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By using the Euler-MacLaurin formula, this paper studies the thermodynamic properties of an ideal Fermi gas

confined in a D-dimensional rectangular container. The general expressions of the thermodynamic quantities with the

finite-size corrections are given explicitly and the effects of the size and shape of the container on the properties of the

system are discussed. It is shown that the corrections of the thermodynamic quantities due to the finite-size effects

are significant to be considered for the case of strong degeneracy but negligible for the case of weak degeneracy or

non-degeneracy. It is important to find that some familiar conclusions under the thermodynamic limit are no longer

valid for the finite-size systems and there are some novel characteristics resulting from the finite-size effects, such as the

nonextensivity of the system, the anisotropy of the pressure, and so on.
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1. Introduction

The properties of an ideal Fermi gas confined in
a certain volume have been extensively studied in the
textbooks.'2 Most of the investigations are conven-
tionally carried out in the so-called thermodynamic
limit. It is well known that there are two classes
of quantities describing the thermodynamic proper-
ties of the system which satisfies the thermodynamic
limit, i.e., the extensive and intensive quantities. The
extensive quantities are proportional to the size of
the system while the intensive quantities are size-
independent. All the intensive properties of the sys-
tem satisfying the thermodynamic limit can be well
settled by any two of the intensive quantities, e.g., the
particle density and temperature of the system, and
are independent of the size of the system and the shape
of the boundary. These familiar conclusions, however,
will not be true for the system of a finite number of
particles enclosed in a finite volume.

In recent years, the investigation on the proper-
ties of finite-size systems has become one of the im-

[3=14] in thermodynamics and statistical

portant topics
physics. For example, Sisman and Muller®4 studied
the boundary effects of the ideal classical gas and dis-
cussed the Casimir-like size effect in a confined space;

Dai et all>~7 researched into the properties of the

ideal quantum gases in a confined space and obtained
some significant results; Begun and Gorenstein[® in-
vestigated the Bose-Einstein condensation in the rel-
ativistic pion gas, in which the finite-size effects were
taken into account.

In this paper, we will study the properties of an
ideal Fermi gas confined in a D-dimensional container
and discuss the effects of the size and shape of the con-
tainer on the properties of the system. It finds that
the finite-size effects result in several novel characteris-
tics, such as the nonextensive property and anisotropic

pressure of the system, and so on.

2. General expressions of thermo-

dynamic quantities

We consider an ideal Fermi gas confined in a
D-dimensional rectangular container with the i-th
side length L; (i = 1, 2, ..., D).

Schrédinger equation, the energy spectrum of a parti-

By solving the

cle is found to be

D
h? n?
8(”1,712,...,71D):78m 7L2’

i=1 "t

(ni=1,2 3, ..), (1)
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where m is the mass of a particle and h is the Planck’s
constant. Using Eq.(1), we can express the grand par-
tition function = of the system as

(n

In

Mg

1ng=1

Bh? n
1+zexp< 3 ;Lf)}
(2)

where 8 = 1/kgT, kg is the Boltzman’s constant, T
is the temperature, z = exp(Su) is the fugacity, and p

ni

is the chemical potential of the system. For simplicity
the degeneracy related to the internal structure of the
particles is assumed to be unit.

The summations of Eq.(2) are conventionally re-
placed by the integrals and the grand partition func-
tion can be readily found under the thermodynamic
limit. However the approximation may cause notice-
able deviations for the systems with small scales. A
more precise solution of the grand partition function
can be found by using the following Euler—MacLaurin

formula.:[*?]

= > 1 1,
;F(n) :/0 F(n)dn + 5 F(0) — - F'(0)

1
+ (0 4 3)

On condition that only the first-order correction due
to the finite-size effects is considered, the grand par-
tition function is found to be (a detailed derivation is
given in the Appendix)

Vb 1A

D |:fD/2+1( ) — **fD/2+1/2( )} ;4

In= =

where A = h/+/27mkgT is the thermal wavelength,
Vp = Hi’;l L; is the D-dimensional volume of the

5 —1
container, L = (Zil 1/Li> , and

e

1 o0
o), T ©

is the Fermi integral.l]

filz) =

According to Eq.(4), one can obtain the total
number of particles and internal energy as

N =, <81n:>
0z 5.L;

OF
e = (37),

Vol.18
Vi 1A
= )\% {fD/2( )***fD/Q 1/2(2 )] (6)
and
Oln=
E = —
( aﬂ )z,LI
D VpkpT —1A
=3 D)\; [fD/2+1(z) —p fiprznplz )] ;
(7)
respectively.

Using Eq.(4), one can find the pressure of the sys-
tem as well. It should be noted here that the famil-
iar formulas such as p = (1/8)(0In=/0Vp), s and
pVD/kBT =
system. Generally, the pressure of the finite-size sys-

In = are no longer valid for the finite-size

tem is anisotropic and should be expressed as a tensor.
If the i-th coordinate axis is set along the i-th side of
the container, the tensor may be diagonalized and p;;
represents the pressure acting on the wall perpendic-
ular to the i-th side of the container. According to

Eq.(4), it can be found that
Pii
1L (amz)
5 Vb 8L1 2,8,L;j i

fnl fpjata(z) — % (1 - ]f) 2fD/2+1/2(Z)‘| .

AP
(8)

It is seen from Eqgs.(7) and (8) that there exists an im-
portant relationship between the internal energy and
the D components of the pressure tensor as

D
Vi
:72132 Dii- 9)
=1

Equation (9) is similar to the familiar relation E =
(D/2)pVp under the thermodynamic limit, but they
are not identical with each other unless all the side
lengths of the container are equal.

According to Egs.(6) and (7), one can further de-
rive the heat capacity at the given side lengths of the

container as
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DVk D D fpp(x)  D[D*-1
) /L\)DB {(2 +1> fpj241(2) = ffDl/Z:(z) 4 [ Dz for2n/2(?)

_2AD =) fopE)paaga(s) | Thp()fop-n(e) 2} "

D fD/Q—l(Z) f,%/g_l(z)
In order to expound more clearly the corrections of the above thermodynamic quantities due to the finite-size

effects, we introduce a parameter zy which is determined by

v
N = /\%fp/z(zo)~ (11)

It is obvious that zg represents the fugacity of the system under the thermodynamic limit, which depends on the
particle density and temperature but is independent of the size and shape of the system. If one only considers
the first-order finite-size effects, then from Eqs.(6) and (11) one can get that the relation between z and zg as

1A fpj2—1/2(%0)

2L fpj2-1(z0) (12)

z =2z [1 +
Substituting Eq.(12) into p = kgT'In z and Egs.(6)~(8) and (10) and keeping only the first power in A/L, one
can derive the chemical potential, internal energy, pressure and heat capacity at the given side lengths of the
container respectively as

B 1fD/2—1/2(ZO)>\]

p= el ot Toai(0) L) (13)
D fpje4i(z0) 1 [fD/2—1/2(Zo) _D-1 fD/2+1/2(ZO):| A}

E= QNkBT{ fos2(z0) 2| fpj2—1(20) D fpplz) | LS’ 1)
~_ NkgT | fpj2+1(20) | 1| [fpja—1/2(20) (4 £ fpjas1/2(20) | A

P ="y, { fpy2(20) T3 [ fp/2-1(20) (1 Li) fp/2(20) E}7 15)

and

_ D D Ip/2+1(20) D fp/2(20) D [DQ —1 fpyat1/2(20)

O, = 2 N { ( 2 " 1) Ipy2(20) 2 fpja-1(z0) 4| D?  fpjalzo)

_ Jpe-12(20) | fps2(20)fp/2-3/2(20)  Fps2(20)fD/2-1/2(20) fD/2-2(20)
fD/Qfl(ZO) f%/g_l(zO) f%/2_1(zo)

A
L w

Equations (13)—(16) are the main results of this paper, from which one can deduce the following important
conclusions:

(i) The corrections of the thermodynamic quantities due to the finite-size effects are increased with A and
decreased with L. For a small system that the thermal wavelength A is comparable with the linear order of the
container characterized by L, the finite-size effects may be significant. It is also observed that the properties of
the system are dependent not only on the size but also on the shape of the container, since I, = (Zi’;l 1/L;) s
determined by both the size and shape of the container. For a large-scale system of L > A, the above equations
will be reduced to the familiar results under the thermodynamic limit. !¢

(ii) From Eq.(15) one can see that p;; # p,; if L; # L;. This indicates that the pressure of the system is
anisotropic, i.e., the pressure acting on the different wall of the container may be different. The difference may
be significant for the small container with significantly different side lengths, such as the tube-like or disk-like
containers.

(iii) Equations (14) and (16) show that E and Cf,,, which are extensive quantities under the thermodynamic
limit, are not proportional to the size of the system at the given particle density and temperature (and hence
given zy) because L in the equations is size- and shape-dependent. On the other hand, according to Egs.(13)
and (15), u and p;;, which are both intensive quantities under the thermodynamic limit, are dependent not only
on the particle density and temperature, but also on the size and shape of the container. This indicates that
for a small system in a confined space, the extensive property is eliminated due to the finite-size effects.
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3. The case of strong degeneracy
In the case of strong degeneracy, In zo > 1 and the function f;(z9) can be expanded as
(In zp)"! 72 1
=———|1+l(l-1)—7—=+ - 17
fl(zo) F(l+1) + ( ) 6 (anO)2 + ) ( )

according to the Sommerfeld’s lemma.[!l Substituting Eq.(17) into Eqs.(11) and (13)—(16) and keeping only the
terms up to the second power of kT /erg, one can obtain the expressions of u, E, p;; and Cf, respectively as

the explicit functions of temperature, i.e.,

2(D —2) (kgT\> (D)2 2(D—3) (ksT\*| A
j=epo i1 D=2 (ke (Df2) |y, m(D=3) (ke oL, (18)
12 EFo 2I'(D/2+ 1/2) 24 ero i
D (D—|—2 ksT\> D+2 I(D/2) 72(D+1) (ksT\*| Aro
E=——N 1 1-— = 19
D12 EFO{ + ( FO) T T2 13/2) 24 ero 7 (19
2 N D+2) (ksT\* D+2 D/2
pi = —2 Newo Jy 7 ( + + I'(D/2)
D+2 Vp Fo I'(D/2+3/2)
DL =*D+1) k:BT FO
1 , 20
+ L,L 8 ( 3Lz> 8];‘0 } ( )
and D
2 = Z AT Y (26)
=" Py |1 _LD/2)  Aeo| (kT = Ni
T P Ar(D/2+1/2) L | \ero )’
. ) Ghere T= (Vp/N)MP is the average distance between
where W2 [NT(D/2+1) 2/D the particles and N; = L;/I represents the particle
€0 = 5 { Vo } (22)  number in a row along the i-th side of the container.

is the Fermi energy under the thermodynamic limit!*¢
and Apg = h/+/27Tmero.

Setting T'— 0 K in Eqs.(18)—(20), one can obtain
the Fermi energy, ground-state energy and ground-
state pressure respectively as

_ I'(D/2)  Aro
°F TR {1 TormieEr2) I ] ()
D D+2 I'(D/2)  )ro
EBe = pgNero [H 1 T(D)2+3/2) L |’
and
P = p v, 8 I'(D/2+3/2)
DL\ Aro
><<1+ Li> E}. (25)

From Eqs.(18)—(25) one can find that the correc-
tions due to the finite-size effects are of the order of

B VD 1/D D i
Aro/L = |= ~N
o/ {LDNF(D/Q + 1)} ; L
D 1 D
u:kBT{ln(pD)\ )+ 2D/2PD>\

1
~(1
+2<+

From Eq.(26) one can see that the finite size in any
direction will give rise to the finite-size effects in the
system and the total finite-size effects may be consid-
ered as the sum of the finite-size effects in each direc-
tion. The order of Eq.(26) is about 1/N? if the side
lengths of the system are not significantly different.

4. The case of weak degeneracy

In the case of weak degeneracy, zg < 1 and f;(20)
can be expanded as

[ee] ] 2

Lz z
fz(zo)ZZ(—l)j lj*(;:Zo—?(l)-ﬁ-"'-
j=1

(27)

If one only keeps the first power of ppA”, then one
can derive the expressions of p, E, p;; and Cr,; by sub-
stituting Eq.(27) into Eqgs.(11) and (13)—(16), which
are respectively, given by

2212 D\ A
WPD)\ ) E}a (28)
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D 1 p 2 —21/2 pl A
NkgT 1 » 1| L 2-212 L ol A
i =, {1+ 2D/2+1PD/\ t3 E+W 1+E PDA 7( (30)
and s
D D-2 22 , 1A

where pp = N/Vp is the D-dimensional density of
particles.

In the case of pp AP — 0, equations (28)-(31) are
reduced respectively to

= kT [1n(pD/\ ) ;1} (32)
E = QNkBT ( ) (33)
i = NkBT ( ) (34)

and

Cr, (35)

= gNkB (1 + 4};) .
Equations (32)—(35) are just the results for the finite-
size systems of ideal Boltzman’s gases. When D = 3
is chosen, some interesting results obtained in Ref.[3]
can be directly derived from Eqgs.(32)—(34).

It is seen from the above results that the correc-
tions due to the finite-size effects are of the order of

1 Do
— <y =, 36
)< o

D

ML= (ppA”)VP (Z

i=1

|

Appendix

Equation (2) may be rewritten as

n= = ZZ Zln

ni=1ns=1 np=1

D
bz (g3 ot |
i=1

in the case of ppAP <« 1 and hence is negligible.
Therefore, it seems less important to consider the

finite-size effects in the Boltzman’s gases.

5. Conclusions

We have studied the finite-size effects in a D-
dimensional ideal Fermi gas based on the Euler—
MacLaurin formula and some important conclusions
are obtained as follows: (i) the properties of a finite-
size Fermi system are closely dependent on the size
of the system and shape of the boundary; (ii) the
corrections of the thermodynamic quantities due to
the finite-size effects are of the order of Zi’;l I/L; =
Zi’;l 1/N; for the case of strong degeneracy but
negligible for the case of weak degeneracy or non-
degeneracy; (iii) the pressure of the system is, in
general, anisotropic in the small system with the
anisotropic geometric boundary; (iv) the extensive
property under the thermodynamic limit is eliminated
due to the finite-size effects.

(A1)

where v; = V,é/D/LZ-, Vp = (Hi’;1 L;) and gg = h2/(8mV[2,/D). Using the Euler-MacLaurin formula given by
Eq.(3) and considering only the first and second terms in Eq.(3), we have

0o B D
Z In |1+ zexp (—ﬁso Z’yfnf)
L i=1 i

ni=1
[e%S) i D T
= Z In |14 zexp (—ﬂz—:o Z’yfnf)
ni=0 L i=1 i

oo I D ]
= / In |14 zexp (—Beo Z’y?nf)
0 L i=1 i

—In

D
1+ zexp (—ﬂso nyfnf)]
i=2
1 D
dny — 3 In |1+ zexp <—550 ;73n5>] , (A2)
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o0

oo D
Z Z In |1+ zexp (—550 Zv?nf)}
ni=1ns=1 =

:/ / In 1+zexp< 5602% 1)1 dnidng

foocln{l—o—zexp{ Beo (f:'yln +v3n? >}}dn1
3

1
-5 5 g
+ [ In< 1+ zexp | —Beo Z’yln + y3n3 dng
=3
1 2 2
+Zln 1+ zexp <—650§%ni)], (A3)

o0 o0
77,1:1 TL2:1 np 1

>
/ln
oo/oo

D
1+ zexp <—5EOZ%2"?>]
1+zexp< 65027 )1 Hdnl

I
\

e
>

% / .../Oooln 1+zexp< ﬁ&‘oz/ 2 2)]ﬁ/dni
D
Jr, ;1/ / / In 1+zexp< Beg Z” 2 2)]}_[1”dm
+ -
+ <—2>D 1213:/ [1+ zexp(— ﬁEO’Y?n%)]d"l
+ (—;) In(1 + z), (A4)

where Z " and H " represent the sum and product over ¢ # j, respectively, and Z " and H " represent the
i=1 i=1 i=1 i=1
sum and product over i # j and i # k, respectlvely

Letting Begyn? = X? and r = (Zizl X?)1/2 one has

/ / /1n1+zexp<ﬁaoz7 )]Hdm

= (Bsol)D/Q/OOO/OOO~~/Oooln 1+ zexp <;XZ2>] UdXi

DCp o0 9
LIENCE /0 n[l + zexp(—r?)]dr

v
= 3p/o/2n1(2), (A5)

where Cp = wP/2/I(D/2 4+ 1), A = h//2emkgT and fi(z) is the Fermi integral given by Eq.(5). Similarly,

S
AT

j>k=1

D

1+zexp< BEOZ' 2 2)1 H/dni: A‘gﬂ ZLL Ipja+1/2(2), (A6)

i=1 j=1

D D

Vi 1
1+zexp< Beo Z” 2 2)] ”dni:)\leQ Z T.L fpj2(z), (A7)
i=1

j>k=1""7
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D ) 1

1 d - L A8
2;/0 n [1+ zexp (—Beoyini)]| dny = \ Z 1] f32(2) (AB)
In(1+2) = (2). (49)

Substituting Eqgs.(A5)—(A9) into Eq.(A4), we get the grand partition function as

D D

_ Vb 1 Vp 1 Vp 1
In= = )\DfD/2+1( z) — 5 \D-1 ZLJ fpy2+1/2(2 )+1m Z T,ln fpy2(?)
j=1 j>k=1
1 D—1 1 D

+- 4 (—2> ZLl f3/2(2) —2> f1(2). (A10)

When the first-order correction due to the finite-size effects is only considered, we obtain Eq.(4) from Eq.(A10).
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