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From a linear motion equation the preci® linea internd friction expressia for the free decay
methal has bea deduce for the first time. A detailed comparisa betwea the newly deduced
expressia ard the currenty used approximatio has alo been addressed© 1997 American

Institute of Physics [S0034-67487)01608-0

I. INTRODUCTION

Internd friction is an importart mechanichpropery in
moden materia developmehas well as in the increasing
investigation of seismc wave attenuatio of the earth’s
mantlel~® Most critically, internd friction can nondestruc-
tively reved importart structure-propeyt relationshig in
materias becaus it is sensitive to the dynamt behavio of
defect in the materias unde test However all internd fric-
tion calculation expressios availabk presenty are approxi-
maie ard only usefu for linear behavio at very smal values
of internd fraction (Q 1), usualy belov the orde of
103, Therefoe they are not suitabk to calculae the high
internd frictions tha arise in the emergirg new materials
sudc as polymers glassesamorphos materials composites,
new alloys nanomaterialsard geomateria at high tempera-
tures ard pressuresAlso sudc approximatios in the internal
friction values lead to seriots discrepancigfor the sane ma-
terid measurd by different methods particularly when the
internd friction is large.

The freely decayirg vibration pendulum is a conven-
tiond methal widely used in the measuremerof low, sonic-
frequeng internd friction ard ultrasong attenuatior!. In re-
cert years sone author§ hawe usel the approximate
expressia for Q! to calculae the very high interna fric-
tion measurd by a freely decayiry vibrationd pendulum
associaté with alloy pha® transformatio processeswith-
out regad to checkirg whethe or nat the internd friction
was nonlinea or linear. Others hawe also usal this expres-
sion to calculae the nonlinea internd friction of disloca-
tions in metabk becaus no suitably accura¢ expressia is
available Therefore it is imperative to derive aprecis in-
ternd friction expressia for the free deca methal in such
situations For this purposewe hawe deducedin this article,
a precie and still very explicit internd friction expression
for the free decy methal ard highlighted as well, the limi-
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tatiors of the existig approxima¢ expressia for the
method.

II. ACCURATE LINEAR INTERNAL FRICTION
FORMULA FOR FREELY DECAYING VIBRATIONAL
SYSTEM

A. Equatio n of motio n and its solution

We conside here a linear equatia of motion for a free
vibrationd system:

mx+ px+kx=0, 1)

whetre the first tem is an inertid term the secom comes
from a dampirg term ard the third from a restorirg force
term In Eq. (1), it has been assumd tha the mas m, the
dampirg coefficient, and the elastic constaktare all in-
dependenof the displacemenx, its rate x, and its accelera-
tion X.
Provided tha the solution of the Eq. (1) is of a form of

e ", its characteristi equatio shout be of the form:

mr2— nr+k=0, 2
and its solution shout be
r1.=[ 7= (n?—4mk)*?]/(2m). ©)

However the vibrationd solution for x occuss only when
7°—4mk<0

or
k/m—(5/2m)?=0.

Let (see the Appendix

w=[k/m—(p/2m)%]¥? (4
and

6=mnlom. )
Then Eq. (3) becomes

r,=(wl2m)é*tiw, (6)
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ard the solution to Eq. (1) is

X=Cy exp(—ryt)+c, exp(—ryt). (7)

According to the initial conditiors X|;—o=Xo and X|;—,=0,
parametes ¢, and ¢, can be found to give

X=[(—rXg)/(ri—rp)lexp(—rqt) +[(riXp)/(r1—ry)]

X exp(—r,t). (8)

Substitutirg Eq. (6) into Eq. (8), we g&t an accurag solution
to Eq. (1):

X=X exd — (8/2m) wt][ 1+ (8/27)%]Y? cos( wt — i),
©)

wher tan y= 482

B. Logarithmi c decrement
From Eq. (9), the amplituck of the vibrationd solution is
A(t)=xq exfd — (8/2) wt][ 1+ (8/27)%] Y2 (10)

Let the time when measurig the amplituce A, be t, and the
time when measurig the nex amplituce A,,; (after one
period bet,+ T (wher T=27/w). Then, from Eq(10), we
can obtan aratio of the amplitudes for two successig vibra-
tions as

ALlAL 1 =A(t)IA(t,+T)=¢°
or
6=In(Ay/Aniq). (12)

A similar procedue can also be applied to ary othe period:
if we let the time when measurig the amplituce A, be t,,,
the time when measurig the amplituce A,, ., & m periods

after A, be t+mT, or t+m(2/w), we can then obtain the

ratio of the two measurd amplitudes as
AL lA L m=A(t))/A(t,+mT)=e™
or
8= (L/m)In(An/An s m)- (12

Equatiors (11) ard (12) are then expression defining the
logarithmic decremenfor a freely decayimg vibrationd sys-
tem.

C. Internal frictio n expressio n for a freely decaying
vibrationa | system

In terms of the origind definition of interna friction
Q =127 (AWIW), (13

where AW isthe mechanichenery dissipatéd in afull cycle
and W is the systems energy at the beginnirg of the cycle.
Equation (13) implies tha the internd friction equak the
ratio of the mechanichenery dissipaté per arc of the circle
to the totd energy of the system.

Sinee the totd energy of the systen is comprisa of
kinetic eneryy and potentid energy,

W=mx?/2+kx?/2,
from Eqg. (1), we have
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dW= — 7x2dt.

The enery dissipatée within a period fromt=0tot=T is

T T
AW:J |dW|:f 7 % dt. (14)
0 0

Here from Eq. (9), we have
x=dx/dt=—xq(1+ §/47?) V2~ (92m o, sin wt/cos i.

Furthe substitutirg the above resut for x into Eq. (14) and
then integratirg we have
AW=x3(1+ 6*/47%) w7/26(1— e?°). (15)

Since at the beginnirg of a circle, the energy of the system
is

W=kx3/2, (16)
substitution of Egs (15) and (16) into Eq. (13), yields
Q =(wnlk)(1+ 8%/4m?)1/25(1—e2?).

From Egs (4) ard (5), we obtan the relatin (w#/k)
(1+ 8%147%)(1/28) = 1/27. Therefore, we finally arrive at

Q l=1/2m(1—-¢€%). (17

Equatian (17) is now a preci® expressia for the linea in-
ternd friction in a freely decayirg vibrationd system.

From Egs (11), (12), and (17), we can also obtan two
alternative expressioa for Q 1, namely

Q t=1/2n[(AZ-AZ, DIAZ ]
and

(18

Q '=12a[ (A= ATIANT L. (19

Becaus at the two successig amplitudes A, and A, 1, the
totd energy of the system equas its potentid energy and is
proportioné to the squae of its amplitude Eq. (18) can be
construé as

Q1= (1/27)(AWIW),

(AW=W,-Wp.y, W=W,).

The abowe relation is totally compatibé with the original
definition of internd friction in Eq. (13) ard indicates the
accuray of Eq. (17).

Although Eq. (18) can also be obtainel directly from the
origind definition of internd friction [i.e., Eq. (13)] without
the solutian to the origind differentid equatia [Eq. (1)] and
has bean known for a long time, it cannd be employal to
calculae the internd friction easily becaus it is difficult to
measue accuratef the two successig amplitudesespecially
at highe frequency Also, throuch Eq. (19) as deduced
abowe only involves the two amplitudes separateé by m vi-
bration periods and can avoid the inconveniene of measur-
ing two successig amplitudes the parametes Aﬁ’m and
AZ™ in Eq. (19) are not readily calculatel without using
numerica methods Equatian (17) is a simple ard practical
formulato calculae the internd friction and it can be used as
long as we calculat the logarithmic decremenfirst via Eq.
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FIG. 1. Variation in relative erra A=(Q,*—Q 1) Q! with Q;*.

(12) ard then obtain the accurag internd friction value by
substitutig the logarithmic decremeninto Eq. (17).

IIl. COMPARISON BETWEEN ACCURATE AND
APPROXIMATE FORMULA

It can be sean from Eq. (17) that if ther is no internal
friction, A,=A,.;, =0, andQ 1=0. Conversely if the
internd friction is very large A,,,/A,=0, 6—x, Q1

o3t ¥ Fleosio 7

FIG. 2. Internd friction curves with increasilg temperatue for an amor-
phows PdS alloy, which was measurd by using a low frequeng torsion
pendulum.

friction curves with increasing temperatug for an amorphous
PdS alloy, as was measurd by using alow frequeng tor-
sion pendulum The solid line is the internd friction calcu-
lated using Eq. (17) which, overall isless than 1/(27). How-
ever, the dotted line represerg the internd friction evaluated
by using Eg. (20). At or nea the internd friction peak
(which is associatd with the glass transitio in the alloy), it
exceed the limit of 1/(27). This results are obviously con-

=1/(27). Hence, the measurable range of internal f”CtiO”'tradictony to the definition of Eq. (13).

theoretically shoutl neve exced 1/(2).

When the internd friction is very small i.e., § <1, Eq.
(17) can be expandedNeglectirg the secorl ard highe or-
der terms we can obtain

Qpl=6lm. (20)

Equatian (20) is the approximag equati currently used to
calculae the internd friction in the ca® of freely decaying
vibrationd measurement?.

Equation (20) can be derived from a linea motion
equation’® but only in the approxima¢ seng of small
dampind® and therefore it can only be utilized to calculate
smal linear internd frictions producel frequenty by low-
dimensiona defecs in crystals e.g, point defecs or dislo-
cations When calculatig a large internd friction, one
shoutl conside correctirg the highe orde terms when using
Eqg (20). Sinee no accura¢ equatiom was previousy avail-
able sud acorrection is nat straightforwardIn recen years,
Eqg (20) has often bee usal to calculae the nonlinea or
amplitude-dependeninternd friction, often without prior
verification of the amplituce dependeng of the internd fric-
tion unde study?® In this case the erra is conceptuhand
may invalidake the results Indeed it can be sea tha the
relative errar in using Eq. (20), A=(Q,*—Q 1/Q %, in-
creass almog exponentialy with Q;l as shown in Fig. 1.
When Q;1= 5x 10 3, the errar has already approaché 1%,
ard when Q, *=0.1, the errar is >50% Therefore Eq. (20)
is only suitabk for calculation of linear internd frictions
<5x10°3.

In sone recert wor the new formula in Eq. (17)
has been usal to reinterpré sone previousy reportel results
which hawe presentd false volume-phas transformation
dampirg mechanisra as derived from Eq. (20). One such
ca® is shown in Figs 2 and 3. Figure 2 gives the internal

k 11,12
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Figure 3gives the dependeng of Q,;;X (the pe internal
friction in Fig. 2) on v/f, wher v is the rate of temperature
rise and f the frequeng of the specima at the internd fric-
tion peak Similarly, the solid line is the curve of the internal
friction value at peak Q,.., obtaina by Eq (17) versus
v/f. This is a nonlinea relation ard implies an interface
mechanim in which the dampirg is proportioné to the in-
terfacid area of the materid unde transformatio in a period
At (e 1/f) of vibration with the correspondig range of tem-
peratue being AT(=vAtxuv/f). The dotted line corre-
spond to that of the pe value Q.. estimate from Eq.
(20), which assumeallinear dependeneand implies that the
internd friction is proportioné to the volume of the material
transforme in a periad of the vibration or in the correspond-
ing temperatue range AT(=vAT). Thus the two analysis
method will lead to two absolutey differert transformation
mechanismslt is obviows tha the linear relation between
Q2 (proces internd friction ped valug ard v/f ard its
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FIG. 3. Relatim of value Q1 of internd friction pe& in Fig. 2 with
vlf.
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implied volume mechanim are false the true relation be-
tween Q.1 ard v/f is nonlinear implying an interface
mechanism This nonlinea relation will be expecté to re-
ved the fractd nucleatiom and growth of a crystalline phase
in the amorphos matrix, which will be detailedl in a future
publication!?

Anothe exampe of a nonlinea relationshp is obtained
from an earlig study'? on the martensi¢ transformatia in a
MnCu alloy. In this case the relatiors betwea Q.. and
v/f, v, and Uf, measurd by a forced-vibratiom pendulum,
are all nonlinear This nonlinea relation can be confirmed by
othe experimenthevidence$"'?and can be explaine using
a twin interface dampirg mechanismin the seng tha the
increag rate of the transformig pha® interfae area is
slowe than the rate of increag of the transforme volume
for the growth of marstensitt phase Even sq, the volume of
the transformé martensitt pha® is always proportion to
the temperatue chang AT(=vAt) in a vibration period
At. Also, the resut measurd by a forced-vibratio pendu-
lum shoul be experimental} corred since in this case the
internd friction is calculatirg using the equatim Q1!
=tan (J) wher J is the pha® angk by which the strain of
specima lags the applied stressard hene is not subjed¢ to
the errar cause by using Eq. (20).

As a consequereof the above mary repors in the lit-
erature concernilg relatiors of Q.1 versis v, Uf, or v/f
calculatel from Eq. (20) shoul be carefully checke with
Eq. (17) or again$ a forced-vibratim method as the® rela-
tions can be usdl to critically judge the mechanism of the
transformatio proces giving rise to the measurd internal
friction peak Indeed sud a nonlinea relation of internal
friction can often occu in pha® transitiors in mary noncrys-
talline alloys ard mary crystalline alloys such as MnCu,
NiTi, and CuzZnAl.
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APPENDIX
From Eqgs (4) ard (5), we can obtain

kim= w?(1+ 8%/4?).

Let the resonahfrequeng of the system without any damp-
ing be wy=(k/m)Y2. Thus,

wg/wZZ 1+ 8%/4xm2.

This latter relation predics that g, the resonah frequency
without dampirg (6=0), is always larger than thab with
dampirg (6+0). Furthermore,o will decrease whers in-
creasesThis predictian is compatibé with experimenthre-
sults of damping™®

In contrast the approximag linear motion equatia pre-
sentel by Nowick ard Berry*? gives

wg/w2= 1— 8%472,

which predics tha the resonahfrequeng without damping
(6=0) is always lower than that with dampirig+0): hence
o will increag when dampirg or §increases. This prediction
is contraction with experimentadampirg results Therefore,
the approximag formula is unabk to descrite correcty the
experimentbbehavio of the resonahfrequeny in material
damping.
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