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The quantum instanton approximation is extended to investigate dynamical processes of hydrogen
on surface, from surface to subsurface, and between interior sites in nickel lattice. The path integral
Monte Carlo and adaptive umbrella sampling techniques are employed to manipulate the quantum
instanton formula. The free energy profiles along reaction paths, temperature dependence of free
energies, and rates as well as diffusion coefficients are calculated for each process. The results
manifest that the motions of nickel atoms beneath the surface have little effect on the hydrogen
diffusion on Ni�111�, and the hydrogen at the fcc binding site is much easier to get into bulk nickel
than the one at the hcp site. The temperature dependence of free energy profiles also reveals that the
hydrogen in the subsurface octahedral vacancy and interior tetrahedral vacancy becomes unstable at
low temperatures, which proposes a temperature dependence of reaction mechanism. In addition, the
relaxations of the lattices dramatically lower the free energy barriers except for the process of the
hydrogen diffusion on Ni�111�. The quantum motions of the lattice atoms affect the free energies
little at 300 K, but they hinder the rates by 20%–40% compared with the classical motions of lattice
atoms. © 2010 American Institute of Physics. �doi:10.1063/1.3317475�

I. INTRODUCTION

Hydrogen adsorption and diffusion on metal surface are
of interest from scientific perspective of understanding the
gas-surface interactions to the vast field heterogeneous ca-
talysis, surface electronics, and energy storage. In addition,
they provide the simplest model system for validating theo-
retical and experimental methodologies. In our previous
paper,1 the diffusion of hydrogen on Ni�100� surface is
evaluated by using the quantum instanton �QI�
approximation.2 The QI has successfully revealed the tunnel-
ing effect, predicted the transition temperature, and ex-
plained the dissipation phenomenon caused by interaction
between hydrogen and metallic atoms.

The QI is proposed recently by Miller et al.2 for the
calculations of reaction rates. Its approximation is similar to
an earlier semiclassical transition state theory3 that became
known as the instanton.4 However, it has the advantage that
the Boltzmann operator is treated fully quantum mechani-
cally rather than within the semiclassical approximation. Fur-
thermore, the QI approximation only incorporates the calcu-
lations of the Boltzmann operator and its relevant quantities.
It therefore allows one to calculate large systems quantum
dynamically, together with path integral Monte Carlo �MC�
and adaptive umbrella sampling techniques. For instance, 25
Ni atoms and the hydrogen have been dealt with full quan-
tum mechanics for hydrogen diffusion on Ni�100�.1 Mean-
while, the QI considers all tunneling paths and automatically

gives each path its natural weight by the quantum Boltzmann
factor and incorporates quantum-fluctuation effect correctly.
It can be manipulated in Cartesian space on a full potential
energy surface, thus takes into account the effects of the
vibration-rotation coupling and anharmonicity of the reaction
system naturally. The previous applications from gas phase
reactions5–7 to proton transfer in a polar solvent8 have also
demonstrated its merits.

The present paper, which is an extension of our previous
work,1 continuously applies the QI approximation to inves-
tigate the hydrogen diffusion on Ni�111�, as well as surface-
subsurface processes and the migration between the interior
sites. Concretely speaking, we calculate the rates for the cy-
clic reaction processes that H atom hops along the reversible
path Ahcp�Afcc�Ocsub�Tesub�Ahcp �see in Fig. 1�, and H
atom diffuses from one interior octahedral site to another via
a tetrahedral site �see in Fig. 2�.

The behaviors of hydrogen on metal surfaces considered
in this paper have been investigated both experimentally and
theoretically, as reviewed in several places.9–17 Theoretically,
most work is based on the adiabatic potential or the mini-
mum energy path to calculate the rates with use of transition
state theories because a rigorous multidimensional quantum
dynamical calculation is still prohibitive at the moment.
However, dynamics of the lattice may significantly contrib-
ute to the rates, as shown in the QI calculations of H diffu-
sion on Ni�100� �Ref. 1� with use of a full-dimensional po-
tential energy surface. The QI results show that the quantum
lattice motion can hinder the hydrogen tunneling comparing
with the classical ones. This result is in conflict with one
from the variational transition state theory,18 but consistent
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with that from the surrogate Hamiltonian method.19 The pos-
sible mechanism has been explained from both the free en-
ergy profile and the dissipative effect.1

For the processes of H diffusion on the Ni�111� crystal
surface, H hopping between surface and subsurface sites, and
H migrating in the interior, several theoretical investigations
have also been made. For instance, Wonchoba and Truhlar20

investigate the surface, subsurface, and interior processes us-
ing canonical variational transition state theory with a small
curvature tunneling approximation based on quantized reac-
tant states �CVT/SCTQ�, or by treating the energy levels of
the reaction coordinate as a classical continuum �CVT/SCT�
on a full dimensional potential energy function, and they
predicted that the quantum motion of lattice does not affect
rates too much comparing with classical one. However, Baer
et al.21 use the surrogate Hamiltonian method to represent
the nickel host effect on the hydrogen resurface dynamics
and show that the environment suppresses the tunneling
compared to a frozen lattice approximation, using their own
potential energy function. This makes us expect that the
quantum lattice may be also important for understanding the
dynamics at subsurface and interior sites. Therefore, besides
the study of circle kinetic steps, the present paper also fo-
cuses on this problem. In the calculations, the version 6 of

the embedded diatomics-in-molecules �EAM6� potential en-
ergy function20 is used for the purpose of comparison with
the CVT/SCTQ and CVT/SCT.

Another goal of the present paper is to reveal tempera-
ture dependence of quantum free energies, which may be-
come important to determine the kinetic steps for the reac-
tions in that a shallow potential well exists along reaction
paths. An example is that H diffusion from one interior oc-
tahedral site to another via a tetrahedral site. Wonchoba and
Truhlar20 consider that the local minimum at tetrahedral site
is not very deep, and treat the process as a single kinetic step
with a double maximum barrier, while Wimmer et al.22 as-
sume that the diffusing H atom temporarily equilibrates in
the tetrahedral site before jumping forward or backward to a
neighboring octahedral site, and treat this process as two
individual kinetic steps. The assumption is based on the po-
tential energy curve where a well indeed exists at the tetra-
hedral site. In fact, the rates are determined by the free en-
ergy. The validity of the above assumption may be examined
more reasonably by the free energy profile along the reaction
path. Our calculation will show that the kinetic reaction steps
may depend on temperature.

The paper begins in Sec. II with the summarization of
the working expression of the QI theory and the description
of the path integral framework for the evaluation of the QI
rates. Section III shows the model for the potential energy
function and the numerical techniques. Section IV gives out
numerical results. Section V is the concluding remarks.

II. THEORY

A. QI approximation

In this section, we summarize the working expressions
of the QI approximation. The detailed derivation can be
found in Refs. 2, 5, and 6. The QI model proposes a thermal
rate expression as follows:

kQr �
���

2

Cf f�0�
�H���

. �1�

Here, Qr is the reactant partition function per unit volume.
Cf f�0� is the zero time value of the flux-flux correlation func-
tion

Cf f�t� = tr�e−�Ĥ/2F̂ae−�Ĥ/2eiĤt/�F̂be−iĤt/�� , �2�

where � is the inverse temperature 1 /kBT, Ĥ is the Hamil-
tonian operator of the system

Ĥ =
p̂2

2m
+ � p̂2

2M
+ V�r̂,R̂� �3�

the coordinates, masses, and momenta corresponding to the

H atom and Ni atoms are denoted with r̂, m, p̂, and R̂, M, P̂,

respectively, and the flux operators, F̂���=a ,b�, are given by

F̂� =
1

2m
�p̂s��ŝ − s�� + ��ŝ − s��p̂s� . �4�

Here, the coordinate operator ŝ is defined as the reaction
coordinate. p̂s is the conjugate momentum operator of ŝ. The

FIG. 1. A lattice model with a few Ni atoms for the circle reaction processes
of hydrogen. Ahcp, Afcc, Ocsub, and Tesub are the abbreviations for a hcp
hollow site, a fcc hollow site, a subsurface octahedral vacancy, and a sub-
surface tetrahedral vacancy, respectively. The black lines stand for the di-
rections of the reaction paths. The atoms of Ni1, Ni2, and Ni3 colored in
orange are specially used to determine the reaction coordinate of the process
Ocsub→Tesub.

FIG. 2. A lattice model with a few Ni atoms for the process of H diffusion
in interior of bulk Ni. Ocinte and Teinte are the abbreviations for an interior
octahedral vacancy and an interior tetrahedral vacancy, respectively. The
black lines stand for the general directions of the reaction paths. The atoms
of Ni4, Ni5, and Ni6 colored in orange are specially used to determine the
reaction coordinate of the process Ocinte→Teinte.
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dividing surfaces are defined as s=s���=a ,b�.
�H in Eq. �1� is a specific type of energy variance, given

by

�H = ��− C̈dd�0�
2Cdd�0�

, �5�

where Cdd�0� and C̈dd�0� are the zero time value and its
second time derivative, respectively, of the “delta-delta” cor-
relation function

Cdd�t� = tr�e−�Ĥ/2��ŝ − sa�e−�Ĥ/2eiĤt/���ŝ − sb�e−iĤt/�� . �6�

In practice, in order to correct the free particle �or high-
temperature� limit, that has very little effect in the low tem-
perature regime, one may modify �H as

�Hmod = �H +
�� − �2

�
. �7�

The location of the dividing surfaces, namely, the values of
the parameter s�, are determined by the following stationary
condition

�

�s�

Cdd�0� = 0. �8�

This condition originates from the semiclassical instanton
model, and the resulting dividing surfaces correspond quali-
tatively to the turning points of the periodic orbit that runs on
the upside down potential energy surface in imaginary time.

B. Path integral evaluation of QI rates

The QI rates in Eq. �1� is expressed solely in terms of the
Boltzmann operator, they can be readily evaluated using
imaginary-time path integral MC �PIMC� �Refs. 23–25�
techniques. The PIMC calculations for the relevant quanti-
ties, i.e., Cf f�0�, Cdd�0�, and �H have been discussed exten-
sively in the previous work.5,1 In the following, we will give
a brief review.

Equation �1� can be written as the product of several
ratios

k =
���

2

Cdd�0�
Qr

Cf f�0�
Cdd�0�

1

�H���
�9�

for the purpose of MC calculations. Here, Cf f�0� /Cdd�0� and
�H��� are straightforwardly evaluated by the PIMC tech-
nique, while the evaluation of Cdd�0� /Qr is dealt with the
adaptive umbrella sampling technique.26–28

We now explicitly present these ratios of the QI rate for
H/Ni systems in the path integral representation. All the path
integral expressions are presented fully quantized for both H
atom and Ni atoms that neighbor reaction path. The light
hydrogen atom is treated with P time slices, while the heavy
Ni atoms are treated with fewer Pbath time slices.

Following the procedure described in Refs. 8 and 1, we
transform Cdd�0� and Cf f�0� into discretized path integral
forms, then obtain

Cf f�0�
Cdd�0�

= � − P2

4�2�2 �s1 − sP−1��sP/2+1 − sP/2−1�	
‡
, �10�

where 
¯ �‡ represents the constrained path average


 ¯ �‡ =
�dr1 ¯ �drP�dR1 ¯ �dRPbath

exp
− �����s0 − sa���sP/2 − sb�� ¯ �

�dr1 ¯ �drP�dR1 ¯ �dRPbath
exp
− �����s0 − sa���sP/2 − sb�

, �11�

with

� =
MPbath

2�2�2 �
�=1

Pbath

�R� − R�−1�2 +
mP

2�2�2�
k=1

P

�rk − rk−1�2

+
1

P
�
k=1

P

V�rk,R��k�� . �12�

�H is obtained via Eq. �5� by first getting the terms

C̈dd�0� /Cdd�0�

C̈dd�0�
Cdd�0�

= −
1

�2 
F2 + G�‡, �13�

where

F = �
k=1

P � m

2�2��2 �rk − rk−1�2

−
1

2
�V�rk,R��k�� + V�r�k−1�,R��k−1����ak

+ �
�=1

Pbath � M

2�2��bath
2 �R� − R�−1�2�b�, �14�

G = �
k=1

P � fr

2��2 −
m

�2��3 �rk − rk−1�2�ak
2

+ �
�=1

Pbath � fR

2��bath
2 −

M

�2��bath
3 �R� − R�−1�2�b�

2 , �15�

fr and fR are the numbers of partial degrees of freedom for
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quantized H and Ni atoms, respectively. ak and b� are coef-
ficients, �� and ��bath are defined by ��=� / P, ��bath

=� / Pbath.

C. Adaptive umbrella sampling for Cdd„0… /Qr

We rewrite the factor Cdd�0� /Qr in a more detailed form
as follows:

Cdd�0,sa
‡,sb

‡�
Qr

=
Cdd�0,sa

0,sb
0�

Qr

Cdd�0,sa
‡,sb

‡�
Cdd�0,sa

0,sb
0�

, �16�

where the term Cdd�0,sa
0 ,sb

0� is a property at a particular
value of �sa

0 ,sb
0�, which is associated with the position of

minimum energy, while Cdd�0,sa
‡ ,sb

‡� corresponds to the di-
viding surfaces.

We discretize the Boltzmann operator in Cdd�0� and Qr

using the standard procedure as

Cdd�0,sa
0,sb

0�
Qr

=
�dr1 ¯ �drP�dR1 ¯ �dRPbath

exp
− �����s0 − sa
0���sP/2 − sb

0�

�dr1 ¯ �drP�dR1 ¯ �dRPbath
exp
− ���h�s0�h�sP/2�

, �17�

Cdd�0,sa
‡,sb

‡�
Cdd�0,sa

0,sb
0�

=
�dr1 ¯ �drP�dR1 ¯ �dRPbath

exp
− �����s0 − sa
‡���sP/2 − sb

‡�

�dr1 ¯ �drP�dR1 ¯ �dRPbath
exp
− �����s0 − sa

0���sP/2 − sb
0�

, �18�

where � is given out by Eq. �12�, h�s0� and h�sP/2� stand for that all the PIMC samplings are constrained in the reactant region.
The factor Cdd�0,sa

0 ,sb
0� /Qr is estimated as follows. First, we construct a two-dimensional histogram of the values of

�s0 ,sP/2�. Then, we normalize the histogram after hundreds of thousands of samplings have been done. Finally, we can obtain
the absolute value of Cdd�0,sa

0 ,sb
0� /Qr at the particular value of �sa

0 ,sb
0�.

The other factor in Eq. �16� can be obtained by following the procedure described in Refs. 5 and 8. Basically, we add a
global biasing potential U�x0 ,xP/2� to the discretized action � and obtain

Cdd
� �0,sa

‡,sb
‡�

Cdd
� �0,sa

0,sb
0�

=
�dr1 ¯ �drP�dR1 ¯ �dRPbath

exp
− ������s0 − sa
‡���sP/2 − sb

‡�

�dr1 ¯ �drP�dR1 ¯ �dRPbath
exp
− ������s0 − sa

0���sP/2 − sb
0�

, �19�

where ��=�+U�s0 ,sP/2�. Since U�s0 ,sP/2� is a function of
only s0 and sP/2, so

Cdd
� �0,sa

‡,sb
‡�

Cdd
� �0,sa

0,sb
0�

= exp
− �U�
Cdd�0,sa

‡,sb
‡�

Cdd�0,sa
0,sb

0�
. �20�

We can construct a good U by performing an iterative pro-
cedure, so as to create a sufficiently flat distribution of
Cdd

� �0,sa ,sb� over the domain of �sa ,sb�, i.e.,

Cdd�0,sa
‡,sb

‡�
Cdd�0,sa

0,sb
0�

= exp
�Uoptimal� �21�

Indeed, some of the potential barriers of our systems are very
high. In order to accelerate convergence, we add another
term PEP �s� �potential energy profile along the reaction
path� to the bias potential U��s0+sP/2� /2,s0−sP/2�=U��s0

+sP/2� /2,s0−sP/2�−PEP��s0+sP/2� /2� �we have done a coor-
dinate transformation here from �s0 ,sP/2� to ��s0+sP/2� /2,s0

−sP/2�� before the execution of the iterative procedure. The
PEP �s� is obtained in the following process. First, we fix two
reaction coordinate beads �s0 ,sP/2 ,s=s0=sP/2� at a special
position along the reaction path, then evaluate a potential
energy at this position with the Ni atoms relaxed. By repeat-
ing the above process at different positions, finally, we can
obtain a whole PEP �s� along the reaction path.

The free energy curve can be calculated by

F�s� = − kBT log Cdd�0,s� , �22�

where s=sa=sb.

III. MODELS AND COMPUTATIONAL DETAILS

Figures 1 and 2 show H diffusion processes in the nickel
crystal with a face-centered-cubic �fcc� lattice structure that
we investigate. In the QI calculations, one needs to define the
reaction coordinate operators ŝ �see Eq. �4��. For the present
system, the hydrogen coordinates are essentially good
choices. We thus adopt the following reaction coordinates for
different rate processes. In the H diffusion on the Ni�111�
surface from a hcp site to a fcc site �Afcc�Ahcp�, the x coor-
dinate of the H atom is chosen, whose direction is showed in
Fig. 1 as the black line connecting the Ahcp site to Afcc site. In
the H resurfacing from a subsurface octahedral vacancy to
the fcc site �Afcc�Ocsub� and from the subsurface tetrahedral
vacancy to the hcp site �Ahcp�Tesub�, the z coordinate of the
H atom �vertical to Ni�111� surface� is taken. In the H diffu-
sion between adjacent subsurface octahedral and tetrahedral
vacancies �Ocsub�Tesub� and between adjacent interior
octahedral vacancy and interior tetrahedral vacancy
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�Ocinte�Teinte�, the reaction coordinates are the directions
perpendicular to the planes of Ni1–Ni2–Ni3 and
Ni4–Ni5–Ni6, respectively.

There is only one full dimensional potential energy
surface20,21 �EAM6� available which we can use in the rate
calculations. However, much work has been done to calcu-
late potential barriers for the H/Ni system by using ab initio
approaches. Because the potential barrier is a key parameter
to determine the rates it is necessary to compare the barriers
both from the EAM6 and ab initio calculations.

For the process of H diffusion on Ni�111� �Ahcp�Afcc�,
Watson et al.29 and Bhatia and Sholl30 report the potential
barriers to be 3.2 and 2.5 kcal/mol with the density func-
tional theory �DFT�, respectively. But, the EAM6 �Ref. 20�
predicts a barrier of 2.19 kcal/mol, which is smaller than that
of the DFT. Wonchoba and Truhlar20 explain it by a sizable
nonmonotonic H atom coverage dependence.31–33

For the process of H resurface from a subsurface octa-
hedral site to a surface fcc site, Sha and Jackson34 have done
a careful work to consider how the relaxation of the lattice
affects the barrier using the DFT. They have calculated the
potential barriers with three different lattice relaxation
schemes. For a rigid lattice, they get a potential barrier of
9.91 kcal/mol. While treating the top two Ni layers with the
full relaxation they obtain a dramatically decreased potential
barrier of 3.69 kcal/mol, which is in agreement with that of
Greeley and Mavrikakis35 �3.92 kcal/mol�, but inconsistent
with the calculations by Bhatia and Sholl30 �5.50 kcal/mol�
and Henkelman et al.36 �2.31 kcal/mol�. They also consider
that the relatively heavy and slow Ni atoms may have little
time to fully relax while a light H atom moves between the
subsurface and surface site. Thus, they locate the H atom at
the subsurface octahedral site, and get a lattice configuration
with the minimum energy. With this lattice configuration
fixed, they obtain a potential barrier of 5.77 kcal/mol, which
agrees with that of the EAM6 �5.86 kcal/mol�. Another im-
portant factor to affect the barrier may be the subsurface H
coverage �	�. It is reported that the barrier changes from 4.15
to 3.46 kcal/mol when the 	 changes from 1/3 to 1/9 ML.37 It
is also interesting to note that the barrier is 5.77 kcal/mol in
the presence of a methyl group on the surface with the sub-
surface H coverage 	=1 /3 ML,37 while it is 11.30 kcal/mol
with the 	=1 ML.38

For the process of H diffusion in interior of bulk Ni, the
DFT work22 predicts a potential barrier of 10.50 kcal/mol
�Ocinte→Teinte�, which is agreement with that of the EAM6
�11.15 kcal/mol�. However, the DFT predicts a much larger
potential barrier for Teinte→Ocinte �3.60 kcal/mol� than the
one of the EAM6 �1.56 kcal/mol�.

From the above comparison with the DFT calculations,
the EAM6 looks to be a reasonable full dimensional potential
model although its accuracy is questionable to describe the
H/Ni with nonzero H coverage due to its single-adatom low-
coverage limit.

In the rate calculations for a given rate process, we con-
struct a lattice cell in which all atoms are treated to be mov-
able to incorporate the effect of the crystal fluctuation on the
rates. To be concrete, the Ni atoms in the four sides of the
bulk metal and at the bottom layers are fixed, the Ni atoms

surrounding the reactant and product sites and lying along
the reaction path are treated quantum mechanically, and the
others are treated classically. It should be noted that the lat-
tice for the interior diffusion process has a structure of
sphere, and the outer layers are fixed. The five detailed lattice
structures we investigated are listed in Table I.

In path integral calculations, the sampling of the discrete
paths is performed with the MC method. The numbers of
time slices, P and Pbath for the degree of freedom of the H
and quantized Ni atoms, respectively, are set to �P , Pbath�
= �30–40,6–8� in the temperature range of 100–400 K. The
number of MC is about 2–6
106 for computing a single
ensemble average. It converges most of the values within
10% statistical errors.

IV. RESULTS

A. Free energy and prefactor

In order to investigate the quantized Ni lattice effect on
the rates, we recast the QI formula in Eq. �1� into Arrhenius
form, which consists of the free energy and the prefactor

kQI = AQI exp�− ��F���� , �23�

where the free energy �F is defined by

�F��� = − 1/� log�Cdd�0,sa
‡,sb

‡�/Cdd�0,sa
0,sb

0�� �24�

and the prefactor has a form

AQI =
��

2

Cdd�0,sa
0,sb

0�
Qr

Cf f�0,sa
‡,sb

‡�
Cdd�0,sa

‡,sb
‡�

�

�H
. �25�

At high temperature limit, it has been shown7 that �F is
exactly the same as the free energy barrier used in the varia-
tional transition state theory.

Figures 3 and 4 display the calculated free energy pro-
files for the surface-subsurface and interior processes, re-
spectively, with the quantized, classical, and rigid lattices,
respectively, at room temperature �300 K�. The correspond-
ing energy barriers, prefactors, and rates are tabulated in
Table II.

Figures 3 and 4 clearly show that the classical lattices
always reduce the free energy barriers compared with the
rigid ones, and the differences of the free energy barriers
between the quantized and the classical lattices are not so
explicit. For different processes, however, the relaxation ef-
fect on the free energies is very different. For hydrogen dif-
fusion on Ni�111�, the classical lattice only slightly lowers
the free energy barrier, while the barriers decrease more than
one-half in subsurface and interior processes. More careful

TABLE I. Lattice structures of H/Ni systems.

Process
Quantized Ni

atoms
Classical Ni

atoms
Rigid Ni

atoms
Total Ni
atoms

Afcc�Ahcp 24 47 162 233
Afcc�Ocsub 31 48 160 239
Ahcp�Tesub 22 42 166 230
Ocsub�Tesub 33 51 173 257
Ocinte�Teinte 40 74 214 328
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analysis from Fig. 3 reveals that the two preferred Ni�111�
surface binding sites, i.e., hcp and fcc hollows have symmet-
ric wells, manifesting that the motions of Ni atoms in the
layer beneath the surface have little influence on the surface
free energies, despite the fact that the Ni atoms beneath the
hcp and fcc hollows have different arrangements. It is also
found that the Ocsub site has a deeper well than Tesub site and
the well of the Tesub site nearly disappears as quantized Ni
atoms are considered. It manifests that the hydrogen at the
Tesub site is very unstable, and can easily move to Ocsub site
or resurface to hcp site. In the interior processes, although
the hydrogen in the Teinte site is much less stable than in the
Ocinte site �see Fig. 4�, the well at the Teinte site does not
disappear. One thus expects that the two-step reaction pro-
cesses can be used for the reactions from one Ocinte to the
other.

Another important feature of the free energy is its tem-
perature dependence. Figure 5 displays the free energy pro-
files with both H and Ni treated quantum mechanically at
several temperatures. Generally speaking, the free energies
have a slight difference at 300 and 400 K whereas this dif-
ference becomes explicit for 100 and 200 K and the barrier
positions move to shallow well directions for asymmetric
reactions. The properties can be explained by the hydrogen
tunneling effect. At lower temperature the tunneling plays a

more important role. Indeed, the barrier heights decrease
with decreasing in temperatures except that for Ocsub�Tesub

among 200 to 400 K. This special case may be due to the
special structure of the lattice. The thermal average displace-
ments of Ni1 and Ni3 �in Fig. 1� vertical to the Ni�111� sur-
face increase with increasing in temperature. Thus, H goes
through reaction bottleneck easier at a higher temperature,
which makes the barrier decrease. Figure 5 also displays that
the free energy barriers of Ocinte→Teinte change a little in the
temperature range of 200–400 K, while those of the Teinte

→Ocinte become shallower and shallower with decreasing in
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TABLE II. Free energies and prefactors.

Process �300 K�
�F

�kcal/mol�
AQI

�s−1�
kQI

�s−1�

Afcc�Ahcp
a 2.19 1.58�13� 4.07�11�
b 2.14 1.61�13� 4.49�11�
c 2.14 1.27�13� 3.47�11�

Afcc→Ocsub
a 33.06 6.87�13� 6.22��11�
b 13.79 2.85�13� 2.64�3�
c 13.75 2.29�13� 2.23�3�

Ocsub→Afcc
a 20.00 6.44�13� 1.83��1�
b 5.40 2.10�13� 2.62�9�
c 5.40 1.72�13� 2.15�9�

Ahcp→Tesub
a 34.92 4.29�13� 1.67��12�
b 14.94
c 14.87

Tesub→Ahcp
a 3.25 5.13�13� 2.28�11�
b

c

Ocsub→Tesub
a 26.19 5.23�13� 4.31��6�
b 7.83 1.86�13� 3.51�7�
c 7.86 1.45�13� 2.74�7�

Tesub→Ocsub
a 7.83 8.17�13� 1.51�8�
b 1.75 1.91�13� 1.05�12�
c 1.73 1.49�13� 8.22�11�

Ocinte→Teinte
a 27.82 5.12�13� 2.86��7�
b 11.14 2.50�13� 1.90�5�
c 11.17 1.75�13� 1.32�5�

Teinte→Ocinte
a 7.07 7.80�13� 6.16�8�
b 1.52 2.06�13� 1.60�12�
c 1.47 1.53�13� 1.36�12�

aThe results for a rigid lattice.
bThe results for a classical lattice.
cThe results for a quantized lattice.
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temperature. The corresponding well depths are 0.47, 1.09,
1.47, and 1.66 kcal/mol at 100, 200, 300, and 400 K, respec-
tively. It manifests that the diffusing H atom may not equili-
brate in the interior tetrahedral vacancy at very low tempera-
tures.

Next, we consider the prefactor. Table II shows that the
prefactors of the classical lattices are much smaller than
those of rigid ones except for the process of H diffusion on
Ni�111�, and the prefactors of quantized lattices are always
smaller than those of classical ones, but their amplitudes
have the same order, which is consistent with our previous
work.1 This may be explained by the fact that the quantum
motions of the surface atoms can induce the dissipative ef-
fect on the tunneling degrees of freedom because the prefac-
tor essentially incorporates the dynamical effect. It is well
known that pure dissipation in the overdamping regime al-
ways hinders the reaction rates for a given reaction barrier.
The present results thus are consistent with above analysis.
However, the rates are determined by both the prefactor and
free energy barrier the tunneling coordinate sees. If the con-
tribution of the modified free energy profile to the rate over-
whelms that from the dissipative effect, the rate may domi-
nantly depend on the property of the free energy barrier. The
rates listed in Table II show these properties. For the process
of H diffusion on Ni�111� surface, the rate with a quantized
lattice is smaller than the ones on a rigid lattice. This is
because the free energy barrier changes a little, and the rate
mainly depends on the prefactor. However, other processes
show an opposite tendency, i.e., the rates with the quantized
lattice are much larger �several orders� than those with the
rigid lattice due to the dramatic differences of the free energy
barriers in these cases. Although the free energy profiles for
quantized and classical lattices are similar, the quantized lat-
tice lowers the rates by 20%–40%.

B. Rate constants and diffusion coefficients

Under the Markovian assumption that the hydrogen can
only jump to its nearest neighbor site and that successive
jumps are uncorrelated, the diffusion coefficient can be ex-
pressed in terms of the rates

D�T� =
�2�

2d
kQI�T� , �26�

where T is the temperature, � is the distance between reac-
tant and product minimum-energy sites, � is a symmetry
factor equal to the number of equivalent pathways from the
reactant site to product site, and d is the dimensionality of
the process. Here, we calculate diffusion coefficients only for
two processes, that are H diffusion on Ni�111� surface and H
diffusion in interior of bulk nickel. The parameters � ,� ,d for
these two processes are �6R0 /6, 3, 2, and R0 /�2, 8, 3, re-
spectively. Here, R0 is the lattice constant equal to 3.52 Å.

1. H diffusion on Ni„111… surface

Table III displays the rate constants and diffusion coef-
ficients for H diffusion on Ni�111� surface with temperatures
ranging from 100 to 400 K, where the cases a and b corre-
spond to the rigid and quantized lattice, respectively, and the
hydrogen atom is always treated quantum mechanically in
the calculations. Despite quantized lattice lowers the free en-
ergy barrier that the reaction path sees �see Fig. 3�, which has
a tendency to enhance the rates, the rates are decreased in a
wide temperature regime. This result is similar to that on
Ni�100�.1 Thus, one may expect that the dynamics of the
quantized lattice slightly influences the barrier of the hydro-
gen diffusion on Ni surface, and its overall effect is to hinder
the rates and diffusion coefficients because of smaller pref-
actors comparing with a rigid one. In such a case, the adia-
batic reaction path way method or Kramers rate theory may
be applicable because the reaction potential barrier does not
change too much as quantized lattice is incorporated.

Table III also lists the CVT/SCTQ results on a quantized
lattice obtained by Wonchoba and Truhlar20 and those on a
rigid lattice calculated with POLYRATE �Ref. 39� by ourselves.
In order to compare with the QI results, we have multiplied
the symmetric factor ��=3� to the Wonchoba’s CVT/SCTQ
data. Qualitatively and quantitatively, the CVT/SCTQ results
are consistent with the QI ones quite well, i.e., the CVT/
SCTQ also predicts that quantized lattice can hinder the
rates, and the predicted diffusion coefficients are very close
to the QI results except for low temperatures �100 and 200
K�, where the QI data are greater than the CVT/SCTQ ones.

TABLE III. Rate constants �s−1� and diffusion coefficients �cm2 s−1� for H diffusion on Ni�111� surface.
�Powers of 10 are in parentheses.�

kQI DQI DCVT/SCTQ
a DCVT/SCTQ

b �
DCVT/SCTQ
b

100 K c 7.32�9� 1.13��6� 9.88��7�
d 6.72�9� 1.04��6� 3.46��8� 1.04��7�

200 K c 1.09�11� 1.70��5� 1.39��5�
d 1.00�11� 1.55��5� 1.51��6� 4.53��6�

300 K c 4.07�11� 6.30��5� 7.56��5�
d 3.47�11� 5.37��5� 1.35��5� 4.05��5�

400 K c 8.20�11� 1.27��4� 1.81��4�
d 7.56�11� 1.19��4� 4.60��5� 1.38��4�

aThe results are calculated with POLYRATE �Ref. 39� by ourselves.
bThe results from Ref. 20 and �=3.
cThe results for a rigid lattice.
dThe results for a quantized lattice.
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This difference requires further to improve the tunneling
probability in the CVT/SCTQ in the deep tunneling regime.

2. Resurfacing and subsurface processes

In the resurfacing process, Tesub→Ahcp does not show an
obvious barrier �see Fig. 3�, especially at low temperatures,
as the lattice atoms are treated quantum mechanically. This
step thus can be thought as a barrierless process. Table IV
tabulates the rate constants for the other resurfacing and sub-
surface processes in the temperature range of 100–600 K.
We also list the available CVT/SCT results for Ocsub→Afcc

and its reverse reaction.20 Again, the CVT/SCT rates are
close to the QI rates except at 100 K. However, an explicit
difference for the temperature dependence of the rates is
found by two approaches compared with the situation of the
hydrogen diffusion on Ni surface.

Several experimental and theoretical investiga-
tions40,41,38,37 have demonstrated that subsurface hydrogen is
much more reactive than surface hydrogen in heterogeneous
catalysis. However, its favorable resurfacing paths are not
clear yet. Despite we have considered all possible paths in
the calculations, here, we focus on the dominant resurfacing
channels. As it is mentioned, Tesub is very unstable because
of the shallow well. Thus, the H in the subsurface is mostly
located at Ocsub site. From this site to the surface, the rate
determined steps are Ocsub→Afcc and Ocsub→Tesub. The
data in the Table IV reveal that the rate ratios of Ocsub

→Afcc to Ocsub→Tesub are 4.2
109, 2300, 78, 10, and 4 at
100, 200, 300, 400, and 600 K, respectively. Although the
barriers for these two channels are close to each other, sur-
prisingly, a huge difference of the rates exists with respect to
temperatures. It can be understood from the fact that the rates
are determined by the tunneling at low temperatures where
the Ocsub→Afcc has a narrower barrier width, while the rates
are dominated by jumping the barriers at high temperatures
where there are similar barriers for both the channels. More
interestingly, one may expect to control the resurfacing pro-
cesses by temperatures. When the H is only required to re-
surface to the Afcc site one can lower temperature, and high
temperature will help resurface the H to both sites Afcc and
Ahcp. In the present calculations, Ahcp site can be explicitly
resurfaced by the subsurface H at 600 K.

It is noted that an experiment42 has measured the resur-
facing of the trapped bulk H and found the desorption rate
peaks occur between 180 and 220 K. Sha and Jackson34 has
successfully fitted the experiment by using the rates obtained
from the transition state theory based on the DFT potential

barrier of the rigid lattice. However, compared with the re-
surfacing rates from Sha and Jackson, our results on the
quantized lattice are eight orders of magnitude larger. This
large difference is mainly due to the different potential bar-
rier heights, which are 5.86 and 9.91 kcal/mol for EAM6 and
Sha’s calculation, respectively. The previous DFT work of
Michaelides et al.38 and Ledentu et al.37 shows that the bar-
rier height will be increased with increasing the subsurface H
coverage, which reflects that the high subsurface H coverage
restrains the lattice from relaxing. Because EAM6 is con-
structed for the single-adatom low-coverage limit, EAM6
needs to be further improved to incorporate H coverage ef-
fect to better explain experiment.

3. H diffusion in interior of bulk Ni

In the interior of bulk Ni, the two most stable sites to
cage H are symmetric octahedral vacancies �see Fig. 2�. The
H diffusion between them has been measured
experimentally.43–46 Several theoretical calculations have
also been proposed to investigate this diffusion process.
Wimmer et al.22 calculate the diffusion coefficient via two
step reactions Ocinte→Teinte→Ocinte by using a transition
state theory together with accurate ab initio energies while
Wonchoba and Truhlar20 consider the kinetic step as a direct
process with a double maximum barrier and calculate the
diffusion coefficient using the CVT/SCT. In the present QI
calculations, Fig. 5 has explicitly shown that the free ener-
gies have a well at the tetrahedral site from 200 to 400 K. It
is thus reasonable to assume that the diffusing H atom tem-
porarily equilibrates in the tetrahedral site before jumping
forward or backward to a neighboring octahedral site. The
two kinetic steps are good assumption for the diffusion be-
tween two octahedral vacancies. The free energy well, how-
ever, becomes very shallow at 100 K. In this case, the direct
reaction from the octahedral site to the other one may be
acceptable. Here, we only calculate the rates via the two
kinetic steps. The rates are 2.94
101, 1.32
105, and 1.18

107 �cm2 s−1� for Ocinte→Teinte, and 8.37
1011, 1.36

1012, and 1.82
1012 �cm2 s−1� for Teinte→Ocinte, at 200,
300, and 400 K, respectively. The diffusion coefficients thus
can be obtained by using Eq. �26� from the above rates.

The temperature dependence of the diffusion coefficients
are commonly fitted to the Arrhenius equation

TABLE IV. Rate constants �unit: s−1; powers of 10 are in parentheses� for resurfacing and subsurface processes.

100 K 200 K 300 K 400 K 600 K

Afcc→Ocsub
a 3.81��14� 1.14��1� 2.23�3� 5.48�5� 2.43�8�

Afcc→Ocsub
b 1.09��15� 1.23��1� 9.72�3� 3.36�6� 1.16�9�

Ocsub→Afcc
a 1.17�6� 4.59�7� 2.15�9� 1.23�10� 1.02�11�

Ocsub→Afcc
b 1.62�5� 7.36�7� 2.93�9� 2.33�10� 2.15�11�

Ocsub→Tesub
a 2.78��4� 1.99�4� 2.74�7� 1.18�9� 2.49�10�

Tesub→Ocsub
a 7.24�8� 4.68�10� 8.22�11� 2.00�12� 4.13�12�

aThe QI results with a quantized lattice.
bThe CVT/SCT results from Ref. 20.
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D�T� = D0 exp�− Ea

RT
� , �27�

where R is the gas constant, D0 and Ea are the pre-
exponential factor and the activation energy, respectively.
The QI calculations predict D0=3.93
10−3 cm2 s−1 and
Ea=10.26 kcal /mol. In the calculations, the rates of Ocinte

→Teinte are used to obtain the diffusion coefficients because
this process is much slower than that of Teinte→Ocinte and it
determines the total reaction rates.

Table V tabulates the pre-exponential factors and activa-
tion energies coming from available experiments and theo-
ries. It is found that both D0 and Ea from the QI calculations
are very close to Ebisuzki’s experimental data44 where D0

=5.22
10−3 cm2 s−1 and Ea=9.56 kcal /mol. Further track-
ing down the comparisons with experiments is nontrivial be-
cause the accuracy of the diffusion coefficients is much de-
pendent of the potential energy surface. However, we may
make a quantitative comparison for the QI and CVT/SCT
results. With use of the diffusion coefficients from 295 to
300 K obtained by the CVT/SCT, Wonchoba and Truhlar20

predict 11.1 kcal/mol for Ea, and 1.3
10−3 cm2 s−1 for D0,
respectively. These values are observably different from the
QI calculations. Ea and D0 are 0.8 kcal/mol larger and three
times smaller than those from the QI calculations, respec-
tively. The origin of these differences can be explained by
that Wonchoba and Truhlar20 have treated the processes
Ocinte→Teinte and Teinte→Ocinte as a single kinetic step
rather than as two kinetic steps, which results in a much
longer tunneling path than that of the two steps. Comparing
with the results reported by Wimmer et al.,22 the activation
energy is about 0.6 kcal/mol larger than the present one, and
the pre-exponential factor is ten times larger, which is also
larger than all available experimental data. These differences
may come from both the different potential energy surfaces
and rate methods.

V. CONCLUDING REMARKS

We have evaluated the free energy profiles along the
reaction paths, temperature dependence of free energies,
rates, and diffusion coefficients for five processes of H/Ni
system using the QI approximation with a potential energy
surface based on the embedded diatomics-in-molecules
method.

For the process of hydrogen diffusion on Ni�111� sur-
face, we find that the free energies at the Afcc and the Ahcp

binding sites exhibit a symmetric double well despite the
lattice structures beneath these two sites are different. One
thus expects that the dynamics of these different structures
has little effect on the hydrogen diffusion on the surface.

For the processes of surface-to-subsurface transport and
resurface, the quantized free energy profiles along the reac-
tion paths show that the hydrogen at Ocsub site is much more
stable than the one at Tesub site, especially at low tempera-
tures where the free energy well at Tesub for stabling the
hydrogen nearly disappears. From the QI rates, it is found
that the hydrogen is more likely to penetrate into bulk nickel
from a Afcc binding site on Ni�111� surface than a Ahcp bind-
ing site, and the hydrogen in the Ocsub site is preferred to
resurface through the path Ocsub→Afcc at low temperature,
however, both the paths Ocsub→Afcc and Ocsub→Tesub

→Ahcp are possible at high temperatures. Thus, temperature
can be taken as an important control parameter to determine
the resurface paths.

For the process of hydrogen diffusion in interior of bulk
Ni, the diffusion mechanism of Ocinte→Ocinte process may
depend on temperature. At high temperatures, the hydrogen
at the intermediate site Teinte has an explicit stable structure
observed from the quantized free energy profile along the
reaction path, while the free energy wells for the stability
become flat at very low temperatures. Thus, Ocinte→Ocinte

should be divided into two individual kinetic steps Ocinte

→Teinte and Teinte→Ocinte at high temperatures, while it can
be considered as a direct step at low temperatures. It is noted
that the present conclusion seems at variance with conven-
tional idea based on the adiabatic potential energy the reac-
tion path sees, which predicts that low temperature always
help to stable the hydrogen in the Teinte. There is actually no
inconsistency. This is because the quantized motions of the H
and Ni atoms tend to lower the barriers due to the tunneling
comparing with stationary potential barriers, and a stable
structure based on the stationary potential may become un-
stable as the tunneling effect is large enough.

The relaxation of Ni atoms play a significantly rule in
the determination of the free energy barriers. Despite it does
not change the barrier too much for H diffusion on Ni�111�
surface, it dramatically lowers the free energy barriers for H
transport in interior of bulk Ni. The present simulations
shows that this decreasing can increase rates by several or-
ders. Compared with classical motions of lattice atoms, the
quantum motions always hinder the rates via the smaller
prefactors. It may be explained by the pure quantum dissipa-
tive effect, i.e., the quantum motions of the metallic atoms
can induce the dissipation on the tunneling degrees of free-
dom and the rates will decrease with increasing in dissipa-

TABLE V. Arrhenius parameters for H diffusion in interior of bulk Ni.
�Powers of 10 are in parentheses.�

D0

�cm2 s−1�
Ea

�kcal/mol�

Presenta 200–400 K 3.93��3� 10.26
Wonchobab �theoretical data� 295–300 K 1.3��3� 11.1

300–627 K 7.8��4� 10.9
627–1650 K 4.4��4� 10.2

Wimmerc �theoretical data� 273–1000 K 3.84��2� 10.92
Yamakawad �experimental data� 220–350 K 1.9��3� 8.89
Ebisuzakie �experimental data� 470–690 K 5.22��3� 9.56
Eichenauerf �experimental data� 660–930 K 6.73��3� 9.47
Katzg �experimental data� 670–1270 K 7.04��3� 9.43

aThe QI diffusion coefficients for Ocinte→Ocinte.
bResults from Ref. 20.
cFrom Ref. 22.
dFrom Ref. 46.
eFrom Ref. 44.
fFrom Ref. 43.
gFrom Ref. 45.
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tion. In general, the quantized lattices lowers the rates by
20%–40% compared with the classical lattices.
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