View metadata, citation and similar papers at core.ac.uk

brought to you by .{ CORE

provided by Xiamen University Institutional Repository

47 1 ( ) Vol.47 No.1
2008 1 Journal of Xiamen University (Natural Science) Jan. 2008
Riesz
2 *
(1. , 361005
2. ) 4001, )
. Riexz llic,Liu \
Riesz - Riesz
\ Riesz
. Riexz ; ; ; - 3
10 241.82 A :0438-0479(2008) 01-0020-05
, Riesz
[1-3]
DA SSL
[4-5] .
&l , Liu Fokker- Planck (18]
[6-11] [1]
[12] [13]
ic Liu ™ Riesz , Riesz
Riesz - 1
[14 - 15]
) Riesz
) __d _&
a(0<a<1) B(1<P<2) Riex IR IMEEIS SR IM LIS I
. Riexz Riesz O<x<I1,t>0 (1)
, Riemann-Liouville (R-L) u(0,t) = u(l,t) =0,t>0 (2
: Riesz u(x,0) = g(x),0 < x<| (3)
[16- 171 Riesz _LzRD(X - (_A)"Z- _LzRDB =- (-
., llicLiu © , ol = = = ol xl® = =
- W Riesz INg a B Riex 0 <a
<1,1<B <2, Riesz
[16-17] a b
:2007-07-18
: (10271098) , u(x.0,9(x)
(L P0348653)
* fwliu @mu. edu. cn 10019 (asx<b «a

y J


https://core.ac.uk/display/41346702?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

1 :Riesz

.21 -

Riesz
g%u(x,t) =*Du(x,t) =

- C(aDax +xDub) U(X,t) (4)

Cc = a £1,
m
2¢C0 >

aD%u(x,1) :m% a(_:%';)u_é_n
n=la +1 (5

«Dhu(x,1) :r_((_?‘il')a‘aa; XEU'L;;)E%_”
n="la +1 (6)

2l1] (- Q)
Q A2 (U
(- D)@ =A%ps Q B@ =0
X, B @) Dirichet

F ={f= :Zo(l)n,oq= fOn | §|m|2|)\n|y <
wy = max(a,g},

f R.(-D)2

(- D)7 = nzczx‘kpn 7

1 T=(-0)>

f = nZa:(Pn,QZ ZWn
Tf,g = abA%pn = f,Tg (8)

31 {oy (- A)

Q A2

(-0)7¢ =

(-A)"f o =2m,m=0,1,2,
(- D)Z (- D)"F

m-1<%<m,m:1,2, (9

:ZA‘L f@n @0 <0

otH 3 2
11201
A(N-1x(N-D) Pn-yx(n-D)
= P\P (10)
N = diag{)\l )\2,

Mg Ali=1, N-1

A(N-1 x(N-1)

3

%lt":-{—‘a%u,0<x<l,t>0

u(0,) = u(l,t) =0,t>0
@(x,00 = g(x),0< x<
2.2
djfl =- %az{- U1 + 2Ui - Ui-J ,
[i =1,2,

N
w=uv =0

u(x .0 = g(x).[i =12,

2.1

N )

u = u(xi,t),h ,N:L.
h
'du—_
ot aAU
2 -1
1 2 1
-1 2 1
A:‘#
1 2
L -1
A (N
1,A
AP’
2.3 Riesz -
(D

(3,
I G 2%
0% - 0%
(1) :
.du _ 2-1 2-1
dt aA AU bA AU

(11)

(12)
(13)

(14)
(15)
(16)

(17)

(18)

(19)



.22 - ) 2008
] [__&ZJN”"’[__%JG =AY U, - U
( 1), (MMT). ox ox
(19) ; (24)
-dd_Ltl = - aF?'\uZ_ PlU - bF?'\% PlU (20) Un(X)\n) = ’\]iisn[-ﬂlﬂ y
AS - diago\? )\;; 2\“3.1) AS - diagQ\? )\‘2-’2* U, - U = [u’ (Du(l) - uw' (0)u(0)] -
& uundx = - IGu"ndx (25)
A1) . _IO .IO
Ries Tidx = G o= ((A)ud =
18] Afun,u =A% u,u (26)
DASS. ' (26) (25) |
DASL  Kk(k=12, .9 P X (27)
\ (24)
[1.28) Un [ ‘a%J T =AY G (28)
Riesz - &
Un,[' _5%2] Za :)\Bn Un,a (29)
(28)  (29) (23),
:J’ f (%) g(x) dx S Un,U(X,9 - Un,g =
° - A% w,u - B% uw,U (30)
- é%} u(0) = u(l) =0
) 22 Un,u(x,9 = GCi(9 , th,g = G,
An=ﬂ|2—(n:12 ) (30)
SCn(S) -G =- AanCn(S) - anCn(S) (31)
wixh) = fen Eﬂ (31)
G
R Gl = s+a%+ Bh (32)
(D (3) o
u(x,9 = Ci(9 un(x) =
G- {B&ZJ xS u(x nz Un (X
X
& o Bun(X) =
t{% U(x,9 (21) “Z“A + BY
G099 = G(l9 =0 (22) Z s+ a5+ b A]/%S'”[ ] (33)
Un . , (33)
_ e :
S Un,u(x,9 Un,g =- ath,) - 5z U © .
u(x,t) = f G (¥ gp MX (34)
Fak 2 |
b U [ 5 ZJ u (23)
X
(23) u[ 5%} ‘U 3
1, I =T0,g(x) = X (@0 - x).

G = Un,g = JTZIZXZGT' x)sn(nx) dx =



1 :Riesz

. 23 .

JZ_T-I'Zén(nx) x2dx - ,\#[E-I'Zs'n(nx) x> dx
(35)

Jo Osin(nx) xdx =

(_ 1)n+1_tn£.[2 +Lnt3£[(_ 1)n _ l] (36)

,\/lr[EIT;sin(nx) xdx =
L ey d By @)
n n

e :Ln{z_l[(- " - 1] - ﬁ% (- )" =
A (g 20k (38

. (38 (38,

u(x,t) =

nz ,\]gfg JZ_T(- 1)n+1e»(Aun+B[i) ts-n(nx) _
z ,\]EZ_*EG-(AG”%@ ts-n(nx) -

SV\Z _[J];(' 1) mle’(&un*'h@ ts-n(nx) _

® (e, .
4FZ'J;e(An?’J)‘SIn(nx) (39)
n
1 t=0.2,0.4,0.6,0.8,1.0
, a=b=0.250 =
0.4 =1.8.
45 . . . .
4.0 iz
=04

3.5 /r -y \\

3.0 ’/' 1=0.8 ‘\‘
< 25 7=1.
X
¥ 20 / ¥

L5 \

1.0 "\, ]

0.5

0 - : : 3
0 05 10 15 20 25 30 35
Distance x
1 ( ) ( ) t=0.2,

0.4,0.6,0.8,1.0
Fig.1 Comparisonof numerical solution (symbols) and
analyss solution (curves) at t = 0.2,0.4,0.6,

0.8,1.0 ,respectively

(7]

(8]

(9]

[10]

[11]

[12]

Riesz -

Riesz

llic M Liu F,Turner | ,et al. Numerical approximation of
)-with nonho-
mogeneous boundary conditions[J]. Fractional Calculus &
Applied Analysis,2006 ,9(4) :333 - 349.

Samko S G, Kilbas A A ,Marichev O |. Fractional inte-
gras and derivatives: theory and applications[ M]. Am-
sterdam: Gordon and Breach ,1993.

Podlubny |. Fractional differential equations[ M ]. New
York : Academic Press,1999.

Gorenflo R,Mainardi F,Moretti D. Time fractional diffu-
son:a discrete random walk approach[J].Journa of Nor-
linear Dynamics,2000,29:129 - 143.

Huang F,Liu F. The fundamental solution of the space

afractiona-in-space diff uson equation (

time fractional advection-disperson equation[J].J Appl
Math & Computing,2005,18(1/ 2) :339 - 350.
[D]. ,2006.
Meerschaert M M ,Scheffler H , Tadjeran C. Finite differ-
ence methods for two-dimensional fractional dispersion e
quation[J].J Comp Phys,2006 ,211:249 - 261.
Liu F,Anh V ,Turner I. Numerical solution of the space
fractional Fokker-Planck equation [J]. J Comp Appl
Mathematics,2004 ,166 :209 - 219.
Shen S,Liu F,Anh V ,et a.Detailed analysis of an explic-
it conservative difference approximation for the time frac-
tiond diffuson equation[J].J Appl Math Computing,
2006 ,22(3) :1- 19.
Liu F,Zhuang P,Anh V et a. Stability and convergence
of the difference methods for the spacetime fractional
advection-diffuson equation[J]. Appl Math Comp ,2007 ,
191:12 - 20.
LiuQ Liu F,Turner | ,et al. Approximation of the L évy
Feller Advection-Disperson process by random walk and
finite difference method[J]. Phys Comp ,2007 ,222:57 -
70.
Roop J P. Computational aspects of FEM approximation



.24 -

) 2008

[13]

[14]

[15]

[16]

of fractional advection disperson equation on bounded
domainsin R[J].J Comp Appl Math,2006,93(1) :243
- 268.

YuQ ,Liu F,Anh V ,et a. Slving linear and nonlinear
space-time fractional reaction-diffuson equations by
Adomian decomposition method[J]. International J for
Numer Meth In Eng,2007 ,DOI:10. 1002/ NM E. 2165.
Zadavsky G M. Topological aspects of the dynamics of
fluids and plasmas[ M ]. Kluwer :Dordrecht ,1992.
Metzler R, Klafter J. The random wa k' s guide to anonr
alous diffuson:afractional dynamics approach[J]. Phys-
ics Reports,2000,339:1 - 77.

Gorenflo R ,Mainardi F. Random walk models for space-

[17]

(18]

[19]

[20]

fractional diffuson processes[J]. Fractiona Calculus &
Applied Analyss,1998 ,1:167 - 191.
Corenflo R,Mainardi F,Moretti D ,et a. Discrete ran-
dom walk modelsfor space-time fractiona diffuson[J].
Chemical Physics,2002,284:521 - 541.
Liu F,Anh V ,Turner |. Numerical solution of the space
fractional Fokker- Planck equation[J].J Comp and Appl
Math ,2004 ,166:209 - 219.
Gorenflo R, Mainardi F. Approximation of L évy Feller
diffuson by random wak[J].J Ana Appl (ZAA),
1999,18:231 - 246.

[M]. : ,
2000.

A Computationally Efficient Solution Method for a Riesz Space
Fractional Advection-Dispersion Equation

SHEN Shujun' LU Fawang®”
(1. School of Mathematical Sciences,Xiamen University ,Xiamen 361005 ,China;
2. School of Mathematical Sciences,Queendand University of Technology ,Qld. 4001 ,Australia)

Abstract : In this paper ,a Riesz space fractional advection-dispersion equation (RSFADE) is considered ,which is derived from the

kinetics of chaotic dynamics. Following work by llicand Liu et a ,a new computationally efficient method for solving the RSFADE on
a bounded domain is proposed. The method is based on the matrix representation of both the Riesz space fractional operators. The
novelty of this method is that a standard discretisation of the operator leads to a system of ordinary differential equations (ODES)
with the matrix raised the same fractional power. Then the ODEsis solved by a computationally efficient fractional method of lines.
usng a spectral representation of thefractional derivatives and the L aplace tranorm ,the analyss solution of this equationisaso de
rived. Finally ,a numerical exampleis given to demonstrate that this numerical method is computationally efficient.

Key WOr ds: Riesz space fractional derivative;matrix transfer technique;L aplace transform ;advectionr dispersion equation ; method

of lines



