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By using the Euler–MacLaurin formula, this paper studies the thermodynamic properties of an ideal Fermi gas

confined in a D-dimensional rectangular container. The general expressions of the thermodynamic quantities with the

finite-size corrections are given explicitly and the effects of the size and shape of the container on the properties of the

system are discussed. It is shown that the corrections of the thermodynamic quantities due to the finite-size effects

are significant to be considered for the case of strong degeneracy but negligible for the case of weak degeneracy or

non-degeneracy. It is important to find that some familiar conclusions under the thermodynamic limit are no longer

valid for the finite-size systems and there are some novel characteristics resulting from the finite-size effects, such as the

nonextensivity of the system, the anisotropy of the pressure, and so on.
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1. Introduction

The properties of an ideal Fermi gas confined in

a certain volume have been extensively studied in the

textbooks.[1,2] Most of the investigations are conven-

tionally carried out in the so-called thermodynamic

limit. It is well known that there are two classes

of quantities describing the thermodynamic proper-

ties of the system which satisfies the thermodynamic

limit, i.e., the extensive and intensive quantities. The

extensive quantities are proportional to the size of

the system while the intensive quantities are size-

independent. All the intensive properties of the sys-

tem satisfying the thermodynamic limit can be well

settled by any two of the intensive quantities, e.g., the

particle density and temperature of the system, and

are independent of the size of the system and the shape

of the boundary. These familiar conclusions, however,

will not be true for the system of a finite number of

particles enclosed in a finite volume.

In recent years, the investigation on the proper-

ties of finite-size systems has become one of the im-

portant topics[3−14] in thermodynamics and statistical

physics. For example, Sisman and Muller[3,4] studied

the boundary effects of the ideal classical gas and dis-

cussed the Casimir-like size effect in a confined space;

Dai et al [5−7] researched into the properties of the

ideal quantum gases in a confined space and obtained

some significant results; Begun and Gorenstein[8] in-

vestigated the Bose–Einstein condensation in the rel-

ativistic pion gas, in which the finite-size effects were

taken into account.

In this paper, we will study the properties of an

ideal Fermi gas confined in a D-dimensional container

and discuss the effects of the size and shape of the con-

tainer on the properties of the system. It finds that

the finite-size effects result in several novel characteris-

tics, such as the nonextensive property and anisotropic

pressure of the system, and so on.

2. General expressions of thermo-

dynamic quantities

We consider an ideal Fermi gas confined in a

D-dimensional rectangular container with the i-th

side length Li (i = 1, 2, . . . , D). By solving the

Schrödinger equation, the energy spectrum of a parti-

cle is found to be

ε(n1, n2, . . . , nD) =
h2

8m

D∑
i=1

n2
i

L2
i

,

(ni = 1, 2, 3, ...), (1)
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where m is the mass of a particle and h is the Planck’s

constant. Using Eq.(1), we can express the grand par-

tition function Ξ of the system as

lnΞ

=
∞∑

n1=1

∞∑
n2=1

· · ·
∞∑

nD=1

ln

[
1 + z exp

(
−βh2

8m

D∑
i=1

n2
i

L2
i

)]
,

(2)

where β = 1/kBT , kB is the Boltzman’s constant, T

is the temperature, z = exp(βµ) is the fugacity, and µ

is the chemical potential of the system. For simplicity

the degeneracy related to the internal structure of the

particles is assumed to be unit.

The summations of Eq.(2) are conventionally re-

placed by the integrals and the grand partition func-

tion can be readily found under the thermodynamic

limit. However the approximation may cause notice-

able deviations for the systems with small scales. A

more precise solution of the grand partition function

can be found by using the following Euler–MacLaurin

formula:[15]

∞∑
n=0

F (n) =

∫ ∞

0

F (n)dn+
1

2
F (0)− 1

12
F ′(0)

+
1

720
F ′′′(0) + · · · . (3)

On condition that only the first-order correction due

to the finite-size effects is considered, the grand par-

tition function is found to be (a detailed derivation is

given in the Appendix)

lnΞ =
VD

λD

[
fD/2+1(z)−

1

2

λ

L̃
fD/2+1/2(z)

]
, (4)

where λ = h/
√
2πmkBT is the thermal wavelength,

VD =
∏D

i=1 Li is the D-dimensional volume of the

container, L̃ =
(∑D

i=1 1/Li

)−1

, and

fl(z) =
1

Γ (l)

∫ ∞

0

xl−1dx

z−1 exp(x) + 1
(5)

is the Fermi integral.[1]

According to Eq.(4), one can obtain the total

number of particles and internal energy as

N = z

(
∂ lnΞ

∂z

)
β,Li

=
VD

λD

[
fD/2(z)−

1

2

λ

L̃
fD/2−1/2(z)

]
(6)

and

E = −
(
∂ lnΞ

∂β

)
z,Li

=
D

2

VDkBT

λD

[
fD/2+1(z)−

D − 1

2D

λ

L̃
fD/2+1/2(z)

]
,

(7)

respectively.

Using Eq.(4), one can find the pressure of the sys-

tem as well. It should be noted here that the famil-

iar formulas such as p = (1/β)(∂ lnΞ/∂VD)z,β and

pVD/kBT = lnΞ are no longer valid for the finite-size

system. Generally, the pressure of the finite-size sys-

tem is anisotropic and should be expressed as a tensor.

If the i-th coordinate axis is set along the i-th side of

the container, the tensor may be diagonalized and pii

represents the pressure acting on the wall perpendic-

ular to the i-th side of the container. According to

Eq.(4), it can be found that

pii

=
1

β

Li

VD

(
∂ lnΞ

∂Li

)
z,β,Lj ̸=i

=
kBT

λD

[
fD/2+1(z)−

1

2

(
1− L̃

Li

)
λ

L̃
fD/2+1/2(z)

]
.

(8)

It is seen from Eqs.(7) and (8) that there exists an im-

portant relationship between the internal energy and

the D components of the pressure tensor as

E =
VD

2

D∑
i=1

pii. (9)

Equation (9) is similar to the familiar relation E =

(D/2)pVD under the thermodynamic limit, but they

are not identical with each other unless all the side

lengths of the container are equal.

According to Eqs.(6) and (7), one can further de-

rive the heat capacity at the given side lengths of the

container as

CLi =

(
∂E

∂T

)
Li

=

(
∂E

∂T

)
z,Li

+

(
∂E

∂z

)
T,Li

(
∂z

∂T

)
Li
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=
D

2

VDkB
λD

{(
D

2
+ 1

)
fD/2+1(z)−

D

2

f2
D/2(z)

fD/2−1(z)
− D

4

[
D2 − 1

D2
fD/2+1/2(z)

− 2(D − 1)

D

fD/2(z)fD/2−1/2(z)

fD/2−1(z)
+

f2
D/2(z)fD/2−3/2(z)

f2
D/2−1(z)

]
λ

L̃

}
. (10)

In order to expound more clearly the corrections of the above thermodynamic quantities due to the finite-size

effects, we introduce a parameter z0 which is determined by

N =
VD

λD
fD/2(z0). (11)

It is obvious that z0 represents the fugacity of the system under the thermodynamic limit, which depends on the

particle density and temperature but is independent of the size and shape of the system. If one only considers

the first-order finite-size effects, then from Eqs.(6) and (11) one can get that the relation between z and z0 as

z = z0

[
1 +

1

2

λ

L̃

fD/2−1/2(z0)

fD/2−1(z0)

]
. (12)

Substituting Eq.(12) into µ = kBT ln z and Eqs.(6)–(8) and (10) and keeping only the first power in λ/L̃, one

can derive the chemical potential, internal energy, pressure and heat capacity at the given side lengths of the

container respectively as

µ = kBT

[
ln z0 +

1

2

fD/2−1/2(z0)

fD/2−1(z0)

λ

L̃

]
, (13)

E =
D

2
NkBT

{
fD/2+1(z0)

fD/2(z0)
+

1

2

[
fD/2−1/2(z0)

fD/2−1(z0)
− D − 1

D

fD/2+1/2(z0)

fD/2(z0)

]
λ

L̃

}
, (14)

pii =
NkBT

VD

{
fD/2+1(z0)

fD/2(z0)
+

1

2

[
fD/2−1/2(z0)

fD/2−1(z0)
−

(
1− L̃

Li

)
fD/2+1/2(z0)

fD/2(z0)

]
λ

L̃

}
, (15)

and

CLi =
D

2
NkB

{(
D

2
+ 1

)
fD/2+1(z0)

fD/2(z0)
− D

2

fD/2(z0)

fD/2−1(z0)
− D

4

[
D2 − 1

D2

fD/2+1/2(z0)

fD/2(z0)

−
fD/2−1/2(z0)

fD/2−1(z0)
+

fD/2(z0)fD/2−3/2(z0)

f2
D/2−1(z0)

−
fD/2(z0)fD/2−1/2(z0)fD/2−2(z0)

f3
D/2−1(z0)

]
λ

L̃

}
. (16)

Equations (13)–(16) are the main results of this paper, from which one can deduce the following important

conclusions:

(i) The corrections of the thermodynamic quantities due to the finite-size effects are increased with λ and

decreased with L̃. For a small system that the thermal wavelength λ is comparable with the linear order of the

container characterized by L̃, the finite-size effects may be significant. It is also observed that the properties of

the system are dependent not only on the size but also on the shape of the container, since L̃ = (
∑D

i=1 1/Li)
−1 is

determined by both the size and shape of the container. For a large-scale system of L̃ ≫ λ, the above equations

will be reduced to the familiar results under the thermodynamic limit.[16]

(ii) From Eq.(15) one can see that pii ̸= pjj if Li ̸= Lj . This indicates that the pressure of the system is

anisotropic, i.e., the pressure acting on the different wall of the container may be different. The difference may

be significant for the small container with significantly different side lengths, such as the tube-like or disk-like

containers.

(iii) Equations (14) and (16) show that E and CLi , which are extensive quantities under the thermodynamic

limit, are not proportional to the size of the system at the given particle density and temperature (and hence

given z0) because L̃ in the equations is size- and shape-dependent. On the other hand, according to Eqs.(13)

and (15), µ and pii, which are both intensive quantities under the thermodynamic limit, are dependent not only

on the particle density and temperature, but also on the size and shape of the container. This indicates that

for a small system in a confined space, the extensive property is eliminated due to the finite-size effects.
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3. The case of strong degeneracy

In the case of strong degeneracy, ln z0 ≫ 1 and the function fl(z0) can be expanded as

fl(z0) =
(ln z0)

l

Γ (l + 1)

[
1 + l(l − 1)

π2

6

1

(ln z0)2
+ · · ·

]
, (17)

according to the Sommerfeld’s lemma.[1] Substituting Eq.(17) into Eqs.(11) and (13)–(16) and keeping only the

terms up to the second power of kBT/εF0, one can obtain the expressions of µ, E, pii and CLi
respectively as

the explicit functions of temperature, i.e.,

µ = εF0

{
1− π2(D − 2)

12

(
kBT

εF0

)2

+
Γ (D/2)

2Γ (D/2 + 1/2)

[
1 +

π2(D − 3)

24

(
kBT

εF0

)2
]
λF0

L̃

}
, (18)

E =
D

D + 2
NεF0

{
1 +

π2(D + 2)

12

(
kBT

εF0

)2

+
D + 2

4

Γ (D/2)

Γ (D/2 + 3/2)

[
1− π2(D + 1)

24

(
kBT

εF0

)2
]
λF0

L̃

}
, (19)

pii =
2

D + 2

NεF0
VD

{
1 +

π2(D + 2)

12

(
kBT

εF0

)2

+
D + 2

8

Γ (D/2)

Γ (D/2 + 3/2)

×

[
1 +

DL̃

Li
− π2(D + 1)

8

(
1− DL̃

3Li

)(
kBT

εF0

)2
]
λF0

L̃

}
, (20)

and

C =
π2D

6
NkB

[
1− Γ (D/2)

4Γ (D/2 + 1/2)

λF0

L̃

](
kBT

εF0

)
,

(21)

where

εF0 =
h2

2πm

[
NΓ (D/2 + 1)

VD

]2/D
(22)

is the Fermi energy under the thermodynamic limit[16]

and λF0 = h/
√
2πmεF0.

Setting T → 0 K in Eqs.(18)–(20), one can obtain

the Fermi energy, ground-state energy and ground-

state pressure respectively as

εF = εF0

[
1 +

Γ (D/2)

2Γ (D/2 + 1/2)

λF0

L̃

]
, (23)

EG =
D

D + 2
NεF0

[
1 +

D + 2

4

Γ (D/2)

Γ (D/2 + 3/2)

λF0

L̃

]
,

(24)

and

piiG =
2

D + 2

NεF0
VD

{
1 +

D + 2

8

Γ (D/2)

Γ (D/2 + 3/2)

×

(
1 +

DL̃

Li

)
λF0

L̃

}
. (25)

From Eqs.(18)–(25) one can find that the correc-

tions due to the finite-size effects are of the order of

λF0/L̃ =

[
VD

L̃DNΓ (D/2 + 1)

]1/D
∼

D∑
i=1

l̄

Li

=
D∑
i=1

1

Ni
, (26)

where l̄ = (VD/N)1/D is the average distance between

the particles and Ni = Li/l̄ represents the particle

number in a row along the i-th side of the container.

From Eq.(26) one can see that the finite size in any

direction will give rise to the finite-size effects in the

system and the total finite-size effects may be consid-

ered as the sum of the finite-size effects in each direc-

tion. The order of Eq.(26) is about 1/ND if the side

lengths of the system are not significantly different.

4. The case of weak degeneracy

In the case of weak degeneracy, z0 ≪ 1 and fl(z0)

can be expanded as

fl(z0) =
∞∑
j=1

(−1)j−1 z
j
0

jl
= z0 −

z20
2l

+ · · · . (27)

If one only keeps the first power of ρDλD, then one

can derive the expressions of µ, E, pii and CLi by sub-

stituting Eq.(27) into Eqs.(11) and (13)–(16), which

are respectively, given by

µ = kBT

{
ln(ρDλD) +

1

2D/2
ρDλD +

1

2

(
1 +

2− 21/2

2D/2
ρDλD

)
λ

L̃

}
, (28)
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E =
D

2
NkBT

{
1 +

1

2D/2+1
ρDλD +

1

2D

[
1 +

2− 21/2

2D/2+1
(D + 1)ρDλD

]
λ

L̃

}
, (29)

pii =
NkBT

VD

{
1 +

1

2D/2+1
ρDλD +

1

2

[
L̃

Li
+

2− 21/2

2D/2+1

(
1 +

L̃

Li

)
ρDλD

]
λ

L̃

}
, (30)

and

CLi =
D

2
NkB

{
1− D − 2

2D/2+2
ρDλD +

1

4D

[
1− 2− 21/2

2D/2+1
(D2 − 1)ρDλD

]
λ

L̃

}
, (31)

where ρD = N/VD is the D-dimensional density of

particles.

In the case of ρDλD → 0, equations (28)–(31) are

reduced respectively to

µ = kBT

[
ln(ρDλD) +

λ

2L̃

]
, (32)

E =
D

2
NkBT

(
1 +

λ

2L̃

)
, (33)

pii =
NkBT

VD

(
1 +

λ

2Li

)
, (34)

and

CLi =
D

2
NkB

(
1 +

λ

4L̃

)
. (35)

Equations (32)–(35) are just the results for the finite-

size systems of ideal Boltzman’s gases. When D = 3

is chosen, some interesting results obtained in Ref.[3]

can be directly derived from Eqs.(32)–(34).

It is seen from the above results that the correc-

tions due to the finite-size effects are of the order of

λ/L̃ = (ρDλD)1/D

(
D∑
i=1

1

Ni

)
≪

D∑
i=1

1

Ni
, (36)

in the case of ρDλD ≪ 1 and hence is negligible.

Therefore, it seems less important to consider the

finite-size effects in the Boltzman’s gases.

5. Conclusions

We have studied the finite-size effects in a D-

dimensional ideal Fermi gas based on the Euler–

MacLaurin formula and some important conclusions

are obtained as follows: (i) the properties of a finite-

size Fermi system are closely dependent on the size

of the system and shape of the boundary; (ii) the

corrections of the thermodynamic quantities due to

the finite-size effects are of the order of
∑D

i=1 l̄/Li =∑D
i=1 1/Ni for the case of strong degeneracy but

negligible for the case of weak degeneracy or non-

degeneracy; (iii) the pressure of the system is, in

general, anisotropic in the small system with the

anisotropic geometric boundary; (iv) the extensive

property under the thermodynamic limit is eliminated

due to the finite-size effects.

Appendix

Equation (2) may be rewritten as

lnΞ =
∞∑

n1=1

∞∑
n2=1

· · ·
∞∑

nD=1

ln

[
1 + z exp

(
−βε0

D∑
i=1

γ2
i n

2
i

)]
, (A1)

where γi = V
1/D
D /Li, VD = (

∏D
i=1 Li) and ε0 = h2/(8mV

2/D
D ). Using the Euler–MacLaurin formula given by

Eq.(3) and considering only the first and second terms in Eq.(3), we have

∞∑
n1=1

ln

[
1 + z exp

(
−βε0

D∑
i=1

γ2
i n

2
i

)]

=
∞∑

n1=0

ln

[
1 + z exp

(
−βε0

D∑
i=1

γ2
i n

2
i

)]
− ln

[
1 + z exp

(
−βε0

D∑
i=2

γ2
i n

2
i

)]

=

∫ ∞

0

ln

[
1 + z exp

(
−βε0

D∑
i=1

γ2
i n

2
i

)]
dn1 −

1

2
ln

[
1 + z exp

(
−βε0

D∑
i=2

γ2
i n

2
i

)]
, (A2)
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∞∑
n1=1

∞∑
n2=1

ln

[
1 + z exp

(
−βε0

D∑
i=1

γ2
i n

2
i

)]

=

∫ ∞

0

∫ ∞

0

ln

[
1 + z exp

(
−βε0

D∑
i=1

γ2
i n

2
i

)]
dn1dn2

− 1

2


∫∞
0

ln

{
1 + z exp

[
−βε0

(
D∑
i=3

γ2
i n

2
i + γ2

1n
2
1

)]}
dn1

+
∫∞
0

ln

{
1 + z exp

[
−βε0

(
D∑
i=3

γ2
i n

2
i + γ2

2n
2
2

)]}
dn2


+

1

4
ln

[
1 + z exp

(
−βε0

D∑
i=3

γ2
i n

2
i

)]
, (A3)

· · ·
∞∑

n1=1

∞∑
n2=1

· · ·
∞∑

nD=1

ln

[
1 + z exp

(
−βε0

D∑
i=1

γ2
i n

2
i

)]

=

∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

ln

[
1 + z exp

(
−βε0

D∑
i=1

γ2
i n

2
i

)]
D∏
i

dni

− 1

2

D∑
j=1

∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

ln

[
1 + z exp

(
−βε0

D∑
i=1

′γ2
i n

2
i

)]
D∏
i=1

′dni

+
1

4

D∑
j>k=1

∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

ln

[
1 + z exp

(
−βε0

D∑
i=1

′′γ2
i n

2
i

)]
D∏
i=1

′′dni

+ · · ·

+

(
−1

2

)D−1 D∑
l=1

∫ ∞

0

ln[1 + z exp(−βε0γ
2
l n

2
l )]dnl

+

(
−1

2

)D

ln(1 + z), (A4)

where
D∑
i=1

′ and
D∏
i=1

′ represent the sum and product over i ̸= j, respectively, and
D∑
i=1

′′ and
D∏
i=1

′′ represent the

sum and product over i ̸= j and i ̸= k, respectively.

Letting βε0γ
2
i n

2
i = X2

i and r = (
∑D

i=1 X
2
i )

1/2, one has

∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

ln

[
1 + z exp

(
−βε0

D∑
i=1

γ2
i n

2
i

)]
D∏
i

dni

=
1

(βε0)D/2

∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

ln

[
1 + z exp

(
−

D∑
i=1

X2
i

)]
D∏
i

dXi

=
DCD

2D(βε0)D/2

∫ ∞

0

ln[1 + z exp(−r2)]dr

=
VD

λD
fD/2+1(z), (A5)

where CD = πD/2/Γ (D/2 + 1), λ = h/
√
2πmkBT and fl(z) is the Fermi integral given by Eq.(5). Similarly,

D∑
j=1

∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

ln

[
1 + z exp

(
−βε0

D∑
i=1

′γ2
i n

2
i

)]
D∏
i=1

′dni =
VD

λD−1

 D∑
j=1

1

Lj

 fD/2+1/2(z), (A6)

D∑
j>k=1

∫ ∞

0

∫ ∞

0

· · ·
∫ ∞

0

ln

[
1 + z exp

(
−βε0

D∑
i

′′γ2
i n

2
i

)]
D∏
i=1

′′dni =
VD

λD−2

 D∑
j>k=1

1

LjLk

 fD/2(z), (A7)
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· · ·
D∑
l=1

∫ ∞

0

ln
[
1 + z exp

(
−βε0γ

2
l n

2
l

)]
dnl =

1

λ

(
D∑
l=1

Ll

)
f3/2(z), (A8)

ln(1 + z) = f1(z). (A9)

Substituting Eqs.(A5)–(A9) into Eq.(A4), we get the grand partition function as

lnΞ =
VD

λD
fD/2+1(z)−

1

2

VD

λD−1

 D∑
j=1

1

Lj

 fD/2+1/2(z) +
1

4

VD

λD−2

 D∑
j>k=1

1

LjLk

 fD/2(z)

+ · · ·+
(
−1

2

)D−1
1

λ

(
D∑
l=1

Ll

)
f3/2(z) +

(
−1

2

)D

f1(z). (A10)

When the first-order correction due to the finite-size effects is only considered, we obtain Eq.(4) from Eq.(A10).
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