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Abstract In this paper, the authors study the mapping properties of singular integrals
on product domains with kernels in L(log™L)¢(S™ ! x S 1) (¢ = 1 or 2) supported by
hyper-surfaces. The L? bounds for such singular integral operators as well as the related
Marcinkiewicz integral operators are established, provided that the lower dimensional max-
imal function is bounded on L?(R?) for all ¢ > 1. The condition on the integral kernels is
known to be optimal.
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1 Introduction

Let RY (N =m or n), N > 2, be the N-dimensional Euclidean space and S¥~1 the unit
sphere in RY. For nonzero points 2 € R™ and y € R", we denote 2’ = z/|z| and y' = y/|y|.
For m > 2 and n > 2, let Q(2/,y') € L}(S™~! x S"~1) be a homogeneous function of degree
zero satisfying

/ Q' ,y')da' = / Qa',y")dy' = 0. (1.1)
gm—1 gn—1
Let h(-,-) be an appropriate real-valued measurable function defined on RT x R*. For a

suitable continuous function ~(-,-) on RT x R*, let T be the hyper-surface given by I' =
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{(z,y,v(z], |ly]); * € R™,y € R"}. For (x,y,2) € R™ x R" x R = R™™" 1 we define the
multiple singular integral operator T} , in R™*"*1 along I' by

h Q !/ /
T =p. [ HELIDEED) po oy o= (il dan. 12

initially for C§° function f(z,y,z) on R™T 1 If y(s,t) = 0, we shall let T}, = Tp p.

In the one parameter case, the L? (1 < p < o) boundedness of such kind of operators
T, » was studied quite extensively. For the relevant results one may consult [14, 4-7, 16, 18],
among others. We refer the reader to see Stein-Wainger’s report [21] for more background
information. In the multiple parameters cases, the study of the LP boundedness of T}, under
various conditions on € and h was begun in [12, 13] and continued by many authors (see [1, 3,
5,9, 10, 19, 26]). In particular, it was shown in [3] (resp., [1]) that T} is bounded on L? for
|1/p —1/2| < min{1/2,1/v'} (resp., 1 < p < o0) provided that Q € L(log™L)?(S™~! x §™~1),
he A, forv>1 (resp., Q € LlogTL(S™ ' x S 1), h € L?>(RT x R, st~ !dsdt)). Here we
denote h € A, v > 1, if

R, R 1/v
|hlla, == sup (R;lel/ / h(s,t)|”dsdt> < 00,
0 0 0

Ri,R2>

and we let L2(RT xRT, s71¢~!dsdt) to be the space of all measurable functions h : RT xRt —

R satisfying

0o oo 1/2
HhHL"’(]R-F><R+,s—1t—1dsdt) = (/ / h(s,t)|281t1dsdt> < 0.
o Jo

In the same paper [3] or [1], the authors also showed that the condition Q € L(log™ L)¢(S™~! x
S"~1) for € = 2 or 1 is nearly optimal in the sense that the exponent ¢ in L(log™ L)€ can not
be replaced by any smaller number.

In this paper, we will focus our attention on the general operator 7’ ;,. Clearly, the operator
T, » is a natural extension of the multiple Hilbert transform along surfaces defined by

dsdt

H,(f)(z1,22,2) :p.v./R Rf(81 —s,x9 —t,z — y(s,t)) pra

It is well-known that H, is bounded on LP(R?) under various conditions on v (see [9, 17, 23,
24] and references therein). Our main purpose in this paper is to generalize the results of H,
to the operator T’, ;. Precisely, we will establish the LP-boundedness of T’ ;, under the optimal
size condition Q € L(log™L)¢(S™~! x S"~1!) (e = 1 or 2) and under certain conditions on v and

h. Before stating our main results, we need to introduce the following maximal function

Ri R
M,(g)(t,7,2) = sup RIIRQI / 1 / : lg(t —u, 7 — v,z — y(u,v))|dudv, (1.3)
R1>0,R2>0 o Jo
where ¢, 7,2z € R.
Now we can formulate our main results as follows.
Theorem 1 Suppose that Q € L(log™L)?(S™~! x S*~1) is a homogeneous function of
degree zero satisfying (1.1), and h € A, for some v > 1. Then
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(1) Ny n(Hllpz@nsn+ry < CllfllL2@menty;
(i) Ty n(Hller@mentty < CllfllLe@mntry for [1/p —1/2| < min{1/2,1/v'}, provided
that for any ¢ € (1, 00),
1L, (@)l ey < Cllgllzogeey. (1.4

Remark 1.1 By the same arguments as in the proof of Theorem 1.2 (b) in [3], we remark
that the condition Q € L(log™L)?(S™~! x S"~!) is optimal, that is, there exists an 2 that lies
in L(logTL)?2=%(S™=1 x §"~1) for all § > 0 and satisfies (1.1) such that 7% 5, is not bounded
on LP(R™*"+1) for any p € (1,00). In addition, the condition on A in Theorem 1 is very mild,
since by Holder’s inequality it is easy to see that L°(RT x RT) C A,, C A,, if v; > e > 1.

Remark 1.2 It is clear that the maximal function in (1.3) is a natural extension of the

following maximal function

R

My(g)(e,7) =sup R~ [ |g(e—u, 7 = ¢(u))|du,
R>0 0

which plays an important role in harmonic analysis and was extensively studied by many authors
(see [20]). And the surface ~y satisfying (1.4) is easily available. A simple example is v(s,t) =
st with @ > 0 and 3 > 0 (see Corollary 3 in [9]). It will be more interesting to investigate
curvature conditions on 7y to assert the LP boundedness of M., similar to those for M.

On the other hand, if h € L?(RT x R, s~ ¢t~ 1dsdt) then we have the following result.

Theorem 2 Suppose that Q € Llog™ L(S™~! x S"~1) and satisfies (1.1). Suppose also
that h € L2(RT x RT, s~ 1t~ 1dsdt). Then

@) N7y (Hllz@msntry < ClfllL2@m+nty;

(i) Ny n(H)llze@meniry < Cllfllpp@m+ntty for any p € (1,00), provided that the lower
dimensional maximal operator M., satisfies (1.4) for all ¢ > 1.

In order to prove Theorem 2, let Sq - be the operator defined by

SQv’Y(f)(xJ/’ Z)

. </ / ‘// Qu',v") f(x — su',y — tv', 2 — (s, t))du/dv’
0 0 Sm—1xSgn—1

Obviously, if h € L?2(RT x RT, s71¢~dsdt), then

1/2
2 gsar\ "
st ’

|T%h(f)(l', Y, Z)‘ < ||h||Lz(]RJr XR+,s*ltfldsdt)SQ,’y(f)('ra Y, Z)

Therefore, Theorem 2 can be deduced immediately from the next theorem.

Theorem 3 Let v, be as in Theorem 2. Then

(0 [1San(Dllzz@nenin < ClFlpagnn;

(i)  [1Saqy(F)llLr@mintry < Cllfllr@ment1y, 2 < p < oo, provided that the maximal
operator M, satisfies (1.4).

Remark 1.3 If v = 0, then Theorems D and B in [1] immediately follow from Theorems
2 and 3. It should also be pointed out by the same arguments as in [1] that the condition
Q € LlogtL(S™ ! x S"~!) in Theorems 2 and 3 is optimal.

As a simple application of Theorems 1 and 2, we can obtain immediately the following
result (also see [1, 3]).
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Theorem 4 Let Q, h,p be as in Theorem 1 or Theorem 2. Then the multiple singular
integral operator T}, defined by

T(f) () = pv. [ Alll: WD) ¢y )dude

Rmxrn |T —u|™|y —v|"

is bounded on LP(R™ x R™).

Indeed, let v(u,v) = 0. Then M, satisfies (1.4) in Theorem 1. For any function f €
S(R™ x R™), let g be a function on S(R) such that ||g||, # 0. By the definition and Theorems
1 and 2, it is easy to see that

g1l Lo @) | Th (F)l| Lo g xrry = [ Thy (f @ @)l Lo xrr xr) < Cllf | o @em xre) 191 Lo (R)

where (f ® g)(z,y,2) = f(x,y)g(z). This implies Theorem 4.
In addition, we also consider the related Marcinkiewicz integral operators ., along

defined by
1/2
fiyn () (@, 2 (//|Fst (x,y,2)[727%°27 %dsdt) :

ul, [v))Qu’, v’
o9,z // Plul DR, o s — Al o]))dudo.
Ju|<2s, v <2t

where

‘u|m 1|,U|n 1

For h = 1, Ding, Fan and Pan [8] established the LP(R™*"*1) boundedness of p, 1 under
the condition: 2 belonging to certain block spaces, 1 < p < oo. Recently, the last author
[27] gave an improvement of the result in [8] (also see [28] for another related result). On the
other hand, from Al-Salman, Al-Qassem, Cheng and Pan’s work [2] and Wang, Chen and Fan’s
work [25], we know that for v = 0 and h € A, po is bounded on LP(R™"F1) | provided
Q€ LlogTL(S™ ! x §"71), 1 < p < co. Here, we will establish the following result.

Theorem 5 Suppose that Q € Llog"L(S™~! x S"~1) and satisfies (1.1), h € A, for
some v > 1. Then

@) ey n(HDllL2@mensry < Cllf || L2@m+n+1y;

(ii) H,u%h(f)HLp(RernJrl) < CHfHLp(RernJrl) for |1/p — 1/2| < min(1/2,1/v"), provided
that for any ¢ > 1, the lower maximal operator M., satisfies (1.4).

The remainder of the paper is organized as follows. In Section 2 we shall introduce some
notations and establish some estimates which will play key roles in our proofs. After proving
Theorem 1 in Section 3 we shall give the proofs of Theorems 2 and 3 in Section 4. Finally, we
shall prove Theorem 5 in Section 5. We would like to remark that we are very much motivated
by the works [1, 3, 8, 9].

Throughout this paper, C always denotes a positive constant independent of the essential

variables, but whose value may vary at each occurrence.

2 Some Notations and Lemmas

Let e =1 or 2. Assume that Q € L(log™L)¢(S™~! x S"~1) and satisfies (1.1). Following
the notation in [2], for [ € N, let

Ep={(,y) e S x5t 2l <0, y)| < 211
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Also, let Eg := {(2',y') € S™ 1 x S 1. |Q(z',9')| < 2}. Set D :={l € N: |E| >2"%} and
forl>1

Ql(l'/vy,)Z:Q(xlvy/)XEz(x/vy) Sm 1HSn 1| /A L S L 7y/)XEz(x,7y/)dl'/dy/
m—1y Gn—

1

/ / / / /
—W I Q2 y)xe (2, y)dy',

O -
(@', y")xm (2, y")da’ ‘Sn,” .

and Qo(2',y") = Q',y') — > (2, ), where |E|, |[S™!| and [S"~!| denote the Lebesgue
€D

measures of E;, S™~1 and S"~!, respectively. It is easy to verify that

/ (2, y)da" = / (', y)dy' =0, 1>0, (2.1)

Smfl Snfl
[llpr(sm-1x5n-1) < 2[1QxE |1 (sm-1x5n-1) = 24, 1€ D, (2.2)
190l Lr(sm-1x857-1) < ClQ0[2(sm-1x50-1) < C < 00, (2.3)
Z Ql(xlvy/)v (24)

le DU{0}
> U+ 1) A < ClQ L ogt Ly (st x 5715 (2.5)
le DU{0}

where A; := HQXEzHLl(S7"*1><S"*1) for l € D and Ag = 1.
For j,k € Z,1 € DU {0}, we write

Bé‘,k = {(z,y) € R™ x R" : 27 (1+1) < |lz| < U U+D) gk(+1) < ly| < 2(k+1)(l+1)}.

For each Q;, h € A, with v > 1, we define the measure 05-7 . by letting its Fourier transform to
be

;\(f n,C) = / h(lul, [v])u(u',v") o~ Hwgtvntr(ul oD gudo. (2.6)
&= | T e
It is easy to see that
Q(u, 0
thus S = [ Il oD = = o =l o)dude, (2)
ik

Similarly, we define the measure |0 | by setting

— 0
"’é,k‘(&n,é):/y ol JoDII, V) it omir o6 g, (2.8)

|uf™ o]

Then

h(|u|, [oD ]| (u/, 0’
‘Jé’k’*f(x,y,z):/l [l |u:2”||v|75 ”f(x—u,y—v,z—’y(\u|,|v|))dudv.
ik

By (2.4), we have

Tyn(f)(z,y, 2 Z Z Z (T]k * f(z,y,2): Z (z,9,2). (2.9)

leDU{0} j=—o0 k=—o00 le DU{0}
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Also, we define the maximal function o} by
af (f)(@,y,2) = sup ||} | * f(z,y,2)]-
JkeZ

Then we have the following lemma.
Lemma 2.1 Let h € A, for v > 1. If ¢ > v/ and M, is bounded on L4V (R3), then for
1 e DU{0},
loF ()l La@meniry < CU+1)2A fll Logmntr).

Proof For the sake of simplicity, let
Igl',k = {(s,t) e Rt x RT : 21+ < g < 9UHDUHD) ok(+1) < ¢ 2(k+1)(l+1)}.

By the definition, using the spherical coordinate and Hoélder’s inequality, we have

of (f)(z,y,2) < sup {// h(s, 1) |// 1w, 0")|
J,kEZ It gm—1yx gn—1

,dsdt
X|f(x —su',y —tv', 2z — (s, t))|du'dv’ st }
1/v

< sup {( [ o=y (] // )
J,k€Z I I, gm—1y gn—1
dsdt

st
< CU+ 1P/ B, Ul s (// /] )]

It Sm—1y gn—1

dsdt\ "
st

X |flx—su',y—tv', 2 —y(s,t))|du'dv’

X |f(x—su’,y—tv’,z—’y(s,t))r’ du'do’

1/v
< O+ 1)) ( /I mu’,v’>|Mu/,v/,7<g><x,y,z)du’dv’) ,
Sm—1y gn—1

where g = |f|*', and

My v ~(9)(2,y, 2 sup
ww(9)(@:9,2) = Ry>0,Ry>0 RlRZ

2R: 2R,
/ / g(x —su',y —tv', 2 — y(s,t))dsdt.

Thus for any ¢ > v/, ||0'7(f)||2/q (Rm-+n+1) is dominated by

(carvRIo™)” [ M0 g sy
7n7><nf

Note that [|gl a/vr gm+n+1)y = ||f||z/q(Rm+n+1) and ||Q]|1 < 24;. To prove Lemma 2.1, it remains
to prove that M, . ~ is bounded on L/ (R™+7+1) with bound independent of u/ and v'. Let
1=(1,0,---,0) € ™1 1 =(1,0,---,0) € S"L. For each fixed (u/,v’), choose a rotation

1

p = p1 @ py such that piu/ = 1 and pov’ = 1. Let p~' = p! @ py ! be the inverse of p. We

define the function g, by g,(x,y,2) = f(p1z, p2y, 2). So

g(z —su',y — ',z — y(s,t)) = g1 (pr1a — 51, pay — t1,2 — (s, 1)).
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This together with the L9/ V' (R3)-boundedness of M., and change of variables, shows that

||Mu/7v/7ry(g)||Lq/1/’(]R7n+n+1) < CHg||Lq/u’(Rm+n+1)’

where C' is independent of (v/,v’). Lemma 2.1 is proved.
Lemma 2.2 Let h € A, for some v € (1,2]. If M, is bounded on L(R?) for all ¢ > 1,
then for arbitrary functions {g; x}jxez on R™T 1 [ € DU{0}, there exists a positive constant

C independent of [, j, k such that
J,kEL
holds for any p satisfying |1/p — 1/2| < 1/v'.

L\ /2
(X Wheanl’) | <ca+ira
By Lemma 2.1 and the similar arguments to the proof of Theorem 7.5 in [11], we easily

k€L p p

establish the above lemma. Here the details are omitted.

Lemma 2.3 Let Q= Y. beasin (24), h € A, for 1 < v < 2. Then for each
le DU{0}
l € DU{0}, and j, k € Z, we have

i) \ojk(f n,¢)] < C(I41)%A;;

i) [l 756 Ol < CU+1) )24, 210D I gkt M,
i) |0, 7 (&M QI < O+ 1)2 A [270H) )[4 0D k(i ~H/A (D),

iv) \‘7 k(f n,¢)] < C(I+1)24; [29¢+D 5‘71/41,'(1“) |2%( l+1)77|1/4l"(l+1)7
(v) |U K& QI <Cl+1) 2Al’2J<l+1)£’*1/4V (+1) |2k(l+1) ’71/@ (1+1)
Proof By the definition, Holder’s inequality and (2.2), the proof of (i) is trivial. In what

o o o ™

follows, we shall prove (ii)—(v). Set

Hj st (651) = // (o) 112 s e 2 gy g (2.10)
Sm 1><Sn 1

Then by the spherical coordinate and Hélder’s inequality, we have

2l+1 2l+1

Wﬂ@m&ﬂéz / (@5, 28D [ (6 )]s s

olt1 2z+1 1/v
< / / J(2IHD) g k(1) dsdt
- 1 st

o1 gl+1 1/
+ dsdt
</ H sl )

ol+1 ol+1

SQHJWWWm<1 L (€m)

s dsdt)
i ) (2.11)

st

Now, we estimate H! (&,m). By (2.1) and (2.2), it is easy to see that

7,k;s,t

|H g 1(€m)] < C A28 s¢] |26 D). (2.12)
Hence,
1/v
ol (60, Q) < CU+1)2/7 A, ‘2] (1+1) g‘ ’2’“”*%’ (/ / 1dsdt>

< O(1+1)2 441 ‘23 (1) 5‘ ‘2’“(”1)77‘ . (2.13)

PA
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Interpolating between (i) and (2.13), we get

1/(1+1) ‘ 1/(1+1)

o ]k(gvn O <Cl+1)32A ‘21 l'“)g‘ ok(l+1) ‘

(ii) is proved.
On the other hand, by the fact |H ] koot (&M < ]l < C|€2]2, and the Holder inequality,
it is easy to see that for 1 < v < 2,

ol+1 2z+1 1/
- , dsdt
aenal< ([ [ m@espengpet)
/2l+1 /2l+1 £ )|1// det 1/
J,k;s,t n st

ol+1 gl+1

ey dsdt\ M
<ol ([0 [ e ) L @)

Now

LA // e, YU’ 2]
gm— 1 X Sn— 1 2
—i[27 D g(0 —w’)-£+25 D¢y —2")m ]du/dv’dw/dzl, (215)

and by van der Corput’s lemma (see [20]) or integration by parts,

ol+1 ol+1 ‘
11270 s ) 2P D 10 —21)-) dsdt
1 1 st

<C ‘2j(l+1)(u/ — W) _5’_1 ‘2k(l+1)(v/ _ 2 '77’_1

b

which together with the trivial estimate

ol+1 ol+1
/ il s(u —w')-g42H D (v —2) ) dsft <O(1+1)?
1 1 $
implies that for any 6 € (0,1),
21+1 2l+1
/ e_i[2f(l+1)s(u’—w/)-£+2’“(l+1)t(v/—z/)-n] dsdt
1 1 st

, -0
< C(1+1)20-9 ’23(l+1)(u’ —w') -g\ ]2k<l+1>(v/ — )y (2.16)

Thus, taking 8 = 1/4, we get

ol+1 2z+1

dsdt
l 2
[ [ ihenrs

1/4 ~1/4
< CO(141)%/2 ‘23 (+1) ‘ ‘2’“(”1)77’ // 1 1 Qv (w', 2")
Sm—1lxSn

><|(u'—w')- /|—1/4‘( / /) ’|_1/4du'dv'dw’dz'

<C+1) 3/2 ‘23 (1+1) ‘ ‘Qk(lJrl)n‘ ”Qng
« // ‘(’LL/ _ w/) .€/|71/2‘(,U/ _ Z’) -n/‘fl/zdu’d’vldw’dz/
(Sm—1xgn—1)

C(l+13/2‘23”1‘ ‘2’“(”1)77‘ Sz (2.17)
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Consequently,

—

j —1/40'
ol (&, O < CU+1)2)|ull ‘2J(l+1)€‘

_1/4y/ ‘2k(l+l)

d
Note that ||Qlo < C = CAg, and for | € D, A; > C2!|E;| > €273, we have
1]z < C2FY Ey|Y? < 0220+ 4,

So,
1/4v —1/4
0160 Q) < O+ 124,220 [0 T gkt

Employing the interpolation theorem, it follows from (i) and (2.18) that

—1/4(1+1)v' —1/4(1+1)v'

|0§,k(§7777<)\ < C(l+1)%4 ‘2j(l+1)£’

2k(l+1)n’

This proves (v).
It remains to prove (iii) and (iv). Notice that

—~ [ _ji(+1) I,
|H]kst 57 //S gy Z(U/,U/)Ql(w/,z’) [e 27 s(u w)f_l
m—1y gn—

e~ 12 T =) gy Qo duy! dz’,
and
‘HJZ s t(& 77)‘2 _ // Ql(u/, U’)Ql(w', Z/)e*i2f(z+1>s(u',w/),€
R (Sm—1x §n—1)2
X [e_mk(lﬂ)t(”/_z/)'" = 1} du/dv'dw'dz’.

Similarly to (2.16), it is easy to verify that for any 6 € (0, 1),

ol+1 ol+1

/ {e,m(wl)s(u/,w/),g B 1} o2 ) dsdt
1 1

< Ol 4 1)2(1-0)90+1)0 ’2j(l+l)(ul — W) .5‘9 ‘Qk(z“)(vz _ ) '77’ 7

and

21+1 2l+1

127(l+1>s(u/—w’)-§ |:e—i2k(l+1>t(v/—z’)-n _ 1:| dsdt
st

<o+ 1)2(1—0)2(z+1)9 ‘2]'(1+1)(u/ — ) .5‘—0 ‘2"’(“1)(@’ — . 77‘9

Therefore, by the same arguments as those used in proving (2.18), we obtain

I ’ ; 1/40' —1/40'

A€ Q) < €L+ 1A [tV g
and o »

\U HEm O < O +1)2 A 20D/ ’2k(z+1)n‘ .

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

Invoking interpolation theorem again, (iii)—(iv) follow from (i) and (2.21)—(2.22). This completes

the proof of Lemma 2.3.
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3 Proof of Theorem 1

Take two radial Schwartz functions ¢ € S(R™) and ¢ € S(R™) such that

(@) 0<o, ¥ <1

(b) supp(¢) € {z € R™; 1/2 < |z| <2} and supp(y) € {y € R™; 1/2 < |y| < 2};

() > (¢(2dx))2 =1forall z € R™\ {0} and (w(Qdy))2 =1 for all y € R™\ {0}.
dez

dez
For any I € N, set

0 1/2 1/2
O () = ( > ¢<2%>2) ) ( > w2y ) ,
d=—1 d=—1

and let ¢ (€) = ¢><”<2f -+ 5) ) = (25 Dn). Then

(a’)  both ¢ and 1" are radial Schwartz functions, and 0 < ¢, (® < 1;

(b) supp(e™) C {€ € R™: 1/2 < [¢] < 271}, supp(vV) C {n e R™: 1/2 <qp < 2H1;

() LoPEr= % ¥ o@ithg = ¥ g =1

JEZ

jEz d—fl JET

S P = ¥ Y (@M = S kg2 = 1.

kEZ k€Z d=—1 kEZ

Define the multiplier operator S ](l,)c in R+ by

)

SONEN.Q) = ¢ v () F(€.n. 0). (3.1)
Then, in the sense of L?(R™ x R™ x R)
SN SOOI @,y 2) = fl@y,2). (3.2)
JEZL kETL

And by the Littlewood-Paley theory (also see [15]) we have

(l 1z
H > | \) H < CIflly (3.3)
7,kEZ P
and
1/2 1/2
H(Z |s§f,1<fj,k>|2) <c (Z : ) L l<p<oe (34)
3, k€L p J,kEZ »

with C independent of [.

Thus, we can write

l
T'y, ( Jf Y,z Z ij *f €, Y,z Z Z J+]/ k+k’ ( jk’ *SJ+]/ k+k’f) ('rayVZ)

J.kEL J,kEZ §' K €T
Z T;’,k/f(l‘7y’z)' (35)
J' k' €L
Note that for v > 2, A, C Ay, we may assume that 1 < v < 2and |1/p—1/2| < 1/v'. Applying
Plancherel’s theorem, we know that

17513 = [
]Rm+n+1

2
dzdydz

l l
> S ( #5505 k+k'f) (.9, 2)

7,kE€Z




2
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- l l Iy
3 0 (€ Ol (2 ()2 F (&, C)| dédnd¢

/]Rm+n+1 jkez

<cX [ ifen ol aen.ol e

j,.k€Z ka/ K/

where
Bl oy g = {(€m) € R xR 270HID1 < Jg] < =07 =000,
9= (k+K)(I+1)=1 < In| < 2—(k+k’—1)(l+1)} < R. (3.6)
so, by invoking Lemma it is easy to see that for (&, n, /o and some 0 €
Also, b king L 2.3, hat for (&,n,() € k] k d 0 (0,1),
— ) 1/(141) 1/(1+1)
01 1 (61.Q)] < CU+1)* Aymin {17 [t T gkt T
/(+1) , —60/(1+1) 0/(1+1)
’2](z+1)£’ ’2 J(1+1) ‘ ’ ‘2g(1+1)£’ ‘Qk(l+1)n’ ’
. +1) 0/(1+1)
’2](z+1)§‘ ’2k(l+1)n‘ }

< C(L+ 1) Agmin {1,277/ 7K, 270740 9" =0k 2004k}

So,
IZwnl<e Y [ IFenoras i
7,kEZ E]k]’ K’
xmin{l 93—k 9=05'+0K' 90i'~0K o0(j +k>} dedndc
-7 !’ -/ ’ -/ -/ ’ 2
< O+ 1)* AP min {1,2777K, 9705 40K 900k 0GHOLT ) p2 - (3.7)
Consequently,
Ty nfll, < Z 175w 1,
J' K
<ci+1°4 Y mm{l 9= =K 905" +0K 965'~0k 90(j *’“)}||f||2
j' k€L

<c(+ 1)2Al|f|2{ Z 9—i'—k' I Z 9—03'+0K’

j’,k'>0 3'>0,k'<0
Py e 3 )
j'<0,k">0 j' <0,k <0
< C+ 1A flla- (3.8)

Therefore, by (2.9) and (2.5) we get

ITn(Allz < Y A2 <O Y0 T+ 1A fl2

1e DU{0} 1e DU{0}

< ClQl Laogt Ly(sm—1 xsn-1) || fl2-
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This proves (i).
On the other hand, by (3.3) and Lemma 2.2, we have

1T} (DI, < CA+ 1Al fllps 11/p—1/2[ <1V (3.9)
This together with (3.7) and the interpolation theorem implies that
T} 1 ()], < C+1)% Ay min{2 =00 +K) 900"k 900G"=KD) 900G KDY £, (3.10)
with § € (0,1] and |1/p—1/2| < 1/v'. Thus

150Dl < D 1T (Dl < CA+D2Alflp, 1/ —1/21 <10/,

3’k EL

which together with (2.9) and (2.5) completes the proof of (ii). Theorem 1 is proved.

4 Proofs of Theorems 2 and 3

Assume that Q € Llog™L(S™ ! x S"!) and satisfies (1.1). Decompose Q(u’,v") =

> u(u,v') as in (2.4), where D, Q; are as before. € satisfies (2.1)—(2.3) and (2.5) holds
1eDU{0}
for e = 1. In what follows, we prove Theorems 2 and 3, respectively.

Proof of Theorem 3 For each I € DU {0}, let

Sﬂh’y(f (z,y,2)

(/ / ’//Sms (', o) f (2 = su'y — 1, 2 = (s, 1)) du'dv’

1/2
2 gsdt ) !
st '
By (2.4) and Minkowski’s inequality, we have

Sanr(N@y,2) < Y Say(Hw,y,2). (4.1)

leDu{O}

For each | € DU {0}, j,k € Z, let S](l,)€ be as in (3.1). Then by (3.2) and the Minkowski

inequality
sosDena s S (X[ ]
7,ke€Z 1

2l+1 21+1

. g® 0}
//s s O VS e S i
oty gn=

j' k€L
*dsdt\
X f(x— 220y’ gy — 2P D 2 — (270D 5 2R+ 1)) do' do’ —)
b b b St
= Z Il;jlvk/ (f)(ﬂ?, Y, Z)7
j' k€L
from which and (4.1), we know that
I1Saq(Pllze@meney < D0 > g ae ()l o@msnsny. (4.2)

leDU{0} ' k' €Z

Now we estimate ||I, y (f)||Lr(rm+n+1y in the following cases:
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Case 1 For p =2, we claim that there exists § > 0 such that for [ € D U {0},
[ ijr e ()| 2 (omsntny < C270W HE DG A || £l pogm sy, (4.3)

where C' is independent of [ and 5/, k’.

Indeed, by Plancherel’s theorem and Fubini’s theorem,

1w DIES S [ 1FE€n QP Iug(€ ndedndc, (44)

J,k€EZ B kit

where E; k:jo ke 18 as in (3.6) and

gk (€,1) :/1 /1

2l+1 21+1

2l+1 21+1

2
rod (L) ot k(1) 7 dsdt
Ql(u',v')e i[2 su’-E+2 tv "]du'dv'
Sm—1xgn-1 st

dsdt
— [ [ P (4.5)
1 1 st
where H] kest(§5M) 18 just as in (2.10).
By the arguments similar to those in the proof of Lemma 2.3, we easily deduce that
Jig(€m) € O+ 1247 min {1, 27 HFDg/ DRty 2/ 04D,

|2j(l+1)§|1/4(l+1) ‘Qk(l+1)n|—l/4(l+l)’ |2j(l+1)£‘—1/4(l+1) ‘Qk(l+1)n|l/4(l+l)’

|29+ ¢ ~1/4(1+1) \2’“““)77|‘”4”+”} . (4.6)

Then by the fact that E}, ., . 0 El, 0 = 0 whenever (7, k") ¢ {j —1,5,j + 1} x {k —

1,k k+ 1}, (4.3) follows from (4.4) and ( .6).
Case 2 For p > 2, we claim that there exists § > 0 such that for [ € D U {0},

g g ()| ooy < C270W D@4 1) AL ) oty (4.7)

with C independent of I, ' and %'
Indeed, choose g € L®/2"(R™*+7+1) such that 91l L2 (mm+n+1y =1 and

ol+1 ol+1

I//
LG D O |

J,kEZ

O] O]
//Sm IxSn—1 U ’U)S]Jrj k+k/Sj+j/’k+k/

2
- dsdt
X fx— 22Dy’ y — 2P0 2~ (s, t))du'do’ %g(m, y, z)dzdydz.

By Holder’s inequality and change of variables, we get
[Ees] F

Rm+n+1 j,kEZ

dsdt 1)
|Ql(u v )|du do’ St Z ‘ ].t,_]/ k+k’Sg(+]’ k+k/f($,y7Z)deddeHQlHL
7,kE€Z

2l+1 21+1

// lg(x + 270D su! y 4 25Dt 2 4 4(s,1))|
Sm 1><S71 1
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Notice that
ol+1 ol+1
sup / /
J,kEL

scdu'dv ,dsdt

// [Qu(w’,)lg(e + 27 sy 4+ 28XV 2 4 (s,1))
Sm—1ygn—1

st
< (l + 1)2MQZ,7(9)(x7y7 Z),

where

MQM’Y(Q)(JZ’ Y, Z)

Qi(u',v")
- s ] LY )0ty 0, 2+ A ((ul, o) [dudo.
R1>0,R2>0.J J Ry <|u|<2R1,Ra<|v|<2Rs u|™ v

Employing the arguments similar to those in proving Lemma 2.1 with the L(R3)-boundedness
of M, for all ¢ > 1, it is not difficult to see that

1Mo, (9)llpo < ClIQUll L1 (5m-15c5n-1) [ fllpo» For any 1 < py < oo (4.8)

Applying Holder’s inequality, (4.8), (3.3) and (3.4), we obtain

@ 2 12
( Z |SJ+J’ k+E! J‘H/ k+k’f‘ )
J,kEL
2

< CU+1)2A7IIFII,

p

2

g e (Ol < CA+ 1T (5m1sc5m-1) 91l o2y

p

1/2
S(l) 2 /
Z | J+i’ k+k’f‘

J,k€Z

<C(l+1)A

which together with (4.3) and an interpolation implies (4.7).
Therefore, by (4.2), (4.3) and (2.5), we have

IS0 (Dllze@rney <C 37 D7 (14 DA WD £ oy
leDU{0} j',k'€Z

<C Z (0 + DA fll p2@menir)
le DU{0}

< CHQHLlog‘*’L(smfl x §n—1) ||f||L2(Rm+n+1),

This prove (i) of Theorem 3.
If M, is bounded on L?(R?) for 1 < ¢ < oo, then by (4.2), (4.7) and (2.5), we get

S0~ (F)llLe@mn+ry < ClQ p1og+ Lism—1xsn-) | f | Lo@mtn+1y,  p>2,

which completes the proof of Theorem 3.
Proof of Theorem 2 By the fact

|Tw,h(f)($» Y, Z)\ < ||h||L2(R+ ><R+,s—lt—ldsdt)SQn/(f)(xa Y, 2),

it follows from Theorem 3 that T’ ; is bounded on LF(R™*"*1) for 2 < p < co. On the other
hand, by duality we can establish the LP-boundedness of T’y ;, for 1 < p < 2. Theorem 2 is
proved.
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5 Proof of Theorem 5

Let Q,h,v be as in Theorem 5. We decompose Q(u',v") = Y Q(v/,v') as in (2.4).

1eDU{0}
Then by the definition and Minkowski’s inequality,
1/2
Py n(f) (2, 2) < (//IFM (z,y,2)[227 22~ 2tdsdt>
leDU{O}
= > whah)y,2), (5.1)
1e DU{0}

where
ul, [v])(u', v
e = [ AL 1)U V) oy — 0,2~ (ful, fol)dudo.
|u| <28, |v| <2t |ul |v]

For I € DU {0}, s,t € R, we denote

Bl ={(u,v) e R™ x R : |u| < 250+ |y| < 2H+D},

For each €, we define the measures Téﬂf by setting

e 1 h(|u\ ‘U‘)Sll(u/ 1}/) il .
Tl n = ’ ’ i[u-E+v-n+y(ul,|v|)C
S7t(€7 ’C) 2(5+t)(l+l) /l |u‘m71|fu|n71 [ (ul.lD ]dUdU

It is easy to see that

1 h([ul, [v])$u (v, v")
Té)t*f(x,y,z) = SO0 /Bl T[] flz —u,y — v,z —v(ul, |v]))dudo.

Consequently, a simple calculation shows that

1/2
,ufy’h(f)(x,y,z) =({+1) (/R/]R ‘Ti’t * f(x,y,z)stdt> =0+ DZ(f)(z,y,2). (5.2)
Therefore, by (5.1)—(5.2) and Minkowski’s inequality, we have

Pl < D0 I wDlp =Y @+ DIl (5:3)

le DU{0} le DU{0}

from which and (2.5), to prove Theorem 5, it suffices to show that

IZe(Nlp < CALl flp-

y (3.2) and Minkowski’s inequality, we have

L(f)(z,y, 2 (//Tt*fl‘y, )dsdt)

1/2
l l
(Z / / it S0 Y (8D f)(x,y,z)2dsdt>

/2

J,kEL 3, k'E€L
(l) 1/2
( Z / / ‘Ts-‘r] t+k *S ]Jrg Jk+k’ (Sj+j’,k;+k’ f)(l‘, Y, Z)2d8dt>
3 k'€L N j,kEL
> Tigrw (H)@,y,2). (5.4)

3’ k' €L
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Also, by the arguments similar to those in proving Lemma 2.2 and Lemma 2.3, we can deduce
the following results.

Lemma 5.1 Let h € A, for some v € (1,2]. If M, is bounded on L(R?) for all ¢ > 1,
then for arbitrary functions {g; i}, kez on R™*" 1 1 € DU{0}, there exists a positive constant
C independent of [, j, k such that

1/2
(5 losal?)

/2
H Z//|Ts+]t+k*g]k| dsdt)
» J.kEZ

J,kEZ

< C4 (5.5)

P
holds for any p satisfying |1/p — 1/2| < 1/v'.

Lemma 5.2 Let Q= Y. beasin (24), h € A, for 1 < v < 2. Then for each
le DU{0}
le DU{O/}_»\, and s,t € R, we have

(1) ‘Ts t(é-?n C)‘ < CAl7

(i) | t(§ n,0)| < C4 |25 (1+1) §|1/ (I+1) |2t(l+l) |1/ (+1),

(i) |7 (6m, Ol < €y [22t 0D [ici4y) | A0,

(iv) ‘Ts’t(&n?o‘ < CA, ‘2s(l+1)€‘—1/4u (1+1) ’2t(l+1)n’l/4z/(l+l);

(v) |TST¢(§777,C)| < CA, |25(l+1)£|*1/4l/(l+1) |2t(l+1)n|71/4y’(l+1).

Now we estimate ||Z;(f)||p,. Note that for v > 2, A, C Ag, we may assume that 1 < v <2
and |1/p—1/2| < 1/V.

Applying Plancherel’s theorem, we know from (5.4) that

2
||~7l;j’,k'(f)||% - /Rm+n+1 / / 5+J tk ¥ J:)‘]/ k+k/(Sj(-?_j/7k+k,f)($,y,Z)‘ dsdtdzdydz
jkeZ
_ - )
= szez/ / Am+n+1 S+] t-‘rk(g?n <)¢]+j (6) ¢k+k/( ) f(fﬂ?a()‘ dfdndCdsdt
=C Fen QP |7 (€. dedndcdsat,
]kZEZ/ / /El FTRY ’ ’

where EJ k:jr ke 18 @s in (3.6). Also, by invoking Lemma 5.2, it is easy to see that for (§,7,() €

E! i and some 6 € (0,1),

_ , 1/(i41) 1/(i+1)

Tsl+j,t+k(§»77aC)‘ < CA;min {1, ‘2(s+])(l+1)f‘ ‘2(t+k)(l+1)77‘ )
’2(s+j)(l+1)£’0 ’2(t+k (1+1) ‘ o/( l“)’
‘2(s+j)(l+1) ‘ 6/0+1) ‘ o (t+k) (z+1)n‘9/ l“)’
‘2(s+j)(l+l)£‘ ‘ o(t+k)(I1+1) ‘ o/( l“)}

< C'A; min {1’ gs+t—j’ —k/’ 9f(s—j' —t+k' ), 2—0(s—j’—t+k’)7 2—9(s—j/+t—k/)} '

So,

[T 0 (f ||2<CZ/ //‘fﬁﬂ?(\Azmm{l gstt—i'—k

J,kEL g, kg’ k!
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20(s—j’—t+k/)’ 2—0(5—]”—15+k/)7 2—9(s—j/+t—k/) }2 detdfd’l’}dC
< CA? min{l 9=d' =K 905" +0K 905'=0K' 90("+k’ >} 1112 (5.6)
Consequently,
IZe ()l < D I Tagrwer (5l (5.7)
/ k./
< CA, Z min{1’2—j/—k/’2—0j/+9k’729j’—9k’20(j/+k’)} 1712
3 k' €L
< CAz|f|2{ Z 9—i'—K 4 Z =07 +0K’
J'sk' >0 j'>0,k’' <0
4 Z 20]—0k/+ Z ]+k)}
7'<0,k’>0 7'<0,k’<0
< CAl||fll2, (5.8)

which together with (5.3) and (2.5) implies (i) of Theorem 5.

On the other hand, by (3.3) and Lemma 5.1, we have

1T pr (D, < CAllf M, [1/p=1/2] < 1)V (5.8)

This together with (5.6) and the interpolation theorem implies that

| Tissr e (f)Hp < CA, min{2—5(j/+k’)72—59j’+59k”250j/—59k’7259(j’+k/)}||f||p (5.9)

with 6 € (0,1] and |1/p—1/2| < 1/v'. Thus

1Ty < D0 T (Dllp < CAlSllp, — [1/p =172l <1/V,

§' k' ET

which together with (5.3) and (2.5) completes the proof of (ii). Theorem 5 is proved.
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