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Doctoral Dissertation of Xiamen University

Global Classical Solutions to Initial Boundary Value
Problems on the Isentropic Compressible
Navier-Stokes and MHD Equations

ABSTRACT

As the model of describing the motion of fluids, the Navier - Stokes equations
have been extensively studied by many physicists and mathematicians. However, there
are few results about global classical solutions in bounded domains. For this reason,
we mainly consider the global existence of classical solutions to initial boundary value
problems of compressible Navier-Stokes and MHD equations. A blow-up criterion of

MHD equations is also studied in this article.

We first prove the global existence of classical solutions to high dimension (2D
and 3D) compressible isentropic Navier-Stokes in a bounded domain. We study
the Navier-Stokes equations with vorticity-type boundary condition and establish the
global existence of classical solutions to Navier-Stokes equations with small energy
and vacuum. Compared to Cauchy problem, there are some new difficulties on the
study of the boundary value problem. First of all, since we do not know the boundary
value of the effective viscous flux F' which has been extensively used in [T], we have
to use the decomposition technic to velocity. Secondly, some new skills are used to
obtain L? estimate of the gradient of velocity. At last, we get some new estimates
depending on time. Hence, the upper bound of density is obtained after utilizing the
Zlotntik inequality, and the existence of global solutions are obtained. Based on the
ideas of the above result and some technics, we also get a sufficient condition about
the global existence of classical solutions with general initial data to Navier-Stokes

equations.

We also study the global existence of classical solutions to MHD equations with
vorticity boundary condition on velocity and Dirichlet or vorticity-type boundary con-

dition on magnetic field. In the frame of previous work on Navier-Stokes equations,
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ABSTRACT

we establish global classical solutions with vacuum provided initial energy is small.
Compared to Navier-Stokes equations, the difficulties are mainly caused by the in-
teraction between velocity and magnetic field. In addition, the strongly nonlinearity

about magnetic force and convection term causes some complex computations.

It should be mentioned that we only prove the results in three dimension. The

two dimensional case can be dealt similarly.

In the last chapter, we give a blow-up criterion to MHD fluids. Based on the
coupling effect between velocity and magnetic field, we are interested in the blow-up
mechanism on magnetic. It is showed that the strong solutions exist globally if the
density and L" (% < r < o0) norm of magnetic field have time-independent upper
bound.

Key Words: Compressible Navier-Stokes equations; MHD equations; global classi-

cal solutions; vorticity-type boundary condition; Dirichlet boundary; strong solution;

blow-up criterion; vacuum
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