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Abstract

This article considers bivariate dependent sample extremum problems. We choose
some special Archimedean copulas to characterize the dependence, and obtain some results
on stochastic comparison of two dependent samples’ extremum in homogeneous samples,
nonhomogeneous PRH samples and nonhomogeneous gamma samples, respectively. We
also extend the stochastic comparison to two general Archimedean copulas. For stochastic
orders that we cannot prove, we illustrate them through some numerical examples. Finally,
we present two applications of our main results.

Key Words: order statistic; stochastic order; copula; Schur-Convex; PRH.
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3¢SA^¥·�Ø�;�¬��A��ÅCþ���'�,'X3°�¥º
x¢Sþ�±^���ÅCþ5�x,'�=�ºx��x�¯K=�þz�éA
��ÅCþ���'�. �´Ï��ÅCþØ´~ê, ^DÚ~ê���'��{
w,ØU��-<÷¿�(J.XÛ'�ü��ÅCþ���lVÇnØ�)m©
Ò��(¾X<�. LittlewoodÚPolyaJÑ�x�K�þ�©Ñ§Ý�majorizationS
�, Karamata (1932), Choquet (1963)±9Strassen (1965)rmajorizationS*Ð����
VÇnØ¥. ���ÅS?\¯�uÐ¥. �)
Xq,'S,��ÇS��
k
�^å��ÅS.

^SÚOþäk,
Ø�6uoN©Ù�5�,¿�3Ãõ+�¥�üX��
�Ú,XÚOíä,`Ý[Üu�,��5nØ,�þi+�,ÏdCc5^SÚOþ
cÙ´����^SÚOþÉ�
2��'5. �Ä�|�ÅCþX1, · · · , Xn,·�
^Xi:nL«n��ÅCþ¥1i�^SÚOþ,Ù¥X1:n, Xn:n©OL«��,��^S
ÚOþ. éX1, · · · , XnÕáÓ©Ù��/e�^SÚOþ��ÅS�¡�ïÄ,éõ
©z®²?1
�¦�&?. �ë�KhalediÚKochar (2000), KhalediÚKochar (2006).
éuÕáØÓ©Ù��/, �é^SÚOþ�O���E,, ÏdïÄ��, �ë
�DavidÚNagaraja (2003)ÚBalakrishnan (2007).

Cc5,é��5�ïÄÉ��5�õ�'5,<�JÑ
ØÓ��{é��5
?1�x,~^�k�'Xê,���, copula¼ê�. k
Ýþ�ILuo÷,X�'
Xê�´^��ê�5�xoN��5�'�I,Ã{�x��5�'5. copulal
¼ê��Ýé��5?1�x,^copulaïÄ��5·��±Ø�'%�Å�þ�>
S©Ù�äN/ª´r�Å�þ��6'X��dcopula5£ã,Ïd�k<¡Ù
�”ë�¼ê”¤±�'Ù§Ýþ�I,U
�Ð,����£ãCþ�m���5.
Ù¥, GenestÚMacKay31986cJÑ�CÄ��copulaxU
�xõ«��5(�,
�Tcopulaxa�JÑ�Ì�A^uÚO+�,¤±'uTcopulaa�ÚO�O�{
k�õ(J,¦�Ù3¢SA^¥�É'5. Cc5�X°�,�x�uÐ,�5�õ
�;['5CÄ��copula3T+��A^: Frees ÚValdez (1988), KlugmanÚParsa
(1999)±9Denuit, PurcaruÚVan Keilegom (2004).�ïÄ��5é^SÚOþ�K�,
�©À�CÄ��copula�x���ÅCþ���5, ÄkïÄ
3>S©Ù�Ó,
Ó�aCÄ��copula�´ëêØÓ��S�'X,��ïÄ
Äu�àgPRH�.
��^SÚOþ��Å'�(J.éu��^SÚOþ·�vk��nØ(J,�
^äN~fé§?1
?�Ú`². d	,3³ê�.e·�y²
�/Gëê�u
"�u��,��^SÚOþ�3,
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3�ãÌ�(J�c,·�Äk£��
��½Â9®k�nØ(J.

½Â 2.1: -XÚY�ü��ÅCþ, ^f , F , F̄Úg, G, Ḡ©OL«§��VÇ�Ý¼
ê,©Ù¼êÚ)�¼ê. ¡

(1) X3Ï~��ÅSe�uY (P�X ≤st Y ),XJF̄ (x) ≤ Ḡ(x);

(2) X±��ÇS�uY (P�X ≤hr Y ),XJ
Ḡ(x)

F̄ (x)
´üN4O�;

(3) X±���ÇS�uY (ÎÒL«�X ≤rh Y ),XJ
G(t)

F (t)
´üN4O�;

(4) X ±q,'S�uY (ÎÒL«�X ≤lr Y ),XJ
g(x)

f(x)
´üN4O�.

¿�'uþã�ÅS·���:

X ≤lr Y⇒X ≤rh Y⇒X ≤st Y ;

X ≤lr Y⇒X ≤hr Y⇒X ≤st Y.

'u�õ��ÅS9ÙA^,�ë�ShakedÚShanthikumar (2007).

Px(1) ≤ · · · ≤ x(n)��þx = (x1, · · · , xn)©þ�4Oü�,·�kXe½Â:

½Â 2.2: éu¢�þx = (x1, · · · , xn)Úy = (y1, · · · , yn),¡

(i) x±majorizationS�uy(P�x
m

� y),XJ

j∑
i=1

x(i) ≤
j∑
i=1

y(i), j = 1, · · · , n− 1,

¿�
n∑
i=1

x(i) =
n∑
i=1

y(i);

(ii) x±p-largerS�uy(P�x
p

� y),XJ

j∏
i=1

x(i) ≤
j∏
i=1

y(i), j = 1, · · · , n.

N´�yx
m

� y ⇒ x
p

� y.

½Â 2.3: �φ(x)�½Â38ÜA ⊆ Rnþ�¢�¼ê,

(i) φ(x)¡�Schur-convex¼ê,e

x
m

� y =⇒ φ(x) ≤ φ(y);
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(ii) φ(x)¡�Schur-concave¼ê,e

x
m

� y =⇒ φ(x) ≥ φ(y).

Ún 2.1 (Marshall et al. (2011)): ½Â38ÜA ⊆ Rþ�é¡��¼êφ(x)´Schur-
convex�,��=�é?¿x ∈ A�i 6= j,k

(xi − xj)
(∂φ(x)

∂xi
− ∂φ(x)

∂xj

)
≥ 0.

'umajorizationSÚSchur-convex¼ê��õnØ(J, �ë�BonÚPǎltǎnea
(1999)ÚMarshall et al. (2011).

CopuladSklar (1959)ÄgÚ\�xCþ�m���5,½ÂXe:

½Â 2.4 (Sklar (1959)): ���copula C´��½Â��[0, 1]2,���[0, 1]�4O,m
ëY¼ê,¿�÷v±e^�:

(i) lim
ui→0

C(u1, u2) = 0, i = 1, 2;

(ii) lim
u1→1

C(u1, u2) = u2, lim
u2→1

C(u1, u2) = u1;

(iii) C´supermodular,=é?¿�u1 ≤ v1, u2 ≤ v2e�Ø�ª¤á

C(v1, v2)− C(u1, v2)− C(v1, u2) + C(u1, u2) ≥ 0.

dþ¡½n·���copula¢Sþ´��>S�þ!©Ù����þ�éÜ©
Ù.e¡�Ún`²
���Å�þe>S©Ù,éÜ©Ù, copulanö�m�'X.

Ún 2.2: �X ∈ R2(F1, F2)këY�>S©Ù¼êF1�F2. K�3���copula¼
êC,é¤k�x ∈ R2k

FX(x1, x2) = C(F1(x1), F2(x2)).

���,XJC´��copula, F1ÚF2©OL«ü��ÅCþ�©Ù¼ê,@o·�k
þª½Â�FX´��±F1ÚF2�>S���©Ù¼ê.

±e�Ñ3¢SA^�nØ©Û¥~��A�copula:

• Õácopula CI(u, v) = uv;
• Frechete.copula CL(u, v) = max{0, u+ v − 1};
• Frechetþ.copula CU(u, v) = min{u, v};
• Clayton copula

C1(u, v) = (u−α + v−α − 1)−
1
α , α > 0;
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