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Semilocal modules and quasi-hereditary algebras 

By 

YANAN LIN a n d  CHANGCHANG X I * )  

1. Main result. Throughout  this note all algebras are assumed to be finite-dimensional 
(associative) algebras with 1 over an algebraically closed field k and all modules are 
finitely generated left modules. The composition of two morphisms f:  Ma- -~  M2 and 
g: M2 --- '  M3 is denoted by fg. 

Recall that a module M is called local if the sum of all proper submodules of M is a 
proper submodule of M. So a local module M has a unique maximal submodule which 
is the radical of M. A module M is called semilocal if M is a direct sum of local modules. 
Finally, recall that an ideal J of a given algebra A with Jacobson radical N : rad (A) is 
said to be a heredity ideal if it satisfies (1) j2  = j ,  (2) JNJ = 0, and (3) J is a projective 
left A-module. The algebra A is' called quasi-hereditary provided there is a chain 

O=.]o ~=dl c= . . .~=J ,=A 

of ideals of A such that Ji/J~_ 1 is a heredity ideal of A/Ji- 1 for I < i < n. (Such a chain 
is called a heredity chain). Quasi-hereditary algebra was introduced by Cline, Parshall 
and Scott in order to describe the highest weight categories arising in the representation 
theory of complex semisimple Lie algebras and algebraic groups (cfo [2]). Some basic 
properties on quasi-hereditary algebras may be found in [3]. The aim of this note is to 
show the following 

Theorem. Let A be a finite-dimensional k-algebra with the radical N over an alge- 
braically closed field k. I f  M is a semilocal module with Loewy length m, then the endomor- 

phismalgebraEndA(;i=l M/N~M~isquasi-heredimry'l 

Note that in case M = AA the result was proved already by Dlab and Ringel in [4]. 
Thus the above resull is a generalization of the main result in [4]. The proof of the 
theorem will cover the rest of this section. 

Since the proof of Dlab and Ringel in [4] does not work in our case, we shall m~roduce 
first a partially order on the set of all non-isomorphic indecomposable direct summands 

m n 
of 3~r:= �9 M/N~M which have the some Loewy length. Suppose M = | M~ be semi- 

i = I  ~=1 

local in which M~ is local for 1 -< i _< n, Let m be the Loewy length of M. We denote by 
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o~ the set of all pairwise non-isomorphic indecomposable direct summands  of_M and by 
4 the subset of ~,~ consisting of atl modules with Loewy length i. Thus ~" is a disjoint 
union of 4 ,  I < i < m. 

Let 4 = {Fij[ I <= j <= hi}. We define on 4 a relation < by setting Fi~ _-< Fit provided 
there exists a surjective morphism from F~ onto Fit. 

Since F~ is a local module, it is easy to see that ( 4 ,  < )  is a partially ordered set. So we 
can enumerate the elements of 4 i n  such a way F~ 1 , . " ,  ~, ,  that F~ __< Fit implies that s < t. 

/ x 

Since EndA(M)is  Mori ta  equivalent to EndA(  | X )  and quasi-heredity is invariant 
\ x ~  / / m ,~ \ 

under Mori ta  equivalences, we shall prove that E : =  E n d a _  ~i__@1 j--@l F,.j)_ is a quasi-here- 

ditary algebra. To this end, let J~r be the set of all endomorphisms in E which factor 

through a module in add F~j @ F~ , we claim that the chain 
\ i = 1  j j =  

0 = J o o  = J l l  = ' ' "  = J l n l  c= "]21 = J 2 2  = " ' '  = J2n2 = " ' "  = J m l  ~ " ' "  c= Jmn~  ~- E 

of ideals of E is a heredity chain. 
Given F~t e ~ ,  we denote by e~t the endomorphism in E which projects canonically 

@ F~j onto F~. Thus, the elements e~, I < s <_ m, i _< t < n~, form a set of pairwise 
or thogonal  primitive idempotents of E. Note  that  for F~t, F~j ~ ,~, we can identify e~tE e~j 
with Horn A (F~t, Fij ). The ideal Js, is generated by eii with 1 < i < s, 1 < j < n i and e~j with 
1 < j < t. Let /~  = E/J~,t_ ~, the residue class of an element e e E (or a subset J ~ E) will 
be denoted by d (or J). We show that  ~t  is a heredity ideal of E. 

(1) It  is obvious that  ~ ,  is an idempotent  ideal of E. 
(2) Every non-invertible mapf. 'F~t---~F~ factors through a module in add 

C+; F~j @ | F~j . In fact, f can not be surjective. Thus the image of f lies in the 
\ i = l j = l  j = l  

radical of F~t = M,/N~Mp and N ~-~ - I r a ( f )  = 0. This means that  f factors through 
f ; _ l . p : =  Mp/N~-~Mp and lies in Js.t-1. Thus ~ t -  tad(E) �9 J~, = 0. 

(3) It remains to show that  ~t  is a projective left E-module. By [3] this is equivalent to 
showing that the multiplication map  

is bijective. Note that from (2) we have G, EG, -~ k. 
In fact, it is sufficient to show that  the multiplication map  

#: ~vqEGt | ~ GqEGtE~v~ 

is injective for all p,q,v ,w.  Let x =  ~ ? l |  be in ~pqE~,, |  such that 
I = 1  

X%3-~ = 0, where y~ ~ HOmA(Fm, F~t ) and fit ~ HomA(F~t, Fv~). We may assume that p > s 
and q > t in case p = s, and that  v > s and w => t in case v = s. Since if N ~- ~ �9 Im (?~) = 0 

n s -  l 

then yz factors through @ Fs_ ~,i, we may  assume that  N s- ~ - I m  (V~) 4= 0 for all I. This 
i = 1  

implies that ?~ is surjective since F~t is local. 
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By definition we can write Fpq = M~/NPMq and F~t = M~/N'Mr Let 
i: NSMq/NPMq ---, Mq/NPMq be the canonical inclusion, then we have the following 
commutat ive diagram 

0 ~ N~M~/NPMq _Z~ Mq/NPMq ~ Mq/N~Mq ~ 0 

M,/NSM, M~/NSM~, 

where n is the canonical projection and qh is surjective. Since Mq/N~Mq, M~/N~Mt ~ ~ ,  
we may assume that ~0~ is an isomorphism, Otherwise, by the definition of < we have 
~z = 0. Hence we can identify Mq/N~Mq with M~/N~Mt and consider qh as an endomor-  

c 

phism of Mq/N~Mq. Thus, by (2), we have qS~ = c~ z for some ez e k. Let 6 = Z elSl, we 

get X=~C|174 and ~ 8 = 0 .  Hence there is a module T in add 

__~(~)1 j--G1Fi~ ( ~  j--O1F~j such that  n~ factors through the module T and one obtains the 

following commutat ive diagram 

0 , N~MJNPMq ~ Mq/NVMa ~', Mq/N~Ma ~ 0 

o 4, 
r , Mw/N~Mw. 

Since i f=  0, it follows that there exists a morphism ~: Mq/NSMq ~ Tsuch that  f =  n~k. 
So n~- - - fg  = hog ,  and b = 0 g  because n is surjective. This means that ~-= 0 and 
x = ~ | ~ = 0. Hence g is injective and the proof  is completed. 

Since A A is semilocal, we have the following 

Corollary [4]. Let A be a finite-dimensional algebra with nilpotenee index n. Then 

End a A/N i is quasi-hereditary. 
i= 

2. Examples. 

E x a m p 1 e 1. The following example shows that the chain given in [4] may not be a 
heredity chain, and that  the refinement in the proof  of the theorem is necessary. Let A b e  
given by the following quiver 

I 
2 ~ /  " " ~  3 

We denote by P(i) the indecomposable projective module corresponding to the vertex L 
If we take modules Mt = P(I)/P(3) and M 2 =- P(1), and denote by Ji' the ideal of E in 
which every morphism factors through a module in ~ ,  then 0 = J ;  = J~ = E is the chain 
given in [4], it is easy to see that  this chain is not a heredity chain for E. 
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E x a m p 1 e 2. The condition that M is semilocal in the theorem can not be omitted. 
This can be seen by the following example. Let A be the Kronecker algebra given by the 
quiver 

2 : - - 1 .  

We take the module 

( 

Then E = End a (M �9 (M/NM))  is Morita equivalent to the algebra given by the 
following quiver 

Y 

with relations ~2 = ~/~ = O. Clearly, it is not  a quasi-hereditary algebra. 

E x a m p 1 e 3. Let A be an algebra given by the quiver 

2~ ~1 ~5 § ~6 

3 * 4  

with relations/~/~' = 6'fi - e'e = 7e' - q ~  = Jr'  = e6' =/~'/~7 =/~'flq~ = 0. Let P(i) de- 
note the indecomposable projective A-module corresponding to the vertex i. If we take 
M 1 = P(1)/N4p(1) and M 2 = P(2) / Im(f ) ,  where f is a non-zero homomorphism from 

P(4) to P(2), and M = M 1 • M2, then E = EndA(M ) = EndA @ @ M J N i M ]  has 
the following regular representation ,,i= 1 j= 1 / 

1 2 2/3.,.5 / 4 \ 6  5 
3 4 1 " 3 /  "8 7 
5 ~ 6 G \ / 7  ~ \ / ~ 4 �9 

1 / "6 7 8 4 5 \3  / \8  
6 7 \ / 
8 5 

7 

3/6,..8 7 8 
1/4.,.6 5 

" 5 /  ~ "'3 / "8 G 7 
7 \ / 

5 
7 

33* 
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Auslander, Platzeck and Todorov have introduced in [1] the descending Loewy 
length condition on projective resolutions. Recall that an artin algebra B satisfies 
the descending Loewy lenght condition on projective resolutions if for every module 
nX a minimal projective resolution . . . . .  -, P i ( X ) ~ - -  ---, P o ( X ) ~  eX ~ 0 satisfies 
LL(PI+I(X)) < LL(PI(X)) for i > 1, where LL(X) stands for the Loewy length of the 
module X. Let PE(4) be the indecomposable projective E-module corresponding to 
the indecomposable A-module M2/NEM2. If we take X =  PE(4)/rad(PE(4)), then 
LL(PE(X)) > LL(P 1 (X)). This shows that in general quasi-hereditary algebras of the 
form EndA ()~) with M semilocal do not satisfy the descending Loewy length condition. 

A c k n o w 1 e d g e m e n t. The authors would like to thank Prof. Shaoxue Liu for help 
and encouragement, and the Post-Doctor  Foundat ion of China and the National Educa- 
tion Commitee of China for support. 
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