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Abstract　Consider t he Cauchy problem fo r the evolution p -Laplacian equation

�u
�t = div( �� u�p - 2� u) , ( x , t) ∈ QT = Rn × ( 0, T ) ,

u( x , 0) = u0( x ) ∈ L ∞ ( RN ) , x ∈ RN .

In terms o f the uniform estimat es t o the r egulized solutions o f the problem above, w e pro ve

that ux
j
∈c�, �/ ( 1+ �)

loc ( QT ) , w here the Ho�lder exponent w ith r espect to t is gr eat than
�
2

.
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　In this note w e consider the follow ing Cauchy problem:

�u
�t = div( �� u� p - 2� u) , ( x , t ) ∈ QT = R

n × ( 0, T ) ,

u( x , 0) = u0 ( x ) ∈ L
∞ ( R

N ) , x ∈ R
N ,

( 1)

w here p > 2 is a constant . It is w ell known that ther e ex ists a solution u∈C
�
loc( QT )∩

L
∞( Q T ) to ( 1) , w ith ux

j
∈C

�, �/ 2
loc ( QT ) , j = 1, 2, ⋯, N ( see [ 1] , [ 2] ) . The pro ofs of ux

j
∈

C
�, �/ 2
loc ( QT ) are very com plicated and diff icult . In this no te w e use another appr oach to

pr ove the Ho�lder cont inuity . We prove ux
j
∈C

�, �/ ( 1+ �)
loc ( QT ) , w here the Ho�lder exponent

w ith respect to t is great than
�
2

.

　Definition　A f unction u( x , t ) def ined in Q T is call ed a w eak solution of ( 1) , if u∈

C
�
loc( Q T)∩L

p ( 0, T : W
1, p
loc ( R

N ) )∩L
∞( Q T ) , �∈( 0, 1) , and f or any  ( x , t )∈C

1 ( Q
-

T ) w ith

 = 0 w hen �x � i s lar ge enough, it holds that



∫RN
u( x , t) ( x , t ) dx +∫

t

0∫RN
[ - u t + �� u� p - 2� u  � ] dx dt

=∫RN
u0 ( x ) ( x , 0) dx . ( 2)

　We prove the fol low ing theo rem .

　Theorem　L et u0( x )∈L
∞

( R
N
) , u0≥0. T hen there ex ist constants C> 0 and �∈( 0, 1)

such that the solution of ( 1) satisf ies

�ut ( x , t) � ≤ C
( p - 2) t

,　ux
j
∈ c

�, �/ ( 1+ �)
loc ( QT ) . ( 3)

　Proof　Acoording to [ 3] , the solut ion u of ( 1) is the lim it of the solutions of the

fo llow ing boundary value pr oblems

�u
�t = div ( ( �� u� p - 2 )� u) , ( x , t ) ∈ B n × ( 0, T ) ,

u( x , t) = 0, ( x , t ) ∈ �B n × ( 0, T ) ,

u( x , 0) = u0n( x ) , x ∈ Bn ,

( 4)

w here B n= { x ; �x �< n} , u0n∈C
1
0 ( Bn ) satisfy ‖u0n‖L∞≤‖u0‖L∞ and

lim
n→∞

u0n = u0　　a. e. on R
N
.

　Let un be the so lut ions of ( 4) . Set

v n( x , t) = !∀un ( x , !t) , 　!> 1,　∀=
1

p - 2
.

Then v n sat isfies

�v
�t = div( �� v� p - 2� v ) , ( x , t) ∈ Bn × ( 0, T ) ,

v ( x , t ) = 0, ( x , t) ∈ �Bn × ( 0, T ) ,

v ( x , 0) = !∀u0n( x ) , x ∈ B n.

( 5)

Set w = v n- un. Then by Com parison Principle w≥0 and

∫B
n

w ( x , t)  ( x , t) dx -∫
t

0∫B
n

w tdx d#

+∫
t

0∫B
n

( �� v n� p- 2� v n - �� un� p - 2� un )  �  dx d#

=∫B
n

( !∀- 1) u0n ( x ) ( x , 0) dx , ( 6)

fo r any  ∈C
1( B n×( 0, T ) ) , w ith  = 0 near �B n. In ( 6) by an approx imate pr ocess, we

can take

 = ( w - k) + ,　　k = (!∀- 1)‖u0‖L∞.

Then w e get

∫B
n

( w - k - ∃) 2
+ dx + 2∫

t

0∫B
n
∩{ w> k}

( �� v n� p - 2� v n

- �� un� p- 2� un) (� v n - � un ) dx d#= 0.

This implies w≤k a. e. on B n×( 0, T ) . Thus

0≤ !∀un( x , !t ) - un ( x , t ) ≤ ( !∀- 1)‖u0‖L
∞. ( 7)
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Divide ( 7) by !- 1 and let !→1
+

w e get

�∀un( x , t) + tunt( x , t) � ≤ ∀‖u0‖L∞.

This inequality implies

�ut ( x , t ) � ≤ C
t

.

　No tice that for f ix ed t∈( 0, T ) , u( x , t) is a solut ion o f the elliptic equation

div( �� u� p- 2� u) = u t( x , t) , 　x ∈ R
N

.

By [ 4] , ther e ex ist constants �∈( 0, 1) , C> 0 depending only on �u t� L∞, �u� L∞ such that

�� u( x 1, t ) - � u( x 2 , t) � ≤ C�x 1 - x 2��. ( 8)

We now prove that � u is Ho�lder cont inuous in t. For conver nience, we assum e that u is

a sm ooth solut ion; other wise, by the uniqueness of so lut ion w e can consider the

regularized problem. T ake the x j -der iv ative in ( 1) to obtain

�ux j

�t = ( div( �� u� p- 2� u) ) x
j
. ( 9)

Let x 0∈R
N

, 0< t1≤t2 , %t = t2 - t1 , B ( % t ) = B ( % t)
&( x 0) . Integr at ing ( 9) by parts over

B( %t )×( t1, t2) , w e get

∫B( % t)
( ux

j
( x , t2) - ux

j
( x , t 1) ) dx =∫

t
2

t
1
∫B( % t)

( div( �� u� p- 2� u) ) x
j
dx dt

=∫
t
2

t
1
∫�B( %t)

div( �� u� p- 2� u)∋j d(dt =∫
t
2

t
1
∫�B( % t)

ut∋j d(dt . ( 10)

w here ∋= (∋1 ,∋2,⋯,∋N ) is the outw ard normal unit v ector of �B ( % t) . By the mean value

theorem , ther e ex ists x
* ∈B ( %t ) such that

�ux
j
( x

* , t2 ) - ux
j
( x

* , t 1) � ≤ C( % t) 1- &. ( 11)

Combining ( 8) w ith ( 11) and taking &=
1

1 + � , w e get

�ux
j
( x 0 , t2 ) - ux

j
( x 0, t 1) �

≤�ux
j
( x 0 , t2 ) - ux

j
( x

* , t 2) � + ux
j
( x

* , t2 ) - ux
j
( x

* , t 1) �

+ �ux
j
( x

* , t 1) - ux
j
( x 0, t 1) �≤ C( %t ) �/ ( 1+ �) .

Therefo re ux
j∈C

�, �/ ( 1+ �)
loc ( R

N
) and the theorem is proved.
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