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FRIHRE

XE AR AT B B2 1) R G 9T 4R T 19544F 1 [ 30 % 2K Choquet[1] 32 H 2 1)
WM. BEJS Sugeno[2] T 1974545 S ACRI A PG, ShSTHIER H T FR 1 42 eR ZORUBOR 0 152
IR, 52 ST BIBIINBE _E ) Sugenofd 4. 19944F Dieter Denneberg|3] 7F H& 3 <<
Non-additive Measure and Integral >> RZEHIAN4E T 5L 4E bR 501 Choquet B 704 ik
A T MU S E AT 0 B AH OC BRI, 45 T Choquet R 73 I IR TN g BEESE VR sw 45 2R
19984, MEHH LR, e AT [10] &8 << BORIIN AL SRR 73 > > I SR 1Bkl
JE BRI K RE R

FEAR SR, AT e fay B a7 JEwT o B2 i & R, A F A4 T H R AR pR U
PIANE AR 6 S HERk, AT 1 3B Rl bl 5 oA mp v i 840 454 e
MIMRES B A B AR [4] 1SR A3 30 22, 45 HY T Al B 1 A0 2% 1R)32 ok ) ), BJT:

wARANIEER A (Q,F) BRI s, WL 1(0) = 0, W)

Lo —TRA R AR B <= T 1(F) LI—MNREMHZ | p, W2
p(xa) = u(A), VAET;

2. 47 u(Q) < oo, W g & —RATFR AT DSBS <= T 1o (F) BT RIESHK
L NEVZ R p, WAL p(XA) = u(A), VAeg;

3. #7 p(Q) < oo, W o J&— AT AT NI BE ) _FALZE <= T 1(F) LIRS *T

YIIE B L NETZ B { oo}, 5 X p(f) = sup, ¢a(f), V f € 1(F), WA p(xa) =
w(A), VAEF. = XFEENI p & Io(F) LM FAI T FIELLIR M b
KR AERT O, AR A RGNz B

%

111



Abstract

Abstract

The systematic research of non-additive measure began from the year 1954 when
French mathematician Choquet[1] proposed the concept of capacity. After that
Sugeno[2] brought forward the notion of monotonic set function and fuzzy measure in-
dependently, in connection with the fuzzy set theory and proposed the so-called Sugeno
integral for the fuzzy measure. In 1994, Dieter Denneberg[3] presented a systematic
introduction of monotonic set function and its Choquet integral in his book << Non-
Additive Measure and Integral >> , where he overlooked the theory of non-additive
measure comprehensively, and showed us many excellent results such as the Subadditiv-
ity Theorem for Choquet integral. In 1998, Minghu Ha and Congxin Wu[10] published
their book called << BRI AL 5 HORIF 7 >>, focusing on presenting the significant
achievements on fuzzy measure theory.

In this paper, we will at first give a brief introduction of non-additive measure;
then we will discuss some sufficient condition for a non-additive measure to be additive;
finally inspired by the paper by Lixin Cheng and Huihua Shi[4], we present some char-
acterizations for a non-additive measure to be the upper envelop of additive measures,
ie.

1. p could be the upper envelop of some finitely additive measures <= 4 a sub-
linear functional p in o (§), such that p(xa) = p(A), VA € F;

2. could be the upper envelop of some bounded finitely additive measures <=
3 a lower semi-continuous sub-linear functional p in [(§), such that p(xa) =
u(A), VA€ F;

3. If u(Q) < oo, then p could be the upper envelop of some countably additive
measure <= 3 some weakly * continuous linear functionals {¢,} on I (F) , if
define p(f) = sup, ¢a(f),Vf € lo(F), then p(xa) = u(A),VA € §. = Ifpis
defined as above, then p is definitely a weakly * sequently lower semi-continuous
functional on [ (F).

Key words: Non-additive measure; Monotonic set function; Sub-linear functional

v



DM EERBEA R AN FEAM S, LB, P BB R AR, A AR RSE 1)
HES. g R AT A . B, PN AR DI TRR, A PR AN RIAZ (1 XA
R R I AR 850 P A DX ) TR 2 A0 81T, m I PEAEAR 22 BLSIEAR O B JE A A5 2 AL,
WA N AR AR RCR I AR ] 25 PN AR RCR AR, 2 AR N 2 ie
NIz A, JF AR AR e A SOk B 22 (1 4 14

1.1 JER]Hn E & o

HAETTHA, Bernouliff 7EMER R 32 H T HE v AR A&, H n] sl 5 Al
JER IR R e, HECT B 5 W B A B HE Rl 2 U= 0 L. B 3195445
1% E 77 28 Choquet[1] 52 H 2 BEMES )5, AF Al b #0684 I £3 2 807 A R0
Choquet? £ /& —ANRF R IR PR 32 ek 4, e 043 P B 1A) B i) i — A AR S 51
BAERARFO)R MY, RIS HOC TG0 & 2 1.

FRIEAS [R5 00 00 75 2, AE19674F, Dempster[5] $2H, J5 48 Shafer[6] ¥&4L T PiFh
AU AERT NI B2, 5390 B A U A B A5 A 000 8 AABLAR I B2 . [) I o) 33 i A 2 A F T
T BE BEAT VR AR SAE % T Dempster-Shafer PRiSE S 2 M HS. (FTREBNIRT
PR pR K, &R g A i e FLA R A PR AT AR L, 1 ABAR R BOCRR E IR R B, Bk
g E i R AR RS P AR

19744F, HAR# Sugeno(2] fEH RS0 25 G RO HIR, M7 HE T e
PR, FL g OB T s 55 14 SR R R AR T I 1) S — AR e A, AR
VEBDRIIN L, JF45 T BORIINEE ) Sugeno 7.

(AT R, TATEBGE Q RADMETEES, § 2 H Q K FHEARN o 8, p 2§ L
ARG S AR R AL

EX 11 (BRIAREE): Lo p FOD PRS2, I A 2
L p(0) = 0(IERE);
2. u(A) <u(B),VACBH A B e F(HMH).

EX 1.2 (FHAIME): PR p 2SR, T 5 2
1. u(0) = O(IEWIH);
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2. u(A) <u(B), VA BegFH ACBRME);
3. VA, €T, A, CA, HA=U2 A, le w(Ay) = p(A)(EIEGE);
4. #FV A, €F, Ani1 C An, H 3ng, st u(A,,) < oo, A

li7rln p(Ay) = (NS, Ay) (NESHE).

FEX 1.3 (SugenofR4r): p& F EWBBIME, f 2 (Q,F n) BT, E X
N,(f)={z€Q: f(x) >a} (a e RY), W fRTHRIMEZ £ A(AeF) EI Sugeno
RS E LA

/ fdp = supmin(a, u(N,(f) N A)).

a>0

ST AR AT I R HAR Iy BWE 588 o 2 O T WA T e A, BOMIIN L, 51
R, N TR ReSE. (HAR ey Iy A o7 £ 2K 3 T Grecol977, 1981[13], 19824
FBassaneziflGrecol 9844 [ SCFE. F SCHR [13] 1, Grecodft) ™ T 1l & L N HRATIN IR
R TP

19944, Dieter Denneberg[3] /L & %% << Non-Additive Measure and Ingeral >>
PRGEHIAN A T R U Choquet #173, FFATFFE AR AT il B2 A 3 Choquet 1
I3 R

EX 1.4 (Choquetf25):  p & F EMRIAEREL, f 2 (Q,F, u) BTk, e X
No(f) ={x € Q: f(x) > a} (a € RT), W f RFHPFERIE p £ A(AeF) LI
Choquet FH43 & A

()
C) / fdu=(R) / W(NL(f) N A)dt.

L9985, WS IE, SR MAT[10]1K 5 2 << BRI SRR 70 > >, I m AR B 1 A
I PR ) R

teJa, LS X ISR 22 A D, IFIS TIRZ A B L 4h

Et 2, 200347 H (8] 27 35 4= 42 [7)[8] BT T HR A AR R B a8 N IE SR AT Order
HESEPE, 25 T BTN ) Egoroff 5 FEAN— MR i 42 R 0L 1) Lebegue i€ H.

P41, Shin Ashina, Kenta Uchino Fl Toshiaki Murofushi[15] F-20064F & 3 ) 3C &
H PEAIETUIT S T OG- Al I B (R N R B 2 A 5 PR n I A PE 2 IR R OR AR
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1.2 AXHEEAR

W BT, JE AT InAE s AT A LA B T2 RS AT, (HAH L
JEWR I TEA R, A6 nT i BT VF 2 N A FERTST.

SRR B 5w i B I 0% R A SCEAE VI L, A TR IR T i —
SE S A (R AT I B LA AT 0 1R 70 43 1k 4 A B S 4 Sz R B — e e i g IR
g5 T T AR IR BT 0 B b 2% 18— S YT 0 Rk A R — 2 v 2 ) R IR
Pz bR

RSO I T X B AL, LAZ B o T, 53] 7 —285r 0 4516

ARG T

B 5IF AW IR A R A A S LR T s B
Y AR SCIATIF I 7 1) FRARUA A S 1) 6 L 25

BT AR AW S T AR A AR S AT
B FAR B RS T T T I R R A T 0 P A 1 AR A A

B AN A RN S SR A L R A AT
o T BRI JEE 12 v Z0 e, DA SRS, il B AR SCHR (4] ot mT 0 mT il 1R 2 R Z)
) AT L I S N DU I SR A R SR UE B 8 bR A AT R IR A 38
B SRAE AR SO A2 B i, I 3% il e w5 ) b B ) R A1 R AU V2 bR
21
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2.1 EAXEXFHEHKLER

FEASCHEATREBE Q2 MRS, § 2t Q M FRAERAE, w5 BN
ARA SR FRL A AR R A

EX 2.1: (9] FK po A A BT i 52, SR 2
1. p(0) = O(IFE NHE):
2. u(A) <u(B), VA BeFHAC B(HIAM);
3. w(AUB) = u(A)+u(B), VA BeFHANB = 07 aT k).

ERE 2.1 AEATEER T IR AAS R WRE R E SO ARG L R I, (H AR SOC
T (R 2 BT (1 B R B, 5O Tt B B AL R R PRI

(AU B) < u(A) +u(B), VA B e HANB =0, WFR e BRI N,
Fi(AUB) > w(A) +u(B), VA, BeFH ANB =0, MFRpueA B e, el n
O FEE RNV R A0 PSR Ay A T

N 2.2: (9] # FIBAEA o B, WA T HITBIIRE, o
1. u(0) =0;(IEMYE)
2. u(A) < u(B), VA BeFH AcCB (i),

30 (U A) =30 (A, VALY,  FHA{ALY BFIRES (AT gl ntk).

5 (U220 An) < 00 (A, VALY, ©F B (ALY BIPARAS, R o ST 51K
ﬂbuﬁ@;%u( A) = S (A, Y {ANS, C § B { AL} BRI, WK o 2T
ST I,

EMX 2.3: [9][14] AT §F LR EREL u,
COFR BRI, A () < oo
T

p(A) +pu(B) 2 n(ANB) + u(AUB), VA, B € §;



B F AR R i

3. BR p s AR, A
u(A) + u(B) < W(ANB) + u(AUB), VA, B € §;
4. [ F A o A8, WIFR pose BIESEW, #
V{An} s C 8, A C Anpr, HA=UR An, A7 Tim pu(A,) = p(A);
5. M F e o AR, PR ot NIES, A

V{A 2, CF, Ans1 C Ay, H 3ng, sit. p(Ay,) < oo, F lim u(A,) = u(A).

n-—00

ERE 2.2 A p RAAHIINIEL, W g EIESEATNIESE.

ERE 230 FR&QITHEARN o B pe F ERRIEE R
M () = {f : frRXAEQ I, B sup |f(2)] < oo} Ko Q B REAE, TR b
S| fllsup = Sup ()], W] [lsup 2 EEL
1o(§) = span{xa: A € §} C lo(Q), T Q _EATHI § vl 90 e& B 41k

B BAFIX . (1oo(), || - [|sup) 7 Banach 2510), 1M Lo (§) 1E R H 72500, A%
&M Banach 7 1), AL, IXHH 1o (F) AW LEIL o, MRAKEUT o A8 § .

EX 2.4 47 X & PNELHFN, Ac X A —T5H. X Fr X ER&MZ w4k,
PATH cor(A) Fon A RARE P, B

r€cor(A)<=VyeX,IN>0,st.x+t(ly—xz)€ A VO<t<A

EIR 2.1 (BRANEER): [11] X ZDELMEE0E, A B2 X PRS2 2.
B X SN BRYEE ], BCH cor(A) U cor(B) # 0, W A, B wJ#—ANEFI 43 2, B

JeeR,pe X', i1 ¢la) >c>db), Vaec A be B.

EX 2.5 SetEdh 23 in) X oy R i 4h 22 1w, Wk — At 0 s 2R
IS EHIERS

T 22 RN BEEE): [11] X &M M snm, 2 B M, A, B 2
X PN AZ IS IR, 5 A R, W A, B nJ 4 —ANFEE Vi 5E 2 2, B

deeR, ¢ e (X, 7)", iff supp(a) < c< g££¢(b)

a€A
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2.2 AIMHEMFESEH

FEATT R, ATy B ds P2 pR R 50T 5l 510 2l iy 2 55l il EE oG &R i
I Ve AR BATIENIE —A> W] B T L 5 A2 rTHR TN, 3k, RSk, iy H 5 i
RN, L2 TE EeF, A n(ANE)+ u(E\ A) = u(E),VA € §. KIdKE
ST AL AR R fG —NFEUR p(2\ A) + p(A) = p(Q) (AR%F),VAEF, 4
WAL -3 & AT 1), ABFRATAERS T-UE W] Nl 2 — 28 ) @, 5 5 3 L T > I 4.

AR 2.1 gt XAE § LR T A ol ndE ek R, TR L IESRVEAN R IE L, A
() = 0, u(Q2\ A) + p(A) = u(Q) < 00, VA € F. T LA B ] iniil g A —
SE AT B AT .

=

WERR: & P J2[0, 1] IR AR B Borel£E B b (1 M I 5 RIS P AN AR AL
FITFX IR {(da,ba)} A P(Ua(a,ba)) = Do (ba — @a)-
f(z) :=4(x — 0.5)> + 0.5, BB T

0.9
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0 0.2 0.4 0.6 0.8 1

K 2.1

EX = fo P, fEIE ([0, 1], B) VR Il i, Hiss A2 LA R PR
L pu(A)>0,YVAef; u®) =0, x(0,1]) = 1;
2. FRYE, PR f IR A
3. u(A) + p(A°) = f(P(A) + f(P(A9) = f(z) + f(1 —2) = 1;
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4. YA IR AT T H.
(BRXME) Y A, B e p HAZ, id P(A) =2, P(B) =y, Waz,y € (0,1),z+y < 1.
FHO0<2,y<05, 2+y<0.5, a:= f(;TZy), ) e G BRI RER T 1S

fle+y) =ale+y)=ar+ay < fz) + f(y),
#H0<2,y<05Haz+y>05 1
f@)+ fly) > x+y> flz+y).
05 <z <1,0<y<0.5, i L%
fA—z—y)+ fly) = f(1 —2),
T E G Lo R R A
L=fla+y)+fly) 21— f(z) = @)+ fly) = flz+y).

(ATFYRAT ) B { A}, PIAAE, & P(4;)
FHO0<2;,<05> 2, <05 Wag=) 5,0 = f;

Ty,
o)

0

f(zo) = axg = ale = Zaxi < Zf(xi);

S fa) =Y w > O w);

#705<2,<1,0<2;, <05, Vi>2 1

5

F@) + Y f@i) = fla) + L wa) > fOw),

i>2 i>2
iR O
107 R B 0 O LU P 2, o HL AT S AR f R g, XA
BRUECAS A R B, XA R RE BR b i A 4 TR ORBRE
EX 2.6: [3] Pt XAEF LR MRERIEE, ~:[0,1] — [0, 1] & F 3 e £, Wi
7(0) =0,~(1) =1,

WIFR 1=~ o P Ry bl .
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ERE 240 X A JEATHERELN, HREADIEORIELL. [FIINIZHL f0 AR A
EE 18

A ARIARR R, WA I A, G SRALTH e 5y A R B, A XA
B 4R e Hot 2 PR A2 R A B, BAiT4e Y 1 E el 25

WAl 2.2 p=~vo Pt T LRHMMEE, 2+ &AMk d, Bl

PN\ A) + p(A) = p(Q), VAEST,
e anplikip
WERR: JGHE p 2 MR, B

p(A)+ uw(B) < (AU B) + u(AN B),VA, B € §.
T3 A, B € HUE, W a= P(A) < P(B)=b, Ul
P(ANB):=m<a<b<n:=PAUB).
M PREMEX=>m+n=a+b Ba= n+(1—\n, N
b= (1—XNm+n, A€ (0,1),
Ty B PEAS
Y(a) +7(0) < Ay(m) + (1= A)y(n) + (1 = A)y(m) + Ay(n)

= 7(m) +(n);

W p AR, TR
1(A) + u(B) < u(An B) + u(AU B),

X AY B € §, FfEA

p(AY) + u(BY) < p(A9N BY) + u(A° U BY)
— W(AUB)®) + u((AN B)),

HERFRE G LA

20(8) — (u(A) + 1(B)) < 2u(Q) — (1(AUB) + u(AN B))
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= A) + pu(B)

VNITESE

> (AN B)+ u(AUB).

1(A) + p(B) = p(AN B) + (AU B).

B g A BE AT DN s, ks,

g

M E AR AE B R AT R RE e mT LAAS 2 B R B AT AR, A 5E 24>

AT

BB IAE R, WARBA AL FLAR RIS, BEANRETS

LA 1 T T il EE 11 b A2 7

7/

2

XA 18 AT

FIEH €, HRATTEH ZUEMH. Denneberg (T 3CHk 4 LL A — =2 ) FR TR A 44
FRUEB T RXANEE. R AR 2 (HEEE AR — S i e 1) nf WX A

i A Y T L
I 2.3 [3] patS LRI AR 2 X

M = {Oé| O‘YIS J:E'”JIL Oz(Q) = N(Q)7a < :u}u

W AT = M#@,H(C)/Xdu

= [ = sup a.
aeM

= sup
aceM

Ly(p):={f: f 2 Q L F KL, WL (O) [ fdu < oo}

Dennberg M1 AN B A A — 5SAMELS B2, HSat & 2L Ay
55 1 AL 1 PR R bR B A A TR 7 2 AT N AR B T AN e 41

5l 2.1 Q= {wi,wy, w3, wa}, §:=2% pELUWH:

1. oplw)=1,i=1,23,4;

2. p(wa,ws) = p(wa, wa) = pi(ws, w

3. plwr,wz) = p(wr,ws) = pi(wr, wa) =2
4. p(we,ws,wy) = 1.5;

5. p(@\ {wi}) =2, i =2,3,4;

6. p(®) =0, u(2)=2

&

(@/XMNXGLW)

L AT RLE S T
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