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REFLECTED BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS
WITH TWO RCLL BARRIERS

JEAN-PIERRE LEPELTIER! AND MINGYU XU!

Abstract. In this paper we consider BSDEs with Lipschitz coefficient reflected on two discontinuous
(RCLL) barriers. In this case, we prove first the existence and uniqueness of the solution, then we
also prove the convergence of the solutions of the penalized equations to the solution of the RBSDE.
Since the method used in the case of continuous barriers (see Cvitanic and Karatzas, Ann. Probab. 24
(1996) 2024-2056 and Lepeltier and San Martin, J. Appl. Probab. 41 (2004) 162-175) does not work,
we develop a new method, by considering the solutions of the penalized equations as the solutions of
special RBSDEs and using some results of Peng and Xu in Annales of I.H.P. 41 (2005) 605-630.
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1. INTRODUCTION

Non-linear backward stochastic differential equations (BSDE’s in short) were firstly introduced by Pardoux
and Peng ([10], 1990), who proved the existence and uniqueness of the adapted solution, under smooth square-
integrability assumptions on the coefficient and the terminal condition, and when the coefficient g(t,w,y, z) is
Lipschitz in (y, z) uniformly in (¢,w). Then El Karoui, Kapoudjian, Pardoux, Peng and Quenez introduced
the notion of reflected BSDE (RBSDE in short) (6], 1997) with one continuous lower barrier. More precisely,
a solution for such equation associated with a coefficient g, a terminal value £, a continuous barrier (L), is a
triplet (Y, Zi, Ki)o<i<r of adapted processes valued on R!*4+1 which satisfies a smooth square integrability
condition,

T T
Y;E:£+/ g(S,YS,ZS)dS#*KT*th/ stBs; OStST, a.s., (1)
t t

and Y; > L; a.s. for any 0 <t < T, (K}) is non-decreasing continuous, where B; is a d-dimensional Brownian
motion. The role of (K}) is to push upward the process Y in a minimal way, in order to keep it above L. In
this sense it satisfies

/ ¥, - LK, 0. @)
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In order to prove the existence and uniqueness of the solution, they used first a Picard-type iterative procedure,
which requires at each step the solution of an optimal stopping problem. The second approximation is con-
structed by penalization of the constraint. At each step, they have the solution of a classical BSDE (Y™, Z"™).
The comparison theorem on the solutions of BSDEs ([10], 1990) gets to the convergence of the sequence (Y™).
For the sequence (Z™), the fact that (L;) is continuous is crucial (see [6], 1997, Lem. 6.1, and the proof using
the Dini’s theorem).

Following this paper, Cvitanic and Karatzas (4], 1996) introduced the notion of reflected BSDE with two
barriers. In this case a solution of such an equation associated with a coefficient g, a terminal value £, a
continuous lower barrier (L;) and a continuous upper barrier (Uy), with Ly < Uy and Ly < € < Ur as. is a
triplet (Y, Zi, Kt)o<i<t of adapted processes, valued in R4+ which satisfies

T T
Y;E:£+/ g(S,YS,ZS)dS#*KT*th/ stBs; OStST, a.s., (3)
t t

L, <Y, < U as. forany 0 <t < 7T, (K;) is a finite variation continuous process, K = Kt+ — K, , where
K™, K~ are increasing; the role of (K;) is to keep the process Y between L an U in such a way that

T T
/ (Y, — L,)dKS =0 and / (Y, — U)dK; =0. (4)
0 0

In view to prove the existence and uniqueness of a solution, the method still bases on a Picard-type iteration
procedure, which requires at each step the solution of a Dynkin game problem.

Then in the Section 6 of this paper (4], 1996), an alternative method for proving the existence of a solution
is presented, which still applies penalization of the constraints, under a condition which roughly says that the
barrier can be approximated (uniformly) by semi-martingales whose finite variation part process is absolutely
continuous with respect to the Lebesgue measure. Furthermore, the existence result is only obtained when the
coefficient g does not depend on z.

In [8], 2004, Lepeltier and San Martin relaxed in some sense the condition on the barriers, proving by a
penalization method an existence result, without any assumption (except square integrability assumption) on
L and U, but only when there exists a continuous semi-martingale with terminal value &, between L and U.
They proved also the existence result in the general case (where g may depend also on z). In [8], (see Lems. 5
and 6), the fact that L and U are continuous is also crucial.

In this paper, we consider the reflected BSDE’s with right continuous left limit (RCLL) barriers. In this case
the process Y may have jumps, and is RCLL. The role of K; = Kt+ — K, is to keep in a minimal way the
process Y between two barriers L and U it is then natural to replace (4) by

T T
/0 (Ys— — Ls_)dK] =0 and /0 (Vs —Us_)dK, =0. (5)

In Section 2 we set up accurately the problem and we present one “monotonic limit” theorem which will play
an important role in the penalization method for the RBSDEs with two RCLL barriers.

In Section 3, we generalize the existence and uniqueness result for a RBSDE with two discontinuous barriers,
using like in [4], a Picard iteration method and a Dynkin game problem.

In Section 4, we consider the penalization method for the RBSDEs. We prove that the solutions of penalized
equations

T T T T
A +/ gls, Y, 207 ds + n/ (Y™™ — Ly)~ds — m/ (Us — Y™™~ ds — / Zm"dB,
t t t t

converge to the solution of the RBSDE. We use the idea that the solution of the RBSDE with one lower barrier,
penalized with respect to an upper barrier, may be considered as the solution of a RBSDE with two barriers.
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We also use a generalization of the “monotonic limit theorem” (see [11]). Some definitions and important results
about the Snell envelope and Dynkin game are listed in the Appendix (Sect. 5).

2. DEFINITIONS AND ASSUMPTIONS FOR REFLECTED BSDE wiTH TwOo RCLL BARRIERS

Let (Q,F,P) be a complete probability space, and B = (B, Ba, -, Bg)" be a d-dimensional Brownian
motion defined on the finite interval [0, T]. Denote by {F;;0 < ¢t < T'} the natural filtration generated by the
Brownian motion B:

Fi = o0{Bs;0 < s <t}
augmented with all P-null sets of F.
We shall need the following notations. For any given m € N* and ¢ € [0,7], let us introduce the following
spaces:
o L2 (F) :={¢:Q — R™, F,-measurable random variables ¢ with E[|¢|?] < oo};
e H? (0,t) := {p: 2 x [0,t] — R™; Fy—predictable processes with Efg lpe|Pdt < oo}
e D2 (0,t) :=={p € L(0,t;R™); F;—progressively measurable RCLL processes
with Elsupg<i<, [¢¢]?] < 0o}
o A2(0,t) :={K: Q x [0,t] — R, F;—progressively measurable increasing RCLL processes
with K(0) =0, E[(K7)?] < o }.
In the real-valued case, i.e., m = 1, the three first spaces will be simply denoted by L2(F;), H?(0,t), D?(0,t)
respectively. We shall denote by P the o—algebra of predictable sets in [0,7] x Q.

We suppose the following assumptions:
Assumption 2.1. The terminal value £ is a given random variable in L%(Fr).

Assumption 2.2. The coefficient g : [0, T] x Q x Rx R? — R , is P ®@ B(R) ® B(RY)-measurable, and satisfies

T
(i) E/ g%(t,0,0)dt < 400, (6)
0
and (i)

lg(t,w,y1,21) — gt w,y2,22)| < k(lyr — yel + |21 — 22]) (7)
Y(t,w) € [0,T]xQ; y1,y2 €R; 21,2 € RY

for some 0 < k < 0.

Assumption 2.3. The two barriers {L;,0 <t < T} and {U;,0 < t < T} are RCLL progressively measurable
real-valued processes satisfying

E( sup (L) + sup (U;)?) < +o0, (8)
0<t<T 0<t<T

and Ly < U for 0 <t <T, with Ly <& < Ur a.s.
For the existence of the solution of the reflected BSDE with two RCLL barriers, we shall need:

Assumption 2.4. (i) There exists a process Jy = Jo + fot ¢sdBs — V;t + V7, with ¢ € H2(0,T), V¥, V™~ €
A%(0,T), such that

L < J; <U; P-a.s. for0<t<T.
(ii) Fort € [0,T), Ly < Uy, a.s..

Now we present the definition of the solutions of the RBSDEs with two RCLL barriers.
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Definition 2.1. A triplet (Y, Z, K) of F;-progressively measurable processes, where Y, K, are RCLL processes
and Y, K : [0,7] x Q — R, and Z : [0,T] x Q —— R? is called a solution of the RBSDE with two RCLL
reflecting barriers L(-), U(+), a terminal condition £ and a coefficient g, if the followings hold:

(i) Y € D*0,7), Z € H%(0,T), and K = K+ — K—, with K+, K~ € A%(0,T).

() Vi =€+ [ g(s,Ys, Zo)ds + K — K — (Kp — K ) — [ Z,dB,, 0< t <T.

(iii) Lt<Y;<Ut 0<t<T,as.

(iv) fo s _)dKf = fo s— — Y, )dK; =0, as.

So the state-process Y() is forced to stay between the barriers L(-) and U(-) by the cumulation action of
the reflection processes K+ (-), K~ (-) respectively; they act only necessarily to prevent Y (-) from crossing the
respective barrier, and in this sense, their actions can be considered minimal.

Now we present a generalized “monotonic limit” theorem, which will play an important role in the penalization
method for the RBSDE with two RCLL barriers. It is proved in [11], Theorem 3.1.

Theorem 2.1. We consider the following BSDE’s associated with two increasing processes: for i € N,
¢+ [ gl vi 2+ A - A} - (1) - KD - [z, 0
t t

with E[supg<i<r |Y;|2] < 00. Here g satisfies the Assumption 2.2, and A*, K' € A2%(0,T); we also assume that
for each i € N,

(h1) (A?) is continuous with E[(A%)?] < oo;

(h2) Kl —KI > Ki —K!, Y0<s<t<T, as Vi<j;

(h3) for t € [0,T], K} /* Kz, in L3(F;), with E[K2] < oo;

(h4) (Y}}) converges increasingly to (Y;) with E[supg<,<r |Yi|?] < oc.

Then there exists Z € H%(0,T) and A € A%(0,T), such that

T T
=¢ —|—/ 9(8,Ys, Zs)ds + Ar — Ay — (K — Ky) — / ZsdBs, (10)
t t

where Z is the weak (resp. strong) limit of {Z'}32, in H(0,T) (resp. H5(0,T), for p < 2), for each t € [0,T],
Ay is the weak limit of {AL}°, in L2(F;), and K € A%(0,T).

3. THE RBSDE wiTH TWO RCLL BARRIERS AND DYNKIN GAME

For the existence and uniqueness of the solution of the RBSDE with two RCLL barriers, we need the notions
of stochastic game and Dynkin game, which are described in the Appendix. In the following proposition, we
generalize Theorem 4.1 in (4], 1996) to the case of RCLL barriers. Set 7 be the set of all F;-stopping times,
and for all 0 <t < T, define

T,={reT;t<7<T} (11)

Proposition 3.1. Let (Y, Z, K), with K = K* — K~ and K* € A2(0,T) be a solution of the RBSDE with two
RCLL barriers. For any 0 <t <T and any stopping times o, T in Ty, consider the payoff

ONT
Rt(ga T) = / g(s, Ys, Zs)ds + gl{a/\f:T} + LT]-{T<T,T§U} + Ucr]-{a<7'}a (12)
t

as well as the upper and lower values, respectively,

Vi = ess inf esssup E[R:(o,7)|F], (13)

oeTy €T

V, = esssupess 1nf E[Ri(o,7)|F],

TET: ocT
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of the corresponding stochastic game. This game has a value Vi, given by the state-process Yy solution of RBSDE,
i.e.,

Vi=V,=V,=Yas. (14)

Proof.  For any ¢ > 0, consider the stopping time o = inf{s > #,Y; > Us — e} AT, then Yye > Use — € on the
set {of < T'}; and on the set {of =T}, we have Y; < Us —efor t <s <T. So Y,_ < U,_ for t < s < 0%, and
with (iv) of Definition 2.1, K. = K~ follows. For any stopping time 7 € 7, notice that {of =T} C {7 < o7},
so {of <7} C {of < T}. On the set {of < 7}, we have

B
S
o
2
A

o
/ 9(s,Ys, Zs)du + Yor — (K, . — K ) +e
t

IN

T T

Ot
/ 9(s,Ys, Zg)du+ Yoe + (KL — K') — (K. —K; ) +¢
t

o
Y, + / Z,dB, +¢.
t
On the set {7 < 0f}, we have

Rt(o—fa"_) = / g(s,Ys, Zs)du + 51{T=T} + LT]-{T<T} - (K; - Kt_)
t
< / g(S,Y;,Zé)d’U, + gl{‘r:T} + Y71{7'<T} + (K;r - Kt+) - (K; - Kt_)
t

- Yt—i-/ ZudB,.
t

Now compare the two inequalities; we have Ri(of,7) <Y; + ftaf/w Z,dB, + ¢, a.s., hence
E[Ri(of,T)|F] <Y +e. (15)

On the contrary, we consider the stopping time 77 = inf{s > ¢,Y; < Ly +¢} AT, then Y;e < L;c +¢ on
the set {of < T}, and K:_: = K;r For an arbitrary stopping time o € 7, and with a similar proof, we get

Ry(o,m) > Y + f:ATﬁE Z(u)dB, — ¢, a.s., then
ER(o,1])|Ft] > Y; —e. (16)

So we deduce
E[Ri(of,7)|Ft] —e < Y: < E[Ri(0, 1 )| Ft] + €. (17)
Thanks to the Lemma 5.3 in the Appendix, this stochastic game has a value, i.e. there exists V; s.t. V; =V, =
V,. In addition, with (13) and (17), we have
Vi<Y, <V,

ie. V=V, = V, =Y;. The proof is complete. O
Now we begin to prove the existence and uniqueness of the solution of the RBSDE. First we consider the
RBSDE with a coefficient g, independant of y and z. In this case, from the previous result, we know the
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necessary form of the state-process Y;, then we look for Z, K+ and K. For this we introduce the followings:

T t

N, = EBle+ / g(s)ds| 7] - / g(s)ds, (18)
0 0

Lf = Ltl{t<T} + 51{t:T}7 zt = Lf - Nt’

Ut& = Ut]-{t<T} + 51{t=T}) Ut - Ut& - Nt.

Obviously, N; is a continuous process on [0,7] and N; € D?(0,7). Then Et, U, are RCLL processes on [0, T,
belong to D?(0, 7)), and

Uy, 0<t<T,
Lr=0=Up <Up_.

Then from (12), we get
E[Rt(aa T)|‘7:t] = E[Zrl{fga} + [70]-{0<7'}|ft] + Ni.

If we consider the Dynkin game problem with payoff R;(c,7), with ¢ = 0, player 1 chooses the stopping time
o, player 2 chooses the stopping time 7, then Ry(c,7) represents the amount paid by player 1 to player 2.
So player 1 tries to minimize the payoff while player 2 tries to maximize it. The game stops when one player
decides to stop, that is, at the stopping time o A 7, or at T if c = 7 = T. From Proposition 3.1, if the value of
the Dynkin game exists, then Y; satisfies

Y; = ess inf esssup E[le{T<U} + [701{0<T}|]-}] + N (19)
oeTy €T, -

= esssup ess inf E[ETl{TQ,} + [701{6<T}|.7-}] + N;.
a=on €Ty -

Thanks to Theorem 5.2 in the Appendix, we turn to the following system to study the value of the Dynkin
game

Xt = S(L+X), (20)
X~ = S(-U+X7"),
where S denote the Snell envelope (see Def. 5.1 in Appendix). This system was introduced by Bismut (3], 1977)

and was studied by him and Alario-Nazaret (1982). In the Appendix, we remember some results of Alario-
Nazaret in her thesis (1], 1982) and in [2]. The following theorem is deduced from Theorem 5.1 in the Appendix.

Theorem 3.1. The system (20) admits a solution (X, X ™) in D?(0,T) x D?(0,T).

Proof. This theorem is the direct application of Theorem 5.1 in the Appendix; the only thing that we need to
point out is that Assumption 2.4 leads to

L<X-X'<U
for some positive Fi-supermartingales ()~( X/ ) of class D [0, T]. It’s easily seen if we take

Xy

t T t
Ji + / ¢+dBs + B¢t + / gt (s)ds|F] — / gt (s)ds = Vi — (Jr — O 1pery,
0 0 0

X

t T ¢
J6+/O ¢5_dBé+E[€_+/O g_(S)d5|]:t]—/O g_(s)ds—‘/tf _(JT_g)_l{t:T]n
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where JT, ¢T, €, g7 and (Jr — &)T (resp. J—, ¢, €7, g~ and (Jr — &)™) are the positive (resp. negative)
part of J, ¢, &, g and (Jr — &) respectively. Then X and X’ belong to D [0,T] by the assumptions on &, g, J,
¢ and VE, O

With these results, we get the following theorem, which gives the method to find the processes Z, KT and
K~. The proof of this theorem is in the same way like the continuous case in [4], even easier, since in the
discontinuous case, we do not need to prove the continuity of Y.

Theorem 3.2. Let us consider the equation
T(KT) = S(L+(K")) (21)
T(K7) = S(=U+n(K")

where S denotes the Snell envelope and m(V') = E[Vp|F]| — Vi. If we suppose the Assumption 2.4, this equation
has a solution (K+,K~) € A%(0,T) x A%(0,T); then the triple (Y, Z,K), where K = K+ — K~

Y:=N+xa(K") —7n(K") (22)

and Z € H2(0,T) uniquely determined via
T t
E[§+/ g(s)ds + Ar — K |F;] = N(0) + E[K] —E[K}]Jr/ ZsdBs,0<t<T, (23)
0 0

is the unique solution of the RBSDE.

Proof. Since Assumption 2.4 is satisfied, by Theorem 3.1 the system (20) admits a solution (X*,X~) €
D2(0,T) x D?(0,T). By Lemma 5.1 in the Appendix, there exists a pair (K+,K~) € A2(0,T) x A%(0,T)
which solves the equation (21). In fact, (21) is equivalent to (20) when we set X =n(K*), X~ = (K ")

Then by Theorem 5.2 in the Appendix, Y = N +7(K*) — n(K ™) is the value of a Dynkin game as (19), and
by (18), (22), and (23), we have

t T t
Vit [alo)ds+ K~ Ko =Bl [ g@ps+ K - Ki|m) =YO)+ [ ZaB. @
0 0 0
for 0 <t < T, where Y (0) = N(0) + E[K} — K;]; in particular, Y7 = &; thus
T T
«E-i—/ g(s)ds + Kf — K7 =Y(0) +/ Z,dBs. (25)
0 0
From (24) and (25), we deduce the part (ii) of the definition 2.1:
T T
Yt=«£+/ g(s)ds+K;—Kt+—(K;—K;)—/ ZdBs.
t t

From the definition of the Snell envelope (21) we have

L+m(K"),

>
> —U+=n(K").

Then with (18) and (22), it follows

L<N+L<Y=N+47K")-n(K)<U+N<U.
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Since the process K+ (resp. K7) is the increasing process of the decomposition of the Snell envelope S (Z +
7(K™)) (resp. S(—U + n(K™))), by the Lemma 5.1 in the Appendix, we get

0 = /T(St(z + W(K’)) — Zt, — 7rt,(K’))dK;r = /T(Yt — Lt,)dK;r,
0 0

0 = /T(St—<—l7+ﬂ<K+)) + U —m (K1)dE, = /T(Ut— ~ Yo )dK,
0 0

almost surely, which shows that (iii) and (iv) of Definition 2.1 are satisfied.
Finally for (i) of Definition 2.1, we know that the equation (21) has a fixed point (KT, K~) € A2(0,T) x
AZ%(0,T), with Ny € D?(0,T); it follows that Y; € D?(0,T), and Z € H2(0,T) comes from the It6 representation

of the square-integrable martingale F[¢+ fOT g(s)ds+ K} — K7 |F;]. Uniqueness follows from Proposition 3.1. O
Finally, we get the following theorem.

Theorem 3.3. For a given £ € L%(Fr), a process g(t,w) € H2(0,T), and two RCLL progressively measurable
real-valued processes L,U, which satisfy assumptions 2.8 and 2.4, there exists a unique (Y, Z,K), with Y €
D%*(0,T), Z € H%(0,T), K = Kt — K~, with KT, K~ € A%*0,T), which is solution of the RBSDE with
barriers L and U.

Now we will consider the general case that is when g may depend on (y, z); for this we shall use a fixed point
method. This method was firstly introduced by Pardoux and Peng (10], 1990), and also used by Cvitanic and
Karatzas (4], 1996) in the case of two continuous barriers.

Theorem 3.4. Let & be a given random variable in L?(Fr), a coefficient g which satisfies Assumption 2.2, and
two RCLL progressively measurable real-valued processes L and U, which satisfy Assumptions 2.8 and 2.4. Then
there exists a unique triplet (Y, Z, K), with Y € D*(0,T), Z € H%(0,T), K = KT—K~ and K*, K~ € A%(0,T),
which is solution of the RBSDE with two barriers L,U. The uniqueness holds in the following sense: if there
exists another (Y', 7', K') with K' = K't — K'~ and K'* € A%(0,T), satisfying (i)-(iv) of Definition 2.1, we
have Yy =Y/, Zy = 7}, Ky = K|, for 0 <t <T.

Proof. Denote by S, the space of progressively measurable processes {(Y;, Z;),0 < t < T'} valued in RxR?, which
satisfy EfOT |Y5|2+ |Z)? ds < 0o. Given (p,1) € S, we define g(t,w) by setting g(t, w) = g(t, w, o(t,w), Y(t,w));
then by the Theorem 3.3, there exists a unique solution (Y, Z, K), K = KT — K~ to the RBSDE wih coefficient
gand (Y,Z,KT,K~) € D*(0,T) x H3(0,T) x (A?(0,7))? . In particular, (Y, Z) € S. In this way, we construct
a mapping

D:85+— S, via (Y,Z) = P(p, ).

In order to establish the unique solution of the RBSDE, it is sufficient to prove that the mapping ® is a
contraction with respect to an appropriate norm on S, defined by

1

2

T
| e+ 'Zt'2>dtD ,
0

for an appropriate 5 € (0, 00) which will be determined later.
Let (¢°,4°) be another pair in the set S, (Y?,2°) = ®(¢° ) with K° be the unique solution of the
RBSDE with coefficient function g°(¢,w) = g(t,w, °(t,w), ¥°(t,w)). We define

1Y, 2)ll 5 = <E

@ZSD*@O,E:?/J*TPOa?:Y*YO;?:Z*ZO,F:K*KO.
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Clearly7 d?t = [g(ta Sata wt)fg(ta wngg)]dtfdft*'“?tdBt; and Y;ﬁ*}/tf = *(Kt*th); }/207}/;5()_ = 7(K1?7Kt0—)7
soY;—Y; =—(K;—K;_ ). Applying Itd’s formula to eﬁt?f, and taking expectation on the two sides, we get
=2 T =12 5 2 R —
E[e°Y;] + E[/ S BY|"+|Z:[)ds] + E[ D (Ks —K.-)?) (26)
t sE[L,T)

T T T
— / OV, dR. - 28 / Y, Z,dB, + 2E / 5T g (s, 05y ) — gls, 0, ¥0)]dt
t t t
T _ — 2
< 2%E / & [V, (1B,] + [t
t
2 T Bs |3 2 1 ’ Bs (1= |2 = |2
t t

where k is the Lipschitz constant in (7). For the It6 integral term in the second line, we have

T . — 5 2 . T 2
E </ e?P5(Y,)? |Zs| ds) < TE | sup |Ys‘ </ |Zs| ds)
0 t<s<T 0

1
ZPTE
2

IN

T
sup (75)2+/ ‘7S|ds < 00,
0

0<t<T

since from well-known inequalities for semi-martingales sup < |Ys| € L? (Fr). Then we know that this term
is P-integrable with zero expectation.

For the term EftT ePY,_dK, = EftT eﬁsvs,d(f: — K, ), notice that since (Y, Z,K), (Y°, Z% K) satisfy
(iii) and (iv) in Definition 2.1, we have

T oo T
/ Y, _dK, = / Y, _dK, — / Py, _dK, <0,
t t

t

in view of

N —
/ Y, dK,
t

S

T T
[ e —vias + [ e —vijar?s
t t

T T T
/ (Y. — L, )dK} + / P (Ly- — YO )AKS + / (Y2 — L, )dKOt
t t t

S

T
+ / e (Ly_ — Y, )dKOF
t

<

==

)

and similarly ftT e?Y, dK, > 0.
Now if we choose t = 0 and 3 = 1 + 4k? in the definition of the norm, we deduce from the inequality (26),

T T
1~ |2 — 1 ) —2
/eﬁ‘s(\Ys\ +\Z§)ds]s§E/ o (5. +[v2]) at,
0 0

i.e. the mapping @ is a contraction. The proof is complete. O

E
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4. DYNKIN GAME AND THE PENALIZATION METHOD FOR THE RBSDE wiTH Two RCLL
BARRIERS

In this section we will give another proof for the existence of a solution for reflected BSDEs with two RCLL
barriers (Th. 3.4), which is based on a penalization method. For each m,n € N, since g(s,y,z) +n(y — Ls)~ —
m(Us—y)~ is Lipschitz in (y, z), the following classical BSDE (c¢f. [10]) admits the unique solution (Y™™ Z™™")

T T T T
A +/ g(s, Y™, 2™ ds + n/ (V™" — Ly)~ds — m/ (U, — Y;™™)~ds — / Zm"dB,  (27)
t t t t

when £ and ¢ satisfy Assumptions 2.1 and 2.2, L and U satisfy Assumptions 2.3 and 2.4. We set Ktm’"’+ =
n [1(Ls — Y")*ds and K™ =m [} (Us — Y/"")"ds.

We begin with establishing several basic estimates for (Y™ Zm™n K™+ ™™= These estimates will
be useful to prove the existence of a solution provided in this section.

Proposition 4.1. We assume that Assumption 2.4 holds. Then there exists a constant C, independent of m
and n, such that the following estimate holds:

T
/ \Zmm? ds
0

To prove this result, we need the following lemma.

Lemma 4.1. There ezists a triple (Y*,Z*,K*), with K* = K*T — K*~, and Y* € D*(0,T), Z* € H%(0,T)
and K*T, K*~ € A%(0,T), such that

E [ sup (th*”)Q] +F + E[(K™ )2 + B[(K2™ 7)Y < C. (28)

0<t<T

T T
Y= e+ / o(s, Y7, Z2)ds + Kt — K7 — (K — Kj™) — / Z:dB,, (20)
t t

and L, <Y <U;, dP ® dt-a.s.

Proof. Let J defined in Section 1 and set J; = Ji + (£ — Jr)lyery, vf = Vit + (€ — Jo) " Llyery, v =
Vi 4 (6 — J)T1y—7); then vt € A%(0,T), J; is still an RCLL semimartingale, and by BDG inequality
Elsupg<;<7(J;)?] < C, where C' is a constant. Obviously, L; < J; < U; and

T
I = ’f‘/t 6B, + (vF —vi) — (v5 — 7))

T T T
«f—i—/t g(s,JI, ¢s)ds — </t g(s,JI, ds)ds + (U}r — ) — (vg —vt)> —/t ¢sdBs.

Then if we set K;* = v + [J gt (s, 75, ¢)ds, K;~ = v, + [1 g7 (5,J5, ¢)ds, so K*, K*= € A%(0,T),
Y* =J* € D%(0,T), Z* = ¢ € H%(0,T), and (Y*, Z*, K*) satisfies (29). O

Proof of Proposition 4.1. Let (Y*, Z*, K*) with K* = K** — K*~ be given as in Lemma 4.1. Then for m,n € N,
the triplet also satisfies

T
Yy = &+ / g(s, Y2, Z5)ds + K5t — Ki* — (K3~ — K7
t

T T T
+n/ (Ls —Y)Tds — m/ (Y —Us)"ds —/ Z*dBs.
t t t
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Set (?m’n,im’n), (}7’”*”, Zm”) be respectively the solutions of the following equations,
m.n T —m,n —=Sm,n
Y, " = £+/ g(s, Y2 " Z0 M ds + Kt — KT
t

+n/ (Ls—Y, )Tds — m/ (Y, —Ug)*ds f/ Z, ' dBs.
¢ ¢ ¢

T
T = e [ gs T Zpnyds - (1 - K
t
T - T _ T _
+n/ (Ls —Ysm’”)"’ds—m/ (Y — Ug)tds —/ Z7""dBs.
t t t

By the comparison theorem for BSDE'’s, we obtain that for any m,n € N, Y, > ¥/™" > V™" and Y,"" >
.

Y > Ly, Y <Y < Uy, s0 (Y, Z™") is also solution of
Y,’ :er/ 9(s, Y, Z, )dSJrK;Jr*K:JF—m/ (Y, —US)ers—/ Z,  dBs, (30)
¢ ¢ ¢
and (Y™™, Z™") is also solution of

T T T
Yy =€+ / g(s, Y™, ZT™Mds — (K — K[7) + n/ (Ly — Y™™ Tds — / Z7"dBs. (31)
t t t

Then let us consider the following BSDEs

T T
yiho= §+/ g(s,Y;", Z5)ds + K3F — K[t — / Z}dB, (32)
t t
T T
o= e [ gvrzias- - k) - [z, (3)
t t
Since K, =m [[(Y"" — U,)*tds and K™ = n [[(Ls — Y™")*ds are increasing processes, then using
t 0 s t 0 S

the comparison theorem for (30) and (32), (31) and (33), with (27), we get
A A e (34)
for any m,n € N,Vt € [0,T]. Then we have

B sup (¥{"")*] < max{E[ sup (¥;")"], B[ sup (¥,")"]}- (35)

Since K** € A2(0,T), by Ito’s formula and BDG inequality, it follows that

E[ sup (V")) < . B[ sup (V)] <.
0<t<T 0<t<T

Using (35), we get that there exists a constant ¢ independent of m,n, such that

E[ sup (Y;"™")’] <c. (36)
0<t<T
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Now we consider the last two terms of (28). First, since for any m,n € N, ¥;™" < Y;™", then K/™™" >
K™ >0. Soif E[(KJ"™)?] < ¢, then E[(K7"™%)?] < c. Rewrite (31) into the following form

t t
Ryt — g g _ /O g(s, Vmm, Zmmyds + KF + /O ZmrnaB,. (37)

Notice that from (34) we have

B[ sup (V;"")?] < max{E[ sup (¥,")?], E[ sup (¥, )’} <,
0<t<T 0<t<T 0<t<T

and E[(K})?] < ¢1; then with the Lipschitz property of g, taking square and expectation on the both sides of
(37), we get
~ T, _ 2
BURP™ P <ctet [ |20
0

ds. (38)

m,n

~ 2
Then applying It6’s formula to ‘Y; , with classical technics and (38), it follows that

E[(KT"™%)2] < ¢,then E[(KJ"™)? < c.

In the same way, we deduce that E[(K7"™ " )?] < c. Applying Itd’s formula to |V, %, then

T
/ |z 2 ds
t

T T
<c (1 +/ |Ysm’"|2ds—|—a/ |z ? ds) —l—E[ sup (Lf)ﬂ +FE [ sup (Ut_)2]
t t

0<t<T 0<t<T

EY,""["| + E

+E[(Kp" )% + B(K™ 7).

Set @ = -, finally, we get E[fOT |Zmn|? ds] < c. O
In (27), for fixed m, we set g™ (s,y,2) = g(s,y,z) — m(Us — y)~; obviously, g" is Lipschitz and
T T
E/ (9™ (s,0,0))%ds < 2E/ (9(5,0,0))%ds + 2m*TE sup (U;)? < oc.
0 0 0<t<T

By the classical comparison theorem of BSDEs, we know that (Y"") is increasing in n for any fixed m.
Thanks to the results for the RBSDE with one RCLL barrier obtained in [9], when n — oo we know that
(Y™m) 2y ™ in H2(0,T), (Z™") — Z™> weakly in H2(0,T), K" — K" *weakly in L?(F;), and
that (Y00 Zm.o0 ™% jg the solution of the following RBSDE with one lower barrier L,

T T T
Y =g [ gls v 2 ds 4 K = KPS [0y ds - [ ZmedB., (39
t t t
Y, > L, 0 <t <T, and fOT(Y;m’OO — L;)dK["*" = 0, a.s.. Then set K[> = me(Us — Y/™o°) " ds;
with (28) we have the following lemma.

Lemma 4.2. There exists a constant C' independent of m such that

T
sup BOTP+ B [ 120 e+ B P + BERP=TP < C. (40)
0<t<T 0
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Using the BDG inequality, it follows
E( sup (Y;moo)Q) <C.

0<t<T

From the comparison Theorem 3.4 in [9], we have ¥;"™>° > ¥;"*1°°. we conclude that there exists a process Y’
such that Y™ 'Y, and using Fatou’s Lemma, we get

E( sup (Yt)2> <C. (41)

0<t<T

By the dominated convergence theorem, it follows that Y™ — Y as m — oo, in H2(0,7). Using Theo-
rem 3.4 in [9] again, we know that

Ktm,oo,Jr 2 Kszrl,oo,Jr’K);m,oo,Jr o K;n,oo,+ 2 Kthrl,oo,Jr . K;n—i—l,oo,+,

for 0 < s <t < T. With (40), we deduce that there exists a process K+ s.t., for t € [0,T], K" \, K;-
in L?(F;). Obviously Kt is an increasing process and E[(K})?] < c. So the assumptions of Theorem 2.1 are
satisfied, and we deduce that the limit Y satisfies

T T
Yt:u/ g(s,Ys,Zs)dHK%fK?f(K;fK;)f/ Z.4B., (42)
t t

where K, is the weak limit of K, in L?(F}), and Z™> strongly converges to Z in H%(0,T), for p < 2.

Similarly, (Y"™™) is decreasing on m for any fixed n; let m — oo, then by the results of [9], (Y"™") \, Y°>" in
H2(0,T), (Z™") — Z°" weakly in H2(0,T), K™~ — K™ weakly in L2(%), and (Y0, Z%0m, [oom.~)
is the solution of the following RBSDE with one upper barrier U, i.e.

T T T
veer =g [ gl v 2z mas e [ - L) ds - kE ek - [z, @
t t t
YO <UL, 0 <t < T, [F (V2" — U)dK™™ = 0. Set Ko™F = n [(Yoo" — L)~ds; then
T
sup BV 4B [ 12777 dt + B + B < C. (14)
0<t<T 0

Then by the comparison Theorem 3.4 in [9], and the above estimation, we get that there exists a process
Y’ € S§2(0,T) such that Y>" Y’ and the convergence also holds in H?(0, 7). Finally with Theorem 2.1, we
get that the limit Y’ satisfies

T T
/¢ +/ (s, Y2, Z0)ds + Kot — K+ — (Kim — K1) _/ Z/dB.. (45)
t t

Here Z°" strongly converges to Z in H%(0,T), for p < 2, K, (resp. K,") is the weak limit of K°™ (resp.
K™ in L2(F;). Now we want to prove that the two limits are equal.

Lemma 4.3. The two limits Y and Y’ are equal.

Proof. Since Y™™ /" Y™ and Y™" N\, Y*", so for Vm,n € N, Y < Y™" < Y™ Then with
Y™ N Y, Yoor /Y it follows Y > Y’. On the other hand, consider (27) and (43), due to Yo" < Y™™,
it follows that for 0 < s <t < T,

m,mn,+ m,n,+ oo,n,+ co,n,+
Kt gt < feoomet oot
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Otherwise we know that K™% — K™ Fweakly in L2(F,), K™ — K,* weakly in L2(F;), as n — oo and
KZ”’OO’JF — K, strongly in L2(F;), as m — oo. In the previous inequality, first let n — oo, then let m — oo,
we get

K- Kf<K,*®-K.. (46)
Then consider (27) and (39), since Y™™ < Y™ then for 0 < s <t <T
K'ﬂ%”a— _ Km,n,— < Kmaooa_ _ Km,oo,—
t s — t s .

Similarly, in this inequality, first let n — oo, then let m — oo, we have

’ ’

K- K <Ki - K. (47)

With (46), it follows for 0 < s <t < T

’

K —Ki— (K, —KJ) <K' -K"—(K -K)

i.e. the process K;Jr — K;f — (K, — K;) is increasing, and by the comparison theorem for BSDE, it follows
Y'>Y. Atlast Y/ =Y. O

We get immediately Z = Z', KT — K~ = K't — K'~. We are now able to prove that the limit of the solutions
of the penalized BSDE'’s is the solution of the RBSDE with two RCLL barriers.

Theorem 4.1. The triple (Y,Z,K), Y € D?(0,T), Z € H3(0,T), K=K+t — K-, K*,K~ € A%(0,T) is the
unique solution of the RBSDFEs with two RCLL barriers L,U .

Proof. Let us remember that from Theorem 3.4, we have the uniqueness. By the discussion before, we know
that (Y™, 2, K;"°) is the solution of the RBSDE with one lower barrier L;. In (39), denote K, =
K0T — K% then (Y™™, 2>, K™™) can be considered as the solution of the RBSDE with two
barriers L and U + (U — Y >°)~. In fact it is easy to see that

L<Y™® <U+ (U—Y™>®),

T
/ (Y™ = L)dK{™>" =0
0
and

T T
J e e T T A G DR R F R
0 0
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So by the Proposition 3.1, we get

m,00
Y,

oNAT
ess inf esssup E / g(s, Y2, Z)ds 4 El{opnr=1} (48)
t

oc€Ty T€T;

+L7'1{T<T,'r§cr} + U0'1{O'<7'} + (Uo - Y;moo)_l{cr<'r}|]:t

oAT
> ess inf esssup B / g(s, Y, Z70)ds + Elonr=1} + L l{z <1 r<0}
o€l reT, t -
+U01{0<T}|ft‘|
ONT
> ess inf esssup F / 9(8,Ys, Zs)ds + Elonr=1} + Ll {7 <1 r<0}
¢

o€T; €T

T
Uslipery|Fe| — kE / Ym0 Y| 4|2 — 7, ds| R .
0

Since Y™ — Y in H*(0,T), Z™> — Z in H5(0,T) for p < 2, as m — oo, we can choose a subsequence
which satisfies E[fOT |28 — Z,| ds|Fy] — 0 as., so we deduce

T
E[/ (JYJH° = Y| + |Z7°° — Zg|)ds|Fi] — 0, a.s.
0
In (48), let m — oo, we obtain

ONT
Y; > ess in; ess sup F [/ 9(8,Ys, Zo)ds + Elfgpnr=1} + Lrl (<t r<o} + Usligary|Ft| - (49)
ocly T€T, t -

On the other side, in the same way, we know that (Y°", Z°n" K7*™7) is the solution of the RBSDE with the
upper barrier Uy, in (43). Denote K;°" = K;°™T — K™ (V20! 2%, K7°™) is solution of the RBSDE
with two barriers L — (Y™ — L)~ and U. Similarly by proposition 3.1, we deduce that

ONT
YO < ess sgg ess lgjf, E[/ 9(8,Ys, Zs)ds + Elgnr=ry + Lrl{rcrr<o) (50)
TEL: ot t

T
Halgen) |7+ REL[ Y2 = Yol #1225 - Z.|ds| ).
0
Since Y°*" — Y in H*(0,T), Z>" — Z in HY(0,T) for p < 2, as n — oo, like above, let n — oo, we get

ONT
Y; < ess sup ess 1é1§ E[/ 9(5,Ys, Zs)ds + Eligpnr=1} + Lrl(r<rr<o} + Uslig<ry|Fi). (51)
TET, gl t

Comparing (49) and (51), in view of esssupessinf < essinf esssup, we deduce finally

OAT
Y = esssupess inf E[/ g(s, Ys, ZS)du + gl{a/\T:T} + LT]-{T<T,T§U} + U01{0<T}|ft]
t

reT: o€T;

ONT
= ess 1£§ ess sup E[/ 9(8,Ys, Zs)du 4 Elfopr=1y + Lrl(rcr r<o} + Uslig<ry|Fi).
gl TET, t
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Using (18) in Section 2.3, we can rewrite Y in the following form
Y; = ess inf ess sup E[ETl{TQ,} + [701{6<T}|.7-}] + N,
o€Ty TET; -
= esssup ess inf E[ET1{7<U} + (701{0<T}|ft] + N,
T€T: oeTy -
where N; = E[6+ [ g(s)ds|F:] — [ g(s)ds, Lt = Lilpery +Elpmry — Niy Uy = Ul fyery +Elj—ry — Ny That
is, the process Y; — Ny is the value of the stochastic game problem, whose payoff is Ji(0,7) = E[L(7)1{;<} +
U(0)1l{s<ry|F]. To go further, we need to check if L and U are also in D?(0,T'), which can be easily seen by

using Doob’s inequality. In fact
2 T
) ¥ (/ g(s,n,zs>ds>
0

T T
c <1+E/ |Y5|2ds+E/ |ZS||2ds> < o0,
0 0

Pl g, (01 < B g, (B + B g ()] + B <o

E[ sup (U,)°] < E[ sup (U4)*] + E[ sup (No)*] + E[(€)°] < oo.
0<t<T 0<t<T 0<t<T
Thanks to the Theorem 5.2 in the Appendix, we know that Y; — Ny = X;” — X, , where (X, X ™) is a pair of
supermartingales in D?(0,7) x D?(0,T), solution of the system

2

IN

T
E[ sup (Nt)Q] €+/ 9(s,Ys, Zs)ds|Fy
0

2E | sup ( F
0<t<T

0<t<T

IN

Xt = S(L+X") (52)
X = S(-U+X7")

notice that ZT = ﬁT = 0). Then by the Doob-Meyer decomposition theorem, we get
Yy y g
X =EBKIFR) - KDL X = E[Kp R - K,

where K:“l, K;’l are predictable increasing processes and by Lemma 5.2, K= € A%(0,T). With the repre-
sentation theorem for the martingale part, it follows

Y, = Ne+X,"— X, (53)

T t
El¢ + / 9(s,Ys, Z)ds + Kt — KM F) — / g(s,Ys, Z)ds — K7 + K;7*
0 0

t t
Yo +/ ZldB, 7/ g(s,Ys, Z)ds — K;7' 4+ K0
0 0

Finally rewrite (42) in forward form and compare with (53); similarly to the case of the RBSDE with one RCLL
barrier 9], we get, Z; — Z} = 0, K; — K;” = K; ' — K;”''. Then by (52), and the properties of the Snell
envelope, since XT > L+ X~ and X~ > —U + X, we see easily that

L<N+L<N4+XT—-X =Y<N4+U<U,

so (iii) of Definition 2.1 is satisfied.
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Finally, (iv) of Definition 2.1 also comes from the theory of the Snell envelope, Lemma 5.1. Indeed

T T
0 = /(X+7(L+X*))t7th+’1:/ (Xt =X~ —L+N),_dK;
0 0

T
"
0
and
T » T
0 = / (X~ = (-U+Xh) dK,; " = / (X~ —X"4+U-N),_dK,
0 0

T
= / (U— = Yo )dK .
0
The proof is complete. O

5. APPENDIX

5.1. Some remarks about the Snell envelope

Any Fi-adapted RCLL process 7 = (n:)o<t<T, is called of class D[0, T], if the family {n(7)}re7 is uniformly
integrable, where 7 is the set of all F;-stopping times, such that 0 <7 < T.

Definition 5.1. Let n = (n:)o<i<7 be of class D[0,T], with nr > 0, then its Snell envelope S¢(n) is defined as

Si(n) = esssup En(r)|F],0<t<T (54)
=rn

where 7 is the set of all Fi-stopping times, and for all 0 <t < T, Ty ={r € T; t <7 <T}.
From Theorems 2.28 and 2.29 of [5] (El Karoui, 1979), the Snell envelope has the following properties:

Proposition 5.1. S;(n) is a RCLL positive process and is the smallest supermartingale, which dominate the
process 1. In addition, if n satisfy

"= sup |n| € L(Q), (55)
0<t<T
then S(n) is a potential of class D]0,T)]. (Indeed it’s dominated by the martingale E[n*|F].)

Proposition 5.2. There ezists a unique decomposition of the Snell envelope:
Si(n) = My — A} — Af (56)

where My is a Fi-martingale, AS is a continuous integrable increasing process with A =0 , A% is a pure-jumps
integrable increasing predictable RCLL process with A3 = 0.

We need also the following results, whose proofs can be found in [5] and [7].

Lemma 5.1. Relatively to the decomposition in the Proposition 5.2, we have

/O (St—(n) — ne—)dA; =0, (57)

where Ay = A§ + A%,
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Lemma 5.2. Let X = (X;)o<i<T be a supermartingale in the space D%(0,T), and A be the increasing process
of the Doob-Meyer decomposition of X. Then we have E[A%] < oco.

Then easily, we have the following corollary.
Corollary 5.1. Let ) = (n;)o<t< be in the space D*(0,T), nr = 0, and A = A° + A? where A°, A¢ are the
increasing processes of the decomposition of the Snell envelope S¢(n). Then A satisfies E[A%] < 0o.

5.2. Stochastic game and the Dynkin game problem

Definition 5.2. For a probability space (2, F, P), let U (resp. V ) be the set of the strategies for the first
(resp. second) player. We consider a family of random variables J(u,v), indexed by the set & x V. The rule of
the game is the following:

(i) The first player wants to minimize J(u,v) acting on u € Y.

(ii) The second player wants to maximize J(u,v) acting on v € V.

We call such a system a stochastic game.

Definition 5.3. A pair (u*,v*) € U x V is called saddle point for the game, if for all (u,v) € U x V, we have:

Juv) < Jw,v*) < J(u,v"), as.

Definition 5.4. We denote by V' (resp.V) the upper (resp. lower) value of the game, i.e.

= ess inf esssup J(u,v)
ueU vEV

v
resp. V. = esssupess inf J(u,v).
veY uel

Definition 5.5. If V =V =V a.s., then V is called the value of the stochastic game.
Then we give a sufficient condition for the existence of a value in a stochastic game problem.

Lemma 5.3. For a stochastic game with payoff J(u,v), if for all € > 0, there exist u® € U, v € V, such that
Jwv) —e < J(u,v°) + e as. forallu e U,veV, (58)

then this game has the value.
It is easy to prove this lemma, so we omit it.

Definition 5.6. The Dynkin game problem is a kind of stochastic game. Given a probability space equipped
with a filtration (Q, F, P, F;), where F; satisfies the general conditions of Dellacherie, 7 the set of F-stopping
times dominated by a fixed time 7', two RCLL F;-progressive processes L*, U™ of class D, with L* < U*, for
any (1,0) € T x T , the payoff J(7,0) is defined by

J(T7 0') = E[L*Tl{,rgg} — U*01{0<7—}]-

The first player wants to choose a stopping time 7 in view to get the maximum of the payoff J(7,0) on 7, while
the second player wants to choose a stopping time o in view to get the minimum of the payoff J(7,0) on 7.

In order to find the value of the Dynkin game problem, we need the following system, which was firstly
introduced by Bismut (3], 1977) then by Alario-Nazaret (1], 1982).

X = S(L*+X) (59)
X' = S({U"+X),

where S is the Snell envelope (Def. 5.1). In (3], 1977), the thesis of Alario-Nazaret (1], 1982) and (2], 1982),
we can find the following result, which gives conditions for the existence of a solution for this system.
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Theorem 5.1. There exists a pair (X, X’), of positive Fy-supermartingales of class D with X = X/ = 0,
which satisfies the system (59), if we have the followings:

(i) Lt = Uz = 0.

(ii) There exist two positive Fy-supermartingales ()?, )N(') of class D, such that L* < X — X' < —U*.

The detailed proof can be found in [3] and [2], so we omit it. The following theorem gives the relation between
this system and the value of the Dynkin game.

Theorem 5.2. Suppose that (X, X') is a the solution of the system (59), and consider for any 0 <t < T, the
stochastic game with payoff

Rt(T7 0') = E[L*(T)l{TSU,TST} — U*(U)1{0<T}|]:t]
as well as its upper and lower values

Vi = ess inf esssup Ri(7,0)
oceTy TET:

V, = esssupess inf R(r,0),
reTs o€T;

where T, = {1t € T; t <7 <T}. Then we have almost surely
X~ X/ =V, =V, (60)

In the special case t = 0, then we get the existence of the value for the classical Dynkin game problem.

Proof. For any t € [0,T], € > 0, consider the stopping time 7 = inf{s > ¢, X; < X! 4+ L* + e} AT then by the
theory of the Snell envelope Xa-¢ is a martingale (5], 2.16 and 2.17). Notice that X’ is a supermartingale and
X’ > X 4+ U*. Then for any stopping time o € 7;, and notice that {77 < o} C {rf < T}, we have

Xy — Xé < [ ONTE T clr/\‘rflj:t]
< E[(X rilrr<or + (X = X)olio<rsy | 7]
< E[L7:+ 5)1{q <o} = Uslio<rey | Fi
< E[L: 1{7,5 <o} = Uslio<rer|Fil + € = Ri(7,0) + € as.

On the other hand, we consider the stopping time o = inf{s > ¢, X < X, + U] + e} AT then Xj, . is a
martingale, and X is a supermartingale s.t. X > X’ + L*. Similarly, for any stopping time 7 > ¢, we get that

Xt - X; Z E[L:]-{TSU,E} - U:f]'{o'ts<7'}|ft] — €& = Rt(’r, O'f) — & a.s.

Then from the Lemma 5.3, we deduce the result

Xt_X){:Vt:Kt; a.s. ([
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