View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Xiamen University Institutional Repository

PR R 10384 R R
% 5:19020060153163 UDC

B R

i+ = 7 X

RFELERARMOEERSEIBIET &

The Numerical Methods for Some Special Sparse Linear Systems
A

RSBORES: #  Ht
R E R R X

WA R 2000 %+ 4 A

WCERHB: 2000 & A
2EETHBE 2000 = A

BERRRE TR
ol A

20094 6 H


https://core.ac.uk/display/41422697?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

B IR 2ADR SR ENIE H

AN BZM AR SO A NESINE T T, ML 52 s iR .
ANER L BT SE AN ASSR R E LR ROPIEBOR, e
L& S 05 X Hbs I, AR S IR HRIEH CRT TR 5 A AR T 3l

B Gy,

HBA ()
# H H



BRI IR SR SCE RS =

A NIRRT TR 2ER Y b A\ BRISRIE 22 67 AR B A7 S ik
AL PR AVE R e AR S, JF I 2 ST 1B i B 18 22 4 L
WO (BARARFRAIEL TR, SCVFAOLIR SCREA BT 1R 2P 0
Bl e dird . fipd. A ANRREENTRERFANRIOMA 2 E L 6
LA SO A R AT R, R AR SO A R B g
iR, RAGGE. giEnskd e XA G HI2E IR .

ALENLR SR T

L RE (), 1R IR E IR IE AR BAL.

2, AMR%E ().
((EFEE H 3 # A H
FIMSE ER:E % A H



v X g E i

R

REURG RN RGORIE TR 2 N U, S Amin k3l 1%, it ortr, i
TSRS, Rk B ARBR W il TR eUs, B S A8 — s e Stk
YL KPR, LR R AR B AR T Sk R G xT A Y M B i e
FEREZMIEN. B, dEFRIGI E bR E S, KRS & R 50K
FRERIBE T B BOY KA RL A 5 TR — N ERA . E—2, BFiF
2 SR TR A B K AR R B AR M 2R 4, FE R RO AR AR 2 R i e X
BCH R IR A, RAR SO BRI T Y 2 — BERpARIE 2 il 28 1 R e PR
ARHIBUER T 233 v hE.

F—ENE T RIS R GRS P s, A BUAR A A 3B
W BB LR R M R 4L

FESE B, A1 T SRABRABEH B LA N R Gy — T ) i E 8 5 3
GMRES J7i%: EHREHE S, B BE R G2y 2R 22 1 I N2 K gy
Krylov 22 [A 2, FERTHIHG Y 2 MR AFRE RS, 10T RS i L 58 AT (5
HIR BB R G IR TAT 2] XFEA DR SERR A TAE R — 25 1] R T B R
4, M REMNECRIBNI B LM R S H B 5 3 GMRES Jr kil Sl B, $UE IR
e BEY Ll RPN 5 Cé e

BB R X ARG, AT OB IE AR TR B
FAF TSR =X AR R — PR G 2 a b, R0 R R e iy I8P AT
FIHY, FABUORM A ERREFFATIE. FATR BT T BB 71— 24k
IR, FEEbR i Fl R, AT BRI BT 5 E5E8 [LU(0) IR
A G R . BUEIRB TR UL T aX P A O - SR S B T
AVRESCR, 45 T X PR AT A DU S R

FHTEIATL T X TFRAF Sylvester Fr R — AR BB IE AT L, T
ZRAF T A PR A SR AN B A B SR, X —RUE R A MO — b R R S
53 IEACE Sylvester TR, AN TELUEIALR * B T X P A 2R R 46
AL, G RARMATAR MR A6 BEE IR AE SRR Sylvester J5 RERTYL SR ZE IR,
M T AR AL LA T2 RSB T FRE S B 5 .



T XA & ii

TESRILE, FAR I Bt 73T — B ) — Fh i 5 17, X
ZRAF TR SRR M A Bl £ M A — PO SR 70 2GR R [Z. Z Bai and
G. H. Golub, IMA J. Numer. Anal.,27, (2007), pp.1-23] 26l _E/y. FATHELN 047
TR RS AR, I HaEd BE w7 & AT B AX A
HIRR.

SCHEE: Kiylov T2 COBAME RS =Xt AAIRE Sylvester J7
B L



XL E iii

Abstract

Large scale sparse linear systems arise in many area, such as fluid dynamics,
structural analysis, numerical calculation of electromagnetic fields, and so on.
When discreting the PDEs which describe the phenomena, we generally obtain
sparse linear systems. Therefore, Solving these systems efficiently is of vital
importance for solving the whole problem. So, study on the numerical methods for
solving large sparse linear systems is an important field in large scale scientific and
Engineering computation. Furthermore, many large scale linear systemns arising
in practical problems are often of some special forms or particular structures,
Therefore, this thesis investigates the fast and efficiently numerical method for
solving some special linear systems, the text is divided into five chapters.

Chapter 1 gives an introduction of the origin, history, state of iterative meth-
ods for solving large sparse linear system of equations. And we also briefly intro-
duce the special linear systems which were studied in this paper.

In chapter 2, a novel restarted GMRES method for solving large sparse
shifted linear systems is developed. Restarting is carried out by augmenting
the Krylov subspaces with some error approximations generated by the seed
system, we firstly seek the solution of the seed system in the augmented Krylov
subspaces and acquire the solutions of add systems by making the residual vectors
parallel to the residual vector of seed system. The new method preserves the nice
property that allows solving the seed and add systems in one subspace. And it
also effectively accelerates the convergence of the restarted GMRES method for
solving the shifted linear systems. Numerical experiments indicates the efficiency
of the new method.

In Chapter 3, we considers the block-tridiagonal linear system of equations,
a variant of tangential filtering preconditioners is proposed. The new variant is
based on a twisted block factorization along with certain filtering property. In
the practical application, a class of composite preconditioners are tested, which
are constructed by combining the twisted tangential filtering decomposition pre-

conditioner with the classical I LU (0) preconditioner in a multiplicative way. The
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performance of the new preconditioners are compared with other classical precon-
ditioners, the superiority and the weakness of the preconditioners are proposed.

In chapter 4, we illustrate the preconditioned gradient based iterative method
which can be derived by reasonable choice of two auxiliary matrices. The strategy
is a natural generalization of the splitting iteration methods for linear systems
of equations. The performance of the preconditioned gradient based iterative
method is compared with the original method on several numerical examples. A
better convergence behavior is revealed, and the influence of an step-size param-
eter is experimentally studied.

In the last chapter, we propose a preconditioner for a class of the generalized
saddle point problems. The preconditioner is based on matrix splitting, and a
new proposed two parameters splitting iteration technique [Z. Z Bai and G. H.
Golub, IMA J. Numer. Anal.,27, (2007), pp.1-23]. The spectral properties of the
preconditioned matrix are discussed in detail. Numerical experiments are given

to show the conclusion and the efficiency of the precondtioner.
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§1.1 ZMRFEMVHAT TR SUIK

AT TR, AR 2 S 1A RBUAT 8 1 i ol o0 T Rk i 1Y, X 28 i ol o3 7
BEAESFE T HARESERSL

Az = b, (1.1)

N1 X A S A R B GREA TN, S R 3 G B i 5 R A LT B R B
RS, — BRI B A B, B A BOR L B, (HUR[E R s 2] R 48
AR, AT A9 (5 DK 4 HsF TR 2 9 2E X £ 2R e SR AR . Bl 2t T K
AU, BT B i) etk 3R e R At 18] o 218 B AR ]y 80%[1]. AR HE
BRI ZEME R SR SRABE RIS 1 U T A A O, Qi {al A 8 DR ) SR AR AR
BLEME RGN B TR — 2T, B NAMIF SRR 3 A 15 BR.

— BRI, Btk RGEHIRIFIT IR APIRSE, B EHAALEGE.

HEEERF BTSSR R BOEM: A 257 LU 70 2], BIRAR G A
NP o] B = RGER RS, B

A=LU

Ly=0, Uz =y,

Hr L AT =AM, U J =Mk aURRBFEEGOECH n, B4 Lt
I EEIr BB E T BREAEE R O(n®), FrhX T A KBUBRG B 21
ARG, BEERAENN, BERBARRERENAE T HRZ#, HALHWE
Bk W] LAF F RSO M B PR 45 4 DA B STATL Y S G A Al 5 SR ke s i 23k
FRAAL, MTH EE G JE LU R ST AR B O, I H AR — PR R 1 F g
HERERE, FrUATEVRZ2 S50 40 b DA S v 3% ] 25 B 0L, EHRE AR R E A AT
FARER. BREESTHEEARZEATWRMAA, En 1. S. Duff 55 AFF A —
ZAHHG 3, 4], Xiaoye Li fil J. Demmel 58 AFF & /) SuperLU[5] 2. J&F HHEE
B EEFUSE (6. BAXSETHEREMREEIA T &BiE 23 &0
TR R, (EJRXT B 2% IR B BT 7 Az Y e AR F) s i 2
R4, KA EEER R ST EALE A4 P, RS ER AR
(. — oyl X TR ME LRSS, Hikry Rt Rk.
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IEIER R RRB AL TP 200 a7 58, HkREH T JLABrB N Gauss-
Seidel FYEFFA AR A EA L, A Richardson 5% Chebyshev iR A%, M
CG FIBERATHY Krylov F23[A] 28BS,

RAEFAE 1950 SEWIE L4 T Lanczos 5% (7], Arnoldi 5% [8] LK
CG[9] % Krylov 22|50, (B, Krylov F2[EFE R IERFHA R I B &
J&Z M 1970 FFaaEy, Hr J. K. Reid 7£ 1971 £/ TAE [10] &3] 1 #ESh PR 1E
. FER G SCE R, EFEE RN WUR R BRI SRR R R KRIER T, CG 3
EREM AR/ NT n 22 NIREINE. I, 20 4B AMTTHHRE R CG DA K HAthZ3%
1) Krylov F2[a]5805. HEREE DA FRTRABESE, R IE R EOE FEA F /45
iTZ#£#EE T MR, CGR BI-CG, BI-CGStable, CGS, BI-CGStable(l), GMRES,
GMRES-E, GMRES-D, IDR S8 AR [F 5L, XBEREERR KA FE T Krylov
TSR N, BERFHARR A JRME Krylov F22 W7 L B N5, £l J.
A. Meijerink #1 H. A. van der Vorst[11] 58 AR50 TS AF 15 T 89 TAER
KeyHezh T Krylov T2 EEARFIER AR,

ER—E 02 H AR R R R B TG o BB E L E &R
HER, XKL R UL, AR X P IESS G R H, BBl py 1k 2
REGE R 58 200 AT IME R IERIE M BT 5350, 7E SuperLU 440,
TES BT DMARE EEA B B 0L T . L RS EAORB IR DR, 1USh, 172
BRI SRS °] DL SRR R EAM G W . AR 22 A s anfefs &
FeAA IR &R IE Z /KRR . TR BN E T A
K JUFERRIE XM g 2e v 22 4.

§1.2 (BLRMERS

0 A h— n BrIEAFTRE, B o AR, Hdt o ff A+ of WHIESR
[, FAIH R TN RERS
Az = b, (1.2)
Al
Az =, (1.3)
Hi A= A+al, o HREEHSE RITE (1.2)(1.3) SFRNABLEERS.
A (1.2) HEERGE, A MR, R4 (13) N TRE (SHFWNRL), A T
M. PLRBLNER GBI TR MR 2 U, B QCD [F (12, 13],
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F Tikhonov-Phillips TE LKA BN —FE ML [14] H1 47 s b L
R5E, SOMERBITE (15] FURB I BECERAR (16] 547 Aok b g [

Krylov P EAERME AR A R AT B RARM L, FAMFE 3
ST v, BERERE A RITRERE A oA T HIFRY Krylov T2, tatEi

lCm(A, r) = Kn(A,r) = span{r, Ar,- - ,Am_lr}.

— R ] BRI SRR S Krylov F22[A] 0760 AR, —280%
HTREMEC R /NS ET REHE R

FT R Krylov T2 RNEATFEREG 3, FTUAZE Krylov 28] )7
AR IBA B LR G BRI ARG . X —RER B RN T iZ it
7%, 24 Z B RS FRIE € B, J. van der Eshof fil G L. G. Sleigpen $£8H T
—Fh CG ZREIR I [17) AREFATRDE T X RO LR R ST, T4 R ECEERFRA
ERIEME, R. Freund, G. Golub, fil N. Nachtigal 5417 TFQMR [18] %, A.
Frommer 45 H T BICGstab [19] 3.

X FETF RIS R AW Keylov 72 HERTE, #ln GMRES [20], HF
ST ) e ) e — R R S S B T T BT A Y A ) 4R, ST LA R A 2R ]
XL TAR R AT Bl S SRR B REE . 8 T O A8 &, Fr
ARSI, B ) s 2. ERA TRk RGOk, B
TR EXE, By E R 35 BER ST RV Krylov 22014 A REA
AHIE. R SR ER G 301 BRI IG ] A TAT R %, FEERSEA
RETE Rl — 22 R g, mde st sz, 28 FOM(Full Orthogonalization
Method)[21] SR MEMIBLIE RS, V. Simoncini[22] % Bl F-Ek R SR 5% 1] 1
2 TATHY, BIE AT R EAVE N T — IR EH S hywias e 2 65 5 A
AR JRIRH BB 31 GMRES JFRTERFLRE Lt R G B ARCEER, B
GMRES J7iA /28 4 Fi = A AR EAE N T —IRERT B S wiia M &, XTFEkR
GERUL, Hir AR Keylov F28 AR FE—NF200. B T 5k —H MERHT
BT RIEFEERGE AR IELR, T FEE R G EH 5 3hEr Krylov +
2[R FF—3, Frommer Ml Glassner [23] 41 T —Ff GMRES FiLRIAE, id
) SGMRES, B8R GH Krylov T2 [ HR A%, 10T ARG 28
W IRATHI RS AR R B R G ERRTAT IR 24 A IR, a > 0 B,
Frommer 1 Glassner yER] T {1 TAY T4 H 8 SGMRES[23] J7iEx T R G B
ARG RS

SGMRES J7 iR R 1 BE R S0 BT R i 5% 1] TR P47, {H2 T EHr
B3, WEGEEEREE, ZRRMEVERGENIY R4 =31 GMRES-E,
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GMRES-DR [24, 25] FiRBIfE %, X FABEMERSG, G. Gu [26] $RH—FhEH
Ja3h GMRES Jriki A, SIKEHT G 3his, JEIHM Ritz s inE] sk a6 2
Z%. R. B. Morgan [27] 1%} GMRES-DR A 2 EM 1 H TR IE RS,
B2 QCD [ 2 B2e5 M 1 AL RE/INEFAL (LB B A L (RPN, SRR Y
R JEAT Z AT AR HER, BT &R e AR IERL [28, 29], 2K
HRBGERERCA R 0 AR BSIL A FFAE(E RS, Xl R A 2R B0E MR FRAE ] AR
AR [24], XCHEAY SR 2 A AT B,

61.3 Sylvester FFE
EiupiA
AX +XB=C, (1.4)

PIFERGE T FERA Sylvester J77#2, HtHf A e R™ " B e R™", X € R™™, %f
FEI2M m=n, B=AT, C =CT, )5 (1.4) F&H Lyapunov 5.

X = (xlaan T 'axn)> C = (Cla62> — '7cn)> U€C(X) = (${>5U2T> T 'axg)T)
vec(C) = (cF ek, - )T, R4 Sylvester 7R (1.4) Z84frF T 1 By £t 7 FR4H
dvec(X) = wvee(C), (1.5)

Hbt @ =1, A+BT"® 1, € RV XH @ #5x Kronecker 2. RO [
FTREFAL MM T A M N RN IR AL, WNFRE (1.5) ZA, %4

AA) N A(B) =0

B, Sylvester 72 (1.4) HME—fF. —BRHEMHEAL SR RAERRNE, B E
FE IR TRl B A R TR 24, S2bn E5KA# Sylvester J7 2T, #AK X HERT R
.

24 ()@ AR LA /N, FRATTAT AR TR 2 B R g LR [ 18, &
i1 Bartels-Stewart 771 [32], Hessenberg-Schur 7792 [33, 34], X —2& 7 ) F 5
AR IR R e e A g — Rk ey mT LA 1] i 03 ) Je B ORSR iy R R &

IR BAVER G B A BN TBZ —, 4K, XF Sylvester J77E,
— AT 2 BRI EAGERZE PR R, ISR [35, 36, 37, 38]. &xift F. Ding
T. W. Chen [39, 40, 41] X% 9 R RET7 2 LA e — MR RE I D7 FR AL 8 T BREEGE
RI7TiE. XF Sylvester 72 (1.4), ¥ BRI VAR FARAER T R
RUf, [FIE (39, 40, 41) WM T M7 S 1, FEFEBR LT, XFhT
il e iR
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§1.4 $Z A [0] &0
ZIETHR 2 x 2 Bt TR

(A Bip)(x> (f)
= , or Au=f (1.6)
By, —C Y g

Hr Ae R By,By € R™" —C € R™™ FHn>m, g A#0, By #0,
By # 0. IREVERSE (1.6) RECEREFHIE A, By, By, C R T — 1 80# £
SR, BATRRZ AR R R

Al A XFFR: A= AT

A2 A HIRFRERSY H = 5(A+ AT) BXFRIEZE M

A3. By = B,

A4 C ZXFRAEER.

A5. C=0

R Bk B BleF M TR R AR 2 U, B R Rk, SRR 2,
HEF %, S ROOR [42]. B MR SR 50 RS, 702 Segregated
J71H Coupled J7ik, 448 X, Segregated J7 ikl 2 R SKEARME =
y, —RULIER « FeK y. X EAEFE Schur complement reduction[43], Null
space Jii% [44], Uzawa-type JyikeESE (45, 46, 47). T Coupled Fi%EHE =,y 24
B — AR, X —I8T7 1A TE Krylov 220771k, & RERUNESS, &
Wk [42).

KR A EE ST BB, Brd R 75 1 SR e i st 0] 1 A e S0
FETREAH S 218, TERZEUEOL T, TR ryfE R LR A Ry 2 O E
BOBAOR, I RERW TR RS EE M T REM TE JFEHSA D TIF
AT AT T, Bl f (=X M) BT (48, 49, 50, 23R TS
1 [51, 52, KA Al —LEF SR, Benzi #l Golub AR HHIG T4 HSS
IBAR (53] 4R T —Ff HSS BZ&AFT- [54), X T — By A MR, 2R A HSS Bk
PRBASRSR AT, SR [54, 55] FEANMAT T 2545 R Mg B VR . AR B STk [56]
PP 0 —FP T 3 2L, Pan FEANMAT T B SN B B4

AR EBETAR RS X LR LA R R R R S, 0 AR FE T HoK g
PP A RS EE RIS TS iR Z = G 3
GMRES JiRsRIESRMENIRE R G, 58 e REGE R =X A X, 2
HIF H AT T — M A Gy VIR IR B, S BE R Aid 7 1 X fr
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PR T A Al AT FESR M B AT4 B T KAF Sylvester J7 T2 H—Fh B2 (FH Bf
BEERTTE, oA T kel BOE AR 2= B Y 5105 L B AR 2l
AR, I BB TES R IR i T2 RSEBOSTIRB RN, R, FX#ER
A1, ARG —Fh o BEEAUAE S, NG H T —Fh o RIERIRLET, 2t T IR
JE RS ES RO R B, i BUE AR IR 1 r Bk

§1.5 AXM— LIRS

T4 HASCH AR —idS
o R™MC™ ™), T m AT n FIE (B) HRER 4K
o R™(C"), IrsE (B)n 45 e iy 42k
o (A, v) = spanf{v, Av,--- A"}, FrRi A Flr HRH m 4k Krylov 1%5[H].
o A*(AT), FRMEE A 3B E (B )
o A7l FRIR A W
o I,,, 3%~ n Breafi kg
o ¢;, e n Br QLIRS @ 5
o || - ||, FRBRILEAG ] B EEA S D\ A A R 5L
o |74, TR v 19 A VEEL, Y A MRIEEHHER VarAx
o p(A), M A ML
o Q, FARFEN kronecker ARSI N T, AN T ERH T —L4 Matlab 1
Hics.
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