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Abstract In this paper the approximation properties of int egerated Szdsz-Bézier operators S, 4 are
studied- The rate of convergence of pointwise approximation for local bounded functions are obtained.
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1 Introduction
The article [ 1] introduced Szdsz—Bézier operators Sno(f ,x):

Suolf Zf[ } (%), (D

k
wherex> 1, QW (x) = Jh(x) = Jhe1(x), Ju(x Z ]' e ", gu(x) = (M)_ef”xis

Szdsz basis function. When 0= 1, we get Szdsz operators S i( Zf[ ] e .

In this paper we will consider a kind of integerated Szasz-Bézier operator Sw.« and study its
approximation behaviors. For a function f (x) defined on the infinite interval [ 0, + ©0), the in—

tegerated Szdsz-Bézier type operators app]ied to f( ) are

Suelf 1) Z
_r

o E k1
w here Qﬁ.k)(x) is defined as in (1), and [+= [; +n ] kN .In this paper we shall establish

(1) dt, (2)

general estimate formulas on the rates of convergence of Sn,afor a kind of fundtions /i defined as

follow s:
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Lioes = {f|f is bounded in every finite subinterval of [0, + ©0)}.

For f [lw# and arbitrily fixed x = (0, + ©0), let Q(f,A) = CSUPL f(t)—f(x)| .

It is clear that

(1) &(f, A is monotone non-decreasing with respect to A

(2) lA%Q(f, N=01if f(x) is continuous at point x.

Our main results can be stated as follows.

Theorem 1 Letf [liws, f(1)= ()(t&) for some B> 0, ast -+ oo and f (x+ ), f(x—)

exist at x (0, + o00), then for n sufficiently large, we have

. o(1) M[ ] N O{Z(n, 2 +

1+ nx

;—njlfuw—f(x—)l,

w here

f( - f(x+), x< I<+ oo
gu(1) = {0, L= x , Z(n,x):o'g—iix”. (4)
(6) = f(x-), 0=i1< x

2  Some Lammas

We need some lemmas for Proving Theorem 1.
04 (x) Xe(1).

Zﬁu)du

Lemma 1 Let Kuno2(x,t) = , then for x (0, + o0) and n sufficiently

large, we have

(i) for 0=y< x, there holds

_F,a,z(x,t)dtﬁ [",‘1—”+ n%} m (5)

(ii) for x< z, there holds

'+°°Kn.og2(x,t)dt< [%H %]ﬁ (6)
k

where X is the characteristic function of the interval [x=

. 1] with respect to I=[0, +
Proof First we prove (i). By direct calculation

- i &y &

s ogulx)
x—t),x)_Z_Id_ = .

~ O
For 0=:=y<x, we have (x— t)2> (x=v) and Sno (x— t)zy x) = T

Suel(

[0
+ 2. Hence
n

y y 2 y

. \ ’ - t) 1 ’ .

ﬁ.o.z[a{,z,‘dti % Kot a2l oty dit- 2 pTEn o s 8o —A D) Tk Cact ) At
(x="%) (x ="
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SR TP - B T
BEEEET R )‘[n+n]<x—y>'

Similarly, forx z, we have

- o, & 1
_r[{,l,a,z(x,t)dt— [n + nz] (x - Z)2'

Lemma 2 For 0= 1, > 0, we havethe following.
(i) we get Q4 (x) < oga(x), QW (x) defined as (2).

o grra= mf (1)) (0]
(iii) i an(x)max{[k"' 1] (“q [ﬁ] ﬁ(ﬂ}ﬁ glet D - - [L]
I= [t + 1 n 1 n

1+ ny 4
Proof Using the differential mean value theorem, we get (1).
(i) can be proved by differential method.

(iii) refer to lemma S of [ 1], we get

3
e JA B = [2x+ 1:(29{+ Hp el ™

nk(x)[_] < 3 —_— - N
k= |Z+ lq n 1+ m 4

by a similar method, we have

\ oo ket 1 - "
IP[ZH quk(x)[k-’: 1]5( ] 312x+ N’ 1)!3[4] ‘

1+ nx

Therefore,

+w+lqr’f(x)max{[k+ 1] () | [ﬁ} B["]}_ 3(M_>B[ ]

k= [ n n I+ m
Lemma 3 Let f is satisfied the conditions of T heorem 1 and g« is defined by (4). Then for

n suffciently large, we have

|§n,o<(gx,x)| < [4‘“ - ] Zg{gx x—_} , (7)

Proof We recall the Lebesgue—Stieltjes integral representations

SnO( (ge,x) = g (t)Kno2(x,t)dt. (8)

Decompose the integeral of (8) into four parts, as
' ga((t)Kn,,O(,Z(x,t)dt: A],n(gx,x) + Aln(gx,x) + A?,n(gx,x) + A‘kn(gx,x),

respectively, where

Al n(gt,x) I g (t)Kn 0(2 X t)dt AZn(gx,x) l KnO(Z x t)dt

A?,n(gx, ) = i L a(( )Kn,,o(,Z(x,t) t, A4 n gr = g (t)Kn 0(2 X, t)dt

We shall’ evaluate Ata( gv, x) ; AZa('ge, %), Mn( g, x), Adn(ge, 5.
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First we estimate A2(gx,x) , note that g«(x) = 0, and ' . Kna2(x,t)dt = Thence, for

x x
t |:x— —, x+ —i| , we have
n

| Me(geaa)| = 'xi:jgx(t) = ge()| Kooz, 1) i
R e P
< Q[gu n] < ng{g k} ) (9)

Next, we estimate Ain( g«, x), let u = x - —, Aa2(x,u) =_F¢ogz(x,t)dt =<
n

1
[% + n%] ﬁ in lemma 1, using partial Lebesgue-Stieltjes integration, we have

| Mg, x) _‘Ft)[{nuz(x t)dt‘ _Iq‘(gr ¥ = 1) didenx(x 1)

Qlgerx — ) heaa(x,u+) +_f(_n,0<2(x,t)dr(— Qlgerx— 1))

o O 1 : - Qge.x — 1))
< Q(ge,x — w S (x - (x - 1)°
1
< Q(ge,x - u 0%+ n% r—
1 u+ dt
[(x_ 2= Qlenr - )T+ 2ff0e ) (x_t);]
o & 1 O di
xQQ(gx,x) + 2[n + t)( ~ t)3

=
R

IA
s |
+
| 3
L/L/

Lg@(gx,x) by ' | 2. ——}dv

< | 2% M] ZQ[gn —] (10)

Using the similar method estimate Az x(gx, x ) , we get
—] . (11)
From estimations (9)- ( 11), we have
2x

'gx(t)denu.z(x,t) < [4"‘* < = 2] Zg{gt, x—} (12)

Finally by the assumption that f (¢)= (t (B> 0) as t—+ oo, by lemma 2, then for a

=
S

2K

| Asn( gx, x) | =<

positive constant M and n sufficiently large. We have

+ oo 0( + oo k1

)
| Asnl( g, x) | = > i dx ng(t)dts Wa »an,,k(x)' t* i
< Mx g n,nk{jz)max{(k———l] l{]ﬁ"ﬂ (ﬁ] l{%]ll
H n

= ( Sla)
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(2x+ 1)B e nx
S LI | R T (13)
1+ mx
From lemma 2 of [ 1] and lemma of [4], we get
nx — nx
Lemma 4 Let gu(x)= (—Lk' be Szdsz basis function, forx (0, + o0) and Z(n,x)=
0.8 3x+1
— , we have
nx
1
‘qu;k:(x) - 2 ‘ (n x) (14)
gni(x) < , VkE N. (15)
nx

3  Proof of Theorem 1

For any f lixs, we decomepose f(t) into four parts as

1 - - ) -
F()= Jf(x+)+ 1= 2—a}f<x—>+ gy + P e=d o )
1 1
LS| (1) - 2 (x ) - [1— ﬂfu—)],
w here
-1, t>0 .
N _ B _ , 1= x
G =40, =0, 8= {0’ o (16
-1, t< 0
Obviously, R
Sno( &e, x) = 0.
It follows that
Swalf %) - F(x+) + (22a— Df(x =)
< | Suo(ge,x) ‘”" + ) ;af(x == Snol $gn(t = x).x) (17)
Below we %timatesn.u(sAgn(t— x),x), let x [%, 1%1] , k= [nx]. We have

(o) x
SuoGan(i — x).x)= Z( 08 (x) + L) @y,

B E
+ _Qf("—(%_)-r2 - 1de+ er - DR (x)

ET 1

()
= > 20 (x) + Cutr) g=pey g,
Jo=* 1

x

+ oo

therefore,
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+ oo (®) k¥ 1

o o Qne{x) o
| Suol en(t = x).2)] = A;}Qif?’(xhﬁ“ ' Pdr - 1

(1

[2]

[3]

[4]

[3]

+ oo o o x o . + oo . 1 )
< |Z,2Qi,k>(x) - 1|+ PO x) = 2 Z’Q(nk)(x) - Ll -
o — 1 u o 1 i|
< nk - ke < Z n,x) + ‘
< o2 Z'qk(x) > + 02 gufx) 0(2|: ( ) — (18)
Hence, from lemma 3, (17) and (18), by direct calculation, we have
- Flx+) + (2% DFf(x =) A » o) & i
Smelf %) - 2" = [ nx + nzxz] ZQ gx, 7

+ 0(1) w[fﬂ Ty (x[Z(n,x) + — i||f(x+) ~fao)].

1+ nx 2enx

The proof of T heorem 1 is complete.
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