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Abstract Consider the Cauchy problem for the evolution pd.aplacian equation

%: div(| vul|r2vu), (x,t) OQr= R">=(0,T),
u(x, 0 = ug(x) L=(RY), x  RY.

In terms of the uniform estimates to the regulized solutions of the problem above, we prove

that ue, i #(Qr), where the Holder exponent with respect to ¢ is great than -2&
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In this note we consider the following Cauchy problem:

Qo o o
Q- le(|Vu| Vu), 7 (x,t) QT— RX(O,T)’ (1)
u(x,0) = w(x) L7(RY), xR,

where p> 2is a constant. It is well known that there exists a solution u  Che( Qr) N
L7(Qr) to (1), with ur, C&BQ(QT), j= L2, ,N (seel[1],[2]). The proofs of ux,

Cévm(QT) are very complicated and difficult. In this note we use another approach to

CB~B/(1+157

prove the Holder continuity. We prove us, loc (Qr) , where the Holder exponent

B
2

Definition A funciion u(x,t) defined in Qris called a weak solution of (1), if u
Che(Qr) NL"(0, T Wit (RY)) NL7(Qr), & (0,1), and for any Rx.t) C'(Qr) with
9 0 when | xl is large enough, it holds that

with respect to ¢ is great than
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l“““(x’”%’”d“_m‘ R+ | Val? Ve v Rdvds
= Ii\‘uo(x)qzx,O)dx. (2)

We prove the following theorem.
Theorem Let wo(x) LOO(R'W) , wo=0. Then there exist constants C> 0 and f (0, 1)
such that the solution of (1) satisfies

|u,(x,z)|s(p_c—2)t, w,  bEP o). (3)

Proof Acoording to [3], the solution u of (1) is the limit of the solutions of the

following boundary value problems

%: diV((qu|”72)Vu), (x,t)  B.>(0,T),
u(x,1) = 0, (x.1)  Bax(0,7), (4)
u(x,0) = wo(x), x  Bn,
Where Bn: {x,lxl < n}, uon C(])(Bn) satisfy "uOn "L°°S"u() "L°° and
l{rguoylz wo a.e.on R".

Let u. be the solutions of (4). Set

1

— Y - —_—

Un(x,t) = )\U/n(x,)\t), A> 1, y— p- 2

Then v. satisfies
%z div | Vv|p Vo), (x,1) B.>x<(0,T),
v(x.0) = 0, (x.1)  Bu<(0.T), &
v(x,0) = Nuo(x), x B

Set w= va— us. Then by Comparison Principle w=0 and

'w(x,t)Q?x,t)dx— [ wlxdT
= '"( X = 1) uon(x) ®x, 0) dv, (6)

for any @ C'(B.><(0,T)), with 9= 0 near B.. In (6) by an approximate process, we

p-2

PV = | V"V w) ¢ v WadT

can take

@ (w0 - k)., E= (X = 1) Nuoll 1=,

)3
l(w— k- e)idx+_2‘[l'_ (| 70" 29 on
5 ”ﬁ{u>k)

- | Vur:|’)72Vun)(V1}rl— Vun)dxd‘l': 0.
This implies w=Fk a.e. on B»><(0,T). Thus
0'<= N AY L% () N2 Y o (7)

Then we get
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Divide (7) by A= 1 and let A~ 1" we get
| Yun(x,t) + tun(x, t)l =YHuw =,
This inequality implies
C
| ul(x,t)l = o
Notice that for fixed ¢t (0,7T), u(x,t) is a solution of the elliptic equation
div(l Vul "?Vu) = w(x,t), x R
By [4], thereexist constants B (0,1), C> 0 depending only on | wl 1=, | u| 1= such that
|Vu(x1,t)— Vu(xz,t)l SClxl— x2|5. (8)

We now provethat Vuis Holder continuous in t. For convernience, we assume that u is
a smooth solution; otherwise, by the uniqueness of solution we can consider the

regularized problem. T ake the x;—derivative in (1) to obtain

a,LX'
= - (div(| vu] " *vu)).,. (9)
Let xo R',0< ti<t:, A= t2— 11, B(At) = Ba?(x0). Integrating (9) by parts over
B( ) ><(11,12) , we get

'(M(uxj(x,tz) ~ e (x,00) ) d _m(div(| va|" P va)). dedt
:_m)divd V| "2 v u) v dods L wydodr. (10)

where v= (vi,%, ,w) isthe outward normal unit vector of dB(At). By the mean value

g

theorem, there exists x B(At) such that
| s (27 12) = we (", 00)| = C(A) " (11)

Combining (8) with (11) and taking 6= , we get

1
1+
|ux/(x°7t2) - Uf%/-(%(),ll)l
Sl uy (%0, 82) ~ u”/(x*v“)l + “*j(x* ,12) = u.v,(x*,tl)l
uxj(x*,tl) - u"_,’(xovtl)l = C( At)g(“ﬁ).

Therefore ux; ciE B)(Rw) and the theorem is proved.
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