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kinetic isotope effects
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Thermal rate constants and kinetic isotope effects for the title reaction are calculated by using the

quantum instanton approximation within the full dimensional Cartesian coordinates. The

obtained results are in good agreement with experimental measurements at high temperatures.

The detailed investigation reveals that the anharmonicity of the hindered internal rotation motion

does not influence the rate too much compared to its harmonic oscillator approximation.

However, the motion of the nonreactive methyl group in C2H6 significantly enhances the rates

compared to its rigid case, which makes conventional reduced-dimensionality calculations a

challenge. In addition, the temperature dependence of kinetic isotope effects is also revealed.

1 Introduction

The H + HR - H2 + R (HR = alkane) reactions1–4 are

interesting for both fundamental research and practical reasons.

They are helping to bridge the gap between triatomic and

polyatomic reactions, and are also significant steps in the

combustion of all alkane compounds. Recently, the reaction

(R1) H + C2H6 - H2 + C2H5 (1)

has attracted much attention since ethane is the simplest

molecule containing a carbon–carbon single bond, and it is

also the prototype molecule for hindered internal rotations in

a large number of molecules.

The hindered internal rotation about the C–C bond in

ethane, complicating the statistical computation, is discovered

by Kemp and Pitzer,5 who showed that only when an internal

rotation barrier of about 3 kcal mol�1 6–12 is taken into

account could obtain thermodynamic quantities in agreement

with experiment. Prior to the calculation of the rates, plenty of

work has been done for the investigation of the partition

function of a hindered internal rotation.13–21 In these methods,

a key starting point is how to correctly incorporate the contri-

butions from the anharmonicity and vibration–rotational

coupling of this internal rotation. Their effects on the partition

function may be understood by the comparisons of a free

rotor, a hindered rotor, and a harmonic oscillator.19,22

Based on these approaches for the partition function,

several works have investigated the effect of the hindered

internal rotation on the thermal rate constants based on

transition state theory (TST). Fernandez-Ramos and Truhlar23

deal with the internal rotation of the methyl group with

respect to the CF3 group as a hindered rotor. Compared to

a harmonic approximation, rate constants are significantly

reduced. Vansteenkiste et al.24 use the extended hindered-rotor

model (EHR) that properly includes the mode–mode coupling

and vibrational–rotational coupling in the treatment of the

addition of the vinyl radical to ethene. Compared to the

hindered-rotor model (HR), the rate constants are increased.

Hennig and Schmatz25 calculated the quantum dynamics of

the Cl� + CH3Br - ClCH3 + Br� reaction, and found that

the dynamical inclusion of the rotational degree of freedom

leads to a large enhancement in reactivity. These conclusions

demonstrate that the vibrational–rotational coupling and

anharmonicity from the hindered internal rotation play signi-

ficant roles in the rate calculations.

For the reaction of H + C2H6, there is a hindered internal

rotation between two methyl groups (see Fig. 1), making the

rate calculation a challenge. In spite of this difficulty, several

approximation methods have been used to investigate the rate

constants. For instance, Clark and Dove used a simplified

form of the bond-energy–bond-order method to calculate

rates.26 Kerkeni and Clary used a reduced-dimensionality

quantum dynamics method27–30 to explicitly consider the

torsional and stretching vibrations of C2H6, and found that

the rates from the two and three degrees of freedom are very

similar. Sturdy and Clary31 applied the Torsional Path

Integral Monte Carlo (TPIMC) method to this reaction and

found that the rates are halved at room temperature as the

torsional anharmonicity is included. Senosiain et al.32 and
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Bryukov et al.33 developed two different methodologies both

using quantum chemistry, transition state theory and tunnel-

ing corrections to extrapolate experimental data over a broad

temperature range. Chakraborty et al.34 calculated the direct

dynamics by MPW54 (a modified Perdew–Wang functional

with 54% Hartree–Fock exchange). They constructed a

CVBMM (a combination of valence bond and molecular

mechanics) potential energy surface (PES), and calculated

the rates and kinetic isotope effects on this PES with the

CVT/SCT (canonical variational transition state theory with

the small-curvature tunneling approximation) method in

which a hindered rotator approximation is adopted. Layfield

et al.35,36 studied this reaction using electronic-structure theory

and quasiclassical trajectory calculations evolved with a

specific-reaction-parameter semiempirical Hamiltonian.

In the present paper, we use the quantum instanton (QI)

approach for the title reaction. The QI method is proposed by

Miller et al.37 for the calculations of reaction rates. Its

approximation is similar to an earlier semiclassical TST38 that

became known as the instanton model,39–41 but it has an

advantage that the Boltzmann operator is treated fully quan-

tum mechanically rather than within the semiclassical approxi-

mation. The QI method does not need to calculate the

partition function explicitly, so there is no approximation to

the internal rotation, and it can be manipulated in Cartesian

space with a full dimensional potential energy surface, thus

takes into account the effects of the vibrational–rotational

coupling and anharmonicity of the reaction system naturally.

In addition, the QI method considers all tunneling paths

and automatically gives each path its natural weight by the

quantum Boltzmann factor and incorporates the quantum-

fluctuation effect correctly. It has been successfully applied to

gas phase reactions,42–45 proton transfer in a polar solvent,46

surface diffusions47,48 and kinetic isotope effects.49–51

Another objective of the present paper is to consider the

contribution of the nonreactive methyl group to the rate

constants, as shown in Fig. 1. In the reduced dimensionality

calculations,27,29 several most important degrees of freedom

for the reaction are taken into account, with the others fixed.

For the title reaction, the role of the degrees of freedom of the

nonreactive methyl group in the rate constant is not clear.

However, this group may have an important effect on the rates

due to its larger steric repulsion in the eclipsed conformation

and an enhanced stabilization of the staggered conformation

by the hyperconjugation.7 We therefore investigate the rate

change by treating this group rigidly, classically and quantum

mechanically, respectively.

In this paper, we also predict the rate constants and kinetic

isotope effects (KIEs) for the following reactions with the QI

method:

(R2) D + C2H6 - HD + C2H5, (2)

(R3) H + C2D6 - HD + C2D5, (3)

(R4) D + C2D6 - D2 + C2D5. (4)

To the best of our knowledge, there are no experimental

investigations on the isotopic reactions of ethane yet. Theore-

tically, Chakraborty et al.34 showed that the KIE of

H + C2H6/D + C2H6 has a nonmonotonic temperature

dependence using the CVT/SCT method. At high tempera-

tures, the KIE increases with increasing temperature, whereas

at low temperatures, it decreases with increasing temperature.

However, Kerkeni and Clary28,30 reported that the KIE of

H + C2H6/D + C2H6 always increases with increasing

temperature using a reduced-dimensionality quantum dyna-

mical method. We will use the QI method to explore this

discrepancy.

The remainder of this paper is as follows: in Section 2 we

first summarize the working expression of the QI theory, and

then give a detailed description of the title reaction. Computational

details are provided in Section 3. Numerical results of the QI

rates and the KIEs for the title reaction are presented in

Section 4. Section 5 is the conclusion.

2 Quantum instanton theory

2.1 Summary of the quantum instanton theory

In this section, we summarize the work formulas for the QI

approximation. The detailed derivation can be found in

ref. 37, 42 and 43. The QI model proposes the following thermal

rate constant

kQIQr �
ffiffiffi
p
p

�h

2

Cffð0Þ
DHðbÞ : ð5Þ

Here,Qr is the reactant partition function per unit volume. Cff(0)

is the zero time value of the flux–flux correlation function

Cff(t) = tr[e�bĤ/2F̂ae
�bĤ/2eiĤt/�hF̂be

�iĤt/�h] (6)

where b is the inverse temperature (1/(kBT)), Ĥ is the

Hamiltonian operator of the reaction system, and F̂a and F̂b

are the flux operators, given by

F̂g ¼
i

�h
½Ĥ; hðsgðr̂ÞÞ�; ð7Þ

with g = a, b. In eqn (7), h is the step-side function, r

represents the Cartesian coordinates of the reaction system,

and sa(r) and sb(r) define two separate dividing surfaces via the

Fig. 1 The geometry for the H + C2H6 - H2 + C2H5 reaction at

the transition state. It consists of the reactive fragments (labeled as C5,

H6, H7, H8 and H9) and the nonreactive methyl groups (labeled as C1,

H2, H3 and H4). The nonreactive methyl groups can rotate along the

C1–C5 bond.
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equations sa(r) = 0 and sb(r) = 0, both sa(r) and sb(r) being

positive (negative) on the product (reactant) side of the

dividing surfaces.

DH in eqn (5) is a specific type of energy variance, given by

DHðbÞ ¼ �h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� €Cddð0Þ
2Cddð0Þ

s
: ð8Þ

In order to get the correct free particle (high temperature) limit

(that would be 25% too large otherwise), an ad hoc term is

added to DH(b), DHmodðbÞ ¼ DHðbÞ þ ð
ffiffiffi
p
p
�

ffiffiffi
2
p
Þ=b, which

has very little effect on the low temperature regime. Cdd(0) and

C̈dd (0) are the zero time value and its second time derivative,

respectively, of the ‘‘delta–delta’’ correlation function

Cdd(t) = tr[e�bĤ/2D(sa(r̂))e
�bĤ/2eiĤt/�hD(sb(r̂))e

�iĤt/�h], (9)

where the generalized delta-function operator is

Dðsgðr̂ÞÞ ¼ dðsgðr̂ÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN
i¼1

1

mi
ðrisgðr̂ÞÞ2

vuut ðg ¼ a; bÞ: ð10Þ

Here, N is the total number of atoms, ri = @/@ri, ri denotes

the Cartesian coordinates of the ith atom and mi is its

atomic mass.

The dividing surfaces are determined by the stationary

condition

@

@ck
Cddð0; fckgÞ ¼ 0; ð11Þ

where {ck} is a collection of parameters that is involved in the

location of the dividing surfaces. This condition originates

from the SC instanton model, and the resulting dividing

surfaces correspond qualitatively to the turning points of the

periodic orbit that runs on an upside down PES in imaginary

time.

Since all the relevant quantities in the QI expression

(eqn (5)) involved only the quantum Boltzmann operator,

they can be readily evaluated using the imaginary time path

integral Monte Carlo (PIMC)52–54 method.

We begin with the simplest quantity, Cdd(0), which can be

discretized to

Cdd(0) = C
R
dr(1)

R
dr(2)� � �

R
dr(P)D(sa(r

(0)))

�D(sb(r(P/2)))exp[�bF({r(s)})], (12)

where C is a multiplicative constant, P the number of

imaginary time slices, and r(s) = (r(s)1 , r(s)2 ,. . ., r(s)N ) the Cartesian

coordinates of the system associated with the sth time slice.

F({r(s)}) is the discretized action given by

FðfrðsÞgÞ ¼ P

2�h2b2
XP
s¼1

XN
i¼1

miðrðsÞi � r
ðs�1Þ
i Þ2 þ 1

P

XP
s¼1

VðrðsÞÞ;

ð13Þ

where r(0) = r(P) and {r(s)} represents {r(1), r(2),. . ., r(P)}. Path

integral expressions for Cff(0) and C̈dd(0) are somewhat more

complicated but can be obtained in a straightforward manner.

The appropriate expressions are

Cff(0) = C
R
dr(1)

R
dr(2)� � �

R
dr(P)D(sa(r

(0)))D(sb(r
(P/2)))

�exp[�bF({r(s)})]fv({r(s)}), (14)

with

fvðfrðsÞgÞ ¼
iP

2�hb

� �2

PN
i¼1
risaðrð0ÞÞ � ðrð1Þi � r

ðP�1Þ
i ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN

i¼1
m�1i ðrisaðrð0ÞÞÞ2

s

�

PN
i¼1
risbðrðP=2ÞÞ � ðrðP=2þ1Þi � r

ðP=2�1Þ
i ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN

i¼1
m�1i ðrisbðrðP=2ÞÞÞ2

s ;

ð15Þ

and

€Cddð0Þ ¼
�C
�h2

Z
drð1Þ

Z
drð2Þ � � �

Z
drðPÞDðsaðrð0ÞÞÞ

� DðsbðrðP=2ÞÞÞ exp½�bFðfrðsÞgÞ�

� fFðfrðsÞgÞ2 þ GðfrðsÞgÞg;

ð16Þ

with

FðfrðsÞgÞ ¼ � P

�h2b2
XP=2
s¼1
�

XP
s¼P=2þ1

8<
:

9=
;
XN
i¼1

miðrðsÞi � r
ðs�1Þ
i Þ2

þ 2

P

XP=2�1
s¼1
�

XP�1
s¼P=2þ1

8<
:

9=
;VðrðsÞÞ;

ð17Þ

and

GðfrðsÞgÞ ¼ 2fP

b2
� 4P

�h2b3
XP
s¼1

XN
i¼1

miðrðsÞi � r
ðs�1Þ
i Þ2; ð18Þ

with f being the total number of degrees of freedom (i.e. f= 3N).

In realistic calculations, we rewrite eqn (5) as the product of

several ratios

kQI ¼
ffiffiffi
p
p

�h

2

Cddð0Þ
Qr

Cffð0Þ
Cddð0Þ

1

DHðbÞ : ð19Þ

The terms Cff(0)/Cdd(0) and DH are directly calculated as a

constrained average over the same ensemble of paths.42,43

Cff(0)/Cdd(0) = hfvi, (20)

DH2 = 1
2
hF2 + Gi, (21)

with

The evaluation of Cdd(0)/Qr, however, meets a challenge

because Cdd(0) is the quantity associated with the transition

h� � �i ¼
R
drð1Þ

R
drð2Þ � � �

R
drðPÞDðsaðrð0ÞÞÞDðsbðrðP=2ÞÞÞ exp½�bFðfrðsÞgÞ�ð� � �ÞR

drð1Þ
R
drð2Þ � � �

R
drðPÞDðsaðrð0ÞÞÞDðsbðrðP=2ÞÞÞ exp½�bFðfrðsÞgÞ�

: ð22Þ
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state, while Qr with the asymptotic reactant domain, the

detailed treatment of this factor will be described in the next

section.

2.2 Application to the gas phase H + C2H6 reaction

We now apply the QI model to the hydrogen abstraction

reaction from ethane by a hydrogen atom (R1), Fig. 1 shows

the transition state geometry for the title reaction. The

Hamiltonian operator Ĥ for this system in three-dimensional

space is

Ĥ ¼
X9
i¼1

p̂
2
i

2mi
þ Vðr̂1; r̂2; . . . ; r̂9Þ; ð23Þ

where the coordinate operators, masses and momentum

operators corresponding to the ith atom are denoted with r̂i,

mi, and p̂i respectively. The CVBMM (a combination of

valence bond functional forms for the reactive fragments

(C5, H6, H7, H8, H9) and a molecular mechanics potential

for the nonreactive parts (C1, H2, H3, H4)) potential energy

surface constructed by Chakraborty et al.34 is employed in our

calculations. The CVBMM PES is available in POTLIB.55

To proceed further, it is necessary to define a generalized

reaction coordinate s(r; x), where x is an adjustable parameter

that shifts the location of the dividing surface (defined by

s(r; x) = 0). The essential strategy for defining s(r; x) is the

same as that described in ref. 43, i.e., s(r; x) is defined by a

linear interpolation between two constituent reaction coordi-

nates s0(r) and s1(r) through the parameter x,

s(r; x) = xs1(r) + (1 � x)s0(r), (24)

s1(r) is a reaction coordinate whose dividing surface is

designed to pass through the top of the classical potential

barrier, which is defined here as

s1(r) = max[s61(r), s
7
1(r), s

8
1(r)] (25)

with sx1(r) (x = 6, 7, 8) being

sx1(r) = r(C5–Hx) � r(Hx–H9) � [rz(C5–Hx) � rz(Hx–H9)],

(26)

where r(X–Y) denotes the interatomic distance between atoms

X and Y and rz(X–Y) is the value at the transition state

geometry. It should be noted that we only consider the

reactions of H9 with H6, H7 and H8 in sx1(r). However, the

total rates of H + C2H6 are two times as large as our

calculated results (in this paper, all the tabulated rates are

the total ones). s0(r) in eqn (24), on the other hand, describes a

dividing surface that is located far in the asymptotic reactant

valley, which is given by

s0(r) = RN � |R|. (27)

Here R is the scattering vector that connects the incident

hydrogen and the center of mass of the ethane. RN is an

adjustable parameter which is chosen to be 10 Å in order to

guarantee that the interaction potential energy between H and

C2H6 is negligible. In this case, the dividing surfaces are only

related to one parameter x with s(r; 0) = s0(r) and s(r; 1) =

s1(r). The dividing surface moves smoothly from the asymp-

totic reactant domain to the transition state region when x

changes from 0 to 1. Cdd(0) (in eqn (19)) now becomes a

function of two parameters (xa, xb)
42,43

Cdd(0; xa,xb) = tr[e�bĤ/2D(s(r̂, xa))e
�bĤ/2D(s(r̂, xb))]. (28)

It is easy to see from eqn (11) that the condition of locating the

dividing surfaces becomes

@Cddð0; xa; xbÞ
@xa

¼ 0;
@Cddð0; xa; xbÞ

@xb
¼ 0: ð29Þ

In this case, locating the two optimized dividing surfaces is

switched to finding the two optimized parameters (xa, xb).
As it has been shown,42 if xa = xb = 0, the ratio of

Cdd(0; 0,0)/Qr becomes

Cddð0; 0; 0Þ
Qr

¼ mR
2p�h2b

� ��3=2
Ctrans

dd ð0Þ; ð30Þ

with

Ctrans
dd (0) = tr[e�bT̂R/2D(RN � |R̂|)e�bT̂R/2D(RN � |R̂|)],

(31)

where T̂R = P̂2
R/2mR, mR is the reduced mass of two reactants.

The value of eqn (31) involves the contribution from the

translation motion of the two reactants, and it can be derived

into an analytical form,43 that leads to

Cddð0; 0; 0Þ
Qr

¼ 4R2
1

�h

2p
mRb

� �1=2

: ð32Þ

The advantage of eqn (32) is that it allows the numerical

simulation to circumvent the problem of accurately evaluating

the partition functions of reactants.

Finally, the ratio Cdd(0)/Qr in eqn (19) can be written as

Cddð0; xa; xbÞ
Qr

¼ Cddð0; 0; 0Þ
Qr

� Cddð0; xa; xbÞ
Cddð0; 0; 0Þ ; ð33Þ

where the first ratio is given by eqn (32), and the second one

can be handled via the available adaptive umbrella sampling

techniques.56–58

The free energy curve can be defined by

F(x) = �kBT log[Cdd(0; xa,xb)], (34)

where x = xa � xb.

3 Computational details

In path integral calculations, the sampling of the discrete paths is

performed with the Monte Carlo method. For the atoms treated

quantum mechanically, the numbers of time slice, P, are chosen

to be 20 and 120 at temperatures 1000 K and 200 K, respectively.

For the ones treated classically, the numbers of time slice are

always set to be 1. The number of Monte Carlo cycle is about

6 � 106 – 4 � 107 for computing a single ensemble average. It

converges most of the values within 10% statistical errors.

4 Results and discussions

4.1 Reaction rates of H + C2H6

We calculate the reaction rates of H + C2H6 on the CVBMM

PES with all the atoms treated quantum mechanically.
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In Table 1, we summarize the present QI rates and the CVT/

SCT values reported by Chakraborty et al.,34 as well as the

quantum 2D ones calculated by Kerkeni and Clary.27 We also

include some experimental data33,59–61 in Table 1. The corres-

ponding Arrhenius plots are displayed in Fig. 2. It is seen that

the QI results and the CVT/SCT ones have slightly different

Arrhenius curves, where the QI curve is a little higher at high

temperatures but lower at low temperatures. The QI rate is

smaller than the CVT/SCT one by 39% at 200 K, we think

that this discrepancy is due to the overestimation of the

tunneling effect by the CVT/SCT method, since the CVT/

SCT method uses an optimized tunneling path while the QI

method considers all tunneling paths and automatically gives

each path its natural weight by the quantum Boltzmann

factor. The results of the two-dimensional quantum dynamics

are much smaller than both the QI and the CVT/SCT ones

throughout the temperature range considered in the present

study. This is because a higher vibrational adiabatic barrier

(12.0 kcal mol�1, while it is 9.95 kcal mol�1 for the CVBMM

PES) is used in the quantum 2D calculations. In Fig. 2, we can

also see that the QI results are in good agreement with the

experimental data at high temperatures, however, they are

much larger than the experimental ones at low temperatures.

To clarify this discrepancy, a more exact potential energy

surface or more reliable experimental data may be needed.

4.2 Effect of the hindered internal rotation

In this section, we treat the internal rotation of the title

reaction as a harmonic oscillator, so as to investigate the sole

contribution of the hindered internal rotation to the rates.

Here, a harmonic oscillator approximation means that the

internal rotation is restricted, just as it has an infinite rotation

barrier. A detailed computational strategy is showed in Fig. 3,

where the geometry of the title reaction at the transition state,

three special planes (Plane-a, Plane-b and Plane-c) and three

special regions (A, B and C) are displayed. In Fig. 3, ‘Plane-a’,

‘Plane-b’ and ‘Plane-c’ stand for the planes of H2–C1–C5 (the

C5 atom is just behind the C1 atom, as seen in Fig. 1),

Table 1 Rate constants for the H + C2H6 reaction
a

T/K Present QI CVT/SCTb Quantum 2Dc Expt.d Expt.e Expt.f Expt.g

200 1.16(�18) 1.90(�18) 4.08(�21)
281 1.40(�17)
295 2.54(�17)
300 1.15(�16) 1.44(�16)
316 6.11(�17)
320 2.36(�17)
347 1.70(�16)
385 1.01(�15)
400 2.73(�15) 2.40(�15)
417 1.76(�15)
420 9.08(�16)
475 8.79(�15)
491 1.45(�14) 1.42(�14)
500 1.96(�14)
503 2.16(�14)
520 9.43(�15)
544 4.39(�14)
583 8.31(�14)
586 5.89(�14) 5.45(�14)
600 8.43(�14) 7.03(�14)
680 1.06(�13)
683 2.41(�13)
693 1.98(�13) 2.21(�13)
700 2.68(�13)
703 3.16(�13)
796 4.97(�13) 4.45(�13)
800 6.53(�13)
880 7.12(�13)
1000 2.45(�12) 1.96(�12) 1.61(�12)
a Unit: cm3 s�1, powers of 10 are in parentheses. b From ref. 34. c From ref. 27. d From ref. 33. e From ref. 59. f From ref. 60. g From ref. 61.

Fig. 2 Arrhenius plots of the thermal rate constants for the

H + C2H6 reaction. Solid line: the present QI results; dotted line:

the CVT/SCT results from ref. 34; dashed line: the two-dimensional

quantum dynamical values;27 filled squares, circles, triangles and stars

are corresponding to the experimental values of Bryukov et al.,33 Lede

et al.,59 Jones et al.60 and Camilleri et al.,61 respectively.
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H3–C1–C5 and H4–C1–C5, respectively. The space between

‘Plane-a’ and ‘Plane-b’ is labeled as ‘A’; the space between

‘Plane-b’ and ‘Plane-c’ is labeled as ‘B’; the space between

‘Plane-a’ and ‘Plane-c’ is labeled as ‘C’. In the calculations, the

movements of H6, H7 and H8 atoms are restricted within the

regions ‘A’, ‘B’ and ‘C’, respectively. The calculated results for

the H + C2H6 reaction are tabulated in Table 2, where kQI and

kHO
QI denote the QI rates and the QI rates with a harmonic

oscillator approximation to the internal rotation. Their ratios

(kHO
QI /kQI) are also included in Table 2. We also listed the values

of CVT/SCT34 (the lowest-frequencymode is treated as a harmonic

oscillator and a hindered rotator, respectively) and TPIMC31 (the

internal rotation is treated as a harmonic oscillator and an

anharmonic torsion, respectively) in Table 2.

In Table 2, we can see that the values of kHO
QI /kQI decrease

with increasing temperature. Our ratios are close to 1 in the

tested temperature range. The detailed analysis manifests

that both the partition functions of the reactant and transition

state involve an internal rotation and their changes from

the anharmonicity are cancelled because of kHO
QI /kQI p

(QHO
ts Qr)/(Q

HO
r Qts), though the partition function for the

hindered internal rotation is bigger than that of a harmonic

oscillator.31 To be concrete, the ratios of QI are bigger than 1

at low temperatures, which is caused by the fact that the

reactant partition function grows faster than the transition

state partition function when the internal rotation is treated

from a harmonic approximation to a hindered internal

rotation. However, these enhancements are opposite at high

temperatures, leading to the ratio smaller than 1.

It is interesting to note that the ratios from the CVT/SCT

are always equal to 1.1. It is consistent with the QI result at

low temperatures. At high temperatures, however, the QI

ratios are smaller. This may be explained by the vibrational–

rotational coupling, which can enhance the rates at high

temperature, consistent with a previous work.24 For the

TPIMC results, the tendency of temperature dependence is

the same as the QI data, but the ratios are nearly two times

larger than QI results.

4.3 Roles of the nonreactive methyl group

It is expected that the motion of the nonreactive methyl group

may have an effect on the hydrogen abstraction rates. To

reveal this property, we calculate the rate by treating the

nonreactive methyl group rigidly, classically and quantum

mechanically, respectively. For the rigid group, three bonds

(C1–H2, C1–H3 and C1–H4) and three angles (+H2–C1–H3,

+H3–C1–H4 and +H2–C1–H4) are fixed, as shown in Fig. 1.

In the classical calculation, we take the time slice in the path

integral to be one for the atoms in the group. It should be

mentioned that all the atoms of the reactive fragments are

always treated quantum mechanically and the internal rota-

tion is not restricted.

Table 3 displays the three kinds of rates (kqQI, k
c
QI and krQI)

for the four isotopic reactions (R1–R4). Here, kqQI is the rate

that all the nine atoms are treated quantum mechanically. kcQI

represents the value that the nonreactive methyl group is

treated classically. krQI corresponds to the one that the non-

reactive methyl group is treated rigidly. Table 3 clearly shows

that kqQI is always the biggest while k
r
QI is always the smallest in

the tested temperature range. More detailed comparisons

of kqQI with kcQI and krQI are displayed in Fig. 4. The values

of kqQI/k
c
QI and kqQI/k

r
QI for the four isotopic reactions are all

bigger than 1 and decrease with increasing temperature. It

manifests that the rates from quantum nonreactive groups are

always greater than those from the classical and rigid groups.

Meanwhile, Fig. 4 also shows that classical rates are greater

than the rigid rates. At low temperature, for instance, at 200 K,

the quantum rate can be 5 times greater than the rigid one.

Fig. 3 The space is divided into three parts (A, B and C) by three

planes (Plane-a, Plane-b and Plane-c) at the transition state geometry

of the title reaction. ‘Plane-a’, ‘Plane-b’ and ‘Plane-c’ denote the planes

of H2–C1–C5 (the C5 atom is just behind the C1 atom, as seen in

Fig. 1), H3–C1–C5 and H4–C1–C5, respectively. The space between

‘Plane-a’ and ‘Plane-b’ is labeled as ‘A’; the space between ‘Plane-b’

and ‘Plane-c’ is labeled as ‘B’; the space between ‘Plane-a’ and ‘Plane-c’

is labeled as ‘C’. The movements of H6, H7 and H8 atom are restricted

within the regions of ‘A’, ‘B’ and ‘C’, respectively.

Table 2 Two kinds of QI rates and their ratios for the title reactiona

T/K 180 200 250 300 400 700 1000 1100

kQI 3.59(�19) 1.16(�18) 1.40(�17) 1.15(�16) 2.73(�15) 2.68(�13) 2.45(�12)
kHO
QI 4.40(�19) 1.38(�18) 1.57(�17) 1.17(�16) 2.68(�15) 2.45(�13) 2.20(�12)

kHO
QI /kQI

b 1.23 1.19 1.12 1.02 0.98 0.91 0.90

CVT/SCTc 1.1 1.1 1.1 1.1 1.1
TPIMCd 2.02 1.55 1.42

a Unit: cm3 s�1, powers of 10 are in parentheses. b kQI and kHO
QI denote the QI rates and the QI rates with a harmonic oscillator approximation to

the internal rotation. c From ref. 34. d From ref. 31.
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To find the reason for these differences, we plot in Fig. 5 the

free energy profiles for the H + C2H6 reaction at 200 K and

1000 K, respectively. It is clearly shown that the quantum

effect lowers the free energy barrier, which can be explained by

the enhanced hyperconjugation from the delocalizations of the

H and C atoms7,62 to stabilize the transition state much more than

the reactant. Whereas, the rigid group always increases the free

energy barrier compared to the quantum and classical groups.

At high temperatures, the values of kqQI/k
c
QI are close to 1,

indicating that the quantum effect becomes weak, as expected.

However, the values of kqQI/k
r
QI are still bigger than 1, because of

the larger barrier from the rigid group, as shown in Fig. 5.

We thus conclude that the nonreactive methyl group plays

an important role in the hydrogen abstraction reaction.

Compared to the rigid nonreactive methyl group, the quan-

tized nonreactive methyl group can enhance the rates by

several times at low temperatures.

4.4 Kinetic isotope effects

The kinetic isotope effect (KIE) is defined as the ratio ki/kj,

where ki is the rate constant for the isotopic reaction with

lighter mass, and kj is the rate constant for the corresponding

heavier isotopic reaction. The KIEs calculated by the QI

method, the CVT/SCT method34 and the quantum 2D

method28 are tabulated in Table 4. Compared to the quantum

2D results, the KIEs (R1/R2) from the QI and CVT/SCT are

much larger, and those from CVT/SCT have an opposite

temperature dependence at low temperatures. These situations

come from the different potential energy surface used in the

quantum 2D calculation. The previous investigations63,64

show that opposite temperature dependences are obtained

on two different potential energy surfaces even with the same

dynamical method. Therefore, we only focus on the comparison

between the QI and CVT/SCT results. For the KIE (R1/R2),

KIE (R1/R3) and KIE (R1/R4), the QI predicts similar values

to the CVT/SCT at high temperatures. However, the explicit

differences occur at low temperatures. The QI gives out two

times larger KIE (R1/R4) at 200 K. Especially for the KIE

(R1/R2), the QI shows that the values monotonically increase

with increasing temperature while the CVT/SCT predicts a

nonmonotonic temperature dependence. Chakraborty et al.34

explained this nonmonotonic property by the different

temperature dependences of the quasi-symmetric stretch mode

of the forming and breaking bond and the tunneling contri-

bution. The present QI calculation manifests that this non-

monotonic behavior may come from the overestimation of the

tunneling contribution in the CVT/SCT approach, as shown in

Section 4.1.

Table 3 The ratesa for the four isotopic reactions (R1–R4)

T/K H + C2H6 D + C2H6 H + C2D6 D + C2D6

200 kqQI 1.16(�18) 3.11(�18) 6.27(�21) 1.27(�20)
kcQI 4.51(�19) 1.10(�18) 2.96(�21) 6.90(�21)
krQI 2.87(�19) 6.26(�19) 1.66(�21) 4.68(�21)

300 kqQI 1.15(�16) 2.23(�16) 4.92(�18) 9.77(�18)
kcQI 5.68(�17) 1.01(�16) 2.69(�18) 6.18(�18)
krQI 3.64(�17) 6.74(�17) 1.91(�18) 4.54(�18)

400 kqQI 2.73(�15) 3.98(�15) 2.97(�16) 3.98(�16)
kcQI 1.52(�15) 2.28(�15) 1.84(�16) 2.97(�16)
krQI 1.09(�15) 1.59(�15) 1.43(�16) 2.06(�16)

500 kqQI 1.96(�14) 2.64(�14) 3.61(�15) 4.47(�15)
kcQI 1.19(�14) 1.58(�14) 2.62(�15) 3.62(�15)
krQI 9.29(�15) 1.19(�14) 2.00(�15) 2.52(�15)

600 kqQI 8.43(�14) 9.80(�14) 2.29(�14) 2.49(�14)
kcQI 5.75(�14) 6.71(�14) 1.78(�14) 2.11(�14)
krQI 4.45(�14) 5.58(�14) 1.40(�14) 1.47(�14)

700 kqQI 2.68(�13) 2.89(�13) 1.01(�13) 9.79(�14)
kcQI 2.13(�13) 2.11(�13) 8.12(�14) 8.76(�14)
krQI 1.52(�13) 1.77(�13) 6.52(�14) 6.29(�14)

800 kqQI 6.53(�13) 6.68(�13) 2.96(�13) 2.77(�13)
kcQI 5.44(�13) 5.09(�13) 2.44(�13) 2.54(�13)
krQI 4.17(�13) 4.31(�13) 1.99(�13) 1.87(�13)

1000 kqQI 2.45(�12) 2.44(�12) 1.35(�12) 1.30(�12)
kcQI 2.20(�12) 2.21(�12) 1.26(�12) 1.26(�12)
krQI 1.70(�12) 1.81(�12) 1.00(�12) 9.54(�13)

a Unit: cm3 s�1, powers of 10 are in parentheses. kqQI, k
c
QI and krQI are

the rates that the nonreactive methyl group is treated quantum

mechanically, classically and rigidly, respectively.

Fig. 4 The values of kqQI/k
c
QI and kqQI/k

r
QI for the four isotopic

reactions at different temperatures. kqQI, k
c
QI and krQI are the rates that

the nonreactive methyl group is treated quantummechanically, classically

and rigidly, respectively.

Fig. 5 Free energy profiles for the H + C2H6 reaction along the

reaction coordinate at 200 and 1000 K. Fq
QI, F

c
QI and Fr

QI denote the

free energies that the nonreactive methyl group is treated quantum

mechanically, classically and rigidly, respectively.
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5 Concluding remarks

We have evaluated the rates and kinetic isotope effects for the

H+ C2H6 - H2 + C2H5 reaction on the CVBMM potential

energy surface using the quantum instanton approximation

(QI). The calculated rates are in good agreement with experi-

mental data at high temperatures. Compared to the rates

predicted by the canonical variational transition state theory

with the small-curvature tunneling approximation (CVT/SCT),

the QI results have a slightly different Arrhenius curve, where

the QI results are a little higher at high temperatures but lower

at low temperatures. The QI rate at 200 K is smaller than the

CVT/SCT one by 39%. This may be explained by the over-

estimation of the tunneling effect in the CVT/SCT method.

The detailed investigation reveals that the harmonic oscil-

lator approximation for the internal rotation in the title

reaction does not change the rates too much, however, it tends

to enhance the rates at low temperatures and lower the rates at

high temperatures. We have also investigated the effect of the

motion of the nonreactive methyl group on the rates. It is

found that the rigid nonreactive methyl group always predicts

the smaller rates compared to the quantum one, especially, the

rigid group can lead to 5 times smaller rate at 200 K, which

makes the reduced-dimensionality calculation a challenge.
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