE BRI/ G, X&—F %R
e FE MR, FRERCE FORREEEN — . SR ExEFEERE
FAERMIE W TELE, T RRE[ @S 4 Blow-up BUZL. 38 —JSdE 8 8 B Ay RS pir]
wy = Au™ + uf, EAEREOLT YRR R — B (1] VE R AT SRR, EHE
2004 A, C. Gui and X. Kang(2] £5 i T HEANMUERT. AL R EAE IR b
5T p-Laplacian &R FEMRMACIEAIER. 1Ah, AURAEXHILE uo H—2
BOMAIBRE, BRATEIEH T8 o FEXITm (|2] — oo) M—BEEmHE.

2. 18 (0.0.1) f#fy Blow-up [al1, 254 T Blow-up 25 M2 4 1 < g <p-1
W, Blow-up 5N, M ¢=p— 1B, Blow-up £ EREIERATH.

3. FE—REAMRRE T, iHief#e Blow-up .

A e~ 4En] JE Navier-Stokes e (FEAESK) ) Cauchy [R5,
T TR R TE/EYE. I BI7E Lagrangian A8 55 F 33K

Vi = Uy,
up + R(%)x = (,uuTx):ca (0.0.2)
Cu0; + R(%)uw (’i%)w + (,uu_zz)ma

(U7u70>(3770) = (U07u07‘90) - (U:l:7u:|:79:|:)7 T — Fo00,
HAIERE vo, Oo 1 IER) L F AR
0<m < vy, 90§M<OO.

% Cauchy BRI A AEVEST R B AR A SR, BRIEBUINSINFR & 2 1
u- <y, 0- =0, BHEE, WRSEEERFXARE], (0.0.2) BEAMFAEMERIE
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HRL- AR BRI, FRN 1A B S5 X AR i 25, X BN TRFEREE [0- — 04| anfe]
HIHE T S RAFAERT ] T (H BTN MA7EXT I 45 R T B k).
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Abstract

This thesis is divided into two parts.

The former part concerns the following quasi-linear equation

uy = div(|VulP72Vu) +u?, (z,t) € RY x (0,7),
(0.0.1)

u(x,0) = ug(x) >0, r € RN,
and we obtained the following results:

1. For the Cauchy problem (0.0.1), we proved the Localization for the solution
u. i.e. under the assumption ¢ > p — 1, the solution u(z,t) to the (0.0.1) is strictly
localized for all exist time ¢ € [0,7"), provided the initial u is compactly supported.
This problem is very interesting in mathematics and has important implications in
physics. The main difficulties rise from the nonlinear reaction term, which may
cause Blow-up. As far as the porous medium type equation, u; = Au™ + u?, is
concerned, such a result is obtained in [1] for the one dimensional case, but left as
open for high diemnsional cases, untill C. Gui and X. Kang presented the detailed
proof in [2] in 2004. In light of some ideas in [2], we obtained the similar result
for the evolution p-Laplacian equation. Additionally, we prove the uniform decay
estimate at spacial infinite.

2. We classify the Blow-up set: in case of 1 < ¢ < p—1, the Blow-up set should
be the whole space, while for ¢ = p — 1, the Blow-up set is positive and bounded.

3. Finally, we discuss the Blow-up rate, and obtain some results.

The latter one is about the existence of global solution to the compressible full

flow system, which can be governed in the Lagrangian coordinates by the following
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equations (restricted to the ideal gas)

(
Uy = Uyg,

u + Py = (p2),,

v

(0.0.2)
(e + 5u”)e + (Pu), = (K% )0 + (155,

L (U,u,@)(x,()) = (U07u0790) - (Uivu:l:ae:l:)7 €r — :lIOO,

and the initial data vy, 6y are bounded from up and below, i.e.
0<m<w, 6 <M < .

The global existance of solution to (0.0.2) is unclear up to the present, unless the
assumption u_ < u, and 6_ = 0, are made. Here we want to find that how the

difference |6_ — 6. | relies on the most time 7.

Keywords: p-Laplacian Equation; Localization; Nonlinear Source; Blow-up; Navier-

Stokes Equation.



A% IE & IR p-Laplacian 7 42 1

F—EF HEIFZ&MIRA p-Laplace 1%

§1.1 SIEFMERER

AEEEENRA T Cauchy 8]

{ u, = div(|Vu[P=2Vu) + ud, (2,t) € RN x (0,T),

1.1.1
u(2,0) = to(x) > 0. e RV, (L11)

HPN>1,p>2¢>0, HRFERE 0 <T < oo, FISHAETRKEL wo(x) & RHH]
BT H).

Al (1.1.1) fiik i J2E Newton FifA (FAnMEBB MR A) £ 5] &I R H
RS B RS REA AL, AR ROy AR Newton B ife. 24 p > 2
B, J7REXT N OgIR Y R, PUETAR u FTREHBLBAEIIG (1 1 <p <2 B, XTROAHR
B RO, B (1.1.1) —feAA e dr g, BATBER X SCEFER D B ST RS i

TN 1.1.1. BFEH Cioe(RY x (0,7))NLP0, T; WEP(RN)) 494F ft B8k u =
(e, t) HARK FAL (1.1.1) 89ME, 4R T @as iR ¥ X

T
/ / (ugy — |[VulP*VuVe + ul¢) dzdt + / ug(z)p(x,0)dr =0,
0 RN RN

MPTAE ¢ € CF(RY x [0,T)) #R k.

WRBRAF R AE AT o, MR (1.1.1) $ARAPRMER p-Laplacian & J&J7
2. WEHERA TR (1.1.1) i — N EEE TR A R EREE. B, W2RAIIRREL uo
HISCHEA T, ISAMERISZER sapp u(-,t) BEERTTE] ¢ RRJERRR, JHXMERS 2
# t € (0,00), supp u(-,t) BB FH.

WA AELRMETN v, WE BN <R T, BRSO (1.1.1) AlRER A B
it  (Blow-up) Bl4.

TN 1.1.2. £ (1.1.1) 8988 K £ Blow-up: %= R F LR T < oo, 4432+
Bkt e (0,T),  u(-,t) AR, =2

lim max u(-,t) = 0.
t—T~
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HIOTARILE RIS B 0<q <1, (LLY) FA7EdElkfl B 1<g<p-1+%
W, (1.1.1) §f@% A Blow-up Bl%; 4 p—1+ 2 < g, (L.1.1) BREEIRTELE
B KA Blow-up BlE, KPR THIEREL wo BIK/D. REH RN HIELETER
[ (1.1.1), #F5E Blow-up f# v 01555 R Bl A — LI At i =) 2.

Z SO (1], 454 T E X

FENX 1.1.3. ARMA (1.1.1) ¥4 Blow-up B v B FHEBEMER, R E4
S(u) ={z € RN | limsupu(z,t) > 0}
t—T—
A K4 AR BHBEER, »REE

Bu)={x€eR|3t,—>T—, x, —» x s.t. u(x,,t,) — co(n — 00)}

AR, 2L Bu) LM u 49 Blow-up K& .

BULEAUA T 13— 2Ry 84 el T
E5Ef Cauchy [T (1.1.1) R ML .

TIE 1.14. RREBEMER. % ¢ > p— 1, EwdsHE u(e) BARIE,
T < oo & Cauchy BIA (1.1.1) ¥R K A& ARE], LM v EAEE te[0,T)

AH-BGRXE, BELEAN R >0, 47
supp u(zx,t) C B(0, R"),

HF R ERHT p,q, N, T #= wy.
P AR E A TR, BRI TR

RHE 1.1.5. ZEEH R & 0> W1, BLAAETRRRT K, T %%

R* < 1K + CyT™, (1.1.2)

XEom =T s K >0 4443 supp up C B(0,K), Rk AA&HF T < oco.

p(g—1)’
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I 1.1.6. — =R M1t & ¢ > p—1, EwdsdE u(z,0) = u(|z]) & T
ey, FEA 7] — oo HBR u(|z]) < Cyla| 7, B2k rb—iiHke R >0,
% |z > 2R B, FT@RFX

u(z, t) < Cyla| arm, (1.1.3)

MPTA e [0,T) —HAR .
BN kITE Blow-up 4

IR 1.1.7. %08 Blow-up. & 1 <q<p-—1, AL Cauchy F# (1.1.1) 6577

A AP u # R A Blow-up %, 3 H Blow-up £ FEAZE, &
B(u) = R".

IR 1.1.8. HREXIK Blow-up. & q=p 1, wREHE X EWW% uo(x) B
69 B K, A4 Cauchy FAL (1.1.1) 698 u R % Blow-up, # B Blow-up %£4& MK
A —ERH G, B

0 < measB(u) < 0o.
RJEBATFR UM Blow-up A ]

EE1.1.9. &K g>p—1, T<oo MM (1.1.1) B u 4 Blow-up ¥ 7], &%

uo(z) = uo(|z|) B BIRTIE, HLMFA t€[0,T) FetteEiveg 6> 0, #H 2
[u(,t)||loe < C(O)T —t) 71, z€ RN\ B(0,6), (1.1.4)
% LR C(0) RARMTF 6 8% %, B Bz, p) = {z € R, |z — x| < p}.
F119. R p-1<qg<p-—1+% A2 HEG tc(0,T),
Ju(, oo < CETTT 4 (T = £)"77).

W om ey e I A E [3],[4] A= [5].
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T 1.1.10. %R g>p—1, T <oo WA (1.1.1) #% u ¢ Blow-up & 18], A4

BAEFE C>0, G AG 0<t<T, o€ RN, &

/ u(z, t)de < C((T — t)_q%; (1.1.5)
B(Z‘o71)

T
/ / widzdt < O(T — t)" a1, (1.1.6)
t B(zo,1)

X —FRE SORMPFERM TR (1.1.1) MRav R L e, Bk 20K I8 iy
WFE R R . AT B — M EEZRBY 8O

ug = Au™ + uf (1.1.7)

X — AR ErydeE (FARE vo XERHR): MT—4MEREE, VA
Galaktionov 28 AFE 1995 48 (WL [1]) A “3¢ 51 e 2 P2 (intersectoin comparison
technique) Xf 758 (1.1.7) IER] T @Ry ™4 ma b i JF HAR S 4Em 8 007 (1]
VER TSR R, 78 2004 4, B XAFIR/AMATE [2] X E4EfFBas 17 Em
T [H] 2

KA 2] s BAR, OTTEAFIEN T (1.1.1) ByfgRIHERA R, By
q>p— 10, R (1.1.1) BHIGEIE vo WISCEAF, A4 Blow-up f# u FEFF1ERTH]
t € (0,T) WAERE & —38CE 71, I BX B ERE R EEEAL T B4 1 <g<p-1
B, FRATUERAf#E Blow-up £HE2% M RY. WAMNEEE Blow-up M —BOE
fhiit. MR Blow-up 535 A K Blow-up BHRERB, FFE8] T -8R, RAOTTEILE
Bl R B 2 ) R W TC G (1.1.1) RESCRRHR, MT2AN R0
HEIE, X EIER PR aE B (W [2]), AHENTFIM T De-Giorgi #5%
B9, WITEEST T I S R g s Ry [ e, JERAE PR 2B 3 75— M
SEFFIERREA TCIRME ], TR (1.1.1) W%FAL, H Laplace L33 AYRFIE R %L
TEX AR R IEAEATVEA, Ao iioxX SOpxE, 3 AT 7 R i 1 o A8CE 40 2
AT
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§1.2 —ECiEEhMERYS |38

AR /NG T R P P o A — BB T AR B A Bl 5 [ PR
HIEX TR (1.1.1) BYME u S Ny B AR IR

o(&,7) = (T — )7 Tu(x, 1), (1.2.1)
Hrp
__ T N N Al _q—p+1 3
f—(T_t)mER, 7T=—In € [0, 00), m_p(q_1)>0’ g>p—1.
AR,

E=T"e™x and T—t=Te .
fAf BT LR v = v(&, 7) W2 T HY
{ vy = div(|VolP"2Vo) = mé - Vo — v+, (€,7) € RY x (0,00),

v(€,0) = TTTug(T™¢), ¢e RV,
(1.2.2)

WHh, EERAR o(¢ 1) HAE 7 Ik, B o€, 1) = 0(8), A 6(5) W2 AT
1577 2

iv( VOS2 VOE) — mE - VOE) — —0(O) + 6 =0.  (1.23)
XTI TR (1.2.3), BT T HAY

I3 1.2.1. (Lxék [6]) & ¢ >p—1, TR%EHK N =1, BLAELE—EFHEK
95 - 99(6) 'fi’f%"
(10,()7~20,())" — mEOL(E) — 710.(E) +62(6) = 0,
0.0) =00 > 6= (&)™, 60) =0, Jim 6.(6)=0.
wIt, H C,=C(p.q) >0, 43

0,(€) = Cyl€|77 (1 + p(€)),

ZE p(§) =0 ([¢] = o0).
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TEVIGE BREL o AR SEMER T, BATRE (111 F “GREAE” frR

S 1.2.2. X AFAEEN K > 0, 443 supp ug C B(0,K), AL AXFTH &
r>0,%

sup u(z,t) < inf  u(zx,t), Vtel0,T), (1.2.4)
z€0B(0, r+2K) z€B(0, r)

o X (1.2.1), LXFHT

sup v(&, 1) < inf v(&, 1), V7r>0. (1.2.5)
€€0B(0, (r+2K)T—me™m) €€B(0, rT—me™™)

538 1.2.2 K9EEA: EEERE T (7).
AR E suppuo(r) € B(0,K) C {z € RN| 2, > 0} & a(2,z,;t) =
u(z!, —xp;t), A

a(z’,0;t) = u(z’,0;t) te(0,7), 2’ € RN ™!,
X w R (LLL) g X o, >0TE, A
W@’ x,;0) = w(a', —2,;0) = 0 < u(2', 2,;0).

RS o W2 (1.1.1) (98, FIUAZERIR RV~ x R x [0, T) Hof F He 2,
Gl

/

w(@!, —xp;t) = u(x' xy;t) < u(a!,x,;t).

THEXFEER v € BO,r) f1 2, € 0B(0,r + 2K), & X
I={z¢e RN (x — %(xo + 1), 20 — x1) = 0},

() F#m RN RN, R4 dist{ll, 20} = dist{z;, 1}. XERH

1 x? — a2 (r+2K)* —r?
dist{ll, {0}} = - —1 "0 > > K
IR T i

K xo A suppuo FRIEE T AIE—MI, VAR oo M1 2y 36T 1T BXRREY, A
MEASE u(zo) > w(xy). AFHZS [BIAAAR 7 W), ARG R L AYIER, Bi e85 (1.2.4). O
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SR 1.2.3. AAEFH L < co 1843 F @4

(

(o' [P~ — 12%219 + 9P =0, |z < L,

9(0) = (5e25)72,  0'(0) =0, (1.2.6)

(L) =0,  9(£L) =0,

\

BBk — AR O = 9(x), 11 € R.

238 1.2.3 §95EER:
FATRAEXIN [0, L] EMEIER O = J(s), IH2:

9(s) >0; V(L)=0, 9(s) <0 if, se€(0,L). (1.2.7)
TEJ7HE (1.2.6), Mismsfe k%l o', IR

]%K—ﬂ’)p] (z) + H(V(x)) = H(9(0)), (1.28)

ot € {a] 9(x) >0, 9'(2) <O}, H(s) = —g5155> + Lo

BT 0(0) = (525)7 2, HHE (1.2.8) HHF

P (0 a) + H9(a) = H(0)) =0 (1.2.9)
il
(—)(z) = (—LH(ﬁ(;p))) , (1.2.10)

iR AR

x:-/ox (—%H(ﬁ(y)))_;dﬁ(y):/ﬂ:j) <—%H(s))_;ds. (1.2.11)

W—EAFE C1(0, L) HIBRE O (x) FHE L, (7% 9(L) = 0. JIMIRFE (1.2.10)
4w =L, FATATLIVEE] (L) = 0. B, J(x) B—EW (1.2.6) A (1.2.7)
HIZEKR. D
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