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Abstract

Abstract

Fractional calculus is a generalization of the traditional integer order calculus. With
the progress of experimental and theoretical development, fractional differential equations
have been found application in extensive fields covering, e.g., viscoelastic mechanics, tur-
bulence, control theory, signal processing, chaos, fractal in condensed matter physics and
advection and dispersion of solutes in natural porous or fractured media, biomathematics
and statistical mechanics, biochemistry, molecular biology, hydrology, economics, etc. In
the real world, many complex problems are described by coupled and nonlinear systems
of fractional differential equations. On one side, the main feature of fractional differen-
tial equations is the so-called non locality, stemming from the use of non-integer order
derivatives. It can effectively describe the memory and transmissibility of many kind-
s of materials; On the other side this feature causes great difficulties in designing and

analyzing efficient numerical methods for fractional differential equations.

This thesis aims at developing theoretical and numerical analysis for a number of
coupled systems of fractional order differential equations. The outline of this thesis is as

follows.

In Chapter 1, a brief history of fractional calculus, the existing work, significance
of the current research, and some related results about fractional differential equations
are reviewed. We also recall some definitions and properties of the fractional derivatives,

which will be used in the paper.

In Chapter 2, we review some useful existence and uniqueness results of initial value
problems of Riemann-Liouville and Caputo fractional differential equations. It is an

essential and important reference to us in the next analysis.

In Chapter 3, we discuss the existence and uniqueness of a class of nonlinear coupling
systems of fractional differential equations. This system stems from the FKuler-Lagrange
equations of fractional optimal control problem, which is the boundary value problem of a
coupled system of fractional differential equations. We proved the existence and unique-
ness of solutions to the considered problem. The underlying differential system is featured
by a fractional differential operator, which is defined in the Riemann-Liouville sense, and

a nonlinear term in which different solution components are coupled. The analysis is
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Abstract

based on the reduction of the given system to an equivalent system of integral equations.
By means of the nonlinear alternative of Leray-Schauder, the existence of solutions of
the factional differential system is obtained. The uniqueness is established by using the
Banach contraction principle. Finally, we illustrate the adaptability of theoretical results
through a specific example.

In Chapter 4, we discuss the well-posedness of a system of autonomous differential e-
quations, which is a two patch predator-prey metapopulation model. Using the monotone
iterative technique combined with the method of upper and lower solutions, we investigate
the existence and uniqueness of solutions for the coupled system involving nonlinear frac-
tional differential equations. Furthermore we obtain a dependence of the solution on the
initial values using the Gronwall inequality with singularity. In addition, we provide an
illustrative example that is a two-patch subdiffusive predator-prey metapopulation model,
investigate the solvability, and present some numerical results. The numerical simulation
indicates that the results from using the subdiffusive model is close to the traditional
two-patch predator-prey metapopulation model when the order « tends to 1.

In Chapter 5, we introduce a general method to construct high order schemes for
the numerical solution of an nonlinear system of fractional ordinary differential equa-
tions(FODESs). The proposed method is based on the so-called block-by-block approach,
which has been a common method for the integral equations. This method can be regard-
ed as an extension of the scheme proposed by Cao & Xu for the numerical solution of the
FODEs [J. Comput. Phys., 238(2013), pp.154-168]. The stability and convergence of the
scheme is rigorously established. We prove that the convergence order of the schema is
3+ afor 0 < @ <1, and order 4 for @ > 1. Some numerical examples are provided to

confirm the theoretical claims.

Key words: Coupled system of fractional differential equations; Nonlinear alternative
of Leray-Schauder; Existence and Uniqueness; Two-patch predator-prey
metapopulation model; Methods of upper and lower solutions; High order

schemes
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