Applied Mathematics and Mechanics Published by SU,
(English Edition, Vol. 20, No. 9, Sep 1999) Shanghai, China

Article ID: 0253-4827(1999)09-1010-04

ABOUT A CONDITION FOR BLOW UP OF SOLUTIONS OF
CAUCHY PROBLEM FOR A WAVE EQUATION *

Cao Zhenchao (&4 #)!, Wang Bixiang (F&#)2
(1.Department of Mathematics, Xiamen University,
Xiamen 361005, P R China;

2. Department of Applied Mathematics, Tsinghua University,
Beijing 100084, P R China)

(Communicated by Xu Zhengfan)

92
Abstract: For the nonlinear wave equation in R” x R* (N = 2): —-—%txz’—‘) -

d d .
5;( a;(x) 'a—x'u) = ulP'¢u, in 1980 Kato proved the solution of Cauchy prob-
i ]

lem may blow up in finite time if | < p < % . In the present work his result al-

N t :; is improved by using different estimates .
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lowing 1 < p <

Consider the Cauchy problem for the wave equation in RY x R* (N = 2):

9% , d J -
u;txz t)—a_x;(aij(x)azu)=lul”l°u ((z,2) € R x (0, 7)),

u(z,0) = g(x) (x €R"Y),
u,(2,0) = h(x) (x €RY),

where u(x,¢) is nontrivial solution with finite speed of propagation and is supported on a forward
cone {(x,¢) -t =0, 1 xl<t+d}.In1980 Kato!!! proved the solution may blow up if 1 <

(1)

p < N+l by using estimate forj u(x,t)dx under hypotheses ('(if ”("")dx) >0 or
N -1 rY . d¢ RrY 120
UR” u(x, t)dx) 0. In this paper, we will improve his result allowing K, < NN—L:;‘ , by using
t=0 -

different estimates forj . u(x,t)dx.
R
Theorem Assume that

N +3
N-1

(H2) a;(x) € C*(R") and are elliptic,

(H1) 1 < p <
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(H3) g(x),h(x) € C5(RY),supp{g(x),h(x)}c {I x 1< d},

(H4) J ,g(x)h(x)dx = Oand g(x) % 0, which imply
R

(%jn” u*(x, t)dx)

(H5) I & ;%JRN | g(x) 1P+dx _Jn"aij(x) D;g(x)D;g(x)dx -J;N | h(x) 1%dx = 0.

> 0,
t=0

> 0 and (JRN uz(x,t)dx)

t=0

Then T < « , i.e. u(x, t) may blow up in finite time.
Proof The (H2) ~ (H4) implies the existence of a unique classical solution to problem

(1). We will estimate
w(t) A J ux,t)dx
R

by using method similar to Ref. [2]. First, multiplying Eq. (1) by u(x, t) and integrating

over R, we have

1 "(t) = B2 IJ | w1 dx + 2 ‘(Nlul”“dx+
2 p+ LR" p+ g

f oo 12da _f ;D uD;udx. (2)
R R

Next, multiplying Eq. (1) by u, and integrating over RY¥ x [0,t], we have

( Notice a;DuDu, = —;-( a;D;uD;u ),)

+il J J
My = —— prigy _ . D.uD; . D. gD,
JRNlu,Idx_p_'_1 R,,,lul dx RNa,,D,uDju,dx+ R~aUDLnggdx+

2 2 J p+1
anh (%) dx—P—~+1 RNIg(x) [?*dx,

: 2 - 2 f p+l J
i.e., JRNIu,Ida\:_.P+1 RNlul dx - RﬂaijD,-uDjudx-l. (3)

Egs. (2) and (3) yield

%w"(t) = ;%L* bu 1P*dx + JR” | u, 1%dx +LN | u, 1%dx + I.

By (H5) we obtain
i " uj p+1
2w(t);P+1RNIuI dx. (4)

Thus »"(t) > Oand w' (¢) is monotone nondecreasing. Therefore w' (t) = w’ (0) = 0by (H4)
and w(t) is also monotone nondecreasing.
Thus by (H4), we have

w(t) = w(0) > 0. (5)
Now, by finite speed of propagation and by (H3), we have
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w(t):j”lulzdx=j bul%dx <
R izlgt+d

2 p=l
{J | u |P+‘dx}”*‘ - {f 1 dx}‘”',
lzlgt+d Izigit+d

or

pxl
w(t) 2 < (¢t + d)Ne-172., Jn" | w 1P*dx.

Combining this with Eq. (4), we obtain
+1
W (t) 2 ep(s 4+ d) NV u(0)T,

or
W () 2 o B )TN () (6)

Thus w”(¢) > 0by (5). Therefore there exists a positive constant v such that w” (¢) > v. This
yields

w(t) = —;-utz + w’l(O) « ¢+ w(0),

or
w(t) = p(t + d), (1)
where 4 is a positive constant.
Again by Eq. (6) we have

2w'[w" - ¢ I;LE—%(z + d)'N(""l)/2 . wL;-l] +
4 - -N(p- +
¢ N(p 1).(t+d)N2]_l.wL_2_§>0’
p+1 2
i. e.
4 +3

—d-{<w'<z))2 - =2 (1 + @) M- wm%—} > 0. (8)
de p+1

Because w’ (o) > O for arbitrary fixed to ¢, > O we can take a sufficiently small ¢, > 0 in Eq.
(6) such that

w 4 +3
. [w (29)]? - > iol(to + d)-Ne-n2, (to)P_Z— 5 0.
Thus Eq. (8) yields
4 +3
[w’(t)]z__ :_01(5 + d)-N(p-])/z' . (t)EZ_ >0 (fort to),

or

23
w (t) = es(t + d) N4 ()4 =

- ).L3 ) +
¢5(t + d)-Mp-Ds8 w(t)pTl“'o) cw(e) 6 1’ 9)
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where 8 € (0,1) is sufficiently small constant such that0 < [N - (1 - 8)] - %1 < 1.
4

N -1

(NoticeO <p-1c¢< by (H1)). Thus Egs. (1) and (9) yield

: =N(p-1) -1 p=1
w'(t) > Cs(t + d) i +;‘—(1—0) . w(t) 3 0+1‘

Denote a = N(p4_ D _ep ; l,(l -9),8= L;—lﬁ +1,then0 < @ < 1and 8 > 1. Therefore
w(t) = es(e +d)* - w(e)h.
This differential inequality implies that for some time to Ty < + % :

w(e) = [ uie,0dx =+ @ (when:—T5).
R

Thus, the solution u(x, ¢t) of Eq. (1) may blow up in finite time.
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