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Abstract
Twisted photons enable the definition of a Hilbert space beyond two dimensions by orbital
angular momentum (OAM) eigenstates. Here we propose a feasible entanglement
concentration experiment, to enhance the quality of high-dimensional entanglement shared by
twisted photon pairs. Our approach is started from the full characterization of entangled spiral
bandwidth, and is then based on the careful selection of the Laguerre–Gaussian (LG) modes
with specific radial and azimuthal indices p and `. In particular, we demonstrate the possibility
of high-dimensional entanglement concentration residing in the OAM subspace of up to 21
dimensions. By means of LabVIEW simulations with spatial light modulators, we show that
the Shannon dimensionality could be employed to quantify the quality of the present
concentration. Our scheme holds promise in quantum information applications defined in
high-dimensional Hilbert space.

(Some figures may appear in colour only in the online journal)

1. Introduction

Recently, there has been much research attention focused
on twisted photons as well as their applications in both
classical and quantum regimes [1]. Twisted photons are
so named because of their characteristic helical wavefronts
of exp(i`φ), where φ is the azimuthal angle and ` is an
integer. A single photon bearing such a helical wavefront
is in its orbital angular momentum (OAM) eigenstate |`〉
and carries an OAM of `h̄ [2]. The significance of twisted
photons lies in the potential of encoding qudits (quantum

1 These authors contributed equally to this work.

state in d dimensions), since |`〉 forms an infinite-dimensional,
complete set of orthogonal modes [3]. This is obviously in
contrast with the two-dimensional thinking regarding photon
spin associated with the polarization of light. Thus it provides
a promising playground for exploring further features of
quantum mechanics with twisted photons [4].

As is well known, most quantum protocols, such as
quantum teleportation [5] and quantum key distribution [6],
rely on the maximally entangled states to function well. How-
ever, the nonmaximally entangled states are most common in
practice. Spontaneous parametric down-conversion (SPDC)
is a reliable source for generating photon pairs that are well
entangled in their spatial degree of OAM [7]. This entangled
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OAM spectrum is high-dimensional but inevitably of limited
spiral bandwidth; namely, photon pairs with a smaller OAM
are more frequent than the higher-order ones, and therefore
result in a nonmaximally entangled state [8]. For this
reason, some ‘procrustean’ methods were reported to extract
the maximal entanglement [9]. Vaziri et al concentrated a
maximally entangled OAM qutrit by means of optimal lens
configurations [10]. Also, Data et al demonstrated the OAM
entanglement concentration in a much higher dimension
with the use of a spatial light modulator [11]. We further
show that such concentration can be performed in arbitrary
OAM subspaces [12]. Also, we propose a hyperconcentration
scheme to maximize the entanglement in the composite
spin–orbit space [13]. Here we propose another efficient
scheme to concentrate the maximally entangled OAM qudits.
Our approach starts from the full characterization of entangled
spiral bandwidth, and is based on the careful selection of the
LG modes, where the radial index p of LG modes is taken
into account to effectively equalize the OAM modes in the
entangled spiral spectrum. The scheme is very straightforward
and feasible with current experimental techniques. From the
applied point of view, there are several advantages when
using high-dimensional maximally entangled systems, such
as higher information-density coding and greater resilience
to errors, increased level of security, simplification of
quantum logic, and closing the detection loophole in Bell
experiments [14–17]. Therefore we anticipate that our method
has potential applications in quantum information processing
with entangled qudits.

2. Theory and application of high-dimensional
OAM entanglement concentration

Entanglement of OAM arises from phase matching in a
down-converted crystal. As shown in our proposed scheme in
figure 1, the down-converted crystal is a BBO cut for type-I
SPDC, where one pump ultraviolet photon is split collinearly
into two degenerate ones with the same polarization. The
signal and idler photons are separated by a non-polarizing
beam splitter (BS), and manipulated with spatial light
modulators (SLMs), respectively. A set of lenses (not shown)
images the SLMs onto single-mode fibers (SMFs), which
therefore inversely measure the specific OAM superposed
states defined by the SLMs. The output of single-photon
detectors connected to the SMFs is finally fed to a coincidence
counting circuit (&).

In a more general picture, the spatial structure of
down-converted biphotons should be expressed in terms of
LG`p modes |`, p〉, where ` and p are the azimuthal and
radial indices, respectively. As shown by Yao and Miatto et al
[18, 19], the biphoton state can be written as

|9〉SPDC =
∑
`,ps

∑
`,pi

C`s,`i
ps,pi
|`s, ps〉|`i, pi〉, (1)

where |C`i,`s
pi,ps |

2 denotes the joint probability for finding one
signal photon in the mode |`s, ps〉 and one idler photon in
|`i, pi〉. For a fundamental Gaussian pump with zero OAM,
the conservation law of angular momentum ensures that `s +

Figure 1. Proposed experimental scheme.

`i = 0. The ratios of the beam waist of the pump to that of
the signal and idler are denoted as γs and γi, respectively. In
an actual experiment it is not possible to use a pump with an
arbitrarily large beam waist due to the finite crystal size. It
is also not possible to shrink the size of the signal and idler
enough. Therefore we usually have γs = γi = 1. Equation
(20) in [19] describing the complex amplitude can thus be
simplified as

C`,−`ps,pi
∝

K|`|ps,pi(−2)|`|

3ps+pi+|`|
× 2F1

[
−pi, ps

−pi − ps − |`|
; 5

]
, (2)

where K|`|pi,ps =
(pi+ps+|`|)!√

pi!ps!(ps+|`|)!(pi+|`|)!
, and 2F1 is the Gauss

hypergeometric function. As can be seen, the complex
amplitude C`,−`ps,pi

is generally not only as an even function
of `, but also modulated by ps and pi. A case we commonly
encounter is that which considers only ps = pi = 0, namely,
|C`,−`0,0 | = (

2
3 )
|`|, as is visualized by the inset of figure 3(a).

The limited nature of this spiral bandwidth (with ` ranging
from −10 to +10) indicates the low quality of the associated
21-dimensional entanglement. The aim of entanglement
concentration is to modulate and convert these nonequal
relative amplitudes into equal ones, and therefore obtain the
maximally entangled state. Previous studies consider only the
eigenstate |`〉 with ps = pi = 0 or averaged over all p values,
and concentration is then performed by changing the coupling
efficiency of the lens [10] or modulating the mode weight of
the diffractive gratings [11, 12]. In contrast, if we take the
radial indices p into consideration, then it is possible to find
specific pairs of ps and pi to equalize |C`,−`ps,pi

| straightforwardly
for different OAM numbers `. A simple example with |`| ≤ 3
is shown in figures 2(a)–(d) to illustrate the optimal procedure.
The numerical calculations based on equation (2) find that
for |`| < 4 the overall complex amplitude |C`,−`ps,pi

| decreases
as |`| increases for a given pair of ps and pi. Also, for a
fixed `, the peak of |C`,−`ps,pi

| is centered around ps = pi = 0.
Based on this scenario, we first find out the maximal value
of |C3,−3

0,0 | in figure 2(d). Then we sweep each of figures
2(a)–(c) to select a pair of ps and pi, whose value most closely
equals or approaches |C3,−3

0,0 |. Along this line, the desired LG

modes we select are LG0,0
4,4, LG1,−1

2,2 , LG2,−2
1,1 and LG3,−3

0,0 , as
shown in figure 2. After considering the symmetry of |`|, we
finally have a seven-dimensional maximally entangled state as
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Figure 2. Numerical illustration of |C`,−`ps,pi
| on `, pi, ps, and the optimal selection of desired LG modes.

Table 1. The desired LG modes for 21-dimensional OAM
entanglement concentration.

l 0 1 2 3 4 5 6 7 8 9 10

pi 4 5 9 1 7 9 1 7 3 12 14

ps 1 9 5 4 11 14 3 10 4 14 14

follows:

|ψ7〉 = 0.2963| − 3, 0;+3, 0〉 + 0.2963| − 2, 2;+2, 2〉

+ 0.3036| − 1, 3;+1, 3〉 + 0.2928|0, 4; 0, 4〉

+ 0.3036| + 1, 3;−1, 3〉 + 0.2963| + 2, 2;−2, 2〉

+ 0.2963| + 3, 0;−3, 0〉. (3)

In principle, our scheme is able to perform any entan-
glement concentration residing in an arbitrary-dimensional
OAM subspace. Another example up to 21 dimensions
is demonstrated, where ` ranges from −10 to +10. The
optimal procedure for LG mode selection is similar to
that in figure 2. Surprisingly, the LG mode we first
select for ` = +10 is LG10,−10

14,14 rather than LG10,−10
0,0 , and

|C10,−10
14,14 | ≈ 0.0722 compared with |C10,−10

0,0 | ≈ 0.0173. This
is because for different ` ranges, the dependence on the p
index exhibits a more complex behavior. If |`| ≤ 4, then
the probability decreases monotonously as p increases, as
previously mentioned. In contrast, if |`| ≥ 5 the probability
increases first and then decreases along with p. Therefore for
` = +10, it is found that the maximal probability is achieved
with ps = pi = 14. After a lengthy but straightforward
numeric search, the desired LG modes we select are listed
in table 1. The modes for minus ` are not shown owing to

the SPDC symmetry of C−`,`ps,pi
= C`,−`ps,pi

. Therefore after taking
ps and pi into account, the limited entangled spiral spectrum,
as shown by the inset of figure 3(a), can now be successfully
flattened and converted into a comblike maximally entangled
one, as shown by the inset of figure 3(b).

3. Shannon dimensionality after entanglement
concentration

After concentration, it is crucial to quantify the quality
of entanglement. Here we adopt the concept of Shannon
dimensionality to characterize the effective size of the
involved Hilbert space [20–24]. For maximal entanglement,
it has been proved that the Shannon dimensionality is
just equivalent to the Schmidt number [12, 13]. Thus the
larger the Shannon dimensionality, the higher the degree of
entanglement [25]. To obtain the Shannon dimensionality, it
is essential to impart a relative rotation of1α = αs−αi to the
measured holograms in the signal and idler arms, respectively.
Based on LabVIEW simulations, we have illustrated in figures
4(a)–(f) the desired holograms, intensity and phase patterns
displayed in the SLMs for the 21 OAM mode superpositions,
respectively. Such a rotation of the measured holograms just
brings a phase shift exp(i`φ) to each OAM mode so that
equation (1) is modified as

|9〉 =
∑

l

exp(i`1α)Cl,−l
ps,pi
|l, ps;−l, pi〉. (4)

Then the coincidence count is given by P(1α) =
|
∑

lC
l,−l
ps,pi

exp(i`1α)|2, and the Shannon dimensionality can
be deduced from the peak-normalized count, P(1α)/Pmax,
that is, D = 2πPmax/

∫ 2π
0 P(1α) d1α. Based on LabVIEW

simulations, we have also plotted in figures 3(a) and (b)
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Figure 3. Shannon dimensionality calculations for (a) limited spiral spectrum with ps = pi = 0 and (b) comblike spiral spectrum with
careful selection of ps and pi.

Figure 4. The desired hologram ((a), (d)), intensity ((b), (e)), and phase patterns ((c), (f)) displayed in the signal and idler SLMs required
for 21-dimensional concentration.

two coincidence curves for the cases before and after
entanglement concentration, respectively. As can be seen,
the Shannon dimensionality is significantly improved after
concentration, up to D = 20.98, by comparison with that of
D = 6.99 without careful LG mode selection.

4. Conclusion

To conclude, we have demonstrated the possibility of high-
dimensional entanglement concentration shared by twisted
photon pairs, by means of the careful selection of LG
modes with specific ` and p indices. Furthermore, we
have shown that the Shannon dimensionality is a good
quantifier for the present entanglement concentration. Our
scheme is very straightforward and feasible with current
experimental techniques. It is noted that the goal of any
entanglement concentration is to equalize the OAM modes
in the entangled spiral spectrum such that it is able to cut
off or discard the extra probability of the larger terms in

equation (1). In other words, it sacrifices the quantity of initial
photon pairs to enhance the quality of the final entangled
state. Therefore the advantage of our method, namely, the
probability that a given input pair survives the LG mode
selection, is directly linked to each |C`,−`ps,pi

|
2. We can estimate

that in our case the yield of output maximally entangled
pairs is given by η =

∑
+N
`=−N |C

`,−`
ps,pi
|
2
≈ (2N + 1)|CN,−N

p′s,p
′

i
|
2,

where |CN,−N
p′s,p
′

i
| = max{|CN,−N

ps,pi
|}. Further, when compared

with other schemes considering |`〉 with only p = 0 [10–12],
our scheme would improve the efficiency by a factor of
κ = |CN,−N

p′s,p
′

i
/CN,−N

0,0 |
2, for example N = 10 gives κ ≈ 17.4,

as mentioned above. We anticipate that our scheme holds
promise for use in some quantum information applications
defined in high-dimensional Hilbert space.
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